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We study the order-by-order expansion of the energy per particle of asymmetric nuclear matter up to twice
saturation density in chiral effective field theory (EFT) within a Bayesian framework. For this, we develop a
two-dimensional Gaussian process (2D GP) that is trained using many-body perturbation theory results based

on chiral two- and three-nucleon interactions from leading to next-to-next-to-next-to-leading order (N°LO).
This allows for an efficient evaluation of the equation of state (EOS) and thermodynamic derivatives with EFT
truncation uncertainties. After benchmarking our 2D GP against Bayesian uncertainties for pure neutron matter
and symmetric matter, we study the energy per particle, pressure, and chemical potentials of neutron star matter
in B equilibrium including EFT uncertainties. We investigate the phase diagram of neutron-rich matter from
neutron- to proton-drip and to the uniform phase, including surface and Coulomb corrections. Based on this, we
construct EOSs for the inner crust of neutron stars that are consistent with the chiral EFT results for uniform

matter at N°LO.

DOI: 10.1103/t9y8-nbf4

I. INTRODUCTION

The nuclear equation of state (EOS) is the key quantity
for understanding the nature of matter in the interior of neu-
tron stars, for simulations of core-collapse supernovae, and
for neutron star mergers (see, e.g., Refs. [1-6]). For such
applications, information about various thermodynamic quan-
tities, e.g., pressure, energy density, and chemical potentials,
is needed over a wide range of densities, proton fractions,
and also temperatures. In addition, it is important to provide
theoretical uncertainties for these quantities. In this work,
we develop a framework that is able to calculate the EOS
for arbitrary densities and proton fractions in the nucleonic
regime and includes the largest uncertainties from truncations
in nuclear forces.

With advances in nuclear theory of the last decades, it
has become possible to calculate thermodynamic properties
of asymmetric nuclear matter up to about twice nuclear satu-
ration density in a systematic way. These advances have been
realized by the derivation of modern nuclear forces from chiral
effective field theory (EFT) (see, e.g., Refs. [7,8]) and by pow-
erful many-body developments based on these interactions
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[9-26]. Chiral EFT orders the different interaction contribu-
tions according to their importance at low momenta. With this
EFT expansion, it is possible to estimate the uncertainties for
a given observable due to the neglected contributions from
higher orders. While there are other sources of theoretical
uncertainties, e.g., from the calibration data used for nuclear
forces and from the many-body approach, for the EOS the
interaction uncertainties from the EFT truncation are domi-
nant (see, e.g., the recent overview of EOS calculations from
different chiral two- and three-nucleon interactions [27]).

Bayesian approaches are an ideal framework for assess-
ing theoretical uncertainties when there is prior information
like the EFT expansion. They allow to include new in-
formation order-by-order, incorporate prior information, and
determine posterior distributions for observables. For this pur-
pose, Gaussian processes (GPs) [28] provide a powerful tool
as emulators of EOS calculations [24], to extract correlations
in the independent variables and to efficiently and robustly
compute derivatives of observables, as well as to encorporate
EFT uncertainties. The approach of this work is strongly in-
spired by Refs. [29-31], in which a GP-Bayesian uncertainty
framework was developed for pure neutron matter (PNM) and
symmetric nuclear matter (SNM). Here we generalize this
work by extending the Gaussian process to two independent
variables, i.e., density n and proton fraction x, and perform a
detailed EFT uncertainty analysis for neutron-rich matter in 8
equilibrium.

This paper is organized as follows. In Sec. II we study
the order-by-order expansion of the energy per particle of
asymmetric nuclear matter and discuss the corresponding ex-
pansion coefficients based on microscopic calculations from
NN and 3N interactions up to N*LO in chiral EFT. In Sec. III
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we develop a two-dimensional GP for EFT uncertainties as a
function of density and proton fraction, discuss training and
optimization choices, and provide model-checking diagnos-
tics. In Sec. IV, we present the resulting EFT uncertainties for
the EOS and related properties, for different proton fractions
including matter in 8 equilibrium. This includes the energy
per particle, pressure, and chemical potentials. Based on these
results, we construct in Sec. V EOSs for the inner crust of neu-
tron stars including surface and Coulomb corrections, which
are consistent with the chiral EFT calculations for uniform
matter at N3LO. Finally, we summarize and give an outlook
in Sec. VL.

II. CHIRAL EFT AND ORDER-BY-ORDER RESULTS

Our results are based on the order-by-order chiral EFT
calculations of asymmetric nuclear matter by Keller et al.
[24]. The calculations have been performed using many-body
perturbation theory up to third order based on the Entem,
Machleidt, and Nosyk NN interactions [32] at different orders
with cutoff 450 MeV and 3N interactions up to N3LO, fitted
to the H binding energy and the empirical saturation region
[20]. In Ref. [24], the EOS and related thermodynamic prop-
erties were computed as a function of total number density
n = n, +n,, proton fraction x = n,/n, and temperature 7.
In this work, we focus on the energy per particle at zero
temperature and write it explicitly as an EFT expansion of the
following form [30,31,33]:

E(n,x) = Exei(n, %) Y _ ¢i(n, 0)[Q(n, 1)1, e

i=0
= Ei(n, x) + 6Ex(n, x), 2)

where E..f(n, x) denotes a reference energy, c;(n, x) are the
expansion coefficients, and the expansion parameter Q(n, x)
encodes the expected convergence behavior resulting from the
EFT power counting. The expansion parameter contains the
relevant momentum scale of the considered system and
the chiral EFT breakdown scale A,. In this work, we choose

ke (n, x)
O, x) = — ==, 3)
Ap
where the Fermi momentum scale kg (1, x) is taken from
kr(n, x) = max (k.. k7). 4)

where ki and klf are the neutron and proton Fermi momenta,
respectively. For the breakdown scale we use A, = 600 MeV
[30,31].

