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Polarization of the φ meson in the hadronic phase with nucleon
scatterings and a viscous hydrodynamic background
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We extend our previous work on the spin alignment of the φ vector meson in the hadronic phase of
the quark gluon plasma, by including effects of nucleon scatterings. The emission rates are calculated in a
realistic hydrodynamic background simulated with the code FLUIDuM, for different beam energies. We find
that all the effects taken into account cannot explain the out-of-plane spin alignment of the φ meson observed
experimentally.
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I. INTRODUCTION

The spin alignment, which quantifies the degree of
anisotropy in the spin distribution of vector mesons, has come
under intense scrutiny. The state of a spin-1 particle is de-
scribed by a 3 × 3 spin density matrix, ρσσ ′ , with indices
spanning –1, 0, and 1. The diagonal elements of the spin
density matrix measure the probability of the particle being in
the respective spin state. The components of the spin density
matrix, which determine the spin vector polarization, which
is the measured one for the � particle, are not measurable
for vector mesons, due to the parity conserving decays they
undergo. However, other components, and most notably the
ρ00 component, are measurable. If the particles are, on av-
erage, unpolarized, then all the diagonal components of the
spin density matrix are 1/3. One observes a nonvanishing
spin alignment if ρ00 − 1/3 is nonzero. The spin alignment of
vector mesons, in contrast with the spin polarization of Dirac
fermions, is a spin tensor polarization phenomenon. We refer
the reader to Refs. [1,2] for recent reviews.

The STAR Collaboration has presented measurements of
the global (i.e., integrated over all momentum space) and
local (i.e., momentum-dependent) spin alignment of the φ

and K∗
0 mesons [3] in AuAu collisions. On one hand, one

sees that for the φ meson ρ00 − 1/3 > 0, indicating a positive
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alignment especially for low collision energy. On the other,
for K∗

0 one finds that the spin alignment is consistent with zero
across all beam energy scans. This observation alone suggests
that the spin alignment is strongly dependent on the vector
meson species. This is different from the vector polarization
of Dirac fermions, where the hydrodynamic mechanism driv-
ing it implies similar polarizations for particles of the same
spin. An additional puzzle is given by the ALICE Collab-
oration measurements, where a negative spin alignment has
been observed both for the φ and the K∗

0 at low transverse
momentum, seemingly contradicting STAR’s results [4]. The
ALICE Collaboration has also measured a negative alignment
for the J/ψ meson [5,6].

The large φ spin alignment observed by STAR is partic-
ularly hard to explain theoretically. If a quark-coalescence
model is used, and assuming that quarks are polarized by
vorticity and shear, similarly to the � hyperon, the ensuing
alignment would be of the order of the � polarization squared,
P2

� ≈ 10−4, which is two orders of magnitudes smaller than
the measurement. On the statistical and hydrodynamic side,
investigations have been carried considering higher-order
derivative contributions to alignment [7,8], dissipation [9,10],
and the effect of nonequilibrated spin degrees of freedom
[11,12]. Several alternative mechanisms have been proposed,
including the effect of magnetic fields [13–17], an inter-
mediate fluctuating strong field [14,18,19], interaction with
color fields [20–25], medium modifications to meson spectral
functions [26–31], and even holographic models have been
employed [32,33]. Methods of open quantum systems have
also being proposed [34]. The most successful model to date
is the one based on the fluctuations of the strong field. While
these fluctuations would not contribute to the spin vector po-
larization of hyperons, averaging to zero, this model proposes
that their correlations between constituent quark polarized by
such field yield a the spin alignment of flavor singlet vector
mesons [14,18]. However, the first-principles calculation of
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such correlations remains to be performed, and so far they are
inferred from the data themselves.

In a previous paper [27], we calculated the polarized emis-
sion rate of φ taking into account their interactions with a
bath of kaons in the hadronic phase, as well as dissipative
corrections. Therefrom, we computed the spin density ma-
trix in a static fluid and in a Bjorken flow, finding a very
small effect. The data reported by STAR in 200 GeV AuAu
collision was consistent with our calculations. In this work
we extend this approach to lower-energy collisions, both tak-
ing into account the presence of nucleons in the hadronic
phase and employing a realistic hydrodynamic simulation as
a background. We tune our codes independently of spin align-
ment data, namely on φ transverse momentum-dependent
spectra, in order to have some sort of predictive power as
concerning to the alignment itself. However, we find that
our model does not yield a significant alignment, which re-
mains consistent with zero (ρ00 ≈ 1/3) at variance with the
data.

