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Quadrupole spectra derived from 2.76-TeV Pb-Pb identified-hadron v,(p,) data
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p.-differential quantity v,(p,) is meant to measure elliptic flow manifested by a dense QCD medium formed
in high-energy nucleus-nucleus collisions. Elliptic flow may be referred to more neutrally as a cylindrical
quadrupole component of the transverse motion of particle sources within a collision. As defined, v,(p;)
relies on an implicit assumption that almost all produced particles emerge from a single source. This article
describes a detailed study of the algebraic structure of v,(p,). A procedure is developed to derive a common
monopole boost (“radial flow”) value and quadrupole p, spectra for several hadron species. The method is
applied to v,(p,) data for four hadron species from 2.76-TeV Pb-Pb collisions. According to available v, (p,)
data the assumption of a single dominant particle source within A-A collisions is unjustified. Combined with
a previous study of quadrupole amplitude variation for 200-GeV p-p collisions these results demonstrate that
quadrupole structure is related to a novel QCD process separate from projectile-nucleon dissociation and
jet production. Given quadrupole evolution it is unlikely that a hydrodynamic description is relevant to that

process.
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I. INTRODUCTION

In data from high-energy nucleus-nucleus (A-A) collisions
an azimuth quadrupole component of two-dimensional (2D)
angular correlations on (7, ¢) denoted by symbol v, has
been attributed to elliptic flow. That assignment can be re-
lated to a statement in Ref. [1]: “We show that anisotropies
in transverse-momentum distributions provide an unambigu-
ous signature of transverse collective flow in ultrarelativistic
nucleus-nucleus collisions.” As such, v, data have played a
central role in supporting arguments claiming achievement
of a quark-gluon plasma (QGP) [2-5]. According to a con-
ventional flow narrative elliptic flow should be sensitive to
the early stage of high-energy A-A collisions where quarks
and gluons are believed to be more-likely degrees of free-
dom. Correlation data demonstrating the presence of elliptic
flow might thus confirm large energy and matter densities
and copious parton rescattering to achieve a thermalized
QGP [6].

The Relativistic Heavy Ion Collider (RHIC) experimental
program has seemed to provide strong evidence confirming
what may be called a flow-QGP narrative based on data
obtained with certain preferred measures and techniques. It
was therefore concluded in 2005 that a “strongly coupled
QGP” or “perfect fluid” is formed in central Au-Au colli-
sions at RHIC energies [2]. However, one should distinguish
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between (a) the conjectured mechanism of elliptic flow and
(b) the observed phenomenon of a cylindrical quadrupole’
on azimuth near midrapidity. The existence of (a) might
imply (b) but observation of (b) does not require (a) and
other observations may falsify (a). The present study ap-
plies novel analysis methods to recent Large Hadron Collider
(LHC) vy (py, neh) data for identified hadrons. Some analysis
results appear to contradict essential elements of a flow-QGP
narrative.

Extensive studies of 2D angular correlations [7-10] have
established that there are two main contributions to an ob-
served azimuth quadrupole: (a) a nonjet (NJ) quadrupole
component and (b) a jet-related quadrupole contribution
derived from a same-side (on azimuth ¢) 2D jet peak repre-
senting intrajet angular correlations. Contribution (b) is often
referred to as “nonflow” without acknowledging the dominant
jet mechanism.

The NJ quadrupole may be isolated accurately from jet-
related and other contributions by model fits to 2D angular
correlations [10,11]. However, there has been a number of
vy “methods” denoted v;{method} applied to data analysis,
including v,{2} (two-particle), v,{4} (four-particle), v,{EP}
(event-plane), v,{LYZ} (Lee-Yang zeros), and v,{SP} (scalar
product)?. Methods are described as having varying sensitivi-
ties to “nonflow” biases.

Although quadrupole or v, data have played a central role
in claims of QGP formation, hadron production near midra-
pidity appears to be dominated by two other mechanisms

! As in multipole expansion of sound emitted from a long cylinder.
2SP is also used in this text to denote single-particle spectra.
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according to data: (a) longitudinal projectile-nucleon dissocia-
tion (soft) and (b) transverse large-angle parton scattering with
jet formation (hard). The two mechanisms form the basis for a
two-component (soft 4+ hard) model (TCM) of hadron yields,
spectra and correlations [9,10,12-14]. The TCM then pro-
vides an essential context for interpretation of NJ quadrupole
data.

To better understand the relation between the NJ
quadrupole and hydrodynamic (hydro) theory expectations
for flows (Sec. II), va(p;, nen) data for three species of
identified hadrons from 200-GeV Au-Au collisions were pro-
cessed to obtain their quadrupole spectra [15] (Sec. III).
The quadrupole spectra were found to be consistent with
emission from a common boosted (i.e., moving) source. The
inferred narrow boost distribution then suggested emission
from an expanding thin cylindrical shell [6]. Three spectra
were found to be equivalent modulo rescaling by factors
consistent with a statistical model of hadron abundance [16].
Quadrupole-spectrum parameters were quite different from
those for single-particle (SP) spectra for most hadrons pro-
duced within the same collisions. The study concluded that
the NJ quadrupole may be independent of most hadrons and
represent a unique mechanism unrelated to a flowing medium.

In the present study quadrupole spectra are obtained for
2.76-TeV Pb-Pb collisions (Sec. IV). Significant variation
of monopole boost Ay, with ng, event class is observed,
but collision-energy variation of v,(p,) is negligible. Major
results are as follows: (a) Variation of the quadrupole corre-
lation amplitude (correlated pair number) with event n., over
six orders of magnitude is observed for p-p andA-A collisions
combined, revealing underlying simplicity (Sec. V D). (b) The
quadrupole amplitude increases with collision energy by two
orders of magnitude from Super Proton Synchrotron (SPS) to
LHC energies, whereas conventional measure v, appears to
saturate at a constant value above 50 GeV (Sec. VF). The
overall results suggest that the azimuth quadrupole source
corresponds to novel QCD color quadrupole radiation that
may be compared with dijet production as color dipole ra-
diation. It is unlikely that a hydrodynamic description is
relevant.

This article is arranged as follows: Section II defines
methods specific to inference of azimuth quadrupole spectra.
Section IIT reviews a previous quadrupole spectrum analy-
sis of 200-GeV Au-Au data. Section IV extends quadrupole
spectrum analysis to data from 2.76-TeV Pb-Pb collisions.
Section V reviews quadrupole-spectrum multiplicity and
collision-energy trends. Section VI discusses systematic un-
certainties. Sections VII and VIII present discussion and
summary. Appendix A reviews the relativistic kinemat-
ics of boosted hadron sources and Appendix B describes
single-particle identified-hadron spectra used in the present
study.

II. QUADRUPOLE SPECTRUM METHODS

Reference [17] provides an early analysis framework for
flow measurement at the RHIC and LHC derived from the
context of nucleon flow as observed at the Bevalac [18]. At
lower energies most of the collision system may participate

in collective motion of nucleons and there is no significant
jet production. In that case one might assume emission from
a flowing nucleon distribution as the only particle source.
Almost all emitted nucleons may then share a common boost
distribution. It follows from Eq. (1) of Ref. [17] that

S de, cos)p(pr, 1)
2T dgp(pi, br)

where p(p;, ¢,) represents a total particle density averaged
over a small 5 interval at midrapidity and ¢, = ¢ — W, is rel-
ative to some reaction-plane angle W,. The assumption of an
eventwise reaction- or event-plane angle W, relating to almost
all produced particles and to be estimated from particle data
is fundamental to that approach. Reference [19] demonstrates
in its Sec. I'V B that the event-plane { EP} method reduces to a
manipulation of two-particle correlations that does not require
an actual reaction plane or an event-plane estimate. Note
that a number of methods emphasizing cumulant analysis
[20] and/or subevents [21] does not require explicit estima-
tion of a reaction plane. However, v, measurement scenarios
related to Eq. (1) assume a single dominant “quadrupole”
hadron production mechanism represented there by p(p;, ¢,).
More-recent analysis of RHIC and LHC data reveal two
dominant nonquadrupole production mechanisms (nucleon
dissociation and dijets) that exhibit no significant evidence
for source boosts. Conventional v, measures thus appear to
conflate three hadron production mechanisms as discussed
below.

v(pr) = — (cos(2¢,))(p1), (1)

A. v(p,) at RHIC and LHC energies

At RHIC and LHC energies participant nucleons dissociate
into hadron fragments, and there is copious jet production
arising from parton binary collisions within N-N collisions.
That description runs counter to what might be described as
a flow-QGP narrative in which almost all produced hadrons
emerge from a dense flowing partonic medium (QGP) ex-
trapolated from the Bevalac scenario and represented by
monolithic density p(p;, ¢,). The density relevant to the de-
nominator of Eq. (1) is different from the numerator, and the
second line of Eq. (1) is therefore not valid. An alternative ap-
proach is required: numerator and denominator are considered
separately.

What one observes for the denominator of Eq. (1), the
azimuth average of total particle density p(p;, ¢,), may be
described as a monopole spectrum py(p;) represented by a
TCM that has been applied to many collision systems (e.g.,
Refs. [22-24]),

Po(P:) = (Npart /2) Psvn (Pr) + Noin Prvn (Pr)- 2

psvy and pyyy are soft and hard (jet) particle densities for
N-N (= p-p) collisions. Ny,/2 (participant-nucleon pairs)
and Mpin (N-N binary collisions) describe A-A collision geom-
etry. Monopole spectra exhibit no significant transverse boost
(radial flow) for any system [25].

The numerator of Eq. (1), Va(p;) = po(p:)v2(py), is a
Fourier amplitude corresponding to a cos(2¢) term and de-
rived from 2D angular correlations on (7, ¢). At RHIC and
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LHC energies jets contribute strongly to such correlations.
Different correlation analysis methods (e.g., as described in
Ref. [17]) may or may not distinguish between jet contribu-
tions (called “nonflow”) and “flow.”

For this article, angular correlations on (7, ¢) are separated
into a NJ quadrupole [cos(2¢)] component independent of
n and other structure dominated by jets. The NJ quadrupole
component may be accurately isolated via model fits to 2D
angular correlations [10,23]. An example is given in Fig. 12
below. Those v, data are denoted by v,{2D}, whereas other
analysis methods are conventionally denoted by v, {method},
e.g., 12{2} or v,{4}. The relation V,{2D}(p;) = pov2{2D}(p;)
defines the quantity in the numerator below. Given that context
Eqg. (1) may be reexpressed as

V2{2D}(p;) + jet contribution

t )= — — . 3
= D b ) + Nowben )

Equation (3) is more applicable above ,/syy = 50 GeV where
the TCM accurately describes hadron and jet production
within N-N collisions dominated by low-x gluons.

