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Background: With the recent progress in lifetime measurements, there has been strong experimental and
theoretical interest in studying the evolution of the collectivity in the long Te isotopic chain.

Purpose: The purpose of the present work is to investigate the structure of low-lying excited states in even-even
Te nuclei as well as the vh;, band in the odd-mass systems within the interacting boson model framework.
Methods: A new open-source Python package is developed to evaluate the eigenvalues and eigenfunctions of a
Hamiltonian which contains both the standard 7, and O - O terms as well as higher-order terms which could be
essential for triaxial deformation and mixed symmetry effects.

Results: Systematic calculations of low-spin yrast and nonyrast states in even-even '%~!>*Te and odd-even
109-125Te nuclei have been carried out using the newly developed Python package and compared with the
neighboring Cd isotopes. From the resulting eigenfunctions, the reduced transition probabilities B(E2) are
calculated and compared to adopted values. Due to the vibrational-like structure of the spectra of the Te nuclei,
the Hamiltonian is dominated by the vibrational term, which is reflected in the B(E2) values. This alone does
not explain the low By, ratios observed in some Te nuclei. However, it is demonstrated via the contour plot that
the By, ratios can be highly sensitive to the higher-order terms of the Hamiltonian within specific parameter
domains.

Conclusions: We demonstrate that inclusion of higher-order interactions can provide a possible explanation
of the anomaly observed in certain Te isotopes. The results highlight both the importance of extended IBM
Hamiltonians and the utility of pyIBM as a modern computational tool for collective nuclear structure studies.

DOI: 10.1103/vmvz-9m19

I. INTRODUCTION

The interacting boson model (IBM) is a nuclear structure
model that can describe very well many phenomena in atomic
nuclei using a system of interacting bosons [1] as the building
block rather than treating individual protons and neutrons or
the nucleus as a whole [2]. It offers in particular a simple
but robust algebraic framework for the description of nuclear
collective motion.

Within IBM, one assumes nucleons primarily interact
through pairs which behave as bosons (s- and d-bosons). This
simplification allows for the prediction of various nuclear
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properties, such as energy spectra and transition rates, using
a simple Hamiltonian with a relatively small set of parame-
ters which can effectively capture the dominant low-energy
behavior of collective nuclei. The simplest form, known as
IBM-1, does not distinguish proton from neutron. The more
refined version, IBM-2, explicitly distinguishes between pro-
ton and neutron bosons, which provides potentially a more
microscopic perspective with increased degrees of freedom.
In addition, the interacting boson-fermion model (IBFM)
extends the IBM to describe odd-mass nuclei by including
unpaired nucleons [3].

The IBM has become an indispensable tool for describing
a wide array of collective behaviors in nuclei, including vibra-
tions around a spherical shape, rotations of deformed nuclei,
and transitions between different nuclear shapes, known as
shape phase transitions. The model elegantly incorporates the
concept of dynamical symmetries, such as U(5), SU(3), and
O(6), which correspond to idealized cases of vibrational, rota-
tional, and y-soft nuclei, respectively. They are often plotted
together within the so-called Casten’s triangle.

There has recently been significant renewed interest in
the IBM from both experimental and theoretical perspectives

Published by the American Physical Society
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[4-25]. Recent studies focus in particular on the emergence
of anomalous collective motions and the onset of soft and
rigid triaxial deformation [26-36]. Central to these discus-
sions is the characterization of nuclear collectivity through the
energy ratio Ry» = E(4])/E(2]) and the reduced transition
probability ratio By, = B(E2;47 — 21)/B(E2;2] — 0).
Standard collective limits are well-defined: for a harmonic
vibrator, R4/, ~ 2.0 and By, = 2.0; for an axially symmet-
ric rotor, R4/» A~ 3.33 and By, ~ 1.43 (Alaga rule, 10/7).
However, recent observations in open-shell nuclei have iden-
tified anomalous cases where By, < 1, including quite a few
neutron-deficient W-Os-Pt isotopes around N = 90 [37-40]
and Te-Xe isotopes, beginning with the well-known early
observation in '*Te [35,41-44] as well as lighter N ~ Z nu-
clei “8Cr [45], challenging standard geometric and algebraic
descriptions. The anomaly cannot be reproduced by conven-
tional microscopic large-scale shell model or beyond mean
field models yet. Within IBM, it was recently demonstrated
that this anomaly can be explained by a low-lying mixed-
symmetry collective excitation mode using an extended IBM
Hamiltonian that maps a triaxial rotor onto the boson space.
Despite these theoretical advances and the accumulation of
new experimental data, there remains a very limited choice of
IBM codes available for theoreticians and experimentalists to
efficiently analyze these complex emergent phenomena.

Bearing in mind the challenges and open questions sum-
marized above, in this work we present a systematic study on
the structure and E?2 transition properties of Te as well as the
analogous Cd isotopes with a newly developed open-source
Python script for the IBM. The framework is designed to be
flexible and extensible, allowing the inclusion of generalized
IBM Hamiltonians with higher-order interaction terms. This
capability enables a more realistic and comprehensive explo-
ration of complex collective phenomena that go beyond the
standard IBM formulations.