The contributions up to a given order k are given by
Eir(n,x),1ie.,

k
Ey(n. %) = Ewt(n,2) )_ ci(n. 0Q. 0, (5)
i=0
while §E;(n, x) is the EFT truncation uncertainty at this or-
der, which includes the contributions from all higher orders
beyond k:

SEc(n, x) = Eri(n,x) Y ¢i(n,0)[Q(n, 1) (6)

i=k+1

The dimensionful reference energy E..¢(n, x) is introduced to
set the scale of the observable, such that the coefficients c;
are dimensionless and of natural size, i.e., of order 1. For the
reference energy per particle E..¢/A, we follow Refs. [30,31]
(indicated as BQ) and first explore

Eni(n.x) _ Egf(®) _ 16 MeV (n/no)*3, %)

A A

with nuclear saturation density ny = 0.16 fm~>. This relation
is inspired by the density dependence of a noninteracting
Fermi gas and is adjusted to give a reasonable energy at
saturation density. Moreover, this reference scale is overall
consistent with leading-order (LO) predictions of PNM and
SNM [30,31]. For PNM the density dependence is also that of
the unitary Fermi gas, while the coefficient matches reason-
able values of the symmetry energy. Note that this reference
energy is independent of the proton fraction x. We will con-
sider a more suitable choice to cover asymmetric matter with
arbitrary proton fraction below.

With these choices for the reference energy and the ex-
pansion parameter, the expansion coefficients are determined
according to Eq. (5) from the asymmetric matter results of
the energy per particle for the available orders. Figure 1
shows the resulting expansion coefficients c;(n, x), c3(n, x),
and c4(n, x) at fixed proton fraction as a function of density
from n = 0.06 fm > to 2ny. We find values of the coefficients
in the range c;(n,x) &~ [—3, 7] at all orders. Generally, the
values tend to be largest for SNM (x = 0.5) and increase
toward larger densities. The significant change in size from
NLO (c¢3) to NZLO (c3) is due to the contributions of 3N
interactions that enter at this order. Their contributions are
especially prominent at larger densities. Figure 2 shows the
expansion coefficients, but at fixed densities as a function of
proton fraction up to x = 0.7. Due to the approximate isospin
symmetry, the results are to a very good approximation sym-
metric around x = 0.5.

III. TWO-DIMENSIONAL GAUSSIAN PROCESS
FOR EFT UNCERTAINTIES

To estimate the EFT truncation uncertainties, i.e., the value
of §Ei(n, x), we develop a two-dimensional GP in the vector
variable y = (n, x). This follows the GP-Bayesian uncertain-
ties in the one-dimensional (1D) case, i.e., for PNM or for
SNM, from Refs. [30,31]. For this, the expansion coefficients
are assumed to follow a joint Gaussian distribution

ci(y) 10~ GPlu, k(y.y: 0], ®)

with the mean u and the covariance « (y, y'; 0). For the follow-
ing we are agnostic regarding the sign of the coefficients and
hence set the mean to zero, u© = 0. 6 denotes a set of hyper-
parameters that characterizes the covariance. The covariance
accounts for correlations of the coefficients at different densi-
ties and proton fractions. For its parametrization, we choose
the common representation of a radial basis function (RBF)
kernel

k(y,y;0 ={ L) =cexp[-1(y—y)'Ly—y)]. 9

=&r(y,y;L). (10)
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FIG. 1. Expansion coefficients at NLO (c;, left), N’LO (c3, middle), and N*LO (cy, right panel) extracted from the asymmetric matter

calculations with reference energy E:Z?
steps of 0.1 (from light to darker).

This choice reflects the smooth and stationary behavior of the
coefficient functions. Stationarity, in this context, implies the
underlying assumption that the coefficient functions behave
similarly across the whole input space. The distribution is
characterized by the marginal variance ¢, describing the size
of variations about the mean, and the diagonal correlation
matrix L, containing the correlation lengths ¢, and ¢, along
the independent variables:

20
L= .
0 ¢

With the expansion coefficients following a multivariate
normal, the EFT truncation errors §E; follow directly from
the fundamental property of Gaussian random variables being
closed under addition and matrix multiplication. Together,
Egs. (6) and (8) yield that the EFT truncation error § E, is itself
a Gaussian random variable [30,31,33], such that

an

as a function of density n. Results are shown for different proton fractions from x = 0 to x = 0.5 in

With the geometric sum in the expansion parameter Q(y) in
Eq. (6), the covariance of this GP is given by

[Py ) ,

Y L.
—owmoy) ¢V
(13)

RBk (y’ y/; L) = Eref(Y)Eref(y/)

With Q being fixed, the only way for information to prop-
agate from the known order-by-order predictions E; to the
unknown EFT orders and thus the EFT uncertainty §E; is by
optimizing the hyperparameters 6. In particular, the hyperpa-
rameters ¢, £,, and £, are adjusted such that random samples
of the GP for the coefficients match the distribution of the
calculated ones. The quantification of this match is given by
the likelihood distribution that emerges from the calculated
coefficients being described by a GP with the kernel as co-
variance, and we adopt the hyperparameters that maximize the
likelihood. Additionally, we consider prior information on the
order-by-order convergence. The details of the training and

SEy | 6 ~ GPI0, Ezng(y, y;L)]. (12) prior are discussed below.
6 T T T T T T T T T
F Co C3 Cy
4 - 4 4 .
2 - . - -+ -
D -
O n=032fm™ T
-2 [ n=0.08fm™* T
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FIG. 2. Expansion coefficients analogous to Fig. 1, here as function of proton fraction x shown for selected fixed densities between n =
0.08 fm™ and n = 0.32fm ™ in steps of 0.04 fm ™ (from light to darker). Note that the kink at x = 0.5 is due to asymmetric matter results
being on a grid of proton fractions, the actual behavior around x = 0.5 is smooth.
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FIG. 3. Corrections to the energy per particle from LO to N*LO divided by the respective powers of the expansion parameter Q as function
of density n at different proton fractions from PNM (x = 0, left) to SNM (x = 0 5, right). The 95% credibility ranges of the EFT uncertainties

EBQ+3B

from the GP are shown for the reference energies E, ¢

A. Training and optimization choices

In the previous section, we argued the stationarity of the
expansion coefficients, justifying the use of the RBF kernel
and leading to the EFT uncertainty estimates. Still, choices
that can be made in the expansion influence the behavior of
the expansion coefficients. In Fig. 3, we investigate the order-
by-order corrections to the energy per particle divided by the
respective powers of the expansion parameter Q,

AE; Ek(n x)—Ex_1(n, x)