For simplicity it is assumed that the collision system
includes a simple boost field as expressed on transverse
rapidity y,®> with monopole Ay,o and quadrupole Ay (¢,)
boost components. In the scenario implicit for Eq. (1) one
should expect a common flow field to be manifested in
both numerator and denominator of Eq. (1). That is, if a
monopole boost plays a significant role in the numerator,
then it should appear somehow in the azimuth-averaged
denominator. But as noted above, differential analyses of
identified-hadron A-B spectra py for RHIC [14] and LHC
[22,24,25] indicate no radial flow Ay,) component but do
establish a substantial jet-related (hard) component for all A-B
systems. Given observations the spectrum integrated in the
numerator is designated p,(p;, ¢», Ay, Ay;n) (quadrupole)
and the azimuth-averaged denominator of Eq. (1) has been
denoted po(p;) (monopole). This analysis then probes the
relationship between py and p,. Inference of quadrupole spec-
tra p, from vy(p;, nen) data requires compatible SP spectra
Po(pr, nen) = d’nen/ prd pydn and factorization of V,{2D}(p;)
via the Cooper-Frye formalism [15,26].

B. Quadrupole spectrum definition

A spectrum description for the NJ quadrupole component
may be derived from experimental v,(p;) data assuming that
(a) the quadrupole component arises from one or more hadron
sources each with an eventwise azimuth-dependent radial
boost distribution Ay, (¢,), (b) a quadrupole spectrum may be
nearly thermal in its boost frame, and (c) quadrupole sources
may produce only a fraction of the hadrons in a collision, in-
dependent of SP-spectrum py soft and hard components. That
description is consistent with a conjecture in Sec. V E that for
more-central A-A collisions multiple independent quadrupole
sources (three-gluon interactions) may be active. Given those
possibilities a ¢,-dependent spectrum at midrapidity, for those

3y.i = In[(p; + my;)/m;] for hadron species i with mass m;.

hadrons associated with the NJ quadrupole component, may
be modeled in the laboratory frame by

Pa2(my, @ )oexp{—(yi (@) m; — Bi (¢, )pi] — m)/To}
P2(r, ¢r)xexp{—m[cosh(y; — Ay, (¢,)) — 11/T2}, (4)

where the first line is compatible with the style of Ref. [26]
and the second line is based on transverse rapidity y,. A
Boltzmann exponential on m,; = m; cosh(y;;) for a locally
thermal source is assumed for simplicity. See Appendix A 1
for relevant definitions.

Based on relativistic kinematics reviewed in Appendix A
and the assumed boost model expressed by Eq. (A4) the
spectrum defined by Eq. (4) may be factored as

P2(ye, ¢r) = Az exp{—m[cosh(y, — Ayw) — 11/T>2}
x exp[m, {cosh[Ay;> cos(2¢,)] — 1}/T3]
x exp{p; sinh[Ay cos(2¢,)]/T>}
= 20> Ayio) X Fi(ye, ¢r, Ayi2)
X B>(ye, ¢r, Ayi), (%)

where primes indicate momenta in the boost frame. The
last line defines azimuth-dependent factors Fj(y;, ¢,) and
F,(y:, ¢,) in terms of monopole and quadrupole components
of radial boost. The objective is azimuth-averaged quadrupole
spectrum p(y;, Ayy) emitted from a conjectured boosted
hadron source as one factor of Fourier amplitude V,(p,) in-
ferred from v, (p;) measurements.

Given azimuth-dependent spectrum p,(y;, ¢,) defined by
Eq. (5), its quadrupole-related Fourier amplitude is

1 M2
Vi) = 5 / d¢, cos(2¢,)p2(yr, dr). (6)

27 J_»

The full integral over factors F; and F; in Eq. (5) is

L dorFy(ye, o) (1, @) COS(2¢r)=p§%f o), (D
2 7 2T2

where f(y;, Ayr, Ay;p) is an O(1) correction factor deter-
mined by ratio Ay;/Ay: f(y;) remains closer to 1 the
smaller is that ratio [15]. Combining factors gives for each
hadron species i

Va(yes Ayio, Ayi2) = Po(y:)v2(y;) data

Ay _
, A , 8
T P2(ys, Ayio) (8)

/
%pz

establishing a direct relation between v;;(y,) data and
quadrupole spectra py;(y;, Ayy). p, is p; in the boost frame,
T, is the quadrupole-spectrum slope parameter, Ay, is the
monopole source boost, and Ay, is the amplitude of the
source-boost quadrupole modulation. v;(y,) data might con-
flict with that simple model to reveal a monopole source-boost
distribution on Ay, corresponding to Hubble-like expansion
of a dense bulk medium. Note that while ¢, = ¢ — W, appears
in formulas for this subsection there is no apparent need to
determine W, experimentally, and a global reaction plane may
be irrelevant. These formulas should be understood to apply
to individual quadrupole emissions as discussed in Sec. VE.
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C. Inferring p,(y;, Ay,) from measured v,(y,) data

A quadrupole spectrum may be inferred from measured
quantities by the relation (for fixed monopole boost Ayy)

b (y)Uz()’z) _ { P; } {Vz(l_ﬂt)}
o Pt pevi(l—B) 2T,

X f (e, Ay, Ayia) Ay p2(yr, Ayio). (9)

The quantities on the left are measured experimentally. Di-
visor p; is introduced on the left as a trial value and is later
replaced by boost-frame p), if boost Ay, is inferred from data.
02y, Ayro) on the right is the sought-after quadrupole spec-
trum. Power-law exponent n, and 7, common to all hadron
species may be estimated from the p»(y;, Ay,p) spectrum
shape inferred from data as illustrated below. The first factor
on the right, shown in Fig. 18 (right), is determined only by
Ay, and deviates from unity only near a zero intercept on y,.
The numerator of the second factor (*20.55) is also determined
by Ay,o. Thus, factors in the first line on the right and the
shape of p,(y;, Ay,o) are determined by data on the left.

III. 200-GeV Au-Au QUADRUPOLE SPECTRA

Given the above framework, a corresponding procedure is
applied to infer quadrupole spectra py; (v, nich ) from 200-GeV
Au-Au v,(p;) data for three hadron species. The proce-
dure consists of a sequence of transformations that may be
described as homeomorphisms which better present the infor-
mation carried by v, data. Below is a summary of a Au-Au
analysis reported in Ref. [15]. Note that certain data have been
corrected based on recent information as summarized in the
beginning of Sec. V A.

A. NJ quadrupole v,(p;) data in two formats

Figure 1 (left) shows 200-GeV v, (p,) data for three hadron
species versus p, in a conventional plotting format averaged
over 0-80% Au-Au centrality [27,28]. The curves extending
off the top edge of the panel are v, & p; as in Eq. (17) and
Fig. 16 (left) reflecting expected ideal-hydro trends for a sin-
gle boost value Ay,o = 0.6 that describe v, data for p;, <2
GeV/c. For Hubble-like expansion of a bulk medium the
source boost distribution should be broad. The solid, dashed,
and dash-dotted curves passing through data are described in
Sec. III B. The solid triangles (7 new) represent more-recent
minimum-bias (MB) 200-GeV pion data with higher statistics
[29] that were encountered after Ref. [15] was published.

Figure 1 (right) shows the same data divided by p,(lab)
and plotted versus transverse rapidity y,; with proper mass
m; for each hadron species i. It is notable that the data for
three hadron species pass through a common zero intercept at
v, &~ 0.6 (— Ay) consistent with emission from an expand-
ing thin cylindrical shell [6]. The “ideal” curves approaching
a constant value at larger y, correspond to the “ideal-hydro”
trends from the left panel. The v,(p;) data in contrast fall
sharply away from the hydro trends. That falloff has led to in-
ference of low n/s (viscosity/entropy) values [32] with claims
of “perfect fluid” formation [2]. An explanation in terms of the
ratio structure of v,(p;) in Eq. (3) is presented in Sec. VII B.

0.3

v,(py)

0.251

p,(lab) (GeV/c)

¥ (TK,p)

FIG. 1. Left: v,(p;) data for three hadron species plotted in a
conventional format. The kaon and A data are from 0-80% central
200-GeV Au-Au collisions [28]. Data representing pions (solid dots)
are hadron data for 16-24% 130-GeV Au-Au collisions scaled up
by 1.2 [27]. Newer 200-GeV pion data extending beyond 6 GeV/c
(solid triangles) are from Ref. [29]. Right: The same data plotted as
ratio v,(p;)/p:(lab) on transverse rapidity. The curve labeled R is
an earlier viscous-hydro prediction for identified protons [30]. The
curve labeled S is a more-recent prediction for protons [31]. See
Fig. 2 (left). Solid, dashed, and dash-dotted curves through data are
described in Sec. III B.

Figure 2 (left) shows an expanded view of Fig. 1 (right)
for A baryons compared to an earlier viscous-hydro theory
curve for protons (dotted curve R) [30] and a more-recent
curve (bold dotted S) from Ref. [31] also for protons. The
quadrupole source-boost distribution is best determined in this
case by protons or As for two reasons: (a) For a given detector
ps-acceptance lower bound, data distributions on y, extend
to a lower value for more-massive hadrons since y,; & p,/m;
at lower p;. The vertical dotted line marks a lower limit for
protons or As, whereas the corresponding limit for pions is
near y; = 1. (b) Given Ay;o & 0.6, data from heavier hadrons
with more-limited statistics would provide little additional

] BEREEEEEEEEsmm
wv.,,, ideal hydro T2N200 GeV Au-Au_|
§ N minbias

=
S
PR ST 4
Q. ~_ =
IRl
CERCE -
Ay = 0.6 o > e
T,=90MeV | =10 |
............................................ I -6/
1 @10 = |
200 GeV Au-Au | %l
210 | .
gy A
L I L L s 10 Ll T IR
1 2 0 1 2 3 4 5

Y(A) y(t,K,p)

FIG. 2. Left: A data from Fig. 1 (right, open points) on an ex-
panded y, scale compared to older viscous-hydro theory curve R for
protons [30] and more-recent hydro result S (10-20% central Pb-Pb)
[31] also for protons. The open boxes are more-recent A data for
0-10% central Au-Au collisions [29]. The dotted line marks a de-
tector acceptance limit for charged hadrons at p, &~ 0.15 GeV/c. The
curve marked “ideal hydro” is simply proportional to p, = p,(boost).
Right: Data from Fig. 1 (right) multiplied by SP spectra in the form
(2/Npart) o (y; ) derived from hadron spectra in Ref. [14]. The curves
are described in the text.
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FIG. 3. Data from Fig. 2 (right) divided by kinematic factor
p,/p; defined in Eq. (A2) and transformed to m, (boost) — m;. Those
data, rescaled by the factors indicated on the plot, then coincide on
a single locus modeled by distribution S‘Q(m;) (solid curve). S, (m,)
spectrum model parameters are quite different from those for SP
hadron spectra [14,23].

information. The open squares are recent A data for 0-10%
Au-Au collisions [29] that follow a trend with significant
negative values below the intercept near y, = 0.6 and confirm
the dash-dotted trend predicted by Ref. [15]. Viscous-hydro
results S from the more-recent theory [31] are discussed in
Sec. VIIC.

