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Anisotropic surface tension and stability of quark matter modified by the vector interaction
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In this article, the surface tension and stability of quark matter modified by the vector interaction in a
strong magnetic field are investigated in the quasiparticle model with the multiple reflection expansion. The
self-consistent thermodynamic treatment of the chemical-potential-dependent quark mass is maintained by the
effective bag function, which depends on both the chemical potential and the magnetic field. It is found that the
vector interaction could enlarge the surface tension in both the parallel and transverse directions with respect
to the magnetic field. In a stronger magnetic field region, the presence of the vector repulsive interaction leads
to an increase in transverse surface tension with the magnetic field strength, which is opposite to the vanishing
value without repulsive interaction in the previous work. Consequently, it is concluded that a moderate-intensity
magnetic field is required for the formation of a quark-matter bubble with the vector interaction. Finally, it is
demonstrated that the vector interaction slightly reduces the stability of quark matter.
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I. INTRODUCTION

Recently, numerous studies have focused on systems of
strongly interacting matter under the influence of intense mag-
netic fields. It is well known that a strong magnetic field
is relevant in the early universe, magnetars, and noncentral
heavy-ion collisions. It produces a significant effect on the
equation of state in compact stars and the quantum chromo-
dynamics (QCD) phase diagram. The magnetic field modifies
the microscopic properties of quark matter with the corre-
sponding macroscopic implications in compact stars [1–4].
As pointed out in Refs. [5,6], in strong magnetic fields, the
breaking of the O(3) rotational symmetry by the magnetic
field results in the anisotropy of the total pressure, having a
smaller value parallel than perpendicular to the field direction.
In Ref. [7], Lugones et al. pushed the investigation of the
surface tension in longitudinal and transverse components
with respect to the magnetic field in the bag model [8,9]. The
study of the surface tension of quark matter has attracted much
attention because of its impact on heavy-ion collisions and
astrophysics. Surface tension plays a key role in the under-
standing of neutron star (NS) interiors and of the most external
layers of strange quark stars [10]. Surface tension is also an
important aspect in the process of quark-matter nucleation that
leads to the formation of hybrid or strange quark stars because
it determines the critical size and the nucleation time of the
first quark-matter droplets [11–13].
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In recent studies, researchers have extensively employed
phenomenological quark models like the MIT bag model
[14–18] and the quark quasiparticle model [19–25] to inves-
tigate the thermodynamic properties of strange quark matter
(SQM), quark stars, and hybrid stars. Several decades ago,
the cold dense quark matter was investigated in the MIT bag
model, which opened the door to the extensive research on
quark matter [26]. The interaction between quarks is repre-
sented by a phenomenological bag constant and produces a
bag pressure on the noninteracting system [16,27]. The quark
mass is considered to be infinite outside while it is constant
within the bag. The quark quasiparticle model, as an extended
bag model, has been developed in studying the bulk properties
of dense quark matter at finite density and temperature. Tak-
ing advantage of the medium effect, the strong interactions
between the elementary degrees of freedom are incorporated
through the medium-dependent quasiparticle mass [21,28].
The significance of the quasiparticle model is the successful
description of the confinement mechanism by the density
and/or temperature-dependent bag function, via which the
first-order deconfining phase transition was constructed and
the critical end point was determined [29]. The medium effect
in the quasiparticle model on the formation of the quark-
matter bubble will be of great interest. The aim of this work
is to investigate the anisotropy of the surface tension of the
bubble in two-flavor quark matter under strong magnetic fields
with vector interactions, and to compare the results with cases
where vector interactions are absent.

SQM is comprised of approximately equal numbers of u,
d , and s quarks. Based on various phenomenological models,
it has long been suspected that SQM is the true ground state of
strongly interacting systems [27,30–32]. Ever since Bodmer-
Witten hypothesis suggested that clusters of SQM can be more
stable than the most stable atomic nucleus, there has been a lot
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of interest in studying it. In this study, we will calculate the
free energy per baryon for both two-flavor and three-flavor
quark matter under strong magnetic fields, and investigate the
impact of vector interactions on the stability of quark matter
systems.

This paper is organized as follows. In Sec. II, we present
the self-consistent thermodynamics of the magnetized quark
matter in the quasiparticle model. In Sec. III, the numerical
results for the confinement bag function and surface tension
are shown in a strong magnetic field, as well as the free en-
ergy per baryon for two-flavor and three-flavor quark matter,
and detailed discussions are focused on anisotropy of surface
tension and the stability with vector interactions. The last
section is a short summary.