The paper is organized as follows. In Sec. II we summarize
the formulas obtained in our previous work, as well as intro-
duce the modification to the rates due to nucleons. Section III
describes our numerical setup, as well as the tuning of the free
parameters in our formulas, and Sec. IV shows the predictions
we obtain concerning the spin alignment of the φ meson with
our optimal parameters. We wrap up our findings in Sec. V,
and report some supporting material in two Appendixes, A
and B

II. φ-MESON EMISSION RATE

In Ref. [27], the emission rate of φ mesons interacting with
kaons was computed based on the chiral master formulas de-
veloped in Ref. [35] for SU (2) flavor symmetry and extended
in Ref. [36] for U (3). Here we just recall our results, for future
reference, and compute the contribution of nucleon scatterings
to the rates.

The calculation starts from the equation:

Eq
dRσ,σ ′

d3q
= 1

eβq0 + 1

G4
V f 2

φ

(2π )3m2
φ

εμ
σ (q)ε∗ν

σ ′ (q)Im
(
iWJs

F
μν (q)

)
,

(1)

which connects the emission rate to the imaginary part of the
Feynman propagator:

W F
μν (x) = 1

Z
Tr [e−βH T (Jsμ(x)Jsν (0))], (2)

where Js is the strange quark current. In the above equation,
fφ and mφ are the decay constant and the mass of the φ meson,
and GV is its coupling to strange currents.

The trace involved in the thermal propagator gets its lead-
ing contribution from the most densely populated states, so
one can organize a virial expansion [37]:

W F
μν (q) =

∫
d4xeiq·x〈0|T (Jsμ(x)Jsν (0))|0〉

+
∑

a

∫
d3k

(2π )3

nK (k)

2k0

∫
d4xeiqx〈Ka(k)|T (Jsμ(x)Jsν (0))|Ka(k)〉conn.

+
∫

d3 p

(2π )3

nN (p)

2p0

∫
d4xeiqx

∑
spin

〈N (p, s)|T (Jsμ(x)Jsν (0))|N (p, s)〉conn. + . . . (3)

The first two lines in the above expression were computed in Ref. [27], and we have added the last term to account for the
interaction of φ mesons with nucleons and resonances, which may become relevant in lower-energy collisions where the baryon
density is non-negligible.

Within the vector dominance model, it is useful to rewrite the strange currents in terms of the φ field, using Jμ
s = m2

φ

GV
φμ. Then,

the vacuum and the nucleon contribution are

m4

G2
V

⎛
⎝∫

d4xeiq·x〈0|T [φμ(x)φν (0)]|0〉 +
∫

d3 p

(2π )3

nN (p)

2p0

∑
spin

〈N (p, s)|T [φμ(−q)φν (q)]|N (p, s)〉conn.

⎞
⎠. (4)

Note that both the kaon and the nucleons contributions carry an integral over the density of states, which ultimately suppresses
these corrections with respect to the vacuum one. Kaons are the most relevant state for this formalism because of their strangeness
content, but their density is much lower compared to that of pions [27]. Pions would contribute to the φ emission rate if they had
a strangeness content; although this has been suggested in Ref. [38], this effect is OZI suppressed.

The leading contribution to the emission rate of φ mesons in a resonance gas becomes:

Eq
dR0

σ,σ ′

d3q
= δσ,σ ′

[
1

eβEφ
q + 1

m2
φG2

V f 2
φ

q2

(2π )3
Im �

φ
V (q)

]
q2=m2

φ

. (5)
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One can see that this rate is spin independent, and therefore no polarization can be produced. The kaon contribution is computed
using the formalism of Refs. [35,36], and one finds [27]:

dRK
σσ ′

d3q
= 1

eβEφ
q + 1

G2
V

1

(2π )3Eφ
q

∫
d3 p

(2π )3

1

2EK
p

1

eβEK
p − 1

×
[

4q2

f 2
K

Im�88
V (q)δσσ ′ − [(p ± q)2δσσ ′ − εσ (q) · p ε∗

σ ′ (q) · p]
2

f 2
K

Im�U
A [(p ± q)]