B. Quadrupole spectra inferred from v,(p,) data

Figure 2 (right) shows data (points) from Fig. 1 (right)
multiplied by SP spectra in the form (2/Npart)00;(y;) for each
hadron species to obtain (2/Npar)V2i(y:i)/p:(l1ab). Solid tri-
angles represent more-recent MB 200-GeV pion data with
higher statistics [29] as in Fig. 1. That figure corresponds to
Fig. 9 of Ref. [15].

The SP spectrum for 200-GeV pions is shown in Fig. 20(a)
of Appendix B for comparison with 2.76-TeV Pb-Pb spectra.
Spectra for the lower energy are somewhat softer as expected.
The data in Fig. 2 (right) then include by construction a factor
P,/ p: relative to quadrupole spectrum 0, (y;, Ayso) as defined
by Eq. (9). Curves through data are back-transformed from
a universal quadrupole spectrum on n;; — m; (solid curve in
Fig. 3) with (dashed) and without (solid) factor p|/p, de-
rived from Eq. (A2) that includes factor y, (1 — ;) ~ 0.55 for
Ay, ~ 0.6.

Figure 3 shows quadrupole spectra on mj, —m; in the
boost frame for three hadron species as defined by the y-
axis label. The laboratory-frame quadrupole spectra (points)
in Fig. 2 (right) are multiplied by p,/p, = p;(lab)/p, (boost)

(since Ay, is approximated from the data common zero in-
tercept in Fig. 1, right), transformed to y, in the boost frame
by shifting data and curves to the left on y, by Ay,o (hence
Ay;o — 0), and transformed to densities on m;; — m; with
Jacobian y/,/(m;; — m;)p,. The v,/p, data errors have been
similarly transformed assuming that SP spectrum errors are
negligible. The resulting spectra, rescaled relative to pions
with statistical-model factors indicated on the plot, are found
to coincide precisely over the entire m;; acceptance. Note that
A data extend to p, = 5.6 GeV/c in the laboratory frame but
only 3 GeV/c in the boost frame (or m]; — m; = 2.25 GeV/c?).
The new pion data (solid triangles) extend to 6.5 GeV/c in
Fig. 1 (left) and fall exactly on curves back transformed from
8,(m(,) in Fig. 3 that was determined before the new data were
encountered. The data cover a p, interval far beyond what
is conventionally assumed valid for hydro treatments (e.g.,
pr < 3 GeV/ce for Ref. [31]).

Solid curve 8,(m],) is an exponential with power-law tail
having parameters (n,, T>) indicated on the plot. As noted,
that function is back-transformed to generate solid, dashed,
and dash-dotted curves through data in previous figures.
Up to an overall constant, three numbers—Ay,y = 0.6, T, ~
93 MeV and ny, ~ 14—accurately describe all MB v, (p;)
data for three hadron species. Those hadrons associated with
the NJ quadrupole appear to follow a unique spectrum rep-
resenting not Hubble-like expansion of a bulk medium but
rather a thin shell expanding with fixed speed. The quadrupole
spectrum is quite different from the SP p, spectrum describ-
ing most hadrons. These data include factor f(y;, Ay:o, Ays2)
from Eq. (9) that raises the apparent tail at larger m,. Power-
law exponent n, = 14 may thus be a lower limit.

IV. 2.76-TeV Pb-Pb QUADRUPOLE SPECTRA

The 200-GeV quadrupole spectrum analysis reported in
Ref. [15], based on MB wv,(p;) data for identified hadrons
with limited statistics, established a novel analysis method.
Recent vy (p;, nen) data from the LHC offer the possibility
of high-statistics analysis including collision-energy and A-
A centrality dependence of quadrupole spectra. The Au-Au
analysis of MB data is here extended to cover centrality
dependence of Pb-Pb data, including variation of monopole
boost Ay (7ch ).

A. 2.76-TeV Pb-Pb v,(p;, ny,) data

Figure 4 shows published v,{SP}(p;, n.,) data for four
hadron species from 15 million 2.76-TeV Pb-Pb collisions
in seven centrality bins: 0-5%, 5-10%, 10-20%, 20-30%,
30-40%, 40-50%, and 50—-60% [33]. The method employed
for that analysis is the so-called scalar-product (SP) method
[34]. Error bars represent statistical plus systematic uncer-
tainties combined in quadrature. This conventional plotting
format conceals essential information carried by v, (p;, nch)
data (e.g., details of Ay,() that may be relevant to hydro the-
ory. The first step in reduction of differential v, (p;, ne,) data
to common loci is to rescale data with measured p,-integral
Vo (nep) values.
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FIG. 4. v,(p,, n,) data for four hadron species from seven cen-
trality classes of 2.76-TeV Pb-Pb collisions [33]. Bars represent
statistical and systematic errors combined quadratically. Line styles
proceed from most-central data as solid, dashed, dotted, and dash-
dotted with solid thereafter.

B. Transforming v,(p;, n.,) data to common loci

To test the extent of variation with centrality and collision
energy of LHC versus RHIC v,(p,, nep) data the v, data
are here rescaled by integral v,(n.,) values for each energy.
Comparisons provide a detailed differential study. Note that
within this study event classes are denoted by an associated
event-class index n., (within some fiducial 1 acceptance)
rather than a cross section ¢ or impact parameter (central-
ity) b. That strategy follows from the discovery that classical
Glauber Monte Carlo determination of collision geometry is
questionable [22,35].

Figure 5 (left) shows 2.76-TeV wv,{4}(n.,) data (solid)
[36] versus Pb-Pb centrality measured by fractional cross
section o /op. Open symbols are 62 and 200-GeV Au-Au
v2{2D}(n.y) data obtained from model fits to 2D angular cor-
relations [37]. The 62-GeV data are 10% lower per the energy
trends in Fig. 15 (right). The dotted curve describing 200-GeV
data is derived from Eq. (10) [11,38],

(20 /Npart A0 (2D} (ncn) = 0.0022Npin€ o (men).  (10)

The 200-GeV NSD p-p point is derived from sz = pgv§ ~
0.006 in Fig. 13 (left) — v, & 0.03 with py ~ 2.5. v2{4}(ncn)
data (solid) are used to rescale the v, {SP}(p;, n.n) data below
that test factorization of v,{SP}(p;, ncn). This format may be
used to compare different datasets but has the disadvantage of
relying on a questionable classical Glauber model for central-
ity determination [35]. Figure 5 (right) is discussed below.
Figure 6 shows data from Fig. 4 rescaled by factor
1/vy(nen), where vy (ney) is Pb-Pb v,{4}(n.,) data in Fig. 5
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FIG. 5. Left: v2{4}(ne) p;-integral data for eight centralities of
2.76-TeV Pb-Pb collisions (solid points) [36] compared to 62- and
200-GeV v,{2D}(n.,) data trend (open points [11,37]) and 200-
GeV Eq. (10) (dotted curve) [11,38]. The 200-GeV p-p point is
described in the text. Right: Quadrupole source boosts Ay,o(n,) for
seven centralities of 2.76-TeV Pb-Pb collisions (points) inferred from
vy (py, nen) data in this study.

(left). The bold dashed curves are the curves passing through
200-GeV MB v,(p,) data in Fig. 1 (left) derived in Ref. [15]
divided by 200-GeV v,(MB) = 0.055. The solid triangles in
Fig. 6(a) are derived from more-recent MB 200-GeV pion data
with higher statistics [29] that agree well with rescaled LHC
data. Compare Fig. 6(a) with Fig. 1 (left). Note that the two
highest curves in each panel are the two most-central event
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FIG. 6. Data from Fig. 4 rescaled by factor 1/v,{4}(n.,) derived
from 2.76-TeV Pb-Pb v,(n,) data in Fig. 5 (left). Bold dashed curves
here are the same that appear in Fig. 1 (left) (three line styles there
for 200-GeV MB data [15] scaled by factor 1/0.055. Solid triangles in
panel (a) are recent high-statistics 200-GeV pion data from Ref. [29]
that agree with rescaled LHC data. High curves in each panel are the
two most-central event classes. Similarly for Figs. 7 and 8.
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FIG. 7. Rescaled v,2(p,, ney) data from Fig. 6 divided by p, in the
laboratory frame for two hadron species. A systematic variation in
the apparent source boost (zero intercept) is apparent. The hatched
bands indicate the nominal monopole boost Ay,o = 0.6 inferred in
Ref. [15] from 200-GeV Au-Au MB v, data.

classes. As a ratio of two spectra v,(p,) tends to have large
statistical errors at higher p,, whereas for v,(p;)/p; in Fig. 8
the apparent fluctuations are much reduced. And in Fig. 10
[where single-particle spectra have been removed from ratio
v2(p;)] the error bars are smaller than the points over the entire
p; range.

Figure 7 shows data for kaons and protons from Fig. 6
divided by p; in the laboratory frame and plotted on proper y,

[S]

2 B )
= 1750 =
> = >
Z 15 =
= F =
= 1250 E]
= 1f =
= 0.75F =
2 0sl 2
& ook &
= 0.25) =
OF b
-0.25 - :
ML I AR NS A
-0.5 -0.5 T R R |
¥(m,K,p) ¥(1,K,p)
= I g TS
= L7585 ; protons - « 1751 : Lambdas
3 1.5: K (c) E 3 1.5: ; (d) E
& 125 1= 125} :
s 1F ER-E 1S E
= 075} 4= 075 =
2 1= "t )
s 05 1a 05t %200 GeV
= 0.25) 150250
0F B 0f- =
-0.25[ 1 -0.2s)
Loty L L L T E. ot coa b b
VST T 23 3 5 Yo 1T 23 7 s

¥(1,K,p) ¥(1,K,p)

FIG. 8. Data prepared as in Fig. 7 but shifted on y, to a common
source boost Ay,p = 0.6 based on the boost trend in Fig. 5 (right).
The dashed curves are from Fig. 1 (right). The solid triangles in
panel (a) are more-recent high-statistics 200-GeV pion data from
Ref. [29]. Error bars are included for data in (a) and (b) but would
obliterate any detail for data in (c) and (d). Solid curve S in panel
(c) is a viscous-hydro prediction reported in Ref. [31] for protons
from 10-20% central 2.76-TeV Pb-Pb .

for each hadron species as in Fig. 1 (right). The bold dashed
curves in this figure correspond to those in Fig. 1 (right),
again divided by v,(MB) = 0.055. The general trend is a zero
intercept near y; = 0.6 (dashed) as in the 200-GeV MB study,
interpreted as a boost common to several hadron species.
However, close examination of those data reveals systematic
variation of source boost Ay, (i.e., ¥, zero intercept) with
event-class index ngy.

Figure 5 (right) shows boost deviations (from 0.6) required
to bring data as in Fig. 7 onto a common locus corresponding
to source boost Ay,o = 0.6.

Figure 8 shows data from Fig. 6 divided by p; in the labo-
ratory frame and plotted on proper y, for each hadron species
as in Fig. 1 (right). In this case the 2.76-TeV data for seven
centralities are shifted on y; according to Fig. 5 (right), thereby
emulating a common fixed boost Ay,g = 0.6. The data for
each of four hadron species coincide over seven Pb-Pb cen-
tralities within their uncertainties and with equivalently scaled
200-GeV MB trends (dashed). Those results demonstrate that
within point-to-point uncertainties ratio vy(py, ficn)/V2(fch) 18
the same in shape and magnitude at 200 GeV and 2.76 TeV.
In Fig. 8(c) the solid curve S represents a viscous hydro
prediction [31]. Also in Fig. 8(c) strong negative excursions
below y, ~ 0.6 may provide information about a monopole
boost distribution. See Sec. VIID and Fig. 17.