From a physics perspective, the collective structure of the
tellurium (Te) isotopic chain (Z = 52, with two valence pro-
tons outside the closed Z = 50 core) and the neighboring
cadmium nuclei (Z = 48, characterized by two proton holes)
has long been regarded as an ideal testing ground for quan-
tum vibrational motion in atomic nuclei [46]. Owing to their
proximity to a major shell closure, these systems are expected
to exhibit near-spherical shapes and are commonly associ-
ated, within the IBM framework, with the U(5) vibrational
symmetry and its evolution toward the y-soft O(6) limit near
midshell. Indeed, the yrast excitation energies of many mid-
shell cadmium and tellurium isotopes display level spacings
that closely resemble those of a harmonic quadrupole vibrator.
However, recent experimental and theoretical investigations
have increasingly challenged the vibrational interpretation of
these states [47-51]. In particular, electromagnetic transition
properties and the evolution of the excited 05 states (see,
Fig. 17 in Ref. [47]) provide growing evidence that the appar-
ent vibrational character of the spectra is not accompanied by
the corresponding U(5) systematics in E2 transition strengths.
Notably, the anomalous E2 transition behavior observed in
4Te [41], as mentioned above, as well as more recently
in the odd-A nucleus '"Te [52], deviates significantly from
the expectations of standard collective models and available

microscopic calculations. These deviations may be indicative
of a structural evolution associated with a shape-phase transi-
tion and mixture with intruder configurations that is predicted
to occur in tellurium isotopes near midshell. A systematic
theoretical investigation capable of incorporating extended
collective dynamics is required to clarify the nature of col-
lectivity in this mass region.

From a numerical perspective, the algorithm developed in
this work is designed to describe a wide range of collective
modes, including rotational, vibrational, y-rigid, and y-soft
dynamics, as well as their possible mixing. It provides a prac-
tical and computationally efficient framework for identifying
the dominant collective character of nuclear bands and for
calculating both in-band and inter-band electromagnetic tran-
sition properties. The flexibility of the implementation allows
for systematic studies across isotopic chains and the explo-
ration of extended IBM Hamiltonians. The code has been
applied successfully in our recent analysis of the excitation
spectrum and electromagnetic observables of the neutron-
deficient nucleus '%Te [53].

II. THEORETICAL FRAMEWORK

Several computational tools have been developed to per-
form calculations within the IBM framework, including
PHINT (Fortran), ArbModel [54], and IBAR [55] (both writ-
ten in C) for IBM-1, as well as NPBOS (Fortran) for IBM-2.
Among these, IBAR is the only code that has been formally
published and remains available in a public repository, while
others are distributed more informally within the community.
Many of the existing IBM codes were developed several
decades ago and are implemented in programming languages
that are less commonly used by the current generation of nu-
clear physicists, which can hinder accessibility, extensibility,
and long-term maintainability.

At the same time, substantial theoretical effort has been
devoted to extending the IBM Hamiltonian beyond its stan-
dard form by introducing higher-order interaction terms to
describe more complex collective phenomena. Incorporating
such extensions into existing codes is often nontrivial and may
require significant restructuring of legacy software. Motivated
by these considerations, we have developed a new implemen-
tation of the IBM based on the Python programming language,
designed from the outset to support extended Hamiltonians
in a flexible and modular manner. The goal of this work is
to provide a transparent, easy-to-use theoretical tool that can
be readily employed by both theorists and experimentalists
for the rapid analysis and interpretation of complex nuclear-
structure data.

To describe both even-even and odd-A nuclei within a
unified theoretical framework, we have developed a computa-
tional implementation that incorporates both IBM and IBFM.
In this approach, odd-A systems are treated as boson-fermion
systems, in which an even-even core described within the IBM
is coupled to a single unpaired nucleon. For simplicity and to
maintain numerical tractability, the odd particle is assumed to
be restricted to a selected single-j orbital, an approximation
that is commonly adopted in IBFM studies and is adequate
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for capturing the dominant features of low-lying spectroscopic
observables.

The code is benchmarked against known analytical solu-
tions [56] and the unpublished Mathematica script for IBM-1
[57]. That script was used in our recent calculations presented
in Refs. [26-28,52]. That script is composed of several in-
dependent components for basis construction, Hamiltonian
matrix evaluation and electromagnetic transition calculations,
which may be quite hard for a nonexpert to use.

A. IBM and IBFM Hamiltonian

In the following, we give a unified description of the code
for the IBM and IBFM with given single-j shell. For the
present calculation, we consider an effective Hamiltonian in
the form [26-28]

H =aing + [0 - 0¥ 1+ as(d’ x d* x d")P
@ xdxd)®+ayl x OF x 1) + asi?
+as(L x 0V - (L x 0)V +ap[Q* - grl, (1)

where the first two terms describe the nuclear vibration and
rotation (axial or y soft). The third and fourth terms are
higher-order terms that may lead to triaxial deformation and
associated band mixing. Only the LQOL term is considered
in some previous works for simplicity [27,29]. The angular
momentum operator and quadrupole operator are defined by

