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Pion valence structure at intermediate x in the residual-field approach
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We calculate the valence parton distribution function (PDF) of pion within the theoretical approach based on
spectral function representation of valence quarks in the pion. In this approach we assume that the soft partonic
structure of pion is defined by the valence qq̄ cluster, consisting of current quarks, embedded in the residual
field of the pion. The valence PDF is calculated using phenomenological light-front wave functions for the qq̄
cluster and the residual field. Our result indicates that the peak position of the x weighted valence PDF (xPDF)
depends on parameters characterizing the virtuality of the valence quark cluster and the mass of the residual
system. Magnitudes of these parameters are obtained by fitting to the height and the peak position of empirical
pion xPDF evaluated at starting Q0. They indicate that unlike the nucleon case, very little residual mass is needed
to describe existing pion PDFs at intermediate x. They also indicate that the qq̄ cluster is highly virtual and on
average the interacting quark carries almost all of the momentum of the qq̄ cluster. This picture is consistent with
the dominance of the Feynman mechanism leaving little room for the hard component in the PDF and practically
describing ≈ (1 − x) behavior observed recently at x → 1 limit. Our nontrivial observation is that the height and
the peak position of xPDF define the analytic behavior of valence PDF at x → 1 limit.
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I. INTRODUCTION

As the lightest hadron and a pseudo-Goldstone boson of
chiral symmetry breaking, the pion holds a unique position
in hadronic and nuclear physics. Studying its structure is es-
sential for understanding the nature of the strong interaction of
nucleons which in part is mediated through the pion exchange.

While in the chiral symmetry breaking picture the
long range part of the nucleon-nucleon (NN) interaction
is mediated through the near-massless Goldstone field
without apparent internal structure of pion, the deep-inelastic
scattering from pion indicates its underlying quark-gluon
structure which does not reveal itself in NN interaction. This
apparent duality indicates on possible specific distribution of
valence quarks in the pion that makes for example the quark
interchange in NN interaction through the pion field highly
unlikely.

One of the important quantities that allows to explore the
dynamical structure of pion is its parton distribution function
(PDF) probed at the light-front momentum fraction, x (0 <

x < 1) and given resolution Q2. It allows us to probe valence
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and sea quarks as well as gluon distributions which dominate
at different regions of x in the pion.

For the valence quarks pion represents the simplest system
and as such it is the best testing ground for understand-
ing the nonperturbative quantum chromodynamics (QCD)
mechanism of valence quark distribution in the hadron, thus
attracting multitude of theoretical studies ranging from the
Nambu–Jona-Lasinio model [1], QCD sum rules [2–4], light-
front approaches [5–10], light-front approaches with anti-de
Sitter (AdS)/QCD correspondence [11], the appraach based
on Dyson-Schwinger equations [12,13] as well as lattice cal-
culations [14]. Other approaches were based on construction
of effective Hamiltonian with the holographic QCD confine-
ment potential and Nambu–Jonaa-Lasino interaction [15]

Much progress has been made in the experimental ex-
traction of pion parton distribution exploring variety of
deep-inelastic reactions including Drell-Yan, J/�- produc-
tion, and Sullivan processes (see, e.g., [16–25]).

The recent high quality combined analysis of Drell-Yan
and Sullivan processes [24,25] produced an unexpected result
for parton distribution functions (PDFs) at large x, observing a
behavior of (1 − x)β with β ≈ 1 − 1.2. This contradicts to the
generally expected dependence of (1 − x)2 which in part fol-
lows from the expectation that high x parton distributions are
generated through the hard gluon exchange between valence
quarks [26–28].

Focusing on the dynamics of valence quark distribution
in hadrons, we notice two important properties of valence
quarks that will be used in our calculation. The first is that
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the valence quarks define quantum numbers of hadrons and
their flavor is conserved. As such they can be considered as
effective fermions whose number is conserved. The second
prominent feature of valence quarks is that their distribution
weighted by the momentum fraction x, x fV (x) shows a dis-
tinctive peak associated with the average momentum fraction
carried by valence quarks. In general, such a peaking property
in Fermi systems is associated with the “bulk” property of
bound system which has an inherently nonperturbative char-
acter. In our recent works [29,30] on modeling valence quark
distributions in the nucleon the “bulk” property of hadrons
have been described through the quark-gluon system residual
to the valence quarks in the nucleon. The model is based on
residual mean field approximation which introduces the light-
front wave function of the valence quark cluster embedded
in the interacting residual field. Introducing a residual field
in the description of partonic dynamics of the hadron, which
is characterized by its mass and energy, theoretically corre-
sponds to the spectral function approach in the description
of the composite bound system. As such this approach is
different from commonly considered theoretical approaches
in which valence quarks are the entities that fully describe the
partonic dynamics in the intermediate region of x, carrying all
the light-front momenta of the nucleon.

Within this model for the case of the nucleon it was found
[29,30] that the description of the peaking property of x fV (x)
distribution requires a residual system to have a mass compa-
rable with the pion mass. Thus the spectral function approach
indirectly favored the existence of the structure in the nucleon
resembling a pion cloud.