II. THERMODYNAMICS OF THE QUASIPARTICLE
MODEL IN STRONG MAGNETIC FIELDS

In the quasiparticle model, the medium effect is taken
through a chemical-potential-dependent quark mass, while the
bag pressure is taken to be constant. In the dense system,
quarks interact with other quarks to create an effective mass,
which makes them act as quasiparticles [33]. In the hard-dense
loop (HDL) approximation, the effective quark propagator
is generated by resumming one-loop self-energy diagrams,
and then the effective quark mass is derived from the disper-
sion relation of this propagator in the zero-momentum limit
[34]. The effective quark mass m∗

i can thus be expressed
as [34–38]

m∗
i (μ∗

i ) = mi0

2
+
√

m2
i0

4
+ g2μ∗

i
2

6π2
, (1)

where mi0 is the current mass of the quark and g is the coupling
constant. The repulsive effect of the quark interaction is also
included here by introducing the vector meson as a mediator
[15,39]. The inclusion of a vector meson in the descrip-
tion of quark matter leads to modifications of the chemical
potential:

μ∗
i = μi − gV V0. (2)

Here, gV is the vector interaction coupling and mV is the mass
of vector mesons. The nonzero mean field V0 is calculated
from the equation of motion for the vector meson,

m2
V V0 = gV

∑
i

ni, (3)

where the equation of motion links the vector to the quark
number density ni, which will be given later. The vector field
is not free but induced by the quarks through interactions. We
can change the expression as

gV V0 = GV

∑
i

ni, (4)

where the dimensional vector interaction coupling constant is
GV = ( gV

mV
)2.

In order to investigate the finite-size effect of the bubble,
we employ the multiple reflection expansion (MRE) [27,40–
42]. In the MRE framework, the thermodynamic potential

density of quark at zero temperature and in strong magnetic
fields is [43,44]

�MRE,i = di|qiBm|
2π2

νmax
i∑

ν=0

(2 − δν0)

×
∫ pF

�IR

(Ei − μ∗
i )ρMRE dpz − 1

2
m2

V V 2
0 , (5)

where the density of states in momentum space is
[40,42,45,46]

ρMRE(μi, p) = 1 + 6π2

pR
fS + 12π2

(pR)2 fC, (6)

with the functions

fS (μi, p) = − 1

8π

(
1 − 2

π
arctan

p

m∗
i

)
, (7)

and

fC (μi, p) = 1

12π2

[
1 − 3p

2m∗
i

(
π

2
− arctan

p

m∗
i

)]
. (8)

The single-particle energy eigenvalue is Ei =√
m∗

i
2 + p2

z + 2νi|qiBm|, and the upper limit νmax
i of the

summation index νi is νmax
i = μ∗

i
2−m∗

i
2

2|qiBm| . Generally, the
modification of the density of states in the MRE framework
constrains the low limit on the infrared cutoff due to the
fact that ρMRE becomes negative at small momenta [47].
To obtain the value of �IR, we have to solve the following
equation numerically

ρMRE(μi, p) = 0, (9)

with respect to the momentum and take the larger root as the
infrared cutoff �IR.

The total thermodynamic potential including electrons in
the framework of the quasiparticle model is written as

� =
∑

i

�MRE,i + �e + B0, (10)

where the thermodynamic potential of electrons is

�e = |eBm|
2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

0
(E − μe)dpz. (11)

The quark number density ni can be derived from the
full derivative of the thermodynamic potential density
�(μi, mi ):

ni = − d�

dμi

= −
∑

i

(
∂�MRE,i

∂μi
+ ∂�MRE,i

∂m∗
i

∂m∗
i

∂μi
+ ∂B∗

i

∂m∗
i

∂m∗
i

∂μi︸ ︷︷ ︸
0

)
. (12)

As in the previous approach, we require the last two terms to
be canceled out. Then the medium-dependent bag function is
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expressed as

B∗
i (μ∗

i ) = −di|qiBm|
2π2

νmax
i∑

ν=0

(2 − δν0)
∫ μ∗

i

m∗
i

∫ pF

�IR

×
⎧⎨
⎩m∗

i

Ei
ρMRE − 3

2R

Ei − μ∗
i

Ei
2 + 3(Ei − μ∗

i )

2m∗
i

2R2

×
⎛
⎝− m∗

i

Ei
2 +

arctan
(m∗

i
p

)
p

⎞
⎠
⎫⎬
⎭dm∗

i

dμ∗
i

d pzdμ∗
i . (13)

In the evaluation of the first term of Eq. (12), the single-
particle energy Ei(p) and density of states ρMRE(μi, p) are
represented in the form of a function with the arguments. So,

∂�i

∂μi
= −di|qiBm|

2π2

{∫ pF

�IR

ρMRE(μi, p)d pz

+ [Ei(pF ) − μi]︸ ︷︷ ︸
0

ρMRE(μi, pF )
d pF

dμi

− [Ei(�IR ) − μi] ρMRE(μi,�IR )︸ ︷︷ ︸
0

d�IR

dμi

}
, (14)

where the second term is from the derivative of the upper limit
of the integral multiplied by the value of the integrand at that
upper limit, and it vanishes due to the definition of Fermi
energy. The third term corresponds to the contribution from
the lower limit, which is zero by virtue of condition (9). So the
quark number density ni can be derived from the contribution
of the first term,

ni = di|qiBm|
2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

�IR

ρMREdpz. (15)

At this point, we have already proven the thermodynamic
consistency including the effect of the μ-dependent IR cutoff.
In the Appendix we discuss the steps to demonstrate the ther-
modynamic consistency in the framework of effective mass
and the MRE formulation.