OF O%(n, x)
before adopting a reference energy. In Fig. 3, the impact
of the 3N contributions entering at N>LO becomes evident
at larger densities and proton fractions. Beyond x > 0, the
N2LO and N3LO energy corrections increase in magnitude
and show additional curvature. With the same argument as
before, the energy corrections (14) also follow a GP, the co-
variance of which again depends on the reference energy E.
With the optimized set of hyperparameters (the details of the
construction are discussed below), it is then straightforward to
construct credibility ranges from the GP. In Fig. 3, we show
the resulting 95% credibility ranges for the reference energy

ret from Eq. (7) as dashed gray lines. By construction,
these GP bands cannot capture the varying behavior in proton
fraction. In particular, the uncertainty for PNM appears to be
overestimated, while the uncertainty for proton fractions near
SNM is underestimated.
Based on these arguments, we promote the use of a proton-

fraction-dependent reference energy Erlz?HB In addition to

the LO-informed Ere? , we include a contribution motivated
by 3N forces, which become more important at high densities
and are stronger in SNM. To this end, we adapt the reference

energy as

ret (1, X)cr(n, x),  (14)

BQ+3B

Bt 00 B0 ey afn)1 - ), (15)

A A

with the neutron excess § = (1 — 2x). The exponent of the
second term is chosen to mimic 3N contributions scaling
approximately with n? in the energy density, while the prefac-
tor can be motivated by the strength of ¢p and cg contributions
to the 3N energy (see, e.g., Ref. [34]). Using this x-dependent

(gray region) and E, ref Q (dashed gray lines).

reference energy, we construct a new GP (details again be-
low). The corresponding 95% credibility ranges are given by
the gray region in Fig. 3. While being slightly more strict
at low proton fractions, the additional term in the reference
energy Erlz?HB leads to a widening of the bands at larger pro-
ton fractions and higher densities, leaving the N2LO results
less outlying compared to the bands obtained with EFE? For
completeness, the expansion coefficients extracted using the
proton-fraction-dependent reference energy Eref Q3B are given
in the Appendix. The additional 3N-inspired term leads to
better behaved expansion coefficient at larger densities and
x > 0. In particular, the coefficients now share a more com-
mon scale across all n and x considered.

The training of the GP is performed based on the calculated
expansion coefficients ¢; up to N*LO. We do not consider the
LO coefficient ¢y as it informs the choice of the reference en-
ergy. To improve stationarity along the independent variables,
we work with the momentum scale k; = (3772n)!/3 as variable
instead of the density. Note that k; only coincides with a Fermi
momentum for PNM.

Generally, the choice of training set has an impact on the
values of the extracted hyperparameters. Figure 4 shows the
value of the hyperparameter ¢ for different training sets. Our
reference training set y(' = (N X®) includes the follow-
ing combinations of densities and proton fractions:

N® = 10.06,0.08,0.12,0.16, 0.2, 0.24, 0.28, 0.32] fm >,
(16)
xX® =1[0,0.1,0.2,0.3, 0.4, 0.5]. 17)

For comparison we show results for a second training set
y® = (N@ XD) that contains the complete set of density
grid points, i.e.,

N® =[0.04, 0.06, ..., 0.30,0.32] fm~3, (18)

and a third training set y® = (N, X)) that instead con-
tains results at additional proton fractions

X?® =10.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7].  (19)

Instead of a uniform prior on the marginal variance, we
encapsulate the convergence behavior with powers of Q by
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FIG. 4. Optimized marginal standard deviation ¢ for the three
training sets (see text for details), the two different reference ener-
gies ES and EP2H® | and optimization choices (inverse-y2 prior or

uniform prior, when not stated).

implementing the expectation of the naturalness of the ex-
pansion coefficients as prior information quantified by an
inverse- x 2 distribution

(wr2/2)"? ) (

pr(EZ) = —F(UO/Z)(52)1+V0/2 ex

VO_T‘)2> (20)

22

setting the expectation value to E = vorg /(vg —2) = 1. For
the certainty of our prior guess for &2, we choose vy = 10 as
a variance parameter, and set the scaling parameter 7, accord-
ingly (see Refs. [30,31]). In particular, this prior is conjugate:
Updating the likelihood of the hyperparameter to match the
data using Bayes’ theorem results in a posterior of the same
functional form, with updated parameters v and t. As there are
no conjugate priors for the correlation lengths and we do not
have specific knowledge about their size, we choose a uniform
prior on £, and ¢,. Marginalizing the likelihood over ¢, the
correlation lengths are optimized using the maximum value of
the remaining likelihood. Then, ¢ is updated analytically.

As shown in Fig. 4, the sensitivity of the optimized
marginal standard deviation ¢ to the employed training set
is small when the inverse- X2 prior is used. However, as dis-
cussed above, including results at proton fractions x > 0.5 has
a significant impact on the correlation length £, due to isospin
symmetry around x = 0.5. Since we are mainly interested in
an accurate description of neutron-rich matter, we exclude in
the following the proton fractions x = 0.6 and 0.7 from the
training set to avoid an artificial bias.

B. Model-checking diagnostics

We need to verify that the constructed GP, with the dis-
cussed choices and assumptions, reasonably describes the
underlying system. To this end, we employ model-checking
diagnostics. In particular, we evaluate our GP model with the
optimized set of hyperparameters 6 at a set of validation points
Yval» Which does not overlap with the set of training points y").

We follow the model-checking diagnostics from Ref. [29].
For a more detailed discussion as well as a broader range of
diagnostics for GPs, we refer the reader to Ref. [35].

A commonly employed diagnostic to assess the size of
EFT uncertainties is the credibility interval diagnostic. The
assumption is that a well-behaved 100a% credibility inter-
val contains approximately 100c% of validation points. For
a given o € [0, 1] and a set of M validation points f; €
f.. = f(yva), one constructs credibility intervals CI;(«) and
computes the empirical coverage, i.e., the fraction of points
included by these:

1 M
Dai(et, fu) = = > 11fi € Cli(@)]. @1
i=1

Here, 1 is an indicator function, returning either 1 or O.
Intuitively, for the case of order-by-order convergence, the
credibility intervals are given by the EFT uncertainties at
order k, and we test whether they include the prediction
of the upcoming order k 4+ 1. To compare the results to a
meaningful reference distribution, instead of the energy per
particle we consider the norm residuals from Eq. (14). It is
then straightforward to draw samples of the underlying GP
and construct credibility bands from the resulting distribution
of the empirical coverage.