Another nontrivial observation within this approach was
that at the starting Q2

0 = m2
c (mc is the mass of the charm

quark) when one expects that the partonic picture to be rel-
evant, the peaking position xp of x fV (x) distribution satisfies
an inequality xp � 1

4 (not xp = 1
3 as naively expected) inde-

pendent to the parameters of the model. This inequality is
confirmed by the modern phenomenological PDFs of nucleon.
Overall, the model described reasonably well the valence
PDFs of nucleons for the region 0.2 < x < 0.6 underesti-
mating at larger x which indicates the importance of hard
mechanism in the generation of large x component of valence
PDFs in the nucleon.

In the current work we extend the residual field approach
for the description of pion valence PDFs. Our goal is to
address following main questions by describing the peaking
propery of x fV (x) distribution of pion: are there structure in
the pion residual to qq̄ valence quarks (like it was observed for
the case of nucleon) and how much can the mean field distri-
bution of the residual systemcontribute to the high x structure
of pion PDFs? In this approach we introduce a new object,
that is the light-front wave function of the residual system,
whose parameters will be fixed by describing the the peak
position and the height of the valence x fV (x) distribution.
Once the parameters of this wave function is fixed its valid-
ity can be further verified by calculating other observables
such as pion form-factors, generalized partonic and transverse
momentum distributions as well as observables which enter
in the target fragmentation of hadrons into pions in collider
kinematics [31].

FIG. 1. Light-front diagrams for deep inelastic scattering in
residual-mean field model. (a) General case for hadrons with qqq
or qq̄ valence clusters. (b) For the case of deep inelastic scattering
from pion.

The outline for this work is as follows. Section II provides
the description of the theoretical framework. In Section III
we derive the PDFs based on the residual field model and in
Sec. IV we introduce light-front wave function of two-body
system, applying it for qq̄-cluster and valence-residual sys-
tems, respectively. Section V presents numerical estimates of
the model parameters following from the fit of the theoretical
expression to the peak position and the height of x fV (x) dis-
tribution of the recently obtained empirical parametrization of
pion PDFs [24,25]. Our focus in this comparison is to evaluate
the relevant masses and the light-front momentum distribution
of residual system. Furthermore using the obtained PDF at
starting Q0 we evolve it to the higher Q scale to compare
our calcualtion with other empirical PDFs extracted from
Drell-Yan experiment. Section VI contains conclusions and
outlook for the further application of the presented approach
in different processes.

II. THEORETICAL FRAMEWORK OF RESIDUAL
FIELD MODEL

The residual field model utilizes conservation of valence
parton quantum numbers to treat them as effective fermions
whose numbers are conserved. It separates hadrons into a core
of valence fermions consisting of massless quarks and a resid-
ual structure which contains everything besides the valence
quarks, such as sea quarks and gluons. Interaction with the
external probe in this case proceeds through the scattering
off the valence quarks in the cluster. This picture is assumed
to be valid for moderate to high x � 0.1–0.2 and will break
down at lower x, where the Regge dynamics dominate in the
interaction.

According to the residual field model the deep inelastic
scattering from a hadron in the leading approximation can
be described by the light-front diagram of Fig.1(a) in which
scattering takes place with a quark inside the valence cluster.
The consideration of the residual system in the scattering
amplitude is equivalent to the spectral function representation
of the partonic structure of the hadron in which case the va-
lence quark distribution is indirectly related to the dynamical
characteristics of the residual system.
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In light-front (LF) quantization one probes quantum fields
at fixed light-cone time, x+ = t + z, which provides several
simplifications in describing high energy processes [32]. The
LF approach provides a framework to study hadrons in terms
of their light-front wave functions (LFWFs), in which case
a hadron in a ket state represented by |h〉 can be described
through the expansion in terms of the LFWFs [ψi/h({xi, ki}i )]
[32,33]:

|h〉 =
∑

i

∫
[dμi]ψi/N ({x j, k j} j )|i〉, (1)

where the sum is over all Fock states |i〉 and [dμi] is the rel-
evant integration measure. Color and spin degrees of freedom
have been suppressed.

With above wave functions the PDF for a quark of flavor i,
in hadron, h can be represented as the expectation value of the
number operator in the hadronic state [34,35]:

fi(x, Q2) =
∫

d2k⊥
(2π )2

〈h(p) | b†
i (xp, k⊥)bi(xp, k⊥) | h(p)〉,

(2)

where b†
i and bi are creation and annihilation operators of

parton i.
Except for the situations of high Q2 and x → 1 in which

case one expects minimal-Fock component to dominate in Eq.
(2), the calculation of hadronic PDF’s at moderate x will re-
quire LFWFs which are the solution of infinite set of coupled
integral equations, containing the different number of quark
or gluon constituents. Thus often in practical calculations
LFWFs are modeled. The modeling of the valence LFWFs
for the pion has been done in different approaches such as
harmonic oscillator models [36], models relating equal-time
wave function to the light-front wave functions [37], light-
front consitutent quark models [38], the Nambu–Jona-Lasinio
model [36] as well as model based on light front holography
[39,40].

Our approach in this work is phenomenological, instead
of taking an infinite Fock state expansion as in Eq. (1), we
approximate the |h〉 state through the transition of π → V R,
where V is a valence qq̄ core and R is a residual state that
absorbs all higher order Fock states as well as possible config-
urations (such as null-mass components) that may couple with
qq̄ cluster. Furthermore, we define phenomenological wave
functions in such a way that they represent the solution of the
Weinberg type equation on the light-front for qq̄-cluster state
(V), as well as for cluster-residual (VR) effective two-body
state. Such wave functions are inherently nonperturbative and
need to be modeled based on the prominent features of the
structure of hadrons.