Hereafter, we refer to the thermodynamic potential �MRE,i

as �
‖
MRE,i in order to study the anisotropy. According to the

power dependence on the radius, the thermodynamic potential
density can be decomposed into volume, surface, and curva-
ture terms. Similar to the result in Ref. [43], the contribution
of i flavor can be expressed as

�
‖
MRE,i = 	

‖
i + σ

‖
i

S

V
+ γ

‖
i

C

V
. (16)

For a sphere of radius R, we denote the bulk volume V =
4πR3/3, the surface area S = 4πR2, and the integrated mean
curvature C = 8πR. By comparing the power dependence
on the radius on both sides of Eq. (16), we can extract the
terms independent of R for the bulk density 	‖, the surface
term σ ‖, and the curvature term γ ‖ from the dependence of
1/R and 1/R2, respectively. According to the expression of
the thermodynamic potential in Eq. (10), each density will
be regarded as a sum of two parts, 	

‖
i = �

‖
V,i + B‖

V,i. The

quasiparticle contribution �
‖
V,i and the vacuum contribution

B‖
V,i are written as

�
‖
V,i = di|qiBm|

2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

�IR

(Ei − μ∗
i )dpz + �0

V ,

(17)
with the contribution of meson interaction

�0
V = −1

2
GV

∑
i=u,d

⎡
⎣di|qiBm|

2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

�IR

d pz

⎤
⎦2

,

(18)

and

B‖
V,i = −di|qiBm|

2π2

νmax
i∑

ν=0

(2 − δν0)
∫ μ∗

mi∗

∫ pF

�IR

m∗
i

Ei
dpzdμ∗

i . (19)

Correspondingly, the second term in Eq. (16) represents the
surface tension and can be expressed as a sum of two parts:

σ
‖
i = �

‖
S,i + B‖

S,i. (20)

The quasiparticle contribution can be integrated by the follow-
ing formula

�
‖
S,i = −di|qiBm|

4π2

νmax
i∑

ν=0

(2 − δν0)

×
∫ pF

�IR

Ei − μ∗
i

p
arctan

(
m∗

i

p

)
dpz + �0

S, (21)

where

�0
S = −GV

∑
i, j=u,d

⎡
⎣di|qiBm|

2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

�IR

d pz

× d j |q jBm|
4π2

νmax
j∑

ν=0

(2 − δν0)
∫ pF

�IR

(
−1

p
arctan

(
m∗

j

p

))
d pz

⎤
⎦.

(22)

The vacuum contributes to the surface tension as

B‖
S,i = di|qiBm|

4π2

νmax
i∑

ν=0

(2 − δν0)
∫ μ∗

i

m∗
i

∫ pF

�IR

×
[

Ei − μ∗
i

E2
i

+ m∗
i

Ei p
arctan

(
m∗

i

p

)]
dm∗

i

dμ∗
i

dpzdμi. (23)

In literature, the transverse pressure is usually defined as
P⊥ = −�⊥ = P‖ − MBm, where the magnetization suscep-
tibility M can be derived by the relation M = − ∂�‖

∂Bm
with

P‖ = −�‖. The transverse thermodynamic potential density
is related to the parallel term by the magnetization

�⊥ = �‖ + MBm. (24)

Just like the approach of the parallel term (16), the transverse
term is also divided into three parts according to the power

065205-3



YU-YING HE AND XIN-JIAN WEN PHYSICAL REVIEW C 113, 065205 (2026)

dependence on the radius,

�⊥
MRE,i = 	⊥

i + σ⊥
i

S

V
+ γ ⊥

i

C

V
. (25)

The bulk contribution 	⊥
i is a sum of quasiparticle contri-

bution �⊥
V,i and the vacuum contribution B⊥

V,i, which can be
evaluated as

�⊥
V,i = −di|qiBm|2

2π2

νmax
i∑

ν=1

ν

∫ pF

�IR

dpz

Ei
+ �0

V , (26)

B⊥
V,i = di|qiBm|2

2π2

νmax
i∑

ν=0

ν

∫ μ∗
i

m∗
i

∫ pF

�IR

m∗
i

E3
i

dm∗
i

dμ∗
i

dpzdμi. (27)