C. SP spectra versus quadrupole spectra

The next step in deriving quadrupole spectra requires SP
spectra for identified hadrons compatible with v, (p;, n1ch)
data. PID spectra for 2.76-TeV Pb-Pb collisions are
obtained from Ref. [39]. Since data trends (shape variations)
in Fig. 8 do not change significantly with centrality, v, data
for 30—40% central are adopted as representative. That choice
minimizes possible jet (nonflow) contributions relative to NJ
quadrupole and facilitates spectrum modeling to obtain corre-
spondence with p; values for v, (p;, ncn) data as in Fig. 20 of
Appendix B.

Figure 9 (left) shows data for four hadron species in Fig. 8
multiplied by v, (n.p) (to remove the previous rescale) and by
corresponding SP spectra py; as X;(y;) (see Appendix B). The
data are then in a form proportional to Eq. (9). The crosses
are additional 5-10% central proton data to demonstrate low-
v, behavior for an event class proximate to Ay,) =~ 0.6. See
Fig. 17 (right). Curves through v,(n.,)/p; data in Fig. 1
(right) are processed similarly to obtain several dashed curves
through 2.76-TeV data in this panel. Solid curves are copied
from the right panel for comparison. Solid points are 200-GeV
pion data from Fig. 2 (right) rescaled to match higher-energy
data at lower y, for comparison. This panel corresponds to
Fig. 9 of Ref. [15].

Figure 9 (right) shows data from the left panel (lab frame)
divided by factor p)/p; from Eq. (A2) and transformed to
the boost frame (shifted left by Ay, = 0.6) to obtain data
proportional to quadrupole spectra py;(y;;, ich) for four hadron
species. The solid curves here are dashed curves from the
left panel treated the same. The last step is transformation to

’
m,; — m.
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FIG. 9. Left: The 2.76-TeV data and 200-GeV dashed curves
from Fig. 8 multiplied by corresponding SP spectra in the form
X;(y) for the 30—40% centrality class of 2.76-TeV Pb-Pb collisions
(rescaled as in Appendix B). The crosses are proton data for 5-10%
central Pb-Pb. The solid dots are 200-GeV pion data from Fig. 2
(right) rescaled to match Pb-Pb data at lower y,. Right: Pb-Pb data
and dashed curves from the left panel divided by ratio p;/p, derived
from Eq. (A2) and shifted by Ay,y = 0.6 to the boost frame. The
transformed dashed curves become the solid curves which are re-
peated also in the left panel for comparison (but in the laboratory
frame).

Figure 10 shows quadrupole spectra for four hadron
species transformed to densities on m;; — m; and rescaled as
noted on the plot (corresponding to 200-GeV results in Fig. 3
from Ref. [15]). Above 0.5-GeV/c? the spectra coincide as
for 200-GeV data but below that point there are significant
deviations. Otherwise, quadrupole spectra for four hadron
species at 2.76 TeV are well described by a single model
function S‘z(mt’ ) (bold solid curve) with T, ~ 93 MeV and
ny ~ 12. The dash-dotted curve is the Boltzmann-exponential
E equivalent with 1/n; — 0. Those results may be compared
with 7, &~ 93 MeV and n, & 14 for 200 GeV pion data from
Fig. 3 (solid dots, inverted triangles, and thin solid curve)
rescaled to match 2.76-TeV results at lower m;. The dashed
curve is proportional to pion SP soft component Sy(m,) for
2.76-TeV p-p collisions [13] plotted in the boost frame for
comparison. The quadrupole spectrum is clearly quite distinct
from the SP-spectrum S soft component.

The data-derived quantity in Fig. 10 is proportional to

Vai(my, ncn)
———=2 = f(m), Ay, Ayi)
Pr
Ayp ]
X{ T p2i(m;, b, Tr, ny)

~ { Ay } _ a ,
R P2i(nen) S2(my, T, ny)  (11)
2D

plotted as points for four hadron species. The function
f(m], Ay, Aysp) is unity at lower m, but increases monoton-
ically with increasing m; at a rate determined by the unknown
ratio Ay /Ayr. Exponent n, & 12 is then a lower limit for
the actual quadrupole spectrum. Unit-normal S’z(m;, T, ny)
estimates the functional form of a universal quadrupole spec-
trum shape for 2.76 TeV.

Product Ay, p»i(nch) represents the “amplitude” of the NJ
quadrupole. In turn, py; = zp;0> expresses a relation similar
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FIG. 10. Data from Fig. 9 (right) transformed to m;, — m; and
rescaled (relative to pions) as indicated in the plot. Error bars
for pion data are increased threefold for visibility. The bold solid
curve is model distribution S, (m;) that describes rescaled 2.76-TeV
data. Dash-dotted curve E is the Boltzmann-exponential limit for
T, = 94 MeV. The dashed curve is proportional to SP soft component
So(m,) for unidentified hadrons from 2.76-TeV p-p collisions derived
in Ref. [13]. The thin solid curve, solid squares, and inverted solid
triangles are the 200-GeV quadrupole spectrum from Fig. 3 rescaled
to match 2.76-TeV data at low m, for shape comparison.

to that for SP spectrum integrals py; = zo; 00, Where fractional
abundances zp; may be consistent with the statistical model
[16]. Figures 3 and 10 suggest that zp; &~ zp; At present there
is no clear way to determine factors Ay, and ps(n.,) sepa-
rately but limiting cases may be considered. The condition
Ay < Ayyo (positive-definite boost) determines a lower limit
on quadrupole density p,. Comparison of the distinctive shape
of the NJ quadrupole spectrum (cutoff at Ay, and very soft
spectrum) with SP spectra may establish an upper limit on
02. In Ref. [15] an upper limit on pion p, of 5% of py was
estimated by such a comparison. Section VII B presents some
additional criteria for estimation.

D. Mesons, baryons, and NCQ scaling

In Fig. 5 of Ref. [33] v,(p,) versus p, data are shown
for eight hadron species plotted together for each of seven
Pb-Pb centralities. Concerning that figure, “[a] clear mass
ordering is seen for all centralities in the low-p; region (i.e.,
pr < 3GeV/c), attributed to the interplay between elliptic
and radial flow. For higher values of p, (i.e., p, > 3 GeV/c)
particles tend to group [vertically] according to their type, i.e.,
mesons and baryons.” Subsequently, two alternative plotting
formats are considered as forms of “scaling” in which x and y

034911-8



QUADRUPOLE SPECTRA DERIVED FROM 2.76-TeV ...

PHYSICAL REVIEW C 114, 034911 (2026)

variables are multiplied by factors apparently intended to test
various hypotheses.

In its Fig. 8 data are replotted after “NCQ [number of con-
stituent quarks] scaling” wherein x and y variables are each
divided by a number of quarks n,: two for mesons and three
for baryons. This has the effect of reducing displacements on
p; atlower p, associated with “mass ordering” and the vertical
differences between mesons and baryons at higher p;. The
result is conventionally seen as confirming a model in which
quarks dominate collision dynamics earlier in the collision,
and hadronization proceeds by quark coalescence [40-42].
However, in its Fig. 9 ratios of scaled data to proton data show
large deviations above and below unity depending on hadron
species.

In its Fig. 10 data are replotted according to m; scaling.
That is, the x axis is transformed from p;, /n, to (m;; — m;)/n,.
Displacements on the x axis at lower p, are further reduced
from those in Fig. 8 but vertical displacements at higher p,
remain unchanged. Its Fig. 11 shows that large deviations
persist among hadron species.

Figure 11 considers Ref. [33] scaling exercises in the con-
text of the present study. The symbol sizes are reduced to
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FIG. 11. (a) va(p,) data vs p, for pions, charged kaons, protons,
and As from 20-30% central 2.76-TeV Pb-Pb collisions plotted in a
conventional format. (b) The same data plotted according to so-called
NCQ or constituent-quark scaling. (c) The same data plotted vs
“kinetic energy” or transverse mass m,; — m; for hadron species i. (d)
v2(p,) data plotted in a format corresponding to Eq. (8) per Fig. 8.
Proton and A data here are 0-5% central to emphasize their nega-
tive trends at lower y,. Different centralities are shifted to common
Ay,o = 0.6 per Fig. 5 (right). Curve S is hydro theory for protons
from Ref. [31] with upper limit near y, = 1.9. The 200-GeV dashed
curves are predictions taken from Fig. 1 (right).

make small differences visible. Figure 11(a) corresponds to
Fig. 1 (left) which has been described in detail in Sec. III. In
that section data trends in the conventional format are sim-
ply related to a single universal functional form (quadrupole
spectrum) representing a common boosted hadron source for
all hadron species.

Figure 11(b) shows that NCQ scaling reduces horizontal
displacements on p; at lower p, and likewise vertical displace-
ments at higher p, between baryons and mesons, which was
the desired effect motivating that scaling. But given the context
provided by the present study that maneuver has no physical
basis and is therefore misleading.

Figure 11(c) illustrates m; scaling wherein the separa-
tions between zero intercepts at lower p, (“mass ordering”)
corresponding to monopole boost Ay, are further reduced,
but that is also a misleading result. Because p, relates to
v, via p, = m; sinh(y;;), to good approximation at lower p,
the intercepts in (a) are located near m;Ay,y and those in
Fig. 11(b) near (m;/n,)Ay;,0. However, because m;; —m; =
m;[cosh(y;;) — 1] = miytzi/2 the intercepts in Fig. 11(c) oc-
cur near (m,-/nq,)Aytzo/Z. Since Ay, ~ 0.6, Ay?O/Z ~ 0.18.
Thus, apparent displacements in Fig. 11(c) are reduced from
Fig. 11(b) by a factor 3.

Figure 11(d) corresponds to Fig. 1 (right) and Fig. 8. The
most important result derivable from v,(p,) data is clearly
shown here as the zero intercept near Ay,g &~ 0.6. The strong
negative trend of data below that point conflicts with a viscous
hydro theory prediction (bold dotted) from Ref. [31]. Data
trends at lower p, and theory curve S are further discussed
in Sec VIID.

Data structures at higher p, are simply related to statistical-
model hadron abundances and to the fact that y,; ~ In(2p, /m;)
at higher p,. Figure 10 demonstrates that in an optimized
plot format the several spectra are identical in shape. One
may conclude that the “scalings” in Figs. 10(b) and 10(c)
act to obscure to varying degrees the intercept at Ay, =~ 0.6.
The results in (a) produce confusion because of the poor
properties of vy(p;). Response to that confusion has been to
introduce ad hoc procedures that seem to simplify data trends
but instead discard the most important information carried by
data.