III. THE PION IN THE RESIDUAL FIELD MODEL

A. General formalism of deep-inelastic scattering

To set up derivational framework for pion PDF we consider
probing the pion through deep inelastic electron scattering
(eπ → eX ). Using the universality of PDFs the results of
calculation can be compared with PDFs extracted for example
from Drell-Yan processes in πN → l+l− + X reactions. This

is a consequence of the definition of PDFs and validity of
QCD factorization for these processes.

Within one-photon exchange approximation the scattering
takes place with the virtual photon γ ∗ with four-momentum
qμ = kμ

e − k′μ
e , where kμ

e and k′μ
e are the four momenta of the

initial and scattered electrons, respectively.
The cross section for the DIS process can be expressed

through the contraction of leptonic and hadronic tensors as
follows:

dσ

dQ2dx
= 2πα2y2

Q6
mπLμνW μν

π , (3)

where Q2 = −qμqμ, y = pπ ·q
pπ ·ke

and the unpolarized leptonic
tensor is

Lμν = 4

[(
ke,μ − qμ

2

)(
ke,ν − qν

2

)]
+ Q2

[
− gμν − qμqν

Q2

]
.

(4)

The hadronic tensor, W μν
π , in general can be defined through

the inelastic hadronic current Jμ(pX , sX , pπ , sπ ) in the form

W μν
π = 1

4πmπ

∫ ∑
X

∑
sx

(Jμ)†

× (pX , sX , pπ , sπ )Jν (pX , sX , pπ , sπ )

× (2π )4δ4(q + pπ − pX )δ
(
p2

X − M2
x

) d4 px

(2π )3
. (5)

In derivations, we will work with light-cone coordinates
with the convention for four-momenta being

kμ = (k+, k−, k⊥) = (k0 + k3, k0 − k3, (k1, k2)). (6)

The calculations are performed in the Drell-Yan-West ref-
erence frame where the four-momenta of the pion, pμ

π , and
virtual photon, qμ are defined as follows:

pμ
π =

(
p+

π ,
m2

π

p+
π

, 0⊥
)

, qμ =
(

0,
2pπ · q

p+
π

, q⊥
)

, (7)

where q2
⊥ = Q2.

In this reference frame the F2 structure function of the pion
is related to the ++ component of the hadronic tensor as
follows:

F2(x, Q2) = mπQ2

2x(p+
π )2

W +,+
π (8)

and within the framework of QCD factorization and the defi-
nition of PDFs in leading order one can relate the PDF to the
structure function F2 as

F2(x, Q2) =
∑

i

e2
i x fi(x, Q2), (9)

where fi(x) was defined in Eq. (2) and i runs for quarks or
antiquarks in the pion, interacting with the external probe.
Comparing Eqs. (8) and (9) one observes that the calculation
of PDFs is related to the calculation of the ++ component of
the hadronic tensor, W μν

π .
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In the case of valence quarks using the above relations
allows us to extract sum of quark and anti-quark valence
quark distributions weighted by x. Usually, invoking isospin
symmetry it is assumed that the up valence distribution in π+
is equal to the down valence distribution in π−: fV (x, Q2) =
uπ+

V (x, Q2) = dπ−
V (x, Q2).

B. Hadronic current and hadronic tensor

For calculation of pion structure function we consider the
diagram of Fig. 1(b) in which it is assumed that the pion
transitions to the cluster of valence qq̄ state and the residual
state, R before the interaction of virtual photon with one of the
valence quarks in the cluster takes place.

Identifying the hadronic current Jμ in Eq. (5) with the
scattering amplitude Aμ, which corresponds to the part of the
diagram of Fig. 1(b) without electron lines and virtual photon
propagator and taking into account the phase space of final
state quarks and residual system one obtains for the hadronic
tensor

W μν (x, Q2) = 1

4πmπ

∑
{hi,τi}

∫
δ
(
k2

R − m2
R

)

× d4kR

(2π )3
δ
(
k′,2

1 − m2
) d4k′

1

(2π )3
δ
(
k2

2 − m2
) d4k2

(2π )3

× (2π )4δ(4)(pπ + q −
2∑

i=1

ki − kR)Aμ†Aν,

(10)

where the sum
∑

{hi,τi} is over all the spins of the valence
quarks and the residual system. The Lorentz invariant phase
space evaluated in light-cone coordinates is

δ(k2 − m2)d4k = 1

2
δ(k+k− − k2

⊥ − m2)dk−dk+d2k⊥

= dk+d2k⊥
2k+ |

k−= k2⊥+m2

k+
= dxd2k⊥

2x
|
k−= k2⊥+m2

xP+
π

,

(11)

where x = k+
P+

π
is the light-front momentum fraction of pion

constituent with momentum k+. For energy-momentum con-
servation one obtains

δ(4)(pπ + q − k′
1 − k2 − kR)

= 2δ(p+
π + q+ − k′,+

1 − k+
2 − k+

R )

× δ(p−
π + q− − k′,−

1 − k−
2 − −k−

R )

× δ(2)(p⊥
π + q⊥ − k′⊥

1 − k⊥
2 − k⊥

R ). (12)

Taking into account our choice of the reference frame Eq. (7)
according to which q+ = 0 and k′+