The transverse surface term is σ⊥
i = �⊥

S,i + B⊥
S,i, which can be

evaluated, respectively, as

�⊥
S,i = di|qiBm|2

2π2

νmax
i∑

ν=1

ν

∫ pF

�IR

1

p
arctan

(
m∗

i

p

)
dpz

Ei
+ �0

S,

(28)

B⊥
S,i = di|qiBm|2

2π2

νmax
i∑

ν=0

ν

∫ μ∗
i

m∗
i

∫ pF

�IR

[
1

p2Ei
− 2

μ∗
i

E4
i

+ m∗
i

p3E3
i

(
E2

i + p2
)

arctan

(
m∗

i

p

)]
dm∗

i

dμ∗
i

dpzdμi. (29)

Although the magnetic energy density becomes relevant at
1014 G [48], the pure electromagnetic Maxwell term B2

m/2 is
independent of the physical properties of the thermal QCD
medium and plays no role in the thermodynamics of the
system. It only enters into the renormalization prescription
[49]. In our present consideration, the contribution of the pure
magnetic field term is the same inside and outside the sphere,
so it will not have any effect on the surface tension of the
finite-size droplet.

The mixed phase contains quark-matter droplets in chemi-
cal equilibrium under weak interactions, which means that the
chemical potentials of different species (u, d , s quarks and e)
are related by

μs = μd = μu + μe. (30)

The charge neutrality condition reads
2
3 nu − 1

3 nd − 1
3 ns − ne = 0, (31)

where the electron number density is

ne = |eBm|
2π2

νmax
i∑

ν=0

(2 − δν0)
∫ pF

0
d pz. (32)

III. NUMERICAL RESULTS AND CONCLUSION

In the present paper, we investigate the anisotropy of
surface tension in two-flavor quark matter with vector in-
teractions in Sec. III A, comparing the results with the case
without vector interactions, and subsequently calculate the
free energy per baryon for both two-flavor and three-flavor
quark matter in Sec. III B. We adopt the current quark masses
mu0 = md0 = m0 = 5.6 MeV for up and down quarks, and
ms0 = 135.7 MeV for strange quarks. For both two-flavor

FIG. 1. The effective bag function B∗(μ∗
i ) is shown as a function

of the chemical potential for different coupling constants and mag-
netic fields, both with and without vector interaction. The dashed
line represents the case without vector interaction, while the solid
line represents the case with vector interaction.

and three-flavor quark matter, the bag constant is taken as
B0 = (145 MeV)4.

A. Anisotropic surface tension

The chemical-potential-dependent bag function plays an
important role in the description of the deconfinement tran-
sition [44]. In Fig. 1, we investigate the behavior of the bag
function as a function of the chemical potential, taking into
account the effects of the magnetic field, vector interaction,
and coupling constant. The results show that the bag function
decreases as the chemical potential increases, indicating the
occurrence of deconfinement. Additionally, when the cou-
pling constant increases and/or the magnetic field becomes
stronger [44], the bag function also decreases. In contrast,
compared to the case without vector interaction, the introduc-
tion of vector interaction increases the bag function. These
behaviors can be explained by Fig. 2, where we investigate
the dependence of the infrared cutoff on the chemical po-
tential with and without vector interactions under different
magnetic field strengths and coupling constants. According
to Eq. (13), it can be inferred that an increasing infrared
cutoff leads to a progressive reduction of the inner integra-
tion domain, consequently causing a monotonic decrease in
the bag function. In addition, we show in Fig. 2 the fixed
infrared cutoff (horizontal dotted line) employed in the MIT
bag model, which is obtained by setting the mass in Eq. (9)
to a constant value of m0, for comparison with the medium-
dependent infrared cutoff. It is evident that the infrared cutoff
in the MIT bag model is constant and always lower than the
medium-dependent one. This discrepancy arises as a direct
consequence of our treatment of the effective mass within the
modified MRE framework.

In Fig. 3, we investigate the effect of finite volume on the
bag function with and without vector interaction. The dashed
line represents the case without vector interaction, while the
solid line corresponds to the case with vector interaction. The
four horizontal lines are the corresponding bag functions for
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FIG. 2. Dependence of the infrared cutoff on chemical potential for systems with (solid curves) and without (dashed curves) vector
interaction, under various magnetic field strengths and coupling constants. (a) u quark, (b) d quark.