L, = V10" x )P, ?2)
O =(d" x5+5" xd)? +x@ xd)?, A3)

with the parameter x € [—4, +4]. Those operators gen-

erate the SU(3) algebra for x = —+/7/2 and the conjugate
SU(3) algebra, commonly denoted SUQ3), for X = +/7 /2,
respectively. The corresponding band states in SU(3) and
SU(3) are not orthonormal, and their overlaps do not generally
equal unity. They become a part of the O(6) algebra when

x = 0. The two cases are applied to describe y-soft rotor

(x = 0) and axial rotor (x = _4 for prolate and x = \/77 for
oblate), respectively. The d boson number operator is defined

as

g = V5" x ), “4)

with d, = (—1)*d_,, which is meanwhile the first-order
Casimir operator of the U(5) algebra. The widely used
consistent-Q Hamiltonian [58] in the IBM just contains the

J

first two terms of the Hamiltonian as defined above. With
the extension to including triaxial dynamics, the present IBM
Hamiltonian for the description of even-even nuclei contains
the first six terms in Eq. (1).

Apart from the IBM terms, we simply consider a
quadrupole type of term describing the interaction between
the odd neutron particle (or hole) and the rest of the boson
core. This interaction term is defined as in Eq. (1) as QX - gr,
with

®)

Clearly, the coupling to the odd-particle and the last Hamilto-
nian term are relevant only for IBFM calculations.

For the IBFM, one should additionally take into account
the single-particle term [3]

gr = (d} x a;)®.

(6)

where ¢; represents the single-particle energies of the spheri-
cal orbit j and

fj=—v2j+1(a; x a)"?, (7

with @;,; = (—1)y"™ia j.—m, 18 the fermion number operator.
However, this term for a given j only contributes a constant
(which can be thus set to zero for convenience).

In IBFM, the exchange interaction may also be expected to
play a crucial role in shaping the detailed spectroscopy of odd-
mass nuclei, particularly in determining the relative ordering
of bands arising from different boson-fermion couplings [59].
In the present work, however, we restrict our attention to the
yrast structures dominated by a single- j configuration coupled
to an even-even core. Within this limited scope, exchange and
monopole interactions are not explicitly included to minimize
the number of free parameters, while retaining the essential
features of the quadrupole collectivity under investigation.
The effects of the monopole interaction can, to some extent,
be effectively absorbed into a renormalization of the n, term
of the bosonic Hamiltonian [3].

HF = €&jn;,

B. Basis

We use |[N(A, u)xLMy) to denote the SU(3) orthogonal
basis for a system with the total boson number N, spin value
L and projection My, with (A, u) characterizing the SU(3)
irreducible representation and j being used to denote the
multiplicity of L in the reduction of SU(3) D SO(3). The
irreducible representations (IRREPS) (A, @) are given by

A u)=0CN,0)®d 2N -4,2)®---d(2,N—1) or (0,N)
HR2N —-6,00p (2N —-10,2)®---®&(2,N—4) or (0O,N—3)
HC2N - 12,00 2N —16,2)®---d(2,N—T) or (0O,N—06)
®4,0)® (0,2) for N(mod3) =2
@®(2,0) for N(mod3) =1
@®(0,0) for N(mod3)=0. (8)
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If (A, ) are known, the allowed angular momentum quantum number can be extracted from the following rules:

K = min[A, ©], min[A, u] —2, min[A, u]—4,---,0 or 1
L = max[A, u], max[A, u]—2,---0 or 1for K =0,
L=K, K+1, K-+2, -, K+max[r, u], for K > 0. )
[
For the IBFM, the eigenstates can be expanded in terms of term, which is defined as
the weak-coupling basis vectors |N (A, w)x (Lj)JMj) as M. = (' x d) - (a; y sz)z. (15)

&, IM)) = Y CoIN INGL iR (LJ)IMy),  (10)

(A, w)xL
with
ING )X (Lj)TM;)
= > LMy, jm;|UM;)IN G, )R LML) jm;), (11)

My.,m;

where £ denotes an additional quantum number, C&Lm z is the
expansion coefficient, L, j, and J represent the angular mo-
mentum for the boson core, odd particle and the entire system,
respectively, with their third components denoted by My, m;,
and M. The SU(3) coupling basis can be characterized by the
group chain

(U(6) D SU(3) D SO(3)) ® SU;(2) D SU,(2) D SO,(2)
N (,w % L j J M '
(12)

Note that the complete group symmetry for the fermion part
with single j should replace SU;(2) with

U2j+1)>SU@2j+1)D>SPQ2j+1)>SU;(2), 13)

particularly for the multifermion situation because the n> op-
erators (a' x &)I(; with k =0, 1,...,n = 2j can generate the
maximal group symmetry U(2j + 1). If only one fermion
is considered, as in the current scenario, the nontrivial sub-
symmetry is only SU;(2).