For a meaningful graphical evaluation, one should perform
this computation for a set of & € [0, 1]. Curves lying above the
diagonal then imply overly conservative uncertainties while
curves lying below the diagonal imply overly strict uncertain-
ties. We show the results for our optimized GP in the left panel
of Fig. 5. All orders lie within the 95% credibility intervals
of the reference, indicating well constructed truncation errors.
The behavior of the different orders is, however, mostly deter-
mined by the convergence of the chiral EFT expansion itself
and less by the specifics of our model. The 3N contributions
entering at N?LO cannot be captured by previous orders,
resulting in too strict uncertainties at LO. Similarly, the N*LO
NN and 3N corrections are small, resulting in too conservative
uncertainties at N’LO.

As a generalization of the sum of squared residuals, the
Mahalanobis distance includes correlations among variables
to assess the correctness of emulator predictions. For valida-
tion data gy, mean u, and correlation matrix K of a GP it is
given by

Dyp = (8va — 1)K (gea — 1) (22)

Specifically, we want to test whether the coefficients ¢; are
realistic realizations of the trained GP, i.e., whether the as-
sumption of Eq. (8) is valid. To this end, for each order k,
we compare the coefficients ci(yva1) = gvar against the opti-
mized GP with u = 0 and K = «(yval, yvai; 0). Very large or
very small values of D, can then identify possible outliers
and hint at either poorly optimized hyperparameters or an
issue with the choice of model. For comparison, we need
a reference distribution. With the underlying process being
Gaussian, it is straightforward to show that the Mahalanobis
distance follows a x? distribution with M degrees of freedom,
ie., D}p ~ x4 The middle panel of Fig. 5 shows the results
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for our optimized GP. The dashed line marks the median
and the dark gray and light gray areas the 68% and 95%
credibility intervals of the reference distribution. For ¢3 and
¢4, the D} values are reasonably sized, while the result for
¢, lies significantly below the reference distribution. This is
expected though, because c; is small and shows only minimal
variation over the whole y-plane (see Figs. 1-3), resulting in
a small DI%,ID value. Hence, ¢, may be treated as an outlier in
this regard.

A more in-depth analysis can be made by performing
a variance decomposition on the Mahalanobis distance. By
writing K = GGT, we can introduce the vector

DG =G (gva — 1) (23)

As there are multiple ways to decomposing the kernel ma-
trix, this diagnostic is not unique. A decomposition which
has proven to be particularly useful is the pivoted Cholesky
decomposition, which constructs the unique lower triangular
matrix L, such that K = LTL, and introduces an additional
permutation of the validation data. This permutation is based
on maximizing the diagonal elements of the decomposition
matrix, i.e., they are sorted according to their conditional
variance regarding the previous element. With Eq. (23), this
produces a decomposition vector Dpc, which is independent
of the order of validation points and allows for an evaluation
of the correctness of variance and length scale: Unusually
many small or large entries of Dpc imply a wrongly estimated
variance, and a convergence or divergence of entries at large
indices may point to a wrongly calibrated correlation length.
We show the computed Dpc vector plotted versus the index
of its entries in the right panel of Fig. 5. Ideally, one would
expect the points to be standard Gaussian distributed and not
show any pattern along the index. Approximately, this is the
case. However, for the same reason as before, the variation
of the ¢, results around the mean is notably small. Although
co is excluded from our optimization, we show its diagnostics
for completeness. Due to its strong relation to the reference
energy, the resulting D3, and Dpc values are small as well.

IV. EOS RESULTS WITH EFT UNCERTAINTIES

With Eq. (12) and the optimized set of hyperparameters,
we can construct EFT uncertainty bands for the energy per

particle, i.e., estimate § E. In addition, we need to evaluate the
chiral EFT result for the energy per particle at this order, E,
for arbitrary density and proton fraction. As in Ref. [24], we
construct a GP emulator for this. We again employ a RBF ker-
nel and choose the mean of the GP to be zero. Since we expect
the computed energies to contain solver uncertainties from the
Monte Carlo integration, as in Ref. [24] we include a Gaussian
noise term on the energy per particle with o, ~ 20keV in
the GP prior. We treat the free Fermi gas (FG) contribution
analytically and use the GP to emulate only the interaction
part Ein /A = E /A — Epg/A. This was found to deliver a more
stable behavior of the GP and its derivatives at small densities
[24]. We also found that defining a constant noise term o,
leads to unphysical variations at low densities, where energies
are small and data points are close to each other. This issue can
be resolved, however, by transforming the input space such
that the low density points are further stretched out; the GP
can then emulate these data points with smaller deviations. As
before, we use the momentum scale k¢ instead of the density as
the input space for our GP, in addition to the proton fraction.
To reduce numerical artifacts, we also normalized the input
variables to [0,1]. The hyperparameters are then extracted
using uniform priors and a maximum a posteriori estimate.
Eventually, we obtain E; as the mean of the GP posterior
conditioned upon the energy per particle data of order k. For
each order, a separate GP is constructed.

A. Nuclear matter at arbitrary proton fractions

After the optimization, the evaluation of the GP emulator
at every given point in density and proton fraction is quick.
The energy per particle can thus be easily evaluated including
the EFT truncation uncertainty. In Fig. 6 we show the 68%
credibility ranges for the EFT uncertainties of the energy per
particle as a function of density for PNM and SNM. The blue
bands show the results obtained with the new x-dependent
reference energy EE?+3 B from Eq. (15). In the top panels we
compare those results to the bands extracted from an analo-
gous GP with the x-independent reference energy Er]z? from
Eq. (7). The bottom panels compare the new two-dimensional
(2D) GP to the 68% credibility ranges for 1D GPs trained for
PNM or SNM separately.
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FIG. 6. Energy per particle at N*LO as function of density for
PNM (left panels) and SNM (right panels). The top panels compare
the 68% credibility ranges for the EFT uncertainties obtained by
training the GP on asymmetric matter results with the reference
energy E:;QHB and E:Z?, respectively. The bottom panels compare
the two-dimensional GP with EZ2™® to results obtained from a
one-dimensional GP with EEQ for PNM or SNM separately.
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We observe that the EFT uncertainties in PNM are slightly
wider for the 2D GPs with both reference energies compared
to the 1D GP, and vice versa for SNM. Since the credibil-
ity ranges for the energy per particle scale directly with the
marginal variance &, this is intuitive: While the 2D GP is
extended by an additional hyperparameter £, to account for
correlations along the x-dimension, in our stationary kernel
the marginal variance is constant along both independent vari-
ables. However, the overall scale varies along x so that this
cannot be captured with the x-independent reference energy
EIE? As can be seen in Figs. 1 and 2, the magnitude of the
expansion coefficients in general increases when moving from
x =0 to x = 0.5, leading to a significantly greater ¢ for the
SNM 1D GP compared to the PNM 1D GP. As a result, going
to the 2D training, the PNM bands will be inflated while the
SNM bands will be compressed. Including the x-dependence
in the reference energy counteracts this effect. The additional
term motivated by 3N contributions leads to a decrease in
magnitude of the expansion coefficients at large densities and
x > 0, such that the coefficients share a more common scale
across all x. As a result, the 2D GP uncertainties with the
new reference energy E£?+3B are more similar to the 1D GP
uncertainties in both PNM and SNM, indicating that the new
2D GP can better reproduce the EFT uncertainties for all x.