bulk SQM [44]. The bag function decreases monotonically
with increasing radius, asymptotically approaching the con-
stant value B0 as R → ∞, demonstrating the disappearance
of finite-size effects. Additionally, we compare the cases with
and without vector interactions, finding that the bag function
in the presence of vector interactions is larger than that in
their absence. Consideration of the curvature term leads to
a decrease in the bag function. To investigate the role of
geometric effects in the thermodynamics of finite-size sys-
tems, we analyze the behavior of the thermodynamic potential
and its decomposition into volume, surface, and curvature
contributions. In Fig. 4(a), we present the thermodynamic
potential � as a function of the vector coupling constant GV ,
calculated under the conditions of radius R = 10 fm, chemical
potential μ = 100 MeV, and magnetic field strength eBm =
0.3 GeV2. The results show that � increases monotonically
with GV . This behavior reflects the repulsive nature of the
vector interaction: within the effective theory framework, GV

FIG. 3. The effective bag function B∗(μ∗
i ) is shown as a function

of the radius of the spherical system. The dashed line represents the
case without vector interaction, whereas the solid line corresponds to
the case with vector interaction.

characterizes the strength of repulsion among fermions, and
its increase systematically raises the free energy of the system.
Figure 4(b) compares the behavior of the volume term �V ,
surface term �S , and curvature term �C in the thermodynamic
potential as functions of the chemical potential μ, for a fixed
vector coupling constant GV = 0.2 fm2. In terms of magni-
tude, the three contributions consistently satisfy �V > �S >

�C , indicating that the thermodynamic behavior of the system
is dominated by bulk properties, with surface and curvature
effects appearing as first-order and second-order geometric
corrections, respectively, exhibiting a clear pattern of succes-
sive suppression. As the chemical potential μ increases, the
three terms display distinctly opposite trends: the volume term
�V and the curvature term �C decrease monotonically, while
the surface term �S increases monotonically.

The surface tension is characteristic of the two-phase sys-
tem. For example, the amount of the surface tension between
the liquid drop and the gas phase is dominant in the raindrop
formation [44]. At larger chemical potential, a direct transition
from the vacuum to quark matter happens possibly depending
on the surface tension of bubble quark matter [50]. Figure 5
shows the surface tension as a function of magnetic field under
the conditions of g = 3, R = 10 fm, and μ = 250 MeV. The
colorful curves show the results of the quasiparticle model
(GV = 0, 0.1, 0.2, 0.3, 0.4 fm2) and the MIT bag model
(GV = 0). The solid lines represent the surface-tension com-
ponents parallel to the magnetic field direction, while the
dashed lines indicate the transverse components. It is shown
that the surface tension in the quasiparticle model is signifi-
cantly higher than that in the MIT bag model. The medium
effects markedly enhance the surface tension. Furthermore,
within a certain range of magneticfield strength, the parallel
surface tension increases with the magnetic field strength
eBm, while the transverse surface tension shows a decreasing
trend with increasing magnetic field. Meanwhile, the intro-
duction of vector interactions enhances both the parallel and
transverse surface tensions, indicating that vector interactions
enhance the overall rigidity of the system and consequently
increase the surface tension. In our present work, the curvature
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(a) (b)

FIG. 4. (a) The variation of the thermodynamic potential � with the vector coupling constant GV under the conditions of radius R = 10 fm,
chemical potential μ = 100 MeV, and magnetic field strength eBm = 0.3 GeV2. (b) The variation of the volume term �V , surface term �S ,
and curvature term �C of the thermodynamic potential with the chemical potential μ at a fixed vector coupling constant GV = 0.2 fm2.

effect as a higher-order term enhances the surface tension. To
more intuitively illustrate the influence of vector interactions
on the surface tension, Fig. 6 displays the dependence of the
parallel and transverse surface tensions on the vector coupling
constant under the same parameter conditions (g = 3, R =
10 fm, and μ = 250 MeV) and a fixed magnetic field strength
of eBm = 0.05 GeV2, for both the quasiparticle model (with a
chemical-potential-dependent mass) and the MIT bag model
(with a fixed mass). The solid lines represent the parallel
surface tensions, while the dashed lines correspond to the
transverse surface tensions. For both models, the parallel and
transverse surface tensions increase monotonically with the
vector coupling constant, and the results obtained from the
quasiparticle model are systematically larger than those from
the MIT bag model.

Figure 7 shows only the transverse surface tension as a
function of the magnetic field for a system with g = 3, R =
10 fm, and μ = 250 MeV. As shown in the figure, in the weak

FIG. 5. The parallel and transverse surface tensions are plotted
as functions of the magnetic field strength at zero temperature. The
solid line represents the parallel surface tension, whereas the dashed
line corresponds to the transverse surface tension.

magnetic field region, the curves exhibit greater sensitivity to
Landau-level effects, manifesting oscillatory behavior. Under
a much stronger magnetic field, the transverse surface ten-
sion without vector interaction (GV = 0) would decrease and
eventually vanish, whereas it increases with the magnetic field
when vector interaction is taken into account. This difference
stems from a key modification in the theoretical calculation
[Eq. (22)]: without vector repulsive interaction, the transverse
surface tension is determined solely by the contribution from
the zeroth Landau level. However, when vector repulsive
interaction is incorporated, the theoretical model includes a
correction term that scales linearly with the magnetic field
strength. The presence of this correction term leads to the
observed enhancement of transverse surface tension under
stronger magnetic fields.