Results in Figs. 10(b) and 10(c) may be contrasted with
overall results for quadrupole spectrum analysis as in the
present study: vy(p,) versus p, data in Figs. 1 (left) and
4 are transformed simply to quadrupole spectra, all with a
single common form in the boost frame in Figs. 3 and 10
with accurate determination of spectrum parameters, whereas
Figs. 10(b) and 10(c) represent ad hoc attempts to accomplish
a similar transformation with confusing result. Figure 10(d) is
an intermediate step in quadrupole spectrum analysis.

Section IV describes analysis of Pb-Pb p,-differential
v2(p;) data to obtain corresponding quadrupole m, spectra as
in Fig. 10 with their several properties derived for a specific
collision energy and event class. In the following Sec. V Pb-
Pb event-n., dependence and collision-energy dependence of
p-integral quadrupole correlation amplitudes, measured by
extensive quantity V; representing number of correlated pairs,
are determined.
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V. CENTRALITY AND ENERGY TRENDS

This section first considers model fits to 2D angular cor-
relations with amplitude measured by number of correlated
pairs VZ2 as a uniquely accurate quadrupole analysis method.
The 2D model fits applied to 200-GeV p-p angular correla-
tions reveal a simple trend on soft-component density ps. The
p-p trend is then generalized to A-A collisions as a conjecture.
p-p and A-A data are found to be compatible on the same
plot space V22 versus pp and validate the conjectured trend.
A corresponding study of energy dependence comparing v,
and V5> measures from SPS to highest LHC energies reveals
the negative effect of v, as a ratio of two strongly energy-
dependent quantities.

A. v, via model fits to 2D angular correlations

In Refs. [9,10,37] quadrupole amplitudes were extracted
via model fits to 2D angular autocorrelations on (1, ¢a)
(xa is a difference variable for space variable n or ¢ as
opposed to “lag” variable t for time ¢). In Refs. [10,37] a 2D
charge density at midrapidity is defined by py = nen /27w An =
d’*n.,/dpdn. The quadrupole amplitude is determined by the
correlated pairs per final-state hadron represented by model
parameter Ap (accompanied by a factor 2 in the model as
indicated in Eq. (11) of Ref. [37]). Those conditions apply
for data reviewed in Sec. III to maintain consistency with pre-
vious publications. In more-recent analysis py — nch/An =
dney/dn (not a density on azimuth), and a modified model
including Ao without factor 2 returns conventional values for
v, when Ag = pov3. That implies A data from those previous
studies require a factor 2 x 27 and v, data require a factor /2
to compare with LHC data. Data from those cited references
are updated accordingly where used in the present study.

Figure 12 shows examples of fit decomposition and
residuals using 200-GeV p-p correlation data as described
in Ref. [9] from the first [Figs. 12(a) and 12(b)] and
sixth [Figs. 12(c) and 12(d)] multiplicity bins. Each row
shows fit residuals (data — model) and jet-related + NIJ-
quadrupole structure. The last are obtained by subtracting
fitted model elements soft (1D Gaussian on 1, ), BE/electrons
(2D exponential at origin), and offset from data histograms
leaving jet-related structure and NJ quadrupole. Fit residu-
als [Figs. 12(a) and 12(c)] are comparable in magnitude to
statistical errors. Lack of significant nonrandom structure in
the residuals suggests that the standard 2D model exhausts all
information in data.

Meaningful structure in Figs. 12(b) and 12(d) may be in-
terpreted as follows. The structure in Fig. 12(b) is dominated
by jets, with a same-side 2D Gaussian (jet peak) at the origin
and away-side dipole cos(m — ¢ ). The same-side jet peak
is strongly elongated in the azimuth direction. The structure
in Fig. 12(d) includes the same jet contributions but also
includes a relatively strong quadrupole cos(2¢, ) contribution
(increased relative to the jet structure by factor 10) that is
evident in three ways: (i) The quadrupole lobe at 7 is evident
by the smaller radius of curvature superposed on the away-
side jet dipole, (ii) the curvature at larger |na| near o =0
has been reduced to zero as the quadrupole fills in that region,

(a)

S
=0.02
o0,

~ 0.01

(c)

o
4
b‘ 0.1

> 0.05
(o8

FIG. 12. Perspective views of y,-integral 2D angular corre-
lations as Ap/./prt <> Ax on (s, ¢a) from p-p collisions at
/s = 200 GeV for n = 1, 6 multiplicity classes (upper and lower
rows respectively) [9]. [(a) and (c)] Fit residuals (vertical sensitivity
increased twofold). [(b) and (d)] Jet + NJ quadrupole contribu-
tions obtained by subtracting fitted offset, soft-component, and
BEC/electron elements of the 2D fit model from the data histograms.

and (iii) the same-side jet peak appears to be much narrower
on ¢, but that is actually the same-side lobe of the quadrupole
superposed on the broader jet peak. The quadrupole contribu-
tion to high-n, 200-GeV p-p collisions is thus clearly evident
if the correlation structure is understood. One may contrast
that result with Ref. [43] reporting a CSM “ridge.”

B. Alternative v, methods

As noted in the Introduction there is a number of “meth-
ods” for determining v, values from particle data by numerical
methods not applied directly to intact 2D angular correlations
as in Fig. 12. Reference [44] reports a comparison study of
several such methods applied to 7-TeV p-p collisions with the
goal to obtain at least an upper limit on v, for that system. In
particular, v, {SP} and v, {subevent} methods were addressed.
It was concluded that ““...nonflow [jets] is the dominant or the
only correlation in 7 TeV proton-proton data at the LHC.”
Further, “...v; in 7 TeV proton-proton collisions with at least
10 tracks is less than 0.05.” The issues seem confirmed by
Ref. [45] data in Fig. 13 (right) six years later.

In Sec. II conventional Eq. (1) [17] is based on assumed
eventwise determination of an event-plane angle W, from par-
ticle data. In practice that method places strong limitations on
v, estimation accuracy. Model fits to 2D angular correlations
have no such limits. Two-dimensional histograms as in Fig. 12
may be accumulated for millions of collision events without
regard to a special eventwise reaction plane. Accurate results
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FIG. 13. Left: NJ quadrupole correlations from 200-GeV p-p
collisions (solid triangles) measured by V,* o total number of corre-
lated pairs vs soft-component density p illustrating a trend V2 o p3
(dashed) [9]. Also shown are away-side dipole peak amplitudes Ap
(open circles) treated similarly with reference trend o pxz (dash-
dotted). Right: p-p data (triangles) and dashed curve from left
transformed via v, = \/VTZ/,Z)O. The 13-TeV p-p (solid dots) and
5-TeV Pb-Pb (open squares) data are from Fig. 1 of Ref. [45].

for p-p event classes with only a few particles per collision
may thereby be obtained.

Reference [17] acknowledges the possibility of such “pair-
wise azimuth correlations” relating to its Eq. (36). However, it
notes that the “signal” ~v% may be small and warns that “re-
construction of the triple differential distribution with respect
to the reaction plane (the goal of the flow analysis) becomes
more involved.” But there is no such complexity in practice,
especially as the relevance of a reaction plane is highly doubt-
ful per the present study and Ref. [19]. Also, extension of the
two-particle density concept from 1D azimuth alone to 2D
pair distributions on (na, ¢a) (see Fig. 12) makes possible
accurate separation of NJ quadrupole and other “nonflow”
contributions not possible with a 1D approach.

C. V2 p — p quadrupole versus dipole (dijet) trends

Figure 13 (left) shows fitted NJ quadrupole amplitude
Ap{2D} for 200 GeV p-p collisions in the form V22{2D} =
PoAp{2D} (solid triangles) versus soft charge density o, [9].
A small offset Ao independent of p, representing transverse-
momentum conservation is subtracted from A, data. The
dashed reference line represents number of correlated pairs
V22{2D} o p2. The p-p NJ quadrupole amplitude thus in-
creases rapidly with increasing charge multiplicity. Also
shown are measured amplitudes Ap of the away-side dipole jet
peak plotted as po(Ap — Apo) (open squares) for direct com-
parison with quadrupole Ay data. The dash-dotted reference
line confirms the trend p;, o /552 first reported in Ref. [23].

Given that measured dijet (dipole) production trend one
may consider its implications within the sequence

Vi (ng) = pg(ny)v3(ng) o p; —> ps X P, (12)

where p, plays the role of participant (low-x gluon) number
Npa and p? o p, plays the role of gluon-gluon binary-
collision number Ny, [9,13,46]. p-p quadrupole data appear
to be in that sense consistent with V22{2D} O Npart X Npin-
However, that phenomenological conjecture is not required by

the p-p result. The question remains whether it is relevant for
A-A collisions.
Figure 13 (right) shows corresponding v,(py) values in-

ferred as v, = ,/V2/po, with po = ps + ap? and o ~ 0.006
for 200-GeV collisions [23]. The dashed curve at right is the

dashed line at left transformed just as for the V22 data. It then
follows the trend

(o) o 97 [ (ps +apy) — B2 /(1 +apy).  (13)

The dotted curve is vy o¢ /Py for comparison. This fig-
ure demonstrates that model fits to 2D angular correlations are
capable of accurate determination of v, values (via V22 values)
for small systems and very low n.,. The quadrupole trend on
po can be extrapolated down to zero event multiplicity. One
should note the simplicity of the V;* trend on p, versus the
complexity of the v, trend on py and reduction of a correlation
trend o p? to a v, trend o ,Z)é/ % with complete loss of physical
insight.

Also included at right are v, (n.y) data for 13-TeV p-p col-
lisions (solid dots) and 5-TeV Pb-Pb collisions (open squares)
from Ref. [45] Fig. 1 compared to 200-GeV p-p data. The
5-TeV Pb-Pb data are well described by a p-p dashed curve
derived from the 200-GeV p-p trend in the left panel but the
13-TeV p-p data are nearly 50% low.

D. Comprehensive V7 A-B description

In what follows ALICE Pb-Pb wv,(ne,) data are from
Ref. [36], ALICE py(n.,) data are from Ref. [47], STAR
Au-Au po(ne,) data are from Tables IIT and IV of Ref. [10],
and STAR Au-Au v, (ng,) and A (ne ) data are from Ref. [37].
The 200-GeV p-p data are from Ref. [9].

Figure 14 (left) shows 62- and 200-GeV Au-Au quadrupole
data in the form V22{2D} = poAp(2D} versus charge den-
sity po. Those data correspond exactly to the open sym-
bols in Fig. 5 (left). Also shown are 2.76-TeV Pb-Pb
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FIG. 14. Left: NJ quadrupole correlations from 62— and
200-GeV Au-Au collisions (open circle and triangle) and 2.76-TeV
Pb-Pb collisions (solid squares) as V2 vs charge density py. Also
included are 5-TeV Pb-Pb v,(p,) data (open squares) from Ref. [45].
The 200-GeV p-p data from Fig. 13 (left, solid triangles) are super-
imposed with their cubic trend (dashed). The solid curve is Eq. (14)
rescaled to best match p-p and Au-Au data at lower n,. The dash-
dotted line o p? is discussed in the text. Right: Items in left panel
transformed to v, = \/VTZ /Do for comparison with Fig. 13 (right).
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V} = pgv3 data (solid squares) based on v,{4} from Ref. [36]
in Fig. 5 (left) and py data from Ref. [47] and 5-TeV Pb-Pb
data (open squares) from Ref. [45]. p-p data from Fig. 13
(left), along with their dashed cubic reference trend, are su-
perposed for comparison. Note that quadrupole correlation
amplitude sz(po) (as correlated pairs) increases by almost
six orders of magnitude consistently across three collision
systems. There is no rescaling of data to achieve that corre-
spondence.