1 = k+
1 one obtains

δ(p+
π + q+ − k′+

1 − k+
2 − k+

R ) = 1

p+
π

δ(1 − x1 − x2 − xR),

(13)

where x1 = k+
1

p+
π

, x2 = k+
2

p+
π

, and xR = k+
R

p+
π

. Using k′
1 = pπ −

k2 − k3 − kR and neglecting initial transverse momenta of
pion constituent, compared to q⊥, i.e., k′2

1,⊥ = (k1,⊥ +
q⊥)2 ≈ q2

⊥ 	 k2
1,⊥, as well as using the condition p+

π 	
mπ , mV , mR, k⊥

1,2, kR one evaluates

δ(p−
π + q− − k′−

1 − k−
2 − k−

R )

= δ

(
m2

π

p+
π

+ 2pπ · q

p+
π

− k′2
1,⊥ + m2

x1 p+
π

− k2
2,⊥ + m2

x2 p+
π

− k2
R,⊥ + m2

R

xR p+
π

)

≈ δ

(
2pπ · q

p+
π

− Q2

x1 p+
π

)
= x1 p+

π

2pπ · q
δ(x1 − xB), (14)

where Bjorken xB is defined as xB = Q2

2pπ ·q . Finally with the
same conditions

δ(2)
(
p⊥

π + q⊥ − k′⊥
1 − k⊥

2 − k⊥
R

) = δ(2)
(
k⊥

1 + k⊥
2 + k⊥

R

)
.

(15)

Using Eqs. (13)–(15) in Eq. (12) for hadronic tensor in Eq.
(10) one arrives at

W μν (x, Q2) = 1

4mπ

∑
{hi,τi}

∫
[dx][d2k⊥]

2x1xB

Q2
δ(x1 − xB),

× Aμ†Aν, (16)

where

[dx] = δ(1 − x1 − x2 − xR)
dxR

xR

2∏
i=1

dxi

xi
, [d2k⊥]

= 16π3δ(2)

( 2∑
i=1

ki,⊥ + kR,⊥

)
d2kR,⊥
16π3

2∏
i=1

d2ki,⊥
16π3

.

(17)

As it follows from Eqs. (8) and (9) to calculate the pion PDF
one needs to evaluate the “+” component of the scattering
amplitude Aμ.

C. Scattering amplitude in residual field model

To calculate the amplitude presented in Fig. 1(b) we use
light-front diagrammatic rules [41]. Since momentum trans-
ferred to the quark/anti-quark in the pion is significantly larger
than their initial momenta, the interference terms will be small
and the cross section will represent the incoherent sum of
the square of amplitudes corresponding to the scattering from
quark and antiquark. Thus we first calculate amplitude of
scattering from quark and then use the result to evaluate the
scattering from the antiquark.

To calculate the amplitude we notice that the diagram of
Fig. 1(b) is characterized by two intermediate states (indicated
by vertical dashed lines) that are defined by two light-front
propagators. With the momenta assigned for each particles in
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the scattering defined in the diagram one obtains

Aμ(k′
1, h′

1, k2, h2, kR, hR)

=
∑
hV

ū(k′
1, h′

1)ieqγ
μ(/k1 + mq)v(k2, h2)�V →qq̄χV

k+
1 D2

× χ
†
V χ

†
R�π→V Rχπ

k+
V D1

, (18)

where �π→V R is the effective vertex for the transition of pion
into valence qq̄ cluster V and a residual state R, and the �V →qq̄

vertex describes the transition of the cluster, V to the valence
quark and antiquark. Also, hi and h′

1 are the helicities of the
ith valence quark before and after the interaction with virtual
photon.

For the denominators D1 and D2 according to light-front
diagrammatic rules, one has

D1 = p−
π − k−

R − k−
V = 1

p+
π

(
m2

π − k2
R⊥ + m2

R

xR
− k2

V ⊥ + m2
V

xV

)

(19)

and

D2 = p−
V − k−

1 − k−
2 − = 1

k+
V

(
m2

V −k2
1⊥ + m2

β1
− k2

2⊥+m2

β2

)
,

(20)

where βi = xi
xV

for i = 1, 2 quark and antiquark.
Furthermore, we use LF sum rule for the numerator of the

propagator of off-shell quark with momentum k1 [41]:

(/k1 + m) =
∑

h1

u(k1, h1)ū(k1, h1) + γ +(
k2

1 − m2
)

k+
1

, (21)

and notice that since we are interested in the + component of
the scattering amplitude, Aμ, and due to the relation γ +γ + =
0, the second part of Eq. (21) does not contribute to the +
component of the amplitude. Inserting the first part of Eq. (21)
into Eq. (18) one introduces a phenomenological LF wave
function for the valence-residual system

ψV R(xV , kR,⊥, xR, kV,⊥) = χ̄V χ̄R�π→V R

m2
π − k2

V,⊥+m2
V

xV
− k2

R,⊥+m2
R

xR

(22)

and similarly for the qq̄ cluster

ψqq̄(β1, β2, k1,⊥, k2,⊥) = ū(k1, h1)�V →qq̄v(k2, h2)χV

m2
V − ∑2

i=1
k2

i,⊥+m2
i

βi

, (23)

where χV and χR represent the helicity wave functions for the
cluster and residual system, respectively.