− q2εσ (q) · pε∗
σ ′ (q) · p

8

f 2
K

Re 
R(p ± q) Im�88
V (q)

]
q2=m2

φ

. (6)

On top of that, viscous corrections can be estimated. Using the approach of Ref. [39], one finds:

dRvisc
L,⊥

d3q
= 1

eβEφ
q + 1

G4
V f 2

φ

m2
φ

1

(2π )3Eφ
q

∫
d3 p

(2π )3

1

2EK
p

eβEK
p

(eβEK
p − 1)2

pμ pν

p · u

(
tη
T

σμν + 1

3T
tζ θ
μν

)

×
[

4q2

f 2
K

Im�88
V (q) − [(p ± q)2 − |εL,⊥ · (p ± q)|2]

2

f 2
K

Im�U
A [(p ± q)]

− q2|εL,⊥ · p|2 8

f 2
K

Re 
R(p ± q) Im�88
V (q)

]
q2=m2

φ

, (7)

where the expression has been written in covariant form. The shear tensor σ and the expansion scalar θ read:

σμν = 1
2 (∇μuν + ∇νuμ) − 1

3θ
μν θ = ∇μuν, (8)

with ∇μ = 
ν
μ∂ν , 
 being the usual orthogonal projector to the four-velocity 
μν = gμν − uμuν . The shear tη and bulk tζ time

scales are estimated as

tη ≈ η

e + P
, tζ ≈ ζ

e + P
, (9)

where η and ζ are the shear and bulk viscosity, respectively, and e and P are the thermodynamic energy density and pressure. In
the Navier-Stokes limit, using πμν = 2ησμν and � = −ζθ , one can also write the dissipative contribution as:

dRvisc
L,⊥

d3q
= 1

eβEφ
q + 1

G4
V f 2

φ

m2
φ

1

(2π )3Eφ
q

∫
d3 p

(2π )3

1

2EK
p

eβEK
p

(eβEK
p − 1)2

pμ pν

p · u

(
πμν

2(e + P)T
− θ
μν

3(e + P)T

)

×
[

4q2

f 2
K

Im�88
V (q) − [(p ± q)2 − |εL,⊥ · (p ± q)|2]

2

f 2
K

Im�U
A [(p ± q)]

− q2|εL,⊥ · p|2 8

f 2
K

Re 
R(p ± q) Im�88
V (q)

]
q2=m2

φ

, (10)

which will be the formula used numerically. We use the hadron resonance gas equation of state to calculate e and P. Details
about the spectral functions appearing in these formulas are reported briefly in Appendix B, and more details can be found in
Ref. [27].

We conclude this section by including the effects of nucleons. We assume a minimal interaction φNN Lagrangian with Dirac
and Pauli couplings:

LφNN[ 1
2 ] = −gφN N

(
φμγ μ − iκφN

2mN
σμν∂μφν

)
N (11)

with N referring to the nucleon or its resonances, as the transi-
tion vertices of the type nucleon-hyperon violates strangeness
conservation. The contribution to Eq. (3) comes from the s
and the u channels of the Nφ scatterings, which are calcu-
lated at tree level assuming effective values of the couplings.
Details of the calculation are reported in Appendix A. Here
we report the modification to the production rate, which

reads:

Eq
dRN

σσ ′

d3q
= − 1

eβq0 + 1

G2
V m2

φ f 2
φ

(2π )3
g2

φN [ f (q)δσσ ′ + gσ,σ ′ (q)],

(12)

where the details of f and g are reported in Appendix A. We
note that there is an isotropic contribution coming from f ,
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FIG. 1. Modified vacuum φ-spectral function by matter effects.

and that all possible anisotropic polarization would come from
g. Interestingly, f is always non vanishing, both for stable
nucleons and for resonances, whereas g is nonvanishing for
stable particles only in the u channel, whereas for resonances
both channels have g terms, whose magnitude depends on
the width of the resonance. In what follows, we have con-
sidered protons, neutrons, and the resonance N (1880), with
mass mN = 1.88 GeV and width � = 0.3 GeV [40]. We have
set gφp = gφn = 1, κφp = 2.79, and κφn = −1.91, the values
of κ corresponding to the magnetic moment of proton and
neutron [40]. As for the N resonance, we have used gφN =
−1.47 and κφN = −1.65, fixed by the φ-exchange contribu-
tion in the hyperon-nucleon-Nijmegen potential [41,42]. The
smallness of the couplings reflects on the OZI suppression
rule.