Given the data trend in Fig. 14 (left) the conjecture pre-
sented in Eq. (12) may be tested. By analogy with the p-p
result the quadrupole trend for A-A data with A-A geometry
parameters is approximated by [see Eq. (2)]

Vi (nen) = piva(nen) o ps(nen) X pr(ncn)
X (Npart /2)Psvv X Noin Prvn s (14)

where geometry parameters are derived from a TCM analysis
of 2.76-TeV Pb-Pb data reported in Ref. [24] and summarized
in Appendix B. Equation (14), rescaled to best match p-p data
at lower ngy, is represented by the solid curve in the left panel.
The details are interesting.

Up to a transition point at py ~ 15, first noted in Ref. [22],
A-ANpart/2 = Npin ~ 1 due to exclusivity [48]. For resulting
isolated N-N collisions one may then assume that ppyy
P2y as for p-p collisions [23]. As a result, the A-A solid curve
follows the dashed p-p cubic reference o x> and describes the
Au-Au data within that interval.

Above the transition point p,yy trends are approximately
constant for A-A collisions (see Fig. 19, left) and the overall
trend of Eq. (14) is then dominated by product Nyart X Npin.
From Fig. 19 (right) Npa ,2)8'92 and for 200-GeV Au-Au

collisions Ny, o N3 [49]. That combination leads to Nya X

part
Npin & p3"'° approximated by the dash-dotted reference line
o x? in the left panel.

To summarize, A-A v, (ng,) data in the form V22 (nen) follow
a cubic power law (dashed line) on ng, consistent with p-p
data below a transition point near py = 15 and a quadratic
power law (dash-dotted line) above the transition point con-
sistent with evolution of A-A geometry parameters. That
confirms the relation V22(nch) X ps X Pp as common to three
A-B collision systems.

Only the accuracy and consistency obtained from model
fits to 2D angular correlations [9,10,37] provide effective cov-
erage over a sufficient range of A-Apy to establish a smooth
transition from p-p (and A-A!) cubic to A-A quadratic trend,
confirming a transition at py &~ 15 in Eq. (14). That result
is remarkable: Existence and implications of exclusivity in
p-A and A-A collisions were recently discovered [24,35,48],
whereas p-p and Au-Au v,{2D} data used here were ob-
tained in the early and mid-2010s. Yet the v, data effectively
corroborate the exclusivity result. Exclusivity is discussed in
Appendix B in relation to Fig. 19. As a result of exclusivity
A-A collisions are restricted to single N-N collisions up to a
transition point near py = 15. The transition from dashed to
dash-dotted trends in Fig. 14 (left) is the result.

A claim could be made that power-law trends associated
with v, — V22 (pairs) data as in Fig. 14 (left) may arise from
collective effects associated with a dense flowing medium.

Since “collective” literally means ‘“correlated” there is a
variety of phenomena within collisions that may be called
“collective” such as dijet production (correlation hard compo-
nent), Bose-Einstein correlations, electron pairs from gamma
conversions and unlike-sign pair correlations from projectile
nucleon dissociation along the beam axis (correlation soft
component) [10]. For p-p collisions the soft component varies
as Py ~ po and dijet production varies as p> &~ p3 while the
quadrupole component varies as p; ~ [)3 per Fig. 13. No
compelling argument emerges to associate power-law trends
as in Fig. 14 (left) with a flow phenomenon.

Figure 14 (right) shows v,(pg) data for 200-GeV p-p colli-
sions, 62- and 200-GeV Au-Au collisions (all three via model
fits to 2D angular correlations), 2.76-GeV Pb-Pb collisions
via the v, {4} method (solid squares), and 5-TeV Pb-Pb data
from Ref. [45] (open squares). The curves at right are curves
at left suitably transformed. The correspondence among p-p
{2D} and Au-Au {2D} data within point-point uncertainties
is notable. Also note the simplicity and interpretability of V;}
trends on py at left versus the complexity of the v, trend on
the same variable.

For nominal flow measure v,, maximum values for A-A
are comparable to maximum values for p-p. A ratio of two
experimental results (quadrupole emission versus nucleon and
parton fragmentation) hides essential information carried by
angular correlations. It is interesting that 5-TeV Pb-Pb v, (p;)
data (open squares) from Ref. [45] follow the 200-GeV p-p
trend (dashed curve) with the 200-GeV Au-Au data (open
circles) up to py &~ 30 confirming that both A-A systems are
restricted within that interval to single N-N collisions by
exclusivity.

E. Implications for large range of V? values

Aside from establishment of a common quadrupole trend
for p-p and A-A collisions in Fig. 14 (left) it is also notable
that the quadrupole correlation amplitude increases by factor
10% from lowest-ng, p-p to midcentral Pb-Pb. It is unlikely that
such a large range could be manifested by changing properties
(density, temperature, volume) of a dense flowing particle
source within the context of Eq. (1). It is more likely that the
trend arises from a fundamentally different process.

Given the p-p cubic trend in Fig. 13 (left) one may
conjecture that quadrupole production arises from individual
elementary three-gluon interactions. The quadrupole produc-
tion frequency may then depend on the eventwise density
of low-x gluons, with density cubed determining the N-N
quadrupole amplitude. Via a combination of fluctuating depth
of splitting cascades in individual N-N collisions and A-A cen-
trality variation the millionfold increase of mean correlation
amplitude from p-p to central A-A may then be explained. In
that scenario there is no common reaction plane [as assumed
for Eq. (1)]. Each quadrupole emission occurs independently.

For low-multiplicity N-N collisions quadrupole hadron sin-
gle emissions may occur within a small fraction of collisions.
However, for higher-n.,N-N collisions, and especially more-
central A-A collisions, multiple quadrupole interactions per
event may occur. A similar scenario describes dijet (color
dipole) production. For example, in Ref. [23] the diject
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production probability per event within a limited n acceptance
for 200-GeV NSD p-p collisions is about 0.03 (Ref. [50]
Sec. VIB), but because p;, o [)3 for p-p, and with an increase
of event ngy, by factor 10, jet production increases by a factor
100 leading to multiple dijets per p-p event for larger n,. One
should note that a sufficient number of quadrupole emissions
per event, with independent azimuth orientations as for dijets,
should result in reduction of a net quadrupole amplitude by
averaging over azimuth, thereby accounting for decreases in
Fig. 14 (left) above py =~ 200.

F. p;-integral quadrupole energy trends

Figure 15 (left) summarizes measured quadrupole en-
ergy dependence from AGS to LHC energies. Ay values
reported previously are here rescaled per the description at
the beginning of Sec. VA. Ay data maxima near b/by ~
0.5 minimize the relative effects of jet (“nonflow”) contri-
butions to Ap{method}. Above 13 GeV the function Ay
log(/syn/13 GeV) (solid line) describes the energy evolution
with zero intercept at 13 £+ 2 GeV. Energy dependence be-
low 13 GeV varies as Ap o In(/syy/3 GeV), corresponding
to the Bevelac-AGS transition from “squeeze-out” (negative)
to “in-plane expansion” (positive) v, values [51]. In terms
of per-particle measure Ay one observes a transition in the
energy trend near 13 GeV, suggesting two distinct physical
mechanisms for the azimuth quadrupole: plastic nucleon flow
at lower energies and emergence of a new QCD three-body
process among gluons at higher energies.

Figure 15 (right) shows Ay values (open triangles) from
the left panel in a log-log plot format. Also shown are
charge density py/5 at midrapidity (open circles) and quan-
tity V22 = poAg (solid dots). Measured v, multiplied by 100
(solid triangles) is also shown [36,37]. The curves represent

4Two RHIC v, values reported in Ref. [37] have been corrected by
factor +/2 as noted at the beginning of Sec. V A.
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FIG. 15. Left: Quadrupole amplitude Ay (mich, o/Syn) Vs collision
energy ./Syy spanning three orders of magnitude from AGS to
LHC. Two distinct trends logarithmic on collision energy emerge.
Right: Comparison of trends for Ay(ncn, o/Syy) (open triangles,
dash-dotted), V.2 (nep, /snn) (solid dots, solid), va(nen, o/Syn) (solid
triangles, dotted), and py (circles, dashed).

simple models for the measured quantities. The dash-dotted
curve repeats the trend Ap o log(/syn/13 GeV) from the
left panel. The dashed line represents empirical trend py o
(/snw)"?® — exp[0.28 log(/syn)], an exponential increase
with log(,/syn). The solid curve is V22 = poAg. The dotted
curve is v» = /Aq/po, and the open squares represent v, pre-
dictions based on that relation which may be compared with
v, data (solid triangles). Empirically, Ao (\/syn) (dash-dotted)
approximates po variation (lower dashed) above 50 GeV
(compare the Ay dash-dotted curve with the oc pg lower
dashed curve, and see the equivalent comparison at left). As a
result, v, (/snyn) (dotted curve and solid triangles) effectively
saturates (hatched band) above that point. The quadrupole am-
plitude as measured by V5> (solid, correlated pairs) continues
to increase ,Z)g to highest energies. That trend is consis-
tent with the A-A result in Fig. 14 (left) above the transition
at po ~ 15, where V;> « p3. Energy and multiplicity trends
for V22 are consistent but that important result is masked by
ratio vs.

To summarize this section, Section V A introduces model
fits to 2D angular correlations for 200-GeV p-p collisions that
provide accurate determination of jet and quadrupole ampli-
tudes measured by number of correlated pairs. Quadrupole
measure V7 is thus an extensive quadrupole measure plotted
versus charge multiplicity density p, (soft) or py (total charge
density).

Section V B considers a group of alternative v, measures,
most developed in the context of Eq. (1) and assuming esti-
mation of an eventwise reaction plane applied to an entire A-A
collision. A contrast is made with model fits to 2D angular
correlations that do not required a reaction-plane estimation.

Section V C describes measurements of jet and quadrupole
amplitudes for 200-GeV p-p collisions and notes two trends—
dipoles (dijets) o p? and quadrupoles o< p>—that suggest
color quadrupoles arise from three-body (three-gluon) inter-
actions by analogy with color dipoles (dijets) generated by
two-gluon interactions.

Section VD demonstrates that quadrupole V22(,Z>0) trends
for 200-GeV p-p collisions, 200-GeV Au-Au collisions,
2.76-TeV Pb-Pb collisions and 5-TeV Pb-Pb collisions follow
a common trend described by Eq. (14) over six orders of
magnitude.