A particular strength of representing the EOS by GPs for
the mean and the EFT uncertainties lies in the ability to cal-
culate derivatives analytically. This is a direct consequence of
multivariate Gaussians, so that GPs remain closed under linear
transformations. From the 2D GP emulator for the energy per
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FIG. 7. Same as Fig. 6 but for the pressure as a function of density.

particle it is thus straightforward to compute the pressure

_ 2 0(E/A)
=n——.
on

Due to the series definition of Eq. (1), this translates directly
to the EFT uncertainties as well. Analogous to the energy
per particle, we show the 68% credibility ranges for the EFT
uncertainties of the pressure as a function of density for PNM
and SNM in Fig. 7. We find similar comparisons for the pres-
sure as for the energy per particle. In the following, we will
therefore use the 2D GP with the new x-dependent reference

BQ+3B

energy E .
With the 2D GP, the EOS is not restricted to PNM and
SNM, but can be evaluated at arbitrary proton fraction. As
an example, we show in in Fig. 8 the order-by-order EFT

(24)

30
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FIG. 8. Energy per particle from NLO to N°LO as function of
density at proton fraction x = 0.1. The bands show 68% credibility
ranges for the EFT uncertainties from the 2D GP with reference

energy ESQT5,
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FIG. 9. Energy per particle (left panel), pressure (middle panel), and proton fraction (right panel) for matter in 8 equilibrium from NLO
to N*LO as function of density. The bands show 68% credibility ranges for the EFT uncertainties obtained from the 2D GP for the energy per

particle with reference energy EE?”B

uncertainties for the energy per particle as a function of
density at proton fraction x = 0.1. We find systematic EFT
uncertainty bands from NLO to N3LO, with no indication
of the breakdown of chiral EFT up to the largest density
considered 2ny.

Finally, we remark that for our EFT uncertainty kernel,
Eq. (13), additional care would need to be taken when com-
puting derivatives for x = 0.5. This is because the expansion
parameter Q is defined by a maximum function, so that
additional smoothening would be needed when taking the
derivative in x-direction at the point where the proton and neu-
tron densities match. We leave this technical aspect to future
work, as this paper is focused on neutron-rich conditions.

B. Matter in § equilibrium

Next, we explore neutron star matter which is in 8 equilib-
rium of neutrons undergoing 8 decays and protons capturing
electrons. The chemical potential 1, of neutrons then equals
the sum of the proton chemical potential 1, and electron
chemical potential 1., assuming the (anti-)neutrinos decouple
from the neutron star so that their chemical potentials are zero.
Measuring the chemical potentials from the rest masses, the
B equilibrium condition thus read:

M +my = p +mp + e + M. (25)

The electrons are taken to be noninteracting so that their
chemical potential is

1/2
b

pe +me = [(3m*n)> + m] (26)

with the electron density determined by charge neutrality
n, = n,. The chemical potential of the nucleons (t = n, p) is
derived from the energy per particle as

_E/V)  AE/A-n)

27
He on; on @7)
0E/A on  0E/A 9x
=E/A . , 28
/Atn |: on dng 0x 8nr:| (28)
where dn/dn, =1 and 0x/dn, = —x/n for neutrons and

dx/0n, = (1 — x)/n for protons, respectively.

We calculate the chemical potentials of the nucleons from
the 2D GP and determine the proton fraction in 8 equilib-
rium. We stress that this does not require phenomenological
parametrizations to interpolate between PNM and SNM. The
resulting proton fraction in B equilibrium as a function of
density is shown in the right panel of Fig. 9. At all orders
from NLO to N3LO the proton fraction is very similar up to
around 1.5n. For N*LO, the proton fraction in uniform matter
increases monotonously until around 7.5% for 2ng. Using the
proton fraction in B equilibrium, we show the energy per
particle and the pressure including EFT uncertainties in the
left and middle panels of Fig. 9. The order-by-order behavior
is very systematic up to 2ng for the energy and 1.5n for the
pressure. For the higher densities n > 1.5n( the N*LO energy
increases less strongly than at N°LO leading to a decrease of
the pressure toward 2ny. This becomes more pronounced for
the pressure due to the derivative involved. Whether this is due
to regulator effects or from coming closer to the breakdown
scale needs further investigation.

Finally, the corresponding neutron and proton chemical
potentials for 8 equilibrium, as well as for PNM, are shown in
Fig. 10. Because the effects on the proton chemical potential
in dense neutron-rich matter are larger, the order-by-order
behavior for ), and the EFT uncertainties show more of a
deviating trend for densities n > 1.5n.

V. CONSTRUCTING CONSISTENT
CRUST EQUATIONS OF STATE

In the outmost part of the neutron star, neutrons and protons
are bound in neutron-rich nuclei, forming a lattice within a
sea of electrons. This outer crust, which can be probed in
terrestrial experiments, is better understood and constrained; a
commonly employed EOS was constructed by Baym, Pethick,
and Sutherland (BPS) [36]. Deeper in the star, the density and
pressure rise and nuclei become increasingly neutron-rich. At
some density, neutrons start to drip out of the nuclei and form
a neutron fluid. This neutron drip phase marks the beginning
of the inner crust. At the bottom of the crust, also protons
may drip out of the nuclei, resulting in in an equilibrium of
two phases which both contain neutrons and protons. The ex-
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FIG. 10. Chemical potentials of neutrons u, and protons w, for
PNM (left panel) and matter in 8 equilibrium (right panel) from NLO
to N®LO as function of density. The bands show 68% credibility
ranges for the EFT uncertainties obtained from the 2D GP for the
energy per particle with reference energy E, BQ+3B
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istence of proton drip was recently established in the uniform
phase based on chiral EFT calculations and general consid-
erations [37]. Here, we show that it also persists including
surface and Coulomb corrections. Near the crust-core bound-
ary, nuclei (or high-density clusters) may undergo various
transitions from spherical shape to, e.g., rodlike or platelike
structures. The realizations of these nuclear pasta phases and
their astrophysical implications are an open area of research.
In this section, we construct neutron star EOSs for the inner
crust including surface and Coulomb corrections, which are
consistent with the chiral EFT results and uncertainties for
uniform matter from Sec. IV. We focus on results at N3LO.