B. The stability of quark matter

Edward Witten proposed that SQM might be absolutely
stable at zero external pressure, potentially representing the

FIG. 6. Parallel (solid lines) and transverse (dashed lines) surface
tensions as functions of the vector coupling constant GV .
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FIG. 7. The behavior of the transverse surface tension is shown
as a function of the magnetic field at g = 3, R = 10 fm, and μ =
250 MeV.

true ground state of strongly interacting matter at finite baryon
density [32]. In this section, we calculate the free energy
per baryon for both two-flavor and three-flavor quark mat-
ter at zero temperature under a strong magnetic field. By
comparing cases with and without vector interactions, we
investigate their effects on matter stability. The free-energy
density without vector repulsive interactions is defined as
εwov = � + μ

∑
i ni, whereas with vector interactions, it can

be expressed as εv = εwov(μ∗
i ) + 1

2 GV (
∑

i ni )
2[51].

Figure 8 shows the dependence of the free energy per
baryon on the chemical potential for two-flavor and three-
flavor quark matter under fixed parameters g = 4, R = 10 fm,
and eBm = 0.1 GeV2. The black, red, blue, green, and yel-
low curves correspond to the results obtained from the
quasiparticle model with vector coupling constants GV =
0, 0.1, 0.2, 0.3, and 0.4 fm2, respectively, while the pink

FIG. 8. The free energy per baryon as a function of the chem-
ical potential for two-flavor and three-flavor quark matter at g = 4,
R = 10 fm, and eBm = 0.1 GeV2. The dashed and solid curves cor-
respond to the two-flavor and three-flavor cases, respectively.

FIG. 9. At g = 4, eBm = 0.1 GeV2, and R = 100 fm, the varia-
tion of free energy per baryon with chemical potential.

curve represents the result from the MIT bag model with
GV = 0. The dashed lines denote two-flavor quark matter, and
the solid lines denote three-flavor quark matter.

By comparing the quasiparticle model with the MIT bag
model under the condition GV = 0, one finds that the free
energy per baryon of two-flavor and three-flavor quark matter
exhibits qualitatively consistent trends as a function of the
chemical potential. Nevertheless, the numerical values ob-
tained from the MIT bag model are systematically lower than
those from the quasiparticle model. In addition, the free en-
ergy per baryon of two-flavor quark matter is higher than that
of three-flavor quark matter, indicating that three-flavor quark
matter is more stable. The free energy per baryon for both
two-flavor and three-flavor quark matter initially decreases
and then increases with increasing chemical potential. The
two curves coincide at lower chemical potentials because the
strange quark does not contribute significantly in this regime.
However, the minimum values of the free energy per baryon
for both two-flavor and three-flavor quark matter are greater
than the energy density of nuclear matter (930 MeV), which is
generated by finite-volume effects. In Fig. 9, we present the re-
sults for a larger radius (R = 100 fm), where the finite-volume
effect becomes so insignificant that the minimum free energy
per baryon for both cases is lower than 930 MeV. Furthermore,
our calculations demonstrate that decreasing the radius leads
to an increase in the free energy per baryon for both two-flavor
and three-flavor quark matter.

It can also be observed from Figs. 8 and 9 that the intro-
duction of vector interactions increases the free energy per
baryon for both two-flavor and three-flavor quark matter. This
behavior indicates that vector repulsive interaction enhances
the overall rigidity of the system, thereby increasing the en-
ergy cost required to excite the quark medium per baryon.
To more intuitively illustrate the effect of vector coupling,
Fig. 10 further presents the free energy per baryon for two-
flavor and three-flavor quark matter as a function of the vector
coupling constant under fixed parameters g = 4, R = 10 fm,
μ = 300 MeV, and eBm = 0.1 GeV2, for both the quasiparti-
cle model and the MIT bag model. The dashed lines denote
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FIG. 10. Free energy per baryon versus the vector coupling con-
stant GV for two-flavor (dashed line) and three-flavor (solid line)
quark matter.