In further derivation we assume that the residual state
has a zero helicity and the quantum number of qq̄ clus-
ter is defined by the quantum number of the pion. Writing
then the helicity wave function of the cluster explicitly:
ξqq̄ = u(k1,h1 )v̄(k2,−h1 )−u(k1,−h1 )v̄(k2,h1 )√

2
, for the “+” component of

the scattering amplitude one obtains

A+(k′
1, h′

1, k2,−h1, kR)

=
[

ū(k′
1, h′

1)ieqγ
+u(k1, h1)

ψqq̄(β1, β2, k1,⊥, k2,⊥)√
2β1

− v̄(k1, h1)ieq̄γ
+v(k′

1, h′
1)

ψqq̄(β1, β2, k1,⊥, k2,⊥)√
2β1

]

× ψV R(xV , kR,⊥, xR, kV,⊥)

xV
. (24)

By neglecting the masses of valence quarks, one evalu-
ates only helicity conserving term of the matrix elements
of ū(k′

1, h′
1)γ +u(k1, h1) = v̄(k1, h1)γ +v(k′

1, h′
1) = 2k+

1 δh′
1,h1 .

This results in

A+(k′
1, h1, k2,−h1, kR) =

[
2k+

1 ieq
ψqq̄(β1, β2, k1,⊥, k2,⊥)√

2β1

− 2k+
1 ieq̄ψqq̄(β1, β2, k1,⊥, k2,⊥)

× √
2β1

]
ψV R(xV , kR,⊥, xR, kV,⊥)

xV
.

(25)

D. Valence parton distribution

Inserting Eq. (25) into the expression of the hadronic tensor
in Eq. (16), summing by helicites of final quarks and using
relations of Eqs. (8) and (9) for the valence quark distribution
one obtains

fV (xB, Q2) =
∫

dx1d2k1,⊥
16π3x1

dx2d2k2,⊥
16π3x2

dxRd2kR,⊥
16π3xR

× δ(x1 − xB)16π3δ(1 − x1 − x2 − xR)

× δ(2)

( ∑
i=1,2,R

ki,⊥

)
| �qq̄(β1, k1,⊥, β2, k2,⊥)

× |2| �V R(xR, kR,⊥) |2 . (26)

Expecting that light-front wave function of the qq̄ system
will depend on relative transverse momentum and relative
light-front momentum fractions only, we can factorize above
integrals by introducing transverse momentum of quark and
antiquark in the center of mass of the qq̄ system:

k̃i,⊥ = ki,⊥ − βikV,⊥ (i=1,2). (27)

Substituting Eq. (27) into Eq. (26), one can factorize the
integration by kR,⊥. Furthermore integrating over x2 results in

fV (xB, Q2) =
∫ 1−xB

0

dxR

(16π3)2xB(1 − xB − xR)xR

×
[ ∫ Q2

d2k̃1,⊥d2k̃2,⊥δ2(k̃1,⊥ + k̃2,⊥)

× |�qq̄(β1, k̃1,⊥)|2
∫ Q2

d2kR,⊥

× |ψV R(xR, kR,⊥)|2
]
. (28)
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The above expression can be integrated by d2k̃2,⊥ using the
δ2() function and renaming β1 ≡ β and k1,⊥ ≡ k⊥ one obtains

fV (xB, Q2) =
∫ 1−xB

0

dxR

(16π3)2xB(1 − xB − xR)xR

×
[∫ Q2

d2k⊥|�qq̄(β, k⊥)|2
]

qq̄

×
[∫ Q2

d2kR,⊥|ψV R(xR, kR,⊥)|2
]

V R

, (29)

where [· · · ]qq̄ and [· · · ]V R we can interpret as response
functions of the qq̄ valence-cluster and residual systems,
respectively.

IV. MODELING NONPERTURBATIVE LIGHT-FRONT
WAVE FUNCTIONS

A. General approach for two-body relativistic LFWF

To model qq̄ cluster and V R wave functions we first note
that both are two-body wave functions for which relativistic
normalization is defined as follows:∫

| �LF (k12) |2 dy

y(1 − y)

d2k12,⊥
16π3

= N, (30)

where

y = k+
1

p+
T

(31)

with kμ
1 and pμ

T being four-momenta of one of the bound
particles and the target. Here, the relative momentum in the
c.m. frame of two particle system is

k2
12 = (s12 − (m1 − m2)2)(s12 − (m1 + m2)2)

4s12

= m2
1(1 − y) + m2

2y + k2
12,⊥

4y(1 − y)
− m2

1 + m2
2

2

+
(
m2

1 − m2
2

)2
y(1 − y)

4
(
m2

1(1 − y) + m2
2y + k2

12⊥
) (32)

and

s12 = m2
1(1 − y) + m2

2y + k2
12,⊥

y(1 − y)
. (33)

We model LF wave function similar to [42,43] assum-
ing factorization of the relative momentum wave function in
the c.m. system and the absence of inelastic transitions in
two-body wave function. This allows to relate the c.m. wave
function to the nonrelativistic wave function evaluated at the
relative momentum defined relativistically in Eq. (32):

�LF
12 (k12) = �NR

12 (k12)

√
E1E2

E1 + E2
16π3. (34)

Here, nonrelativistic wave function is normalized as follows:∫
| �NR(k12) |2 d3k12 = N. (35)

It is worth noting that due to relativistic normalization in Eq.
(30) and definition of the light-front relative momentum k12 in
Eq. (32), the k12 → ∞ corresponds to the limits of y → 0, 1,
thus excluding nonphysical region of momenta entering in the
argument of LF wave function (as it is the case of nonrela-
tivistic wave functions).