Section V E notes certain implications from Fig. 14 (left):
Quadrupole production consists of individual three-gluon in-
teractions. There would then be no reaction plane common
to an entire A-A (or p-p) collision. Each quadrupole emission
would have an independent azimuth orientation as for dijets.
Over a large range, quadrupole emission frequency may vary
from single emission in a small fraction of events (low-ngy,
p-p) to multiple emissions per event (more-central A-A).

Section V F presents several quadrupole-related measures
versus collision energy ./syy. Conventional measure v, is
observed to saturate at a fixed value for ,/syy > 50 GeV,
whereas amplitude V;* (correlated-pair measure) continues to
increase rapidly over available energies. A primary reason for
the discrepancy is the nature of v, as a ratio of two strongly
increasing quantities whose energy trends are distinct but sim-
ilar and so nearly cancel.
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Given the simple V3 (correlated-pair) trends on particle
density pg and collision energy /sy there is no evidence for
a varying (or any) thermodynamic equation of state or QCD
phase transition from measured v, data trends that remain
simple and consistent from low-multiplicity p-p collisions
to central A-A collisions (Fig. 14) and over a large energy
interval (Fig. 15).

VI. SYSTEMATIC UNCERTAINTIES

Uncertainties relating to previously analyzed 200-GeV Au-
Au v, data, variation of v,(p;, ne,) data with collision energy
and variation of quadrupole spectrum structure and source
boosts with collision energy are considered.

A. 200-GeV quadrupole spectra

Systematic uncertainties for the analysis in Ref. [15] were
presented in that article. However, two further comments are
appropriate: A data from 0-10% central 200-GeV Au-Au
collisions in Fig. 2 (left) (solid points) were released after the
analysis in Ref. [15] was published. The significant negative
values below the zero intercept near y, = 0.6 confirm the
prediction of the quadrupole-spectrum analysis represented by
the dash-dotted curve.

It is instructive to compare the statistical uncertainties and
data trends in Fig. 1 (left) of this article with those in Fig. 3.
In the latter case relative errors (on a semilog plot) are com-
parable for all p, values except the last few points, and data
values fall approximately exponentially. In the former case
data values increase dramatically and errors for larger p, are
comparable to the panel height (for original data in that study),
whereas the errors at smaller p; are not visible. The difference
is a consequence of the structure of Eq. (8) which may be
expressed in the form

v2(pr) o [p;/Po(P)1P2(Pr) as)

in the laboratory frame. Referring to the 200-GeV pion spec-
trum in Fig. 20(a) and the relevant p, interval, the quantity in
square brackets varies by five orders of magnitude. Essential
quadrupole boost information carried by v,(p,) data at lower
p; is thereby suppressed by that factor. A similar argument ap-
plies to VZZ(Z)O) versus v, (0o) data in Figs. 13 and 14. Primary
information (power-law trends over six orders of magnitude)
is carried by extensive measure V() representing total cor-
related pairs. As the square root of a pair ratio, v,(pg) tends
to conceal that information while data uncertainties remain
large.

B. v, data: 200 GeV versus 2.76 TeV

Figure 4 shows v>{SP}(p;, nen) data for 15 million 2.76-
TeV Pb-Pb events with statistical and systematic errors
combined in quadrature. The error bars are much reduced
from the 200-GeV data in Fig. 1 (left) (e.g., 200-GeV kaon
and A data were based on ~1.5 million minimum-bias Au-Au
collisions). However, the trend of errors is the same: v, errors
at lower p, are invisible suggesting that important informa-
tion in that interval is visually suppressed, whereas v, data
transformed to quadrupole spectra make information visually

accessible. Note that new 200-GeV pion data (solid triangles)
in Fig. 6(a), and especially Fig. 8(a), and the dashed curves
from Fig. 1 (right) agree with Pb-Pb data within errors.

C. 2.76-TeV quadrupole spectra and source boosts

Plotted error bars for the quadrupole-spectrum data in
Fig. 10 are simply published v,{SP}(p,, n.,) data uncertain-
ties in Fig. 4 transformed just as for the data values. Resulting
error bars are typically smaller than the points. For example,
pion error bars plotted in Fig. 10 have been increased by
factor 3 but are still not visible. For pion data there appears
to be excellent systematic control, especially in relation to the
200-GeV quadrupole spectrum data (inverted solid triangles).
However, as noted elsewhere there are substantial low-p, sys-
tematic deviations for kaon and proton data.

The ng and energy dependence of unit-integral
S‘z(ml’, T>, nyp) defined by Eq. (11) depends on parameters
T, and n, determined at 2.76 TeV by spectra in Fig. 10.
Presently-available data do not require any significant change
in T, ~ 93 & 1 MeV with either centrality or energy. Model
exponent n, decreases significantly with energy (harder
spectrum) from ny = 14 £ 1 at 200 GeV to n, = 12+ 1 at
2.76 TeV evident in that figure.

That quadrupole source boost Ay;o(nc,) varies signifi-
cantly with A-A centrality at 2.76 TeV is demonstrated by
comparison of Figs. 7 and 8. An inferred centrality variation
is sketched as the linear trend in Fig. 5 (right). A 20% change
in the slope of Fig. 5 (right) cannot be excluded by data,
and the trend could be significantly nonlinear on fractional
cross section o /op. The v, data are consistent with no sig-
nificant energy dependence of Ay, between 200 GeV and
2.76 TeV at the current level of uncertainty in inferred boost
values. Presently-available v, data do not require significant
dispersion in the source boost for a given collision system (no
evidence from v, data for Hubble-like expansion of a bulk
medium).

VII. DISCUSSION

This section considers interdependence of three hadron
production mechanisms contributing to v2(p;, pp) as a ratio
and the process of predicting vy(p;) from a generic hy-
dro model. It compares hydro predictions to v,(p;, pp) and
V22(p,, Do) data, reviews details of a specific viscous-hydro
theory in relation to v,(p;) data and considers experimental
evidence for monopole boost variation on y;.

A. Interrelation of production mechanisms

According to some conventional A-A collision narratives
[52,53] almost all particles produced in high-energy collisions
emerge from “freezeout” of a common flowing QCD bulk
medium. That description may be contrasted with observed
properties of three components distinguishable among final-
state hadrons: (a) soft (projectile-nucleon dissociation), (b)
hard (scattered-parton fragmentation to jets), and (c) azimuth
quadrupole radiation.

(a) The soft component of particle production for yields,
spectra and correlations is accurately isolated per TCM
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analysis methods [22,23]. Soft and hard yields are linked by
a quadratic relation as one manifestation of exclusivity (see
Appendix B) [22,23,48]. The soft spectrum component is a
Boltzmann exponential on transverse mass m, with power-law
tail. Soft-component properties are independent of collision
ney for p-p collisions or geometry for A-A collisions, consis-
tent with soft hadron formation outside a collision space-time
volume. Boltzmann slope parameter 7y is ~145 MeV for pions
and ~200 MeV for heavier hadrons. Power-law exponent n
varies with collision energy per Gribov diffusion within a
parton splitting cascade [54] and is ~8.8 for 2.76 TeV.

(b) The hard component of particle production manifests
as jets in yields, spectra, and angular correlations. As noted,
hard yields vary quadratically with soft yields for p-p col-
lisions [23] and N-N collisions within A-A collisions [24].
Spectrum hard components are consistent with jet forma-
tion per QCD collinear factorization [50]. Angular correlation
structure manifests as a same-side (on azimuth ¢) 2D peak
representing intrajet correlations and an away-side cos(¢ —
) 1D peak representing jet-jet correlations [9,10]. Unlike
the soft component the hard-component spectrum shape may
exhibit significant n, or centrality dependence [55]. But
modifications to spectrum hard-component structure conven-
tionally attributed to “jet quenching” in a dense medium have
been identified as possible consequences of N-N exclusivity
and parton relativistic time dilation [24].

(c) Some detailed properties of the quadrupole component
are newly reported in the present study. Like the spectrum soft
component, the quadrupole spectrum is a Boltzmann expo-
nential on m, with power-law tail, but with slope parameter
T, ~ 95 MeV common to several hadron species and power-
law exponent n &~ 12 for 2.76-TeV collision energy. These
values are markedly different from those for the SP spectrum
soft component.

The three components may be described as distinct but
interrelated, which should not be surprising given that jet
production and soft-particle production in p-p collisions are
already precisely related by the empirical quadratic relation
POn X Z)SZ. In the present study those interrelations are further
elaborated, especially the results demonstrated by Fig. 14
(left) and the discussion in Sec. V D. Given new quadrupole
details it is quite unlikely that almost all hadrons emerge from
a common dense medium, or that a hydrodynamic description
is relevant.

B. Predicting v,(p,) data from a hydro model

Given Eq. (8) the general structure of v,(p;) follows as

Ay P2(prs Ayio)
2n po(pr)

where Ay, represents a quadrupole boost. In effect, three par-
ticle sources are included in that relation: (a) the quadrupole
spectrum p,(p;), established via the present analysis and
Ref. [15] as representing a unique particle source, and po(p;)
representing (b) soft (projectile nucleon dissociation) and (c)
hard (parton fragmentation to jets) particle production as re-
ported in Refs. [22,23,56] among others. The general shape
of v,(p,) versus p; is simply explained by that combination.

v2(pr, Ayio, Ayp) ~ P;(Pt, Ayro) , (16)
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FIG. 16. Left: v2(p,) trends for three hadron species vs p,(lab)
(solid, dashed, dash-dotted) assuming “ideal hydro” conditions and
a monolithic flowing-bulk-medium hadron source. The bold dot-
ted curve is a viscous-hydro theory prediction for protons from
central 2.76 TeV Pb-Pb [31]. Right: Ratio v,(p;)/p;(lab) vs trans-
verse rapidity y, defined for each hadron species. “Ideal-hydro”
curves (solid, dashed, dash-dotted) have a common form given by
Eq. (A2). Viscous-hydro predictions are shown for a previous predic-
tion (light dotted, R) [30] and a more-recent prediction (bold dotted,
S) [31]. The open squares are A data for 0-10% central Au-Au
collisions [29].

Factor p; causes strong linear rise through a zero intercept at
lower p;, but plotting on linear p, obscures a shift of p,(p;)
in the laboratory by Ay, [see Fig. 11(a)]. The dominant jer
contribution to po(p;) at higher p, causes a strong reduction
of vo(p;) above p; & 3 GeV/c as discussed below.

If the NJ quadrupole spectrum p, were equivalent to SP
spectrum py as assumed for Eq. (1), possibly justifying the
claim vy ~ (cos(2¢,)), then Eq. (8) then simplifies to

Ay
2T

v2(pry Ayio, Ay2) = py(pry Ayio) (17
That “ideal hydro” trend is shown below in a conventional
v2(py) versus p; plot format and in a modified format.

Figure 16 (left) shows Eq. (17) for three hadron species (7,
K, p) and fixed Ay;o = 0.6 (based on Ref. [15]). Expression
Ay /2T, ~ 0.15/GeV is adjusted so that the “ideal hydro”
trends (solid, dashed, dash-dotted) correspond approximately
to va(p,) data at lower p; in Fig. 1 (left) (actual values are
0.17,0.15, and 0.14 for pions, kaons, and protons). v, (p,) data
suggest that 7, & 95 MeV; ratio Ay;»/Ay, =~ 0.05 implies
f Oy, Ay, Ayyn) from Eq. (9) deviates from unity by only
a few percentages over a relevant y; interval and may be
ignored.