A. Inner crust from chiral EFT results

To determine the inner crust EOS, we employ a compress-
ible liquid drop model within the Wigner-Seitz approxima-
tion. For neutron drip, we assume a spherical Wigner-Seitz
cell of Volume Vi, containing PNM (phase 1). In its center,
the nucleus is modeled as a sphere of asymmetric nuclear
matter, with Volume V; and proton number Z (phase 2). In
both phase 1 and phase 2, we assume the nucleon densities
n, and n, to be uniform. Additionally, the Wigner-Seitz cell
contains a uniformly distributed relativistic electron gas with
electron density n,.

For a stable phase coexistence, the highest occupied energy
state of a neutron must be identical in both phases. This
condition is fulfilled if the neutron chemical potentials match.
Equilibrium additionally requires the pressure in both phases
to be equal, i.e., the conditions for neutron drip read

Py — P(2)7 (29)
wy = w?, (30)
> u. (31)

The latter condition guarantees that no protons drip from
phase 2 into phase 1. Since neutron star matter is in 8 equilib-
rium, Eq. (25) provides an additional constraint.

The pressure and nucleon chemical potentials follow di-
rectly from the energy per particle [see Egs. (24) and (28)].
In phase 1, we approximate the energy per particle using only
the PNM energy:

E (1) Ebulk
(—) (n,x) = " (1, 0). (32)

In phase 2, we consider additional finite-size contributions of
the nuclear drop. With the Coulomb energy E€ and the surface
energy ES, we write the energy per particle as

E (2) bulk EC ES
(—) (%) = ——@.x)+ —=(n,x) + —=(n, x). (33)
In both Eq. (32) as well as Eq. (33), we describe the bulk part
of the energy with the GP emulator based on the N°LO results.
Derivatives are calculated consistently from the GP.

The Coulomb contribution to the energy per particle is
given by [38]

EC 3 [4n\* 3 1
—nx) = gaps<7”) Z3nixs (1 - Eu% + Eu), (34)

where ags is the fine structure constant and u = V;/Vy the
volume fraction of the nucleus. The first term in Eq. (34)
is the Coulomb energy of a nucleus with equally distributed
protons. The contribution of the electrons to the Coulomb
energy is encaptured by the latter two terms, the first of which
is the lattice energy, assuming pointlike nuclei. The last term
in Eq. (34) corrects for the finite size of the nuclei.

The surface contribution to the energy per particle can
be expressed in terms of the surface tension o (x). With the
surface area defined by the radius Ry of the nuclear drop, we
have [39]

S

%(n,x) = %a(x)471R(2) = a(x)<3z6:2x>3. (35)

Following Ref. [40], the isospin dependence of the sur-
face tension can be modeled by expanding in the neutron
excess d,

o(x) = ap(1 = o5(1 = 2x)* + -+, (36)

where the parameter o5 represents the surface symmetry en-
ergy. For the inner crust model, however, the surface tension
has to vanish for x — 0, since this implies the merge of phases
1 and 2. As proposed in Ref. [41] one can thus modify the
surface tension as

16 + b
xS 4b+(1—x)7

where b = 96/05; — 16. For determining the surface tension,
we follow the approach from Ref. [39] and fit to experimental
binding energies of nuclei. To this end, we employ Eq. (33)
with the surface tension modeled by Eq. (36), and perform
a least-squared optimization to the binding energies of the
nuclei from the 2020 Atomic Mass Evaluation (AME 2020)
[42]. For nuclei, only the first term in Eq. (34) must be
used, as the others stem from the existence of the electron
gas. With this procedure, we obtain the following surface

o(x) =0y (37
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parameters:

0o =0.84MeVfm™? and o5 =227MeVfm 2. (38)

This fit is best around Z = 40; very heavy and very light
nuclei are less well approximated. Varying the surface param-
eters within a 10% uncertainty reproduces nearly all binding
energies for 15 < Z < 80. This domain coincides with the
charge numbers relevant for the neutron star crust (see, e.g.,
Refs. [43-45]). Also, Ref. [39] studied the impact of varia-
tions in the surface tension to the inner crust and it was found
that the uncertainty stemming from the surface parameters is
sizable only for the chemical potentials at low densities. For
the composition of the nuclear cluster, i.e., radii and mass
numbers, variations in the surface tension only have a small
effect compared to variations in the charge number (see be-
low) and the uncertainty from the neutron matter EOS. Hence,
we will continue with the surface parameters from Eq. (38)
and neglect additional uncertainties from the surface tension.
From the determined o, we compute b and employ the surface
tension as defined in Eq. (37) for the inner crust.

To calculate the EOS in 8 equilibrium, the contributions of
the electron gas have to be accounted for explicitly. The en-
ergy density of a free relativistic electron gas &, with density
n, is given by [38]

m4

E(n,) = 87162 [x(2x) + 1) (x] + 1)1/2

—In(x + (&2 +1)")], (39)
with x, = (Snzn;“)/me and m, = 0.511 MeV is the electron
mass. This energy density leads to a pressure given by

E( 8) 688
1 n =n

— &, (40)
and a chemical potential described by Eq. (26).

Finally, before solving the equilibrium conditions, the
charge number Z of the nucleus has to be determined. In
theory, this can be done by minimizing the energy within the
Wigner-Seitz cell. A rigorous treatment with the inclusion of
shell effects is, however, involved. Hence, we follow Ref. [39]
and assume a closed proton shell with Z = 40 for all densities.
In Ref. [39], the author also varied the proton number in a
range Z = 28-50, which includes the two neighboring shell
closures and covers the results of recent studies (see, e.g.,
Ref. [45]). It is only near the crust-core boundary, where
the existence of pasta phases can lead to significantly larger
charge numbers. While variations in Z of course define
the size and mass number of the Wigner-Seitz cell, it was
found that they do not significantly impact the chemical
potentials and thus the EOS. Since we are primarily interested
in the EOS and not in determining the exact composition
of the Wigner-Seitz cell, we continue with this choice of a
constant Z.