Figure 1 shows the matter modified vacuum φ-spectral
function entering the emission rates. The vacuum contribu-
tion (solid-blue line), is modified by hadronic correlations
at T = 150 MeV (dashed-orange line) mostly by rescattering
with kaons, and by a baryon chemical potential μB/T = 6
(green-dotted line) by rescattering through nucleons. As stable
hadronic matter is mostly dominated by pions, kaons, and
nucleons, strangeness is mostly lodged in kaons, which are
penalized at these temperatures. The strangeness content of
the pion and the nucleon is expected to be small, hence the
small spectral deformations. To quantify these effects on φ

production and correlations in heavy ion collisions, we now
proceed to their numerical implementation using a realistic
hydrodynamical description of the collision process for dif-
ferent beam energies.

III. NUMERICAL ANALYSIS

The total production rate for φ production in matter is
given by

dRtot.
σσ ′

d3q
= dR0

σσ ′

d3q
+ dRK

σσ ′

d3q
+ dRvisc.

σσ ′

d3q
+ dRN

σσ ′

d3q
, (13)

TABLE I. Value of best-fit coupling constant at different colli-
sion energies.

√
sNN [GeV] 11.5 19.6 27 39 62.4 200

GV 1.3 1.6 1.5 1.5 2.0 2.0

from which the spin density matrix follows in the form

ρσσ ′ (q) =
∫

d4V Eq
dRtot.

σσ ′
d3q∫

d4V
∑

τ Eq
dRtot.

ττ

d3q

, (14)

where d4V represents a space-time integral that takes place
during the hadronic phase of the plasma. To evaluate
Eq. (14) one needs to calculate the rates in an evolving
hadronic medium, and integrate over its spacetime history. In
this work we use the code FLUIDuM [43–45], to simulate the
medium evolving according to viscous hydrodynamics.

For our study, we have performed (2+1)-dimensional
[(2+1)D] simulations (boost invariant fluid), with a constant
shear and bulk viscosity over entropy density ratios. We have
set η/s = 0.14 and ζ/s = 0.12. Charge diffusion is not im-
plemented in FLUIDuM, so we have modeled the chemical
potential evolution as a Bjorken flow, such that at proper time
τ = 10 fm the experimental estimates of freezout μ/T would
be achieved. These values have been taken from [46,47]. We
have run simulations at various collision energies, namely√

sNN = {11.5, 19.6, 27, 39, 62.4, 200} GeV, corresponding
to the energies explored in Ref. [3], where local and global
alignment data for the φ meson is reported. For each of these
energies, the baryon chemical potential to temperature ratio
has been taken μ/T = {2.1, 1.3, 1.0, 0.7, 0.5, 0.2}, respec-
tively.

The initial state model is Trento [48]. After sampling par-
ticipants, we compute the thickness function and multiply
it by a normalization factor, which is fixed later, to obtain
the initial energy density. Having done that, we initialize the
temperature from the FLUIDuM equation of state.

To constrain the free parameters of our model, in partic-
ular the coupling constant GV and the normalization of the
initial state, we evaluate the transverse momentum-dependent
φ-meson spectrum; this is nothing but the total number of φ

mesons at a given qT .
Optimal parameters to reproduce experimental spectra,

from Refs. [49,50], have been fixed through a grid search,
minimizing the mean-squared error between the model’s
prediction and the measurements. This procedure has been
carried at all the collision energies of interest, taking into
account all available centralities. For faster computations, and
since the corrections due to interactions are suppressed by
density, we have used the simple rate (5) for the grid search
procedure. Our formulas hold in the hadronic phase, which
has been identified with the fluid cells with a temperature
110 MeV < T < 170 MeV.

The best fit values of GV are reported in Table I, and the
spectra are shown in Fig. 2, where the full rate Eq. (13) is used.
Notice that GV could also be fixed from the electromagnetic
decay of the φ meson in the VMD approximation. This type
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FIG. 2. Transverse momentum dependent φ spectra at different centralities and center of mass energies
√

sNN, which is reported in the title
of each panel. Simulations are shown for the best fit values of Table I. Data are taken from Refs. [49,50].

of estimate, however, introduces some systematics related to
the model and constrains too strictly the coupling for our
purposes. An estimate of GV based on electromagnetic decay
is nonetheless provided in Appendix C, which results in a
larger value of GV compared to those in Table I.