The normalization factor N , in Eqs. (30) and (35) in general
should be fixed through observables, such as baryonic number
(or number of constituents) [44,45], or form factor of the
system [46], etc. For example, for the case of baryons the
valence quark wave function’s normalization can be fixed by
the baryonic number [30]. However, a situation with pion
introduces some uncertainty since the baryonic number is zero
and this issue will be discussed below.

1. Soft qq̄ wave function

Assuming quark masses are the same, the above approach
can be used to model the soft qq̄ wave function in the form

�LF
qq̄ (β, k12,⊥) =

√
8π3Ek�

NR
qq̄ (k12), (36)

where Ek =
√

m2 + k2
12 and 
k12 = (k12,z, 
k12,⊥) is the relative

momentum in the qq̄ c.m. system with the magnitude

k12 =
√

m2 + k2
12,⊥

4β(1 − β )
− m2. (37)

We normalize the qq̄ wave function per one quark (or an-
itquark) in the cluster since in the calculation of the PDF we
sum by individual contributions of valence quarks. We also
take into account that the normalization is less than unity since
no hard component is included in the cluster wave function
which can be generated through the hard gluon exchanges
[41]. With this, the normalizetion is fixed as

∫
| �LF qq̄(k12) |2 dβ

β(1 − β )

d2k12,⊥
16π3

= Nqq̄ = 1 − h. (38)

Note that in addition to the hard component the parameter h
also accounts for the fact that at x < 0.1, the Regge dynamics
may play a role in PDF which is not included in the current
calculations.

For nonrelativistic wave function we use a harmonic oscil-
lator type wave function with free parameters, AV and BV :

�NR
qq̄ (k) = AV exp

[
−BV

2
k2

12

]
. (39)

A number of previous works have used the similar wave
functions or a form similar to it [28,39,41,47,48]. Using the
above light-front wave function, Eq. (36), for the qq̄ system’s
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response function defined in Eq. (29), one obtains[∫ Q2

d2k⊥|�qq̄(β, k⊥)|2
]

qq̄

= 8π3
∫ Q2

d2k⊥EkA2
V e−BV

k2⊥
4β(1−β )

= 8π3
∫ Q2

d2k⊥

√
k2
⊥

4β(1 − β )
e−BV

k2⊥
4β(1−β )

= 16π4√πA2
V

B
3
2
V

β(1 − β ) = 16π3Nqq̄β(1 − β ). (40)

Here, in the last step we neglected by the masses of the va-
lence quarks and assumed Q2 	 k2

⊥ (consistent with collinear
approximation). This allowed to calculate the integral analyti-
cally, in which we set the upper limit of the integration to ∞. It
is interesting that in the massless limit because of the relation
of Eq. (37) the integral in the right-hand side part of the
equation has an analytic form of the normalization of the NR
wave function in the center of mass of qq̄ system. As a result
the response function depends on the overall normalization

factor Nqq̄ = π
3
2 A2

V

B
3
2

V

while momentum distribution, β(1 − β ),

is similar to the one obtained from perturbative wave function.
It is worth mentioning that the calculated in this way

qq̄′s response function peaks at β = 1
2 which is con-

sistent with relativistic wave function of massless qq̄
system.

2. Light-front wave function of valence-residual system

To calculate the response function of residual system one
has to model the light-front wave function of valence-residual
system. Here, we use a harmonic oscillator (HO) type wave
function in Eq. (34) obtaining

�LF
R (xR, kR,⊥) = AR

√
16π3

√
EV ER

EV + ER
e− BR

2 k2
R , (41)

where EV =
√

m2
V + k2

R, ER =
√

m2
R + k2

R. The kR is the three-
dimensional momentum defined in the center of mass of the
V − R system:

k2
R = (sV R − (mV − mR)2)(sV R − (mV + mR)2)

4sV R
, (42)

where

sV R = k2
R,⊥ + m2

R

xR
+ k2

R,⊥ + m2
V

1 − xR
(43)

resulting in

k2
R = m2

R(1 − xR) + m2
V xR + k2

R,⊥
4xR(1 − xR)

− m2
R + m2

V

2
+

(
m2

R − m2
V

)2
xR(1 − xR)

4
(
m2

R(1 − xR) + m2
V xR + k2

R⊥
) . (44)

The above defined wave function is normalized as follows:∫ ∣∣�LF
R (k12)

∣∣2 dy

xR(1 − xR)

d2kR,⊥
16π3

= NR, (45)

where the normalization, NR, one can interpret as the number
of constituents in the residual hadronic system.

Using the above expressions for the V R wave func-
tion and the relative momentum kR [Eq. (42)], for the
response function of the V R system, one obtains the
following:

R(xR) =
[∫ Q2

d2kR,⊥|ψV R(xR, kR,⊥)|2
]

V R

= 16π3A2
R

∫ Q2

d2kR,⊥
EV ER

(EV + ER)
e−BRk2

R . (46)

Note that in the above equation masses of the valence cluster
mV , and residual state mR, are virtual and characterize the
transition into nonstationary virtual state of a valence cluster
and the residual system, thus they do not need to correspond
to the pion mass.