C. Hamiltonian matrix element evaluation

With the basis vector constructed above, one can establish
the Hamiltonian matrix. For example, the LOL term in the
IBM that was studied extensively recently can be evaluated as

(@ L'M;|(L x Q" x L)O|aLM,)

121 / A
= Suidum, Y {L I Lb}(a L' || L || eeLs)

aqLaotpLy
X (abLb ” QX ” aaLa><aaLa ” I: ” aL)

121 A
Suduy, LAL + 1){ Ll L}<a’L’ | 0% llaL). (14)

Their full expansion into single-boson matrix elements would
be quite lengthy and complex. Therefore we will not give the
expression of those elements for simplicity. To exemplify the
derivation of the Hamiltonian matrix element in the IBFM, we
use as an example a quadrupole type of core-particle coupling

Using the Wigner-Eckart theorem, the matrix element can be
derived as

(' (L j)I' M| M, |o(Lj)TM,)
= 8y, (— DL || (dT x d) | L)

< {ﬁg;}g I (@l x a1 J)

i 222
—5878uy, (=1 Y { i L,,}

oL

L/j.] Iy + "nyn "y 3
X{jLz}(“L d" Il a"L7) (" L" | d || «L), (16)

where the abbreviation « = N(A, )% is used. Clearly, the
final results will be determined by the reduced elements of the
boson operator under the SU(3) basis. The d-boson operators

can be further expressed as the SU(3) irreducible tensors,

5 (0, 1) - o
5. LM, - In particular, it is expressed as

4t = AQ0

=A%, d,=Bs). (17)

The double-barred reduced matrix elements contained in
Eq. (16) can be further expanded as

(@L' | d" || «"L")
= V2L + T(INIV, 1) [ A®P ||| [N — 11, 1))
(W, pu)HE L2000, 2 | W wHx” Ly (18)
and
(@"L" | d || «L)
= V2L + 1 (IN = 110, ") [Il BO? ||| IN1(h, )
(W, w3 L 0,291,2 | (b X L), (19)
The last term is the Clebsch-Gordan (CG) coefficient.

D. EM transition

The E2 transition operator is chosen in its standard form as

TE? = e, (20)

where e denotes the effective charge and y is taken to be the
same parameter as in the Hamiltonian. Using this operator, the
reduced transition probability between initial and final states
can be evaluated as

_ NogLy 172 1l o)

B(E2;L; — Ly) L1

2y
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As discussed previously, a particularly sensitive observable
for characterizing nuclear collectivity is the B4/, ratio, defined
as

B(E2;4] — 2)

=——> 1 777 (22)
B(E2;2] — 0))

4/2

This ratio provides a clear benchmark for distinguishing dif-
ferent collective regimes: in the vibrational U (5) limit one
expects By» A~ 2, whereas in the rotational SU(3) limit the
predicted value is B4/» A~ 10/7 ~ 1.43. Deviations from these
canonical values, and in particular values below unity, are
indicative of anomalous collective behavior, which may arise
from triaxial deformation or other complex structural effects.
Thus, the B4/, ratio serves as a sensitive probe of the un-
derlying nuclear dynamics and provides a useful measure for
comparing calculations with experimental data.

E. Numerical details

We present the Python code in the following packages:

(1) A stand-alone package with all CG coefficients up to
N=10 stored in a library. One can do calculations
with user-defined Hamiltonian parameters, optimize
the parameters by providing a list of energy levels,
or study the sensitivity of the solution to the choice
of parameters by performing a two-dimensional (2D)
contour plot.

(2) A supplementary code package coupled to an ex-
ecutable file of the Fortran code SU3CGVCS [60]
which generates the necessary CG coefficients. The
package first tries to read from the CG library, if the
CG coefficients are not found, it calls the Fortran CG
code to generate the coefficients and updates the li-
brary to higher N.

In the standard package three programs are available. The
ENERGY_BVALUES program does calculations of the energy
levels and reduced transition probabilities of the selected
nucleus. The user provides the boson number and a list of pa-
rameters a;—ag, ar for the Hamiltonian defined in Eq. (1). To
omit any of the terms in the Hamiltonian, set the correspond-
ing parameter to zero. If the Hamiltonian parameters need
to be determined the program FITTING_PARAMETERS can be
used. This program optimizes the parameters by minimizing
the RMSE between the provided experimental energy levels
and the corresponding calculated energy levels through a ge-
netic algorithm. It is possible to set any number of parameters
to fix values or free ranges. Finally, if more information is
needed on the variation of the solution with different choices
of parameters, the program CONTOUR produces a 2D contour
plot of a selected feature of the solution as a function of two
of the parameters. More information on the three programs
is available in the attached README file. They are also
available on GitHub [61] and Zenodo [62].

III. RESULTS

Systematic theoretical studies of the tellurium isotopic
chain have been carried out using a variety of approaches,

I I I I I I I I
108Te 110Te 112Te 114Te 116Te 118Te 120Te 122Te 124Te

(b)

-10r 4
104éd 1066d 1086d 110éd 1126d 114éd 11Géd 118éd 120éd

FIG. 1. Slow isotopic variation of the IBM parameters adopted
for the description of the even-even Te (upper) and Cd (lower)
isotopes.

including IBM-1 calculations [63,64], self-consistent mean-
field methods [65], Hartree-Fock-Bogoliubov calculations
combined with the generator coordinate method [66], as well
as large-scale shell-model calculations [42] and effective field
theory studies [67]. In particular, Ref. [64] employed a simpli-
fied IBM-1 Hamiltonian containing four interaction terms to
investigate vibration-related features in the Te isotopes and to
assess the extent to which their low-lying spectra can be inter-
preted within a vibrational framework. On the experimental
side, there have been significant recent efforts in measuring
the E2 transition properties of Te isotopes [35,52,68-75].