We obtain a satisfactory agreement between the model and
the available data, especially for semiperipheral collisions,
which are in fact the most relevant to address the align-
ment data by STAR, which is taken in the centrality window
20–60 %. Notice that, to obtain a good fit of the spectra, the
coupling appears to be a nonmonotonic function of

√
sNN.

Such energy dependence is implicitly introduced in our fit-
ting procedure. We could have alternatively fixed the value
of GV at a particular collision energy and changed only
the initial state normalization to fit the rest of the data,

at the price of worsening the fit quality. We decided to
introduce an energy-dependent GV to have the best possi-
ble description of the total (i.e., summed over polarization)
spectra, and avoid spurious effects in the alignment due to
a poor description of unpolarized data. Now that the free
parameters have been independently fixed, we can proceed
to the calculation of alignment from the polarized emission
rates.

IV. RESULTS

We now proceed to evaluate the spin density matrix from
Eq. (14). From these integrals we obtain both the transverse
momentum-dependent and the

√
sNN-dependent ρ00. The re-

sults are reported in Figs. 3 and 4, respectively.
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FIG. 3. Local (qT -dependent) spin alignment in the out of plane direction for different collision energies. Red stars represent STAR data
[3], and the blue line (plus statistical spread) is the model prediction.

Let us start discussing Fig. 3 first. In this figure we
show the transverse momentum dependence of ρ00 for var-
ious collision energies. The data shown in these figures is
taken from STAR [3], and refers to the out-of-plane spin
alignment. This means that the quantization axis of the φ

meson is taken along the direction of the total angular mo-
mentum of the QGP. The simulations have been performed
in the same centrality range, 20–60 % as the data, and the
integration has been performed in the same kinematic win-
dow |y| < 1, y being the rapidity. Our model predicts that
ρ00 is consistent with 1/3, at variance with experimental
data.

From the local alignment, we can find the global one by
integrating in qT . Namely, we define the global spin density

matrix as:

ρσσ ′ = 1

N

∫
dN (q)ρσσ ′ (q) =

∫ d3q
Eq

[ ∫
d4V Eq

dRtot.
σσ ′

d3q

]
∑

τ

∫ d3q
Eq

[ ∫
d4V Eq

dRtot.
ττ

d3q

] ,

N =
∑

τ

∫
d3q

Eq

∫
d4V Eq

dRtot.
ττ

d3q
, (15)

where N is the total number of produced φ according to
our model. In the right and left panels of Fig. 4, we com-
pare the out-of-plane and in-plane STAR data to our model.
The in-plane data assumes the direction of the quantization
axis along the impact parameter of the collision. We can
see that the model predicts an isotropic distribution, with the
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FIG. 4. Collision energy dependence of the spin density matrix. Experimental data from ref [3] are compared to the predictions of our
model. The right panel concerns out-of-plane alignment, where the quantization axis is taken along the y direction, whereas the quantization
axis is taken along the z direction in the left hand panel, which shows in-plane alignment.

alignment being at best very small. We also note that our
model predicts the same alignment regardless the direction of
the quantization axis.

Finally, we report the result of individual contributions to
alignment in the left panel of Fig. 5. This plot is obtained from
the

√
sNN = 11.5 GeV simulation, where the baryon chemical

potential is larger, with expected nucleon scattering effects.
In this case, the individual contributions to the spin density
matrix have been computed using

dRσσ ′

d3q
= dR0

σσ ′

d3q
+ dRi

σσ ′

d3q
, (16)

in Eq. (14), i selecting the kaon, viscous, or nucleonic con-
tributions. The dominant effect is caused by interactions
with kaons, with viscous corrections having a subleading
importance. The effect of nucleon scattering appears to be

substantially negligible, becoming comparable with the other
two contributions only if enhanced by a factor 10, which
would, however, imply unrealistically large couplings be-
tween the φ meson and baryons. To reinforce this result, in
the right panel of Fig. 5 we show the global alignment of the
φ meson at

√
sNN = 11.5 GeV, for different values of gφN

and κφN , ranging from 0.2 up to 10. In all cases, the align-
ment remains comparable with the baseline of 1/3, decreasing
slightly for very large coupling constants. We therefore con-
clude that nucleon scattering in the hadronic phase of the QGP
do not play a significant role in determining the φ meson
alignment, over the range of the beam energy scan.