B. Modeled soft pion PDF

Inserting Eqs. (40) and (46) into Eq. (29) and using nor-
malization condition of Eq. (38), for the modeled parton
distribution of pion one obtains

fV (xB, Q2) = Nqq̄A2
R

∫ 1−xB

0

dxR

xR

1

(1 − xR)2

×
[∫ Q2

d2kR,⊥
EV ER

(EV + ER)
e−BRk2

R

]
. (47)

The obtained expression indicates that, the β(1 − β )-relative
light-cone momentum fraction distribution of valence quarks
in the cluster [Eq. (40)] results in an only xR dependent inte-
grand in Eq. (47), convoluted with the response function of the
residual system [Eq. (46)]. In the current model this follows
from the neglecting the valence quark masses. As Eq. (47)
shows the shape of the PDF depends on the slope factor of
the cluster-residual system’s momentum distribution, BR, as
well as the respective virtual masses of the cluster mV and the
residual system mR.

V. NUMERICAL RESULTS

A. Parameters of the model

We use recent results from the JAM collaboration [24,25]
on pion PDF to fit Eq. (47).

Our main focus in the fitting procedure is to describe the
position and the height of the x weighted parton distribution in
accordance with our model’s assumption that these features of
valence PDFs are characterized by the soft partonic dynamics.
We expect that perturbative processes such as hard gluon
exchanges [26–28] between valence quarks to contribute to
the x → 1 part of the PDF and as such it is out of domain of
the current model.

As follows from Eq. (47) the masses of residual (mR)
and valence (mV ) systems, as well as the width of the V R

045209-7



MAEROVITZ, SARGSIAN, AND LEON PHYSICAL REVIEW C 114, 045209 (2026)
x 

fv
 (x
)

FIG. 2. Description of x-weighted pion PDF at Q0 = 1.3 GeV
for mR = 0, mV = 0.95 GeV, and BR = 1.2 GeV−2.

distribution, BR, define the shape of the PDF that produces
the peaking distribution of the PDF weighted by x.

We choose the starting Q2 = Q2
0 = 1.69 GeV2, the scale

Q0, chosen in JAM parametrization to be the c-quark mass.
The fitting analysis indicates that the position of the peak can
be reproduced only if the virtual mass of the residual system is
close to zero, mR ≈ 0. This is very different from our analysis
of the nucleon PDF’s within the same residual field model
[29,49] in which we found that the residual mass for the best
fit is close to the pion mass, mN

R ≈ 0.14, indicating the validity
of meson cloud picture of valence parton distribution in the
nucleon.

The best fit of the JAM pion PDF is presented in Fig. 2,
for the parameters of mR = 0, mV = 0.95 GeV, and BV =
1.2GeV−2. Note that the qualitative agreement of the data
requires mV ≈ Q0 and mR ≈ 0. As the figure shows, the soft
mechanism describes the empirical PDF reasonably well in
the range of 0.1 < x < 0.85. Even though our goal was not
to describe the x → 1 part of the pion PDF, it is interesting
to observe that the considered residual field model describing
the soft mechanism of interaction, predicts a considerable
contribution to the high x part of the pion PDF leaving little
room for the hard mechanism in the generation of PDF at
large x.

B. Comparison with other extractions of pion PDFs

In general, the pion PDFs are extracted from two types
of high energy processes: pion-induced Drell-Yan scatterings
and semi-inclusive leading-neutron deep-inelastic reactions
refereed to as Sullivan processes. The existing PDFs extracted
from Sullivan processes are constrained in the small-x region,
approximately x � 0.05 [21], which are dominated by sea
quark and gluon PDFs having negligible contribution from
valence quark dynamics. The valence quark region is probed
in Drell-Yan processes [50–52] measured in high mμμ̄ > 4
GeV region.

To verify the consistency of our calculation with pion PDFs
measured at higher Q2, we compare our calculation with
the PDFs extracted from Fermi-Lab Drell-Yan data [52] on

FIG. 3. Model pion PDF evolved to different Q2, compared to
the experimentally extracted pion structure functions.

π−N → μ+μ−X scattering which are measured for dimuon
mass range of 4.05 < Q < 8.55 GeV with (Q ≈ mμμ).

To compare with these PDFs we performed QCD evolution
of our calculation at starting Q0 to the Q values measured
at Fermi Lab. The QCD evolution is performed by using,
Evolution Kernel Operators (EKO) library [53], which solves
the DGLAP evolution equations in Mellin space. The evo-
lution was carried out at leading order with the one-loop
coupling chosen to reproduce αs(MZ ) = 0.1180, the global
central value from PDG [54]. For comparison we evolved our
model pion valence distribution at at the initial scale, Q0 to Q
scales corresponding to lower, central, and upper portions of
the Conway et al. [52] kinematic range

Figure 3 shows a comparison of evolved calculations for
above mentioned Q scales with the extracted PDF data. We
also present our model calculation for the initial scale, Q0.

As seen in Fig. 3, the structure function computed from the
PDFs of the evolved model agrees well with the experimental
data. This agreement is consistent with the good agreement of
our model with the pion PDF obtained by JAM collaboration
at low Q scale [24,25].