As a simple illustrative case to demonstrate the capabilities
of the code developed in this work, we begin by considering
an IBM-1 Hamiltonian that includes only the a;, a,, and a4 in-
teraction terms. Given the simplicity of the IBM-1 framework,
it is not expected that a single parameter set with strictly fixed
values can quantitatively reproduce the structural evolution
along the entire tellurium or cadmium isotopic chain. Instead,
we allow for a modest, smooth variation of the Hamilto-
nian parameters from isotope to isotope, as shown in Fig. 1,
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FIG. 2. Experimental [76] and calculated ground-state bands of
even-even Te (upper) and Cd (lower) isotopes.

reflecting the gradual changes in underlying nuclear structure
across the chain.

Experimental and calculated ground-state bands up to spin
I = 10 for the even-even Te and Cd isotopes are presented in
Fig. 2. The calculated spectra reproduce the observed level
energies with good accuracy across the isotopic chains, in
particular capturing the near-equidistant spacing character-
istic of vibrational excitations in midshell tellurium nuclei.
This agreement demonstrates that the adopted Hamiltonian
provides an adequate description of the dominant collective
dynamics governing these systems and is well suited to ac-
count for the vibrational-like nature of the low-lying states.
Deviations between calculation and experiment at higher
spins remain small and follow systematic trends, indicating
that the essential features of the collective motion are consis-
tently described within the present framework.

Calculations have also been performed for odd-A tel-
lurium nuclei. In these cases, only the boson-fermion coupling
strength ap is adjusted, while all remaining parameters are
retained from those of the corresponding even-even core. The
odd nucleon is assumed to occupy the hyy/; orbital, which
is expected to dominate the low-lying structure in this mass
region and provides a reasonable single-;j approximation for

5
~ | @ —~ IBM
> 4. Expt.
é '/\\/\/\
% 27/2;
c 2 ‘\./._,4’/’\0—0/._\"23/217
i)
51

109'Te ' 113L|'e ' 117L|'e ' 121'Te ' 125'Te
ST ~ IBM

N

Excitation energy (MeV)
w
X
N

N
N
@
N

et e 1927
R e C—— S S S 1 b

—_—

105Cd 1OQCd 113Cd 117Cd 121Cd

FIG. 3. Experimental and calculated 4/, bands of even-odd Te
(upper) and Cd (lower) isotopes.

the states considered. Within this framework, the experimental
excitation energies of the band built on the 41/, bandhead,
comprising the (11/27, 15/27, ...) spin sequence, are re-
produced with good accuracy by the IBFM calculations, as
illustrated in Fig. 3. The side band formed by (13/27, 17/27)
can be reasonably reproduced. Possible contributions from
additional orbitals and multi-j configurations, which may be-
come relevant for higher-lying states, are not included in the
present calculations and will be the subject of future work.

In addition, there are several low-lying yrast and yrare
states in odd-A tellurium and cadmium isotopes, such as 9/27,
7/27, and 5/27 in those odd-A isotopes. Those are not well
reproduced by the present IBFM calculations which tend to
overestimate their excitation energy. These discrepancies arise
because the current model assumes a single-j orbital for the
odd nucleon, which captures the dominant low-lying band
built on the A1/, orbital but cannot account for states originat-
ing from additional orbitals or multi-j configurations or from
the coupling to core excitation or particle-vibration coupled
states. As a result, low-spin yrast and yrare states, as well
as certain 13/27 states, are beyond the scope of the present
single-j description.
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FIG. 4. Experimental [76] and calculated evolution of the excited

0F,, 27 and 47 states in even-mass Te (Upper) and Cd (Lower)
isotopes.

The evolution of yrare and higher-lying states in even-even
and odd-A tellurium and cadmium nuclei is illustrated in
Figs. 4 and 5, respectively. For the even-even isotopes, we
show the 07 5, 27, and 43 states, while for the odd-A isotopes
the corresponding band members 11/2; 5, 15/2;, and 19/2;
are presented.

The 0; states in the even-even !'*~12Te isotopes have
often been considered as intruder bandheads, associated with
enhanced E?2 transitions to the one-phonon 2f states [47,77].
The 05 states in 10=-116Cq were also suggested to be in-
truder states [51]. Indeed, the evolution pattern of the O;r
excitation energy, which exhibits a pronounced parabolic de-
pendence along the isotopic chain, with a minimum around
the mid-shell ''8Te [47,48], has been widely associated with
the presence of shape coexistence and the emergence of in-
truder configurations. Similar systematics of the Oj states
have also been reported in Sn and Cd isotopic chains as
well. Experimental data for the transitions of those states,
however, remain very limited. In our IBM calculations, the
0; states are reasonably well reproduced across the tellurium
isotopic chain, although the excitation energy of the 05 state

25
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>
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©
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10504 199cd  3cd  ""7Cd  2'Cd

FIG. 5. Calculated evolution of the 11/2;5, 15/2; and 19/25
states in odd-mass Te (Upper) and Cd (Lower) isotopes.

in '2*Te is noticeably underestimated. It should be noted that
the standard IBM-1 framework, which includes only nor-
mal valence-space bosons, is generally not well suited for
describing intruder configurations that involve particle-hole
excitations across closed shells. Consequently, the present
agreement should be interpreted with caution and ideally val-
idated against additional experimental data. Nevertheless, the
calculations provide a qualitative description of the evolution
of the O; states, and the reasonable reproduction of their
energies suggests that the dominant collective features can
still be captured within the IBM framework.