V. CONCLUSION

In this paper, we have extended our previous work,
Ref. [27], to a more realistic setup. We have employed a

FIG. 5. Left: The different components contributing to spin alignment are shown individually. In the “Nucleons × 10” entry, the vacuum
contribution to the alignment has not been modified, but dRnucl/d3q in Eq. (16) has been multiplied by 10. Right: Global spin alignment of the
φ meson at

√
sNN = 11.5 GeV as for different values of the φN couplings. Note in both panels that the y-axis scale has been changed from

Figs. 3–4, for clarity.
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realistic hydrodynamic evolution to model the hadronic phase
of the QGP, using a boost invariant setup. Free parameters
of our theory have been fixed using available φ multiplicity
data, and after that we have used our formalism to predict
the ensuing spin alignment. Our result show that interactions
with kaons and nucleons in the hadronic phase are not enough
to explain the large spin alignment observed experimentally.
Notably, nucleon interactions seem to play a very little role,
yielding a negligible contribution to alignment unless unreal-
istically large coupling constants are employed. We conclude
that the origin of the φ-meson spin alignment must be looked
for in the earlier stages of the collision.
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APPENDIX A: SCATTERINGS OF φ WITH NUCLEONS

In this Appendix we report the tree-level calculations for the scatterings between φ mesons and nucleons or resonances,
denoted generically as a field N , with mass M and, possibly, width �. Given the Lagrangian (11), the s and u scattering channels
at tree level correspond to the amplitudes:

iAμν
s

[
1

2

]
= (−igφN )2

s − m2
N + i�mN

ūs(p)

(
γ ν − κφN

2mN
σανqα

)
i(/p + /q + mN )

(
γ μ + κφN

2mN
σβμqβ

)
us(p)

iAμν
u

[
1

2

]
= (−igφN )2

s − m2
N + i�mN

ūs(p)

(
γ μ + κφN

2mN
σαμqα

)
i(/q − /p + mN )

(
γ ν − κφN

2mN
σβνqβ

)
us(p).

After summing over final nucleon spin states, one gets:

Tr
(
iAμν

s

) = ig2

M2(M2 − i�M − s)
[(κ + 2i)M2((κ + 2i)gμν (p · q) − 2i pνqμ) + pμ(pν (8M2 − κ2(p · q)) + 2(2 − iκ )M2qν )]

Tr
(
iAμν

u

) = − ig2

M2(M2 − i�M − u)
[(κ − 2i)2M2gμν (2M2 − p · q) + pμ(pν (κ2(p · q) − 2(κ − 2i)2M2) − 2i(κ − 2i)M2qν )

− 2i(κ − 2i)M2 pνqμ]

using WF = iA and taking into account that terms with qμ,ν will drop once contracted with the polarization vectors in Eq. (1),
we have:

ImTr (iWs) = Im[iTr (iA)]

= g2[Mgμν (p · q)(−4κM2 − �(κ2 − 4)M + 4κs) + pμ pν (�κ2(p · q) − 8�M2)]

M(M2(�2 − 2s) + M4 + s2)

ImTr (iWu)

= g2[Mgμν (4κ (M2 − u) − �(κ2 − 4)M )(p · q − 2M2) + pμ pν (�κ2(p · q − 2M2) + 8M(�M − κ (u − M2)))]

M(M2(�2 − 2u) + M4 + u2)

now, taking into account εs · ε∗
r = −δrs, the rate can be written as:

Eq
dRσ,σ ′

d3q
= − 1

eβq0 + 1

G2
V m2

φ f 2
φ

(2π )3
g2

(
f (s,u)(q)δσσ ′ + g(s,u)

σ,σ ′ (q)
)
. (A1)

with

f (s)(q) =
∫

d3 p

(2π )3

nN (p)

2p0
p · q

4κ (s − M2) − �M(κ2 − 4)

(s − M2)2 + M2�2
, (A2)

g(s)
σ,σ ′ (q) = − �

M

∫
d3 p

(2π )3

nN (p)

2p0
p · εσ p · εσ ′

κ2 p · q − 8M2

(s − M2)2 + M2�2
(A3)

f (u)(q) =
∫

d3 p

(2π )3

nN (p)