The bold dotted curve is a viscous hydro prediction for pro-
tons from 2.76-TeV Pb-Pb collisions [31]. Note that whereas
the “ideal hydro” curves descend linearly to negative values
at lower p, the hydro theory v,(p;) trend remains at or above
zero down to zero p,. The “viscous” aspect of viscous hydro
(deviation from “ideal”) appears to emerge in this case only
above 2.5 GeV/c.

Figure 16 (right) shows ratio v,(p;)/p;(lab) versus proper
transverse rapidity for each hadron species. “Ideal” curves
have a universal form that increases through zero at Ay, and
corresponds to Fig. 18 (right) of Appendix A. Also shown are
an earlier viscous-hydro theory prediction for protons from
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Au-Au collisions (light dotted R) [30] and a more-recent
prediction for Pb-Pb (bold dotted S) [31]. Beyond y, = 1.5 the
viscous-hydro model curve for this ratio measure descends,
possibly to emulate v,(p;) data trends (note that within that
interval the theory vy(p,) trend itself is monotonically in-
creasing as in the left panel). By construction v, includes
single-particle spectrum py in its denominator. That factor can
be removed as in Sec. III to determine what remains. The
result is a universal quadrupole spectrum in the boost frame
consistent with a Boltzmann exponential on transverse mass
with quite low slope parameter 7, &~ 95 MeV.

That v,(p;) data drop sharply away from the ideal-hydro
trends toward zero has been attributed to viscosity of a bulk
medium assuming that almost all hadrons emerge from that
common medium [57]. But the falloff may be more sim-
ply explained by quadrupole spectra quite different from SP
spectra (that describe most hadrons) in Eq. (3). Note that in
Fig. 3 the power-law tail for 200-GeV quadrupole function
S, (m;) has exponent n, = 14, with n, = 12 for 2.76 TeV in
Fig. 10. Also in Fig. 10 the exponent for SP spectrum soft
component Sy(m;, ) is ny = 8.8. SP spectrum hard components,
as densities on transverse rapidity y,, are well described by
a Gaussian with exponential tail. The latter is equivalent to
a power-law tail on p, with exponent n;, ~ 6-7 [24] (see its
Table III and n;, ~ g 4+ 2.2). The smaller n is the slower the
falloff with increasing p,. In Eq. (3) ratio the hard component
in the denominator is responsible for the rapid falloff of v, (p;)
data. A significant jet contribution in the numerator (nonflow)
might reduce the v, (p;,) falloff rate and be mistaken as arising
from a medium viscosity.

C. Viscous-hydro theory for Pb-Pb collisions

Reference [31] reports viscous-hydrodynamic predictions
for p, spectra and v,(p;) from Pb-Pb collisions at the LHC
related to RHIC results. It cites “Compelling evidence for
fluid dynamical behavior of...collisions....” referring in part
to RHIC “white papers” published in 2005 and interpreted
to support claims of “perfect fluid” formation in Au-Au col-
lisions [2]. Reference [31] seeks to determine “how good
this agreement [between hydro predictions of v2 and data] is
quantitatively....”

The assumed context closely coincides with that for
Eq. (1): Almost all hadron production arises from a dense
flowing medium, i.e., a monolithic collision model. A theoret-
ical model of hadron production based on flows should then
describe hadron p, spectra and angular correlations [in the
form of v, (p,)]. It is further assumed that a hydro description
may only describe “soft” hadron production below some up-
per limit &3 GeV/c, i.e., not extending “beyond the p, range
where the hydrodynamic description is expected to begin to
break down due to the increasing influence of hard production
processes... [31].”

Identified-hadron p, spectra are fitted quantitatively with a
blast-wave model over a limited p, interval often determined
by agreement with data [25]. Hydro model fits to RHIC pion
spectra are nevertheless poor as in Fig. 2(b) of Ref. [31]. Ra-
dial flow is inferred qualitatively via “flatness” of p, spectra:
“The LHC spectra are visibly flatter than at RHIC energies,

reflecting stronger radial flow.” But jet fragment distributions
peak near 1 GeV/c [50] and exhibit strong collision-energy de-
pendence, with jet fragment density ppvy ~ apZyy and with
a(+/sNN) as in Ref. [13] and pgyvy o< log(y/syn/10 GeV).
Thus, spectrum evolution described as “flattening” is domi-
nated by jet production.

Identified-hadron v, (p;, ney) data are also fitted over lim-
ited p; and n, intervals. As with SP spectra, jets contribute
strongly to angular correlations. Analysis methods denoted by
v2{2}(p;) or v, {EP}(p;,) are maximally sensitive to jets. Others
may be less so to an ill-defined extent. In contrast, v,(p;) from
2D model fits as in Refs. [10,37] show no significant sensitiv-
ity to jet contributions. In Ref. [31] Fig. 5 hydro theory curves
favor {2} and {EP} data with substantial jet contributions.

A critical issue for hydro theory is the p, range over which
it describes v,(p;) data closely and how that compares with
the range for a simpler description as in Sec. II. In Ref. [31]
Fig. 7(b) (pions) hydro theory curves for four centralities
continue to increase up to 3 GeV/c, whereas STAR pion data
in Fig. 1 (left) of this study maximize near 2 GeV/c and
then decrease. The solid curve in Fig. 1 (left), derived from
a universal quadrupole spectrum curve in Fig. 3, continues to
follow pion data closely up to 6 GeV/c. The same curve in
Fig. 6(a) (now dashed) follows LHC pion data also up to 6
GeV/ec.

In the present study a theory curve from Ref. [31] Fig. 7(c)
for protons from 10-20% central Pb-Pb collisions is compared
with various results from RHIC and LHC in Figs. 1 (right), 2
(left), 8(c), and 16. The proton theory curve generally agrees
with data from y, = 0.6 (data zero intercept) up to y, =~ 1.9
(3 GeV/c). However, hydro theory for protons remains at
or above zero from the origin up to p, & 0.55 GeV/c that
corresponds to Ay, &~ 0.6 in Fig. 1 (right) of the present
study. While the inflection point on p, in Ref. [31] agrees with
the present study, lack of a negative trend below that point is
substantially different from RHIC A data trends as in Fig. 2
(left) and LHC proton data trends as in Fig. 8(c) or Fig. 17
(right). Also note that above y, = 1.9 (3 GeV/c), the dashed
model curve in Fig. 8(c) based on Eq. (8) describes v, (p,) data
accurately up to 6 GeV/c (y; = 2.72) and continues smoothly
beyond the data acceptance upper limit as a prediction.

The viscous hydrodynamic model of Ref. [31] includes
the following assumptions (and associated parameter values):
(a) equation of state, (b) freeze-out temperature, (c) chemical
composition at freeze-out, (d) starting time, and (e) viscosity.
Referring to its Fig. 3 for non-PID charged hadrons “...viscous
hydrodynamics gives an excellent description of the...data,
even up to 3 GeV ... (i.e.,, beyond the p, range where the
hydrodynamic description is expected to begin to break down
due to ... hard production processes and large uncertainties
in the viscous correction...).” The complex and limited model
reported in Ref. [31] may be contrasted with the simple model
presented in Sec. II that describes all available v,(p,) data
well. Given accurate descriptions over entire p, acceptances
with a simple model there seems to be no need for a complex
hydro model applied to restricted p, intervals.

This subsection addresses specific hydro theory results
from Ref. [31] as a reference. Other theory results may dif-
fer markedly. Results for viscous-hydro Monte Carlos may
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be contrasted with results from TCM-based SP spectra and
quadrupole spectra as in the present study. The TCM has by
now been applied to a broad range of collision systems and
hadron species [13,14,22-25,46,50,55,56,58-62]. Spectrum
data are described over complete p, acceptance ranges with
model components that are consistent across multiple sys-
tems. The TCM is not derived from fits to individual spectra.

D. Monopole boost distribution measurement

Based on Eq. (8), if p2(ps) o po(p;) consistent with the
assumptions underlying Eq. (1), then v, (p,) o p, = p;(boost)
as in Eq. (17), described in figures above as “ideal hydro.”
v2(p;) data are indeed consistent with that relation up to 2
GeV/c as in Fig. 1. When data are plotted versus transverse
rapidity y,, as in Fig. 1 (right) or Fig. 2 (left), the data are
found to approach or pass through a single zero intercept
that then defines a single value for monopole boost Ay;.
As noted in Sec. II, vy;(p;) data might conflict with that
simple model to reveal a monopole source-boost distribution
on Ay corresponding to Hubble-like expansion of a dense
bulk medium. An example simulation for protons is given in
Fig. 12 of Ref. [63]. That result is similar to taking the proton
curve (dash-dotted) in Fig. 16 (left) and convoluting it with
a broad boost (Ay;o) distribution. However, such deviations
are not observed for RHIC and LHC data considered in the
present study. That exercise calls into question whether a
broad velocity (boost) distribution may be supported by data.

Figure 17 shows data from Figs. 2 (left) for Au-Au and
Fig. 7 (right) for Pb-Pb to provide a more-detailed study of
structure near the zero crossing. The proton data appearing
at right are unshifted, as opposed to the data in Fig. 8(c).
The bold dash-dotted curve in each panel is the same curve
appearing in Fig. 1 (right) and Fig. 2 (left) derived by back-
transforming the Boltzmann exponential in Fig. 3 for Au-Au
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FIG. 17. Left: Figure 2 (left) repeated for comparison with
v,(MB) = 0.055. Right: Figure 8(c) with proton data not shifted.
Data for more-central events (class 1 solid, class 2 open) appear
consistent with factor p, = p,(boost) as in Eq. (8) and thus do not
require variation of monopole boost Ay, within an event class. Event
class 2 (5-10% central) is close to the dash-dotted trend, with smaller
uncertainties, and is included as open crosses in Fig. 9 (left) for that
reason. Those data demonstrate that estimation of the width of a
monopole boost distribution relies on v,(p,) data within a limited
p; interval. Bold dotted curve S is a hydro theory prediction from
Ref. [31] extending up to 3 GeV/c (y, = 1.9).

applied here as well to Pb-Pb data. The hatched band shows
Ay, = 0.6 inferred from Au-Au data. The vertical dotted line
indicates the lower bound of the p, acceptance in each case.
For two most-central event classes proton data are plotted
as points with errors (statistical and systematic combined in
quadrature as in Fig. 4) to indicate significance of negative
values below the crossover.

The statistical significance of negative-going proton data
may be questioned in comparison to theory curve S (bold
dotted). Based on uncertainties from Ref. [33] as plotted in
Fig. 4 the mean values of proton data from two most-central
event classes in Fig. 17 (right) are —0.75 %+ 0.33 for four
“nonzero” entries or —0.50 % 0.22 for six entries within the
interval from acceptance threshold to y, = Ay, = 0.6. One
may also include information from A data in the left panel
and data following predicted trends (dash-dotted curves) over
a