In agreement with experimental trends and recent theo-
retical studies [65], the IBM calculations predict that the
excitation energy of the 05 state exhibits a pronounced min-
imum near N = 66. This evolution reflects changes in the
underlying IBM parameters and the associated collective be-
havior, pointing to a gradual modification of the nuclear shape.
In particular, the results indicate an enhanced y softness in
14Te, suggesting that triaxial degrees of freedom may play
an increasingly important role in this region. These findings
imply that a proper understanding of the yrare structures
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FIG. 6. Experimental level energies [76] and B(E2) values [74]
of °Te compared to results from IBM calculations, performed in
this work, and E(5) critical-point symmetry calculations [78,79]. The
widths of the arrows represent the B(E2) value, normalized to the
B(E2;2} — 07) value.

in this mass range could also require careful consideration
of the interplay between vibrational-like excitations, triaxial
softness, and possible shape mixing.

Another widely discussed property of Te isotopes is the
manifestation of E(5) (five-dimensional Euclidean) group
symmetry in atomic nuclei, particularly as a schematic ex-
ample of critical-point behavior and, in practice, as a useful
benchmark for selected collective observables. The E(5)
critical-point symmetry was introduced [79] as a parameter-
free description of nuclei located at the second-order phase
transition between spherical vibrational shapes, character-
ized by U(5) symmetry, and y-soft deformed shapes within
IBM. This transition corresponds physically to the onset
of quadrupole deformation without the development of a
rigid axial shape, making E(5) particularly relevant for nu-
clei exhibiting soft collective motion. From a geometrical
perspective, E(5) arises as an analytic solution of the Bohr
collective Hamiltonian with an infinite square-well potential
in the collective B variable, reflecting a flat-bottomed potential
characteristic of a system at the critical point of a second-order
phase transition.

The E(5) symmetry predicts excitation energies and elec-
tromagnetic transition rates without adjustable parameters
(up to an overall energy and transition scale). This makes
E(5) an especially stringent benchmark against which ex-
perimental spectra can be tested. Characteristic signatures
of E(5) include specific energy ratio Ry = E(4])/E(2]) ~
2.19, and a characteristic reduced transition probability ratio
B(E2;47 — 27)/B(E2;2 — 0])~ 1.68 or 1.56 depend-
ing on the assumption, as well as two higher lying 0" states.

Tellurium isotopes near neutron midshell have long been
considered good candidates for E(5) symmetry [78] partly in
relation to their known y softness and transitional character.
Numerous experimental and theoretical works have examined
120 12T and '**Te, assessing their proximity to the E(5)
critical point through level systematics, energy ratios, and
electromagnetic transition patterns.

In the present work, calculated excitation spectra are com-
pared with available experimental data for '2%:!22:124Te and
with the parameter-free E(5) predictions. These comparisons,
presented in Figs. 6, 7 and 8, allow a systematic evaluation
of the extent to which these nuclei conform to E(5) symme-

IBM
20 o+ 61 _4+ 3+ o o 4+ 3+ &

— 0

3

=" AN K IR JOMS

= S,

2 1.0 /_
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w 05 o _ R 2N
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FIG. 7. Experimental level energies [76] and B(E2) values [80]
of 122Te compared to results from IBM calculations, performed in
this work, and E(5) critical-point symmetry calculations [78,79].
Dashed line corresponds to an upper limit. The widths of the arrows
represent the B(E2) value, normalized to the B(E2; 2 — 0] ) value.

try. Overall, the analysis provides insight into the structural
evolution of Te isotopes and supports the interpretation of
these nuclei as transitional systems exhibiting pronounced y
softness and near-critical collective dynamics. In particular,
the calculated By, values with the IBM model are By, =
1.83, 1.69, and 1.50 for '2°Te, '*2Te, and '?*Te, respectively.
That can be compared with the E(5) value of 1.56-1.68 and
experimental value of 1.64 for the nucleus '*°Te [74], 1.5 for
122Te [74], and 1.16 [74,81] or 1.07 [75] for '*Te.

The experimental OZ 5 €xcitation energies and the measured
E2 transition systematics, including the 0 — 27 transition in
124Te, clearly contradict the characteristic patterns expected
for an E(5) critical-point symmetry.

Table I presents a comparison of the calculated and exper-
imental B(E2) transition-strength ratios for two selected Te
isotopes. As mentioned earlier, ratios of reduced transition
probabilities like By, provide a particularly sensitive probe
of nuclear collectivity, since they are less affected by overall
scale factors and directly reflect underlying structural fea-
tures. Experimental data for !'*Te reveal a striking deviation
from the expectations of a simple spherical vibrational model.
In particular, the ratio B4/, is found to be significantly be-
low unity. This behavior contrasts sharply with the harmonic
vibrator limit, for which By, ~ 2, and clearly signals the
presence of structural effects beyond the standard vibrational
interpretation. Such an anomalously low By, value indicates
that the collectivity associated with the 4] state is strongly
reduced relative to that of the 2 state.