two-flavor quark matter, while the solid lines denote three-
flavor quark matter. Regardless of the model employed, the
free energy per baryon of both two-flavor and three-flavor
quark matter increases monotonically with the vector cou-
pling constant, indicating that enhanced vector interactions
tend to reduce the stability of quark matter. Next, we further
investigate the behavior of the free energy per baryon for
both two-flavor and three-flavor quark matter under varying
magnetic fields at g = 5, R = 10 fm, and μ = 300 MeV in
Fig. 11. By comparing the quasiparticle model with the MIT
bag model under the condition GV = 0, one finds that for
both two-flavor and three-flavor quark matter, the free energy
per baryon decreases monotonically with increasing magnetic
field strength, although the numerical values obtained from
the MIT bag model remain systematically lower than those
from the quasiparticle model. Moreover, at sufficiently strong
magnetic fields, the free energy of three-flavor quark matter
exceeds that of two-flavor quark matter. This behavior can be

FIG. 11. The free energy per baryon as a function of magnetic
field for two-flavor (dashed curves) and three-flavor (solid curves)
quark matter at g = 5, R = 10 fm, and μ = 300 MeV.

attributed to the combined effects of magnetic catalysis and
the mass-charge competition mechanism, which dominate the
properties of quark matter in strong magnetic fields. Further
analysis reveals that strange quark matter satisfies the Witten
stability hypothesis only when the magnetic field strength
remains below 0.2 GeV2. Notably, the free energy per baryon
for both two-flavor and three-flavor quark matter increases
monotonically with the vector coupling constant GV . Conse-
quently, for both two-flavor and three-flavor quark matter, the
inclusion of vector interactions leads to an increase in the free
energy per baryon, indicating that vector interactions reduce
the stability of quark matter, which is in agreement with
the previous opinion of Ref. [51].

IV. SUMMARY

In this work, we investigate the anisotropic surface ten-
sion and free energy per baryon of quark matter within the
quasiparticle model and the MIT bag model framework. By
introducing a chemical-potential-dependent bag function to
characterize medium effects, we find that the bag function
decreases monotonically with increasing chemical potential.
Notably, turning on vector interactions would result in a
larger bag function. The finite-volume effects are treated by
the multiple-reflection expansion method, which reveals that
the bag function diminishes with increasing system radius
and asymptotically converges to the vacuum value B0. It is
shown that within a specific range of magnetic field intensi-
ties, the increase of magnetic fields would induce pronounced
anisotropic surface tension. In particular, the parallel compo-
nent increases monotonically with field strength, while the
perpendicular component progressively decreases. Further-
more, the inclusion of vector interactions increases the surface
tensions in both directions, and the surface tensions increase
monotonically with the vector coupling constant. The curva-
ture effect also contributes to the surface tension. Under a
stronger magnetic field, the vector repulsive interaction leads
to an increase in transverse surface tension with the magnetic
field strength.

By comparing the free energy per baryon of two-flavor
and three-flavor quark matter at different values of the vector
coupling constant, we find that vector interactions tend to
increase it, with larger coupling constants yielding higher
values, thereby reducing the stability of quark matter. This
is dramatically opposite to the magnetic field effect. Finally,
we have shown strange quark matter is always consistent
with the Witten hypothesis within a certain range of magnetic
field intensities. The comprehensive theoretical framework
developed in this work provides fundamental insights into
understanding the phase structure and equation of state in
the interiors of compact astrophysical objects, particularly
neutron stars and quark stars.
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APPENDIX A: THERMODYNAMIC CONSISTENCY
WITH EFFECTIVE MASS

In the Appendix sections, for the sake of convenience, we
have disregarded the quark-flavor indices in the variables. In
the grand canonical ensemble, the thermodynamic pressure
of quarks with an effective quark mass m∗(μ) dependent on
the chemical potential μ is modified by the background field
B∗(m∗) as

P(μ, m∗) = −�(μ, m∗) − B∗(m∗), (A1)

where the thermodynamic potential � is from one flavor of
quarks at zero temperature. It can be integrated up to the Fermi
momentum pF =

√
μ2 − m∗2 by the following integral,

� = d

2π2

∫ pF

0
(E − μ)p2d p, (A2)

where E =
√

p2 + m∗2 is the single-particle energy function.
Since the pressure is expressed as a function of μ, the

chemical-potential dependence of the quark mass will con-
tribute to the total derivative of the pressure in an implicit part,

dP

dμ
= −∂�

∂μ
−
(

∂�

∂m∗ + ∂B∗

∂m∗︸ ︷︷ ︸
0

)
∂m∗

∂μ
. (A3)

In the quasiparticle model, the effective mass is generally
regarded as an order parameter determined by extremal con-
ditions. The pressure should not change with the intermediate
variable. The condition ∂P/∂m∗ = 0 immediately leads to the
terms in the parentheses of Eq. (A3) being zero. Therefore
the background field B∗ can be regarded as a sum of medium
term and vacuum term B∗(μ) = B1 + B0. The medium term is
determined by the following integral,

B1 = −
∫ μ

μIR

∂�

∂m∗
dm∗

dμ
dμ, (A4)

where the lower limit μIR is the root of the equation μIR −
m∗(μIR ) = 0. At the chemical potential μIR, one has B1 = 0.
These are only excitations of the underlying fields, but they
are not “real” particles in the sense of being observable on-
shell states. So the background field B∗ can return to the
conventional bag constant B0. At larger chemical potential in
a dense medium, the confinement pressure is reduced by B1.
Thermodynamic consistency can be demonstrated by the fact
that the zero-pressure point is consistent with the minimum
value of the free energy.