2p0
(p · q − 2M2)

4κ (M2 − u) − �M(κ2 − 4)

(u − M2)2 + M2�2
, (A4)

g(u)
σ,σ ′ (q) = −

∫
d3 p

(2π )3

nN (p)

2p0
p · εσ p · εσ ′

�κ2
( p·q

M − 2M
) + 8[�M + κ (M2 − u)]

(u − M2)2 + M2�2
. (A5)
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APPENDIX B: SPECTRAL FUNCTIONS

We report, for the reader’s convenience, the details of the
spectral functions used in this and in our previous work [27].
For a particle with mass m, the vector and axial SU(2) isospec-
tral functions are

�I
V (q2) = f 2

V

q2
(FV (q2) − 1),

�I
A(q2) = f 2

V

m2
V − q2 − imV �(q2)

, (B1)

with:

FV (q2) = m2
V

m2
V − q2 − imV �(q2)

�(q2) = θ
(
q2 − M2

BR

)
�0

mV√
q2

(
q2 − M2

BR

m2
V − M2

BR

) 3
2

, (B2)

θ (x) being the step function. The M2
BR value depends on the

particle under consideration and its main decay channel. For
the lightest isoscalar resonances, one can use the standard
decomposition

ω8 =
√

1

3
ω −

√
2

3
φ → �88

V = 1

3
�ω

V + 2

3
�

φ
V . (B3)

The U-spin axial spectral function is

�U
A = �

K1(1270)
A + �

K1(1400)
A (B4)

and involves the 1
2 (1+) resonances K1(1270) and K1(1400).

Additional resonances are also considered in the appropriate
spectral function, depending on their quantum numbers [40].
The characteristics of the particles considered are reported in
Table II. For further details we refer the reader to Ref. [27].

TABLE II. The properties of particles appearing in the relevant
spectral functions. The decay constants of ω and φ are obtained using
the KFSR relations, whereas for the other resonances, we have used
f = �0. Masses and decay widths are taken from Ref. [40].

I (JPC) m[MeV] f [MeV] �0[MeV] MBR

ω 0(1−−) 782.66 44.26 8.68 3mπ

φ 0(1−−) 1019.461 −81.53 4.249 2mK

ω(1420) 0(1−−) 1410 290 290 mρ + mπ

φ(1680) 0(1−−) 1680 150 150 2mK + mπ

ω(1650) 0(1−−) 1670 315 315 mπ + mρ

φ(2170) 0(1−−) 2164 106 106 mφ + 2mπ

ω(2220) 0(1−−) 2232 93 93 2mπ + mω

K1(1270) 1
2 (1+) 1253 90 90 mρ + mK

K1(1400) 1
2 (1+) 1403 174 174 mK∗ (892) + mπ

K1(1670) 1
2 (1+) 1650 150 150 mK + 2mπ

APPENDIX C: DETERMINATION OF GV FROM φ → e+e−

The strange current in the VMD approximation we used, is
fixed by

Jμ
s = m2

φ

GV
φμ, (C1)

As a result, the electromagnetic current matrix element reads

〈0|Jμ
em|φ(ε(P))〉 = Qs

m2
φ

GV
εμ(P), (C2)

with strange charge Qs = − 1
3 and εμ(P) the vector polariza-

tion of the φ meson. Matching to the standard definition

〈0|Jμ
em|φ(ε(P))〉 = f (em)

φ mφεμ(P), (C3)

yields

f (em)
φ = mφ

3GV
⇒ GV = mφ

3 f (em)
φ

. (C4)

The φ-meson leptonic decay width is

�ee ≡ �(φ → e+e−) = 4πα2

3

(
f (em)
φ

)2

mφ

. (C5)

Combining the two expressions yields

GV = mφ

3

[
3mφ

4πα2
�ee

]−1/2

. (C6)

Using the PDG values

mφ = 1.019461 GeV,

�tot = 4.249 MeV,

Bee = (2.99 ± 0.08) × 10−4,

it follows that the electromagnetic width is

�ee = Bee �tot ≈ 1.27 keV, (C7)

which translates to

f (em)
φ ≈ 0.076 GeV, GV ≈ 4.5–4.6. (C8)

This estimate is few times larger than the one we used in the
text.
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