The calculations labeled IBM, in Table I, obtained us-
ing the simplified Hamiltonian of Eq. (1) retaining only the
ay, ay, and a4 terms, reproduce reasonably well the over-
all vibrational features observed in the level schemes of the
Te isotopes. In particular, excitation-energy systematics and
higher-spin B(E2) ratios are described with fair accuracy.
However, this Hamiltonian clearly fails to account for the sup-
pressed By, ratio observed experimentally in 14Te, instead
predicting a value significantly larger than unity.

This discrepancy highlights a well-known phenomenon
commonly referred to as the By, anomaly, which has been
the subject of extensive recent theoretical and experimen-
tal investigation [26,27]. The anomaly is characterized by a
pronounced reduction of the B(4 — 27) transition strength
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FIG. 8. Experimental level energies [76] and B(E2) values [81]
of 1*Te compared to results from IBM calculations, performed in
this work, and E(5) critical-point symmetry calculations [78,79]. The
widths of the arrows represent the B(E2) value, normalized to the
B(E2;2] — 07) value.

relative to expectations from vibrational or axially symmetric
collective models. Recent studies have suggested that this
behavior may be linked to the onset of triaxial deformation
or enhanced y softness, which alters the structure of low-
lying states and redistributes quadrupole collectivity among
them.

To explore this possibility, an extended Hamiltonian in-
cluding the additional a3 term is employed, labeled IBM,
in Table I. The inclusion of this term leads to a dramatic
improvement in the description of the By, ratio for 14T,
bringing the calculated value much closer to the experimental
result. This improvement supports interpretations that asso-
ciate the B/, anomaly with triaxial correlations not captured
by simpler vibrational Hamiltonians.

In contrast, for ''8Te the experimental B(E2) ratios are
closer to the vibrational limit, and the simpler IBM, Hamilto-
nian already provides an adequate description. This difference
underscores the rapid structural evolution within the Te iso-
topic chain and emphasizes the sensitivity of B(E2) ratios
to subtle shape changes. Overall, the results presented in
Table I demonstrate that while Te isotopes exhibit pre-
dominantly vibrational characteristics, certain nuclei—most
notably '*Te—require a more nuanced description incorpo-
rating triaxial degrees of freedom.

The triaxial deformation in this work is realized through
an algebraic formulation of the triaxial rotor within IBM
by utilizing the SU(3) dynamical symmetry [26,27], which
is not achievable in the standard consistent-Q Hamiltonian.
The approach constructs a Hamiltonian divided into static
and dynamic components. The static part is responsible for
generating a stable collective potential and is built from the
second-order and third-order Casimir operators of SU(3). The
dynamic part of the Hamiltonian incorporates the higher-order
interactions between angular momentum and quadrupole op-
erators. The cubic interaction term (d¥ x d¥ x d")® . (d x
d x d)® in particular can induce triaxial deformation in its
classical potential function and induce a stable triaxial min-
imum at the mean-field level [28,83,84]. In addition, unlike
traditional geometric models, this realization accounts for
finite-size effects inherent in a system with a limited number
of bosons N.

TABLE I. Experimental B(E2) ratios of '*!8Te compared to
two different IBM calculations. IBM, is calculated using the Hamil-
tonian in Eq. (1) with the a,, a,, a4 terms, while IBM, is performed
with the ay, a», a3, as terms.

114Te 118Te
B(E2)ratio Expt.[41] IBM, IBM, Expt.[68,72,82] IBM,
BUZZD 0g5(11) 183 0.53 1.86(10) 1.74
@7 —0)
B(617—471) ) X
B2 1497037 127 1.25 1127932 1.27

By extending the Hamiltonian to include higher-order in-
teraction terms, it becomes possible to reproduce values of the
By ratio below unity, as observed experimentally in ''*Te. In
particular, the inclusion of the a3 term plays a crucial role in
modifying the structure of the low-lying states and reducing
the collectivity of the 4] level relative to that of the 2 state.

An illustrative example of this effect is shown in Fig. 9,
where a two-dimensional contour plot of the By, ratios
in 14120 jg presented as a function of the a4 and a3
parameters. The figure clearly demonstrates that, within a
well-defined region of parameter space, the calculated By,
ratio falls below unity, as observed in the nucleus HdTe,
highlighting the strong sensitivity of this observable to the
higher-order interaction terms. This behavior contrasts with
calculations employing only lower-order terms, for which
such low values cannot be attained.

A second calculation of the B(E2) ratios that includes the
asz term is listed in Table I and labeled IBM,. In this calcula-
tion, the value of the a3 parameter was specifically adjusted
to reproduce the anomalously low experimental By, ratio
of "“Te, while maintaining a reasonable description of the
remaining transition strengths. The success of this extended
Hamiltonian further supports interpretations that associate the
B,y anomaly with correlations beyond simple vibrational
dynamics, such as triaxiality or enhanced y softness, which
are effectively captured through the inclusion of higher-order
terms.