Let us evaluate the first term in Eq. (A3). In the integration
of �, the upper limit pF depends on the effective mass m∗, so

we have the derivative

∂�

∂μ
= − d

6π2
p3

F − d

2π2

{
[E (pF ) − μ]︸ ︷︷ ︸

0

d pF

dμ

}
, (A5)

where the term in the brace is from the derivative of the upper
limit of the integral multiplied by the value of the integrand at
that upper limit, and it vanishes due to the definition of Fermi
energy. So the μ-dependent terms B∗ and the boundary of the
Fermi surface will not contribute apparently in the derivative
of the pressure. The quark number density n is still expressed
in the conventional formula,

n = d

6π2
p3

F . (A6)

The background field certainly contributes to the total energy
density. Therefore the energy density satisfies the basic ther-
modynamic relation

ε = −P + μn. (A7)

It can be concluded that the number density and energy den-
sity are of the same form as that of a Fermi gas with normal
particle mass.

APPENDIX B: MEDIUM-DEPENDENT
MRE FORMULATION

By employing the MRE formulation, one can investigate
matter of finite size. For the spherical volume with radius
R, the thermodynamic pressure is modified by the density of
states as,

P(μ, R, m∗) = −�(μ, m∗, ρMRE) − B(m∗). (B1)

The density of states of degererate quarks obeying confining
boundary condition with its momentum p is expressed as

ρMRE(μ, p) = 1 + 6π2

pR
fS + 12π2

(pR)2 fC, (B2)

fS (μ, p) = − 1

8π

(
1 − 2

π
arctan

p

m∗

)
, (B3)

fC (μ, p) = 1

12π2

[
1 − 3p

2m∗
(π

2
− arctan

p

m∗
)]

. (B4)

By promoting the mass to a medium-dependent quantity,
the effective mass is usually larger than the current mass.
Compared with the standard MRE formulation with fixed con-
stant mass, the larger effective mass will suppress the density
of states ρMRE in momentum space. Fortunately, the additional
term B will compensate the effect. This can be understood by
the total derivative of the pressure with the chemical potential,

dP

dμ
= −∂�

∂μ
−
(

∂�

∂m∗ + ∂�

∂ρMRE

∂ρMRE

∂m∗ + ∂B∗

∂m∗︸ ︷︷ ︸
0

)
dm∗

dμ
.

(B5)
Similar to Eq. (A3), ∂P/∂m∗ = 0 leads to the term in the
parenthesis being zero. Then we can obtain the bag function
B∗(μ),

B∗(μ) = B1 + B2 + B0. (B6)
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The B1 term is the same as the result of bulk matter in
Eq. (A4). The term B2 due to the μ-dependence of the density
of states is

B2 = −
∫ μ

μIR

∂�

∂ρMRE

∂ρMRE

∂m∗
dm∗

dμ
dμ. (B7)

The remaining derivative of � with respect the chemical po-
tential can be evaluated as following,

∂�

∂μ
= − d

2π2

{∫ pF

�IR

ρMRE(μ, p)d p

+ [E (pF ) − μ]︸ ︷︷ ︸
0

ρMRE(μ, pF )
d pF

dμ

− [E (�IR ) − μ] ρMRE(μ,�IR )︸ ︷︷ ︸
0

d�IR

dμ

}
. (B8)

The second term is zero due to the same Fermi energy as in
bulk matter. The third term corresponds to the lower limit,
which is zero by virtue of the infrared condition. So the
quark number density n is in the conventional expression as

expected,

n = dP

dμ
= −∂�

∂μ
. (B9)

This is a direct consequence of the thermodynamic self-
consistency. It will not be changed by the effective mass in
the MRE formulation.

In conclusion, the density of states should be modified
by employing the effective quark mass. From the pressure
function (B1), the modified density of states ρ ′

MRE can be
formally regarded as

ρ ′
MRE = ρMRE +

∫ μ

μIR

∂ρMRE

∂m∗
dm∗

dμ
dμ. (B10)

The additional term compensates the supression of original
ρMRE. The derivative of the density of states with respect to
the effective mass is

∂ρMRE

∂m∗ = − 3

2R

1

E2
+ 3

2R2 p3

[
− 1

x(1 + x2)
+ arctan(x)

x2

]
,

(B11)

with the dimensionless parameter x = m∗/p.
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