With these definitions, we model the neutron star crust
as a Coulomb lattice of Wigner-Seitz cells. We solve the
equilibrium conditions for a single cell on a grid of neutron
chemical potentials u,. Neutron drip, and thus the inner crust,
starts when the neutron chemical potential reaches w,, = 0. In
our model, we also allow for the possibility of proton drip,

neutron drip  { p- { uniform

i drip:

_9o0t J
= 1
- —— neutron drip SN2 : :

& .
= —— proton drip
—60F —~ uniform matter i
— low-density phase (1) :
—---' high-density phase (2) \'\.\'\

—_80+ without surface and Coulomb =

L 1 L 1 . . 1 L 1
0 5 10 15 20

ftn [MeV]

FIG. 11. Phase coexistence in neutron star matter, obtained using
the GP emulator based on the N3LO results. Top panel: neutron and
proton densities 7, and n,, as function of the neutron chemical poten-
tial p,. The lower (higher) density phase is given by solid (dashed)
lines. The colors indicate the different possibilities of coexistence.
The electron density 7, is shown in orange (neutron drip) and black
(proton drip), respectively. The light gray lines show the results
when surface and Coulomb corrections are not included [37]. Bottom
panel: corresponding proton chemical potential (,. The unphysical
line for the PNM phase is drawn in lighter blue.

which sets in once Eq. (31) is not satisfied anymore. It is then
energetically favorable for protons to populate the previously
PNM phase, such that nf) > 0. For equilibrium, Eq. (31) thus
becomes i) = u and we have to adapt the energy per
particle in this phase, Eq. (32), to

E (€))] Ebulk
(Z) (n,x) = " (n, x). “41)

Here, we do not account for additional Coulomb and surface
effects, as they are negligible compared to the bulk contribu-
tion. Pasta phases, which may be formed near the crust-core
boundary, cannot be considered in our model. Their inclusion
would require a consistent computation of proton numbers as
well as a more rigorous treatment of lattice effects and the
surface energy, allowing for nonspherical Wigner-Seitz cells.

The solutions to the inner crust equilibrium conditions are
shown in Fig. 11. The upper panel shows the neutron and pro-
ton densities of both phases as a function of neutron chemical
potential. The light gray lines show the results when surface
and Coulomb corrections are not included [37]. Comparing
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these results, the inclusion of finite-size terms leads to a more
rapid decrease of the neutron and proton densities in the high-
density phase. Since Coulomb and surface effects however
increase the proton chemical potential, we still find a region
where proton drip is possible. At u, & 12.7 MeV the proton
chemical potentials of both phases match (lower panel) and
protons start to drip out of the high-density phase. The two nu-
clear phases coexist until u, ~ 14.5MeV. Here, the electron
density matches the proton density of the high-density phase
and uniform matter begins; otherwise B equilibrium cannot
be satisfied anymore. This transition between the neutron star
inner crust and uniform matter in the core is a first-order
phase transition with a small density jump in the lower-density
phase.

With the densities in both phases determined, the total
baryon density # in the Wigner-Seitz cell can be obtained via

n=(1-— u)(nﬁll) + n;')) + u(nflz) + nf)). (42)

The volume fraction u follows directly from enforcing charge
neutrality, Q = Von? — Vyyn, + (Viy — Vo)n') = 0. To ob-
tain the EOS, P = P(n), we compute the total pressure as
P=pPY+P, =P?+P,

B. Crust EOS including EFT uncertainties

For the construction of uncertainty bands of the neutron
star crust EOS, we focus on the EFT uncertainties estimated
with the 2D GP developed in Sec. III. With this, we can
compute the standard deviation to the nuclear energy per
particle or any derivative at arbitrary density and proton frac-
tion. While the GP also allows drawing individual samples,
constructing a crust EOS from such samples is not always
possible as they may exhibit unphysical variations. Thus, we
restrict our analysis to the standard deviations, which are
well-behaved but still contain the most important statistical in-
formation. In addition to the mean line considered in Sec. V A,
we consider two representative cases: one treating the upper
boundary of the 68% credibility band (40¢) and one treating
the lower boundary (—o).

In particular, we make the substitution

Ebulk Ebulk bulk
(n,x) —

A A A
where o denotes the standard deviation extracted from the
GP. Using these energy functionals, we newly fit the surface
parameters as described before. For the construction of the
crust, we make the analogous substitutions for the pressure
and the nucleon chemical potentials:

P(n,x) > P(n,x) £ o(P)(n, x), (44)

(n,x)x o( )(n,x), 43)

e (n, x) = pe(n, x) £ o ()@, x). (45)

With these new expressions, the equilibrium conditions are
again solved as described in Sec. V A.

We present the inner crust EOSs consistent with the N3LO
results and their EFT uncertainties in Fig. 12. As discussed
above, we expect the effects on the EOS from pasta phases or
from improvements over the Wigner-Seitz cell approximation
made here to be small compared to the EFT uncertainties. The

02+ +1lo
—lo
I BPS crust |
0 -r“‘"'.-— 1 N 1 . 1 . 1 ) 1 -
0 0.02 0.04 0.06 0.08 0.1

n [fm=3

FIG. 12. Pressure of neutron star matter as function of baryon
density from the crust to the outer core. The blue line corresponds
to the GP mean for the N*LO results and the 4o to matching the
upper and lower 68% credibility range of the uniform pressure, see
Eq. (43). For comparison, we also show the BPS crust EOS [36].

uncertainty band spanned by the mean and o boundaries
match smoothly to the BPS crust EOS and this matching
continues to low densities (see inset). In addition, for n <
0.016fm™>, we find an inversion of the upper and lower
boundary from the uniform band. In Fig. 13, we show the
total proton fraction as a function of baryon density for the
three considered cases. We observe that the relatively stiffer
(softer) EOS leads to smaller (larger) proton fractions in
the inner crust. Notably, the differences are negligble in the

—— mean
=== +lo
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0.1r without surface
F and Coulomb
)
0.05 i
0 _I L 1 L 1 1 1 L 1 L 1 ]
0 0.02 0.04 0.06 0.08 0.1
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FIG. 13. Total proton fraction within the Wigner-Seitz cell as a
function of baryon density. The blue line corresponds to the GP mean
for the N3LO results and the o to matching the upper and lower
68% credibility range of the uniform pressure, see Eq. (43). The
gray outlined region marks the proton drip phase when surface and
Coulomb corrections are not included [37].