We have performed analogous calculations for the neigh-
boring odd-A Te isotopes, the results of which are summarized
in Fig. 10. In these nuclei, particular attention is given to the
negative-parity 11/2~ band, as is shown for several isotopes
in Fig. 3. This band provides a natural testing ground for
examining collective behavior in odd-mass systems and for
exploring the influence of the coupling between the unpaired
fermion and the even-even core. For the odd-A Te nuclei, an
analog of the B4/, ratio is introduced to quantify the relative
collectivity of successive AJ = 2 transitions within the 11/2~
band. It is defined as

B(E2;19/2~ — 15/27)
B(E2;15/2~ — 11/27)"

Byp = (23)
which directly mirrors the definition used in even-even nuclei
while accounting for the presence of the odd fermion.

In Fig. 10, this By, ratio is plotted as a function of
the a; parameter and the ar parameter, the latter governing
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FIG. 9. Two-dimensional contour plot of the By, ratio in 114=120T6 a5 a function of the a, and a3 parameters.

the strength of the coupling between the odd nucleon and
the collective degrees of freedom of the even-even core. This
two-dimensional representation highlights the interplay be-
tween intrinsic core correlations and particle-core coupling
effects. As in the even-even case, the calculated By, ratio
exhibits a pronounced sensitivity to these higher-order terms.
In particular, modest variations in either a3 or ar can lead
to substantial changes in the transition strengths, emphasiz-
ing that electromagnetic observables in odd-A nuclei provide
stringent constraints on the detailed form of the Hamiltonian.

Overall, the results demonstrate that the anomalous be-
havior of the By, ratio is not limited to even-even systems
but persists in neighboring odd-A isotopes, as was indeed
observed in '""Te [52], where it is further modulated by the
fermion-core interaction. This underscores the importance of
incorporating higher-order terms and explicit particle-core
coupling when modeling collective excitations in transitional
odd-mass nuclei.

In Figs. 11 and 12, the E4/, ratios are also displayed for
both even-even and even-odd Te isotopes. Over most of the
explored parameter space, the E4/, ratio remains relatively
stable and exhibits only weak sensitivity to variations in the
interaction strengths. Significant deviations from this behavior
occur only at the edges of the parameter domain, where the
ratio collapses toward values close to unity or below. This
robustness of the Ej/, ratio, in contrast to the pronounced
sensitivity observed for the By, ratio, underscores that the

By

250-
500

By

anomalous B(E2) behavior arises primarily from changes in
wave-function structure rather than from drastic modifications
of the overall energy spectrum.

The excitation energy of the 2| state and the corresponding
transition strength B(E2;2] — 07) remain relatively stable
over the entire parameter domain investigated above. Simi-
larly, in the odd-mass Te isotopes, the excitation energy of
the 15/2~ state and the B(E2;15/2~ — 11/27) transition
strength exhibit only weak dependence on the interaction
parameters across the same domain. This overall stability
indicates that the higher-order terms primarily affect specific
collective correlations in the higher states while leaving the
gross features of the low-lying excitation spectra largely un-
changed. These correlations, however, can significantly affect
the structure of the 4] state and, consequently, the 4 — 2
E2 transition strength, as illustrated in Fig. 13.

IV. CONCLUSION

In this work, we have developed and benchmarked a new
open-source Python package, pyIBM, capable of perform-
ing systematic IBM and IBFM calculations. The package
incorporates not only the standard vibrational and quadrupole-
quadrupole terms but also higher-order interactions that are
essential for exploring triaxiality, mixed-symmetry states,
and anomalous collective behaviors. pyIBM provides a user-

By
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FIG. 10. Two-dimensional contour plot of the By, ratio in 15=119Te a5 a function of the ar and a3 parameters.
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FIG. 11. Two-dimensional contour plot of the Ej, ratio in 114=120Te a5 a function of the a4 and a3 parameters.

friendly platform for IBM/IBFM calculations, complementing within the IBM calculations, reflecting enhanced y softness

older Fortran/C codes. and the potential role of nonaxial fluctuations. These results
As an example, the code is applied to study the structure of  further support the view that Te isotopes provide a valuable
even-even '®1?*Te and odd-even '%~'%5Te nuclei through en- testing ground for studying collective excitations, the possible

ergy levels and reduced transition probabilities and compared emergence of shape evolution.
to those of Cd isotopes. We also investigate the evolution
of excited 0" states and yrare bands, revealing patterns con-
sistent with recent experimental findings and providing new
insight into the delicate interplay between vibrational and y -
soft modes. The Hamiltonian is dominated by the vibrational C.Q. acknowledges the computational resources provided
term, which is reflected in the predicted level schemes and by the National Academic Infrastructure for Supercomputing
B(E2) values. The 2D contour plot function is introduced to in Sweden (NAISS) at PDC, KTH and support from the Olle
demonstrate the effect of the higher-order terms on various Engkvist Foundation. Y.Z. acknowledges support from the
observables like the By, ratio. Natural Science Foundation of China (No. 12375113).

A particular focus was given to the B4/, anomaly in 14T,
observed 20 years ago. Similar deviations have also been
noted recently in odd-mass isotopes ''°Te. As one may expect,
our results confirm that the standard vibrational Hamiltonian The PYIBM code developed for the numerical implemen-
alone cannot reproduce this feature. However, the contour plot ~ tation of this work, together with future updates, is openly
demonstrates that By, ratios below unity can naturally arise available on GitHub [61] and Zenodo [62].
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