It is worth noting that although PDFs are scheme- and
scale-dependent theoretical quantities rather than physical
observables, once the factorization scheme, scale, and per-
turbative order (LO in this work) are specified consistently,
the scheme- and scale-dependent PDFs provide a well-defined
prediction for measurable structure functions.

C. Interpretation of the results

The parameters of the model that provide the best fit to
the empirical PDF (Fig. 2) allow to ascertain the mechanism
dominating parton dynamics at the x range where the peak of
the x-weighted PDF distribution is observed. For this, we first
analyze the response function of the residual system presented
in Eq. (46). As Fig. 4 shows the response function at starting
Q0, has a wide distribution in xR, slightly peaking at xR ≈ 0.5.
The distribution of the response function saturates at higher
Q2 with the peaking at xR = 0.5 becoming more pronounced.
This indicates that the valence qq̄ system as a whole carries a
total momentum fraction xV = 1 − xR ≈ 0.5.

Since x Bjorken corresponds to the light-front momen-
tum fraction of the interacting quark with the relation
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FIG. 4. The xR dependence of response function R(xR) at
different Q2.

x ≈ β(1 − xR), where β is the LF momentum fraction of
the qq̄ cluster carried by the interacting quark, and since the
broad distribution of xR, one observes that for x � 0.5, relative
momentum fraction, β ≈ 1. This indicates that the observed
distribution favors the dominance of the Feynman mechanism
[55] according to which the interacting quark carries the most
of the light-front momentum fraction of the cluster, with re-
maining LF momenta distributed among the wee partons in
the residual system.

Another observation (as noted above) is the result of
mR ≈ 0. This indicates that the residual system does not
exhibit any structure (as it was the case for valence PDFs
of nucleons [30]). On the other hand, the large value of
mV ≈ 0.95 GeV indicates the large virtuality of the inter-
acting quark comparable to Q0 of the probe. This together
with the relatively large BR indicates that while interacting
valence quark is highly virtual, the residual system is spread
over the bulk size of the pion. This picture is consistent with
the phenomenology that nucleon-nucleon interactions at large
distances (� 1.5 fm) proceeds through the pion exchange in
which no quark-interchanges are involved.

The overall constant in Eq. (47) is evaluated at
√

Nqq̄AR =√
1 − hAR ≈ 0.86. Assuming that overall Regge and high

momentum mechanism contribute to h ≈ 0.2, one obtains for
the normalization of the residual LF wave function in Eq.
(45) NR ≈ 4. This will predict, for example, that integrated
multiplicity for pion in the target fragmentation region to be
above 2.

Finally, the surprising result of the fit is that the consid-
ered model leaves little room for hard mechanism of high
x PDF generated through the hard gluon exchange between
valence qq̄ system. The current result favors a pion structure
dominated by soft mechanism of valence quark interaction.
Moreover, it is interesting that fV (x) |x→1≈ (1 − x) consistent
with the fV (x) ≈ 1 − x distribution at the intermediate region
in which case x fV (x) ≈ x(1 − x) peaks at xp ≈ 0.5 in agree-
ment with the data. The latter reinforces the observation that
high x structure of pion PDF has large soft component that
defines also the peaking properties of x fV (x) distribution.

VI. CONCLUSION AND OUTLOOK

We have calculated pion valence parton distribution within
residual field model, which was previously applied to the
calculation of nucleon PDFs. Our focus is the intermediate
region of x where the x weighted PDF has peaking property.

The model assumes no hard interaction between valence
quarks in the cluster and it separates qq̄ valence cluster (V)
from the residual system (R). Both qq̄ and V R systems are
described by nonperturbative light-front wave functions that
satisfies relativistic normalization. These wave functions al-
low to introduce the residual response function as well as the
response function of the qq̄ valence cluster. The pion PDF
represents the convolution of these response functions. We
analyzed the parameters of the model by fitting the position
and the height of the x-weighted PDF to the empirical JAM18
distribution.

The fitting indicates that one can describe the above at-
tributes of pion PDF only if the mass of the residual system
is close to zero. However, we obtain large virtual mass for
the qq̄ cluster comparable to the Q0 of the probe. Analy-
sis of the response function of the residual system indicates
that the dominant mechanism is similar to the Feynman
mechanism in which interacting parton carries almost all the
momentum of the valence quark system, with the remain-
ing light-front momentum distributed to the noninteracting
wee partons.

The fit allows to describe the empirical PDF reasonably
well in the range of 0.1 � x � 0.85 leaving little room for the
hard mechanism of generating PDFs at large x. Even though
our calculation underestimates the empirical PDF at x � 0.85,
its substantial contribution in this region indicates that the in-
clusion of the hard gluon exchange mechanism in generation
of parton PDFs at x → 1 will require the consideration of the
interference between soft and hard amplitudes that can intro-
duce the exponent, β < 2 in (1 − x)β distribution at x → 1.
Note that the β = 2 prediction is based on the assumption of
negligible contribution from the soft amplitude in the x → 1
region (see, e.g., Ref. [28]).

Finally, with the parameters of light-front wave function
of residual system fixed, one will be able to make numerical
predictions for different observables such as electromag-
netic form factors, generalized parton distribution functions
(GPDs), or transverse momentum dependent parton distribu-
tion functions (TMDs) in pion. These will allow an additional
verification of the model. Additionally, the modeled residual
state wave function allows to evaluate the fragmentation of
pion in the backward kinematic region that can be probed in
the EIC collider kinematics.
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