055804-11



GOTTLING, HOFF, HEBELER, AND SCHWENK

PHYSICAL REVIEW C 113, 055804 (2026)

uniform-matter phase and all three energy functionals yield
nearly identical results.

The gray outlined region in Fig. 13 marks the proton
drip phase when surface and Coulomb corrections are not
included [37]. The inclusion of finite-size terms reduces
the range of densities where proton drip can occur, yet for
all three constructed crust EOSs, we find proton drip be-
fore the system reaches the uniform phase. For the soft
(—0), mean, and stiff (4+0) EOS, proton drip is possible
for densities (0.077—0.088) fm >, (0.068—0.082) fm 3, and
(0.058—0.062) fm 3, respectively. In particular, for the upper
boundary of the 68% credibility range, the proton drip re-
gion almost disappears; incorporating additional effects from
nuclear clusters or pasta phases near the crust-core bound-
ary, may then result in the proton drip phase being jumped
over. The obtained crust-core transition densities between
0.062 and 0.088 fm—> agree well with other studies (see, e.g.,
Refs. [1,39,45]), although 0.062 fm > is more on the lower
side of the range of commonly obtained values.

VI. SUMMARY AND OUTLOOK

In this work, we combined recent state-of-the art chi-
ral EFT calculations of asymmetric nuclear matter with
a Bayesian framework for modeling the EFT truncation
uncertainties, to obtain the neutron star EOS up to 2ny with
EFT uncertainties. Recently, in Ref. [29] a Bayesian trun-
cation error model was proposed, formalizing the expected
EFT convergence behavior and correlations along indepen-
dent variables using Gaussian processes. In Refs. [30,31],
this framework was applied to the PNM and SNM EOS
separately. In this paper, we extended the quantification of
EFT truncation uncertainties to asymmetric nuclear matter.
To this end, we constructed a 2D GP, with a kernel that ac-
counts for correlations both along the density » and the proton
fraction x.

To justify the application of a smooth and stationary kernel,
we investigated the order-by-order corrections to the energy
per particle in detail. We found it beneficial to include the
effects of 3N contributions on the expansion coefficients en-
tering at N°’LO through an improved x-dependent reference
energy. This restores a common scale of the coefficients across
all proton fractions and at high densities. In addition, we thus
studied the sensitivity of the hyperparameters to the reference
energy, the training set, and the use of nonuniform priors.
This led to leaving out higher proton fractions, which are
symmetric around x = 0.5, to not add bias on the correlation
length, and to employ a conjugate inverse-x> prior for the
scale of the coefficients, incorporating the physical bias of a
well-behaved EFT convergence. We validated the description
of the order-by-order corrections by the 2D GP with model-
checking diagnostics.

Using this setup, we provided EFT uncertainties for asym-
metric nuclear matter that account for correlations in both
density and proton fraction. With the 2D GP, we calculated the
neutron star EOS in g equilibrium with associated EFT uncer-
tainties without the need for phenomenological interpolations
between PNM and SNM. In addition to the energy per particle,
the pressure, and the proton fraction, we also presented results

for the nucleon chemical potentials. At N°LO, the proton
fraction in 8 equilibrium increases monotonously with density
and reaches up to 7.5% at 2ny.

We further extended the EOS to the neutron star crust
regime of nonuniform matter. For modeling the inner crust,
we employed a compressible liquid drop model with the
Wigner-Seitz approximation. Taking the limits of the 68%
credibility intervals from the 2D GP, we solved the crust equi-
librium conditions for three cases, spanning a representative
area for the neutron star EOS to account for EFT trunca-
tion uncertainties in the low-density regime. Our calculations
show that proton drip is possible in all three cases, although
the range of densities where high-density phases can coexist
varies. We found the crust-core transition densities between
(0.062-0.088) fm 2. Near this crust-core boundary, the ap-
pearance of nonspherical nuclear shapes is expected to have
a significant impact on the cluster composition; this cannot
be studied in our current model and remains for future work.
However, for macroscopic thermodynamic properties like the
EOS, previous studies have shown that the compressible lig-
uid drop model is in good agreement with more sophisticated
approaches to the finite-size modeling [46].

A great advantage of our neutron star crust and outer
core EOS lies in the possibility to extend the 2D GP for
the EOS and for EFT uncertainties to finite temperatures
(see Ref. [24]). In addition, the EFT truncation uncertainties
discussed in this work can be combined with the (smaller)
many-body uncertainties arising from the many-body pertur-
bation theory expansion [47]. Finally, we will incorporate
our consistent crust EOSs in future work in the astrophysics
Bayesian inference framework using these chiral EFT results
in the uniform phase [48].
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APPENDIX: EXPANSION COEFFICIENTS
FOR EBQ+3®

ref

In Figs. 14 and 15 we show the expansion coefficients
c2(n, x), c3(n,x), and c4(n,x) using the proton-fraction-
dependent reference energy Eﬁf 3B introduced in Eq. (15),
which is used for our main results. With this, the impact
of 3N contributions at N?’LO and higher order is better ac-
counted for compared to using the reference energy E:ZtQ As
shown in the figure, the expansion coefficients are in the range
ci(n, x) &~ [—2, 4], and by only considering proton fractions
up to x = 0.5 we can ensure stationarity along both variables
n and x.
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FIG. 14. Expansion coefficients at NLO (c,, left), N2LO (c3, middle), and N3LO (c4, right panel) extracted from the asymmetric matter

: . BQ+3B
calculations with reference energy E22"

steps of 0.1 (from light to darker).

as a function of density n. Results are shown for different proton fractions from x = 0 tox = 0.5 in
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FIG. 15. Expansion coefficients analogous to Fig. 14, here as function of proton fraction x shown for selected fixed densities between
n=0.08fm™ and n = 0.32 fm™ in steps of 0.04 fm™ (from light to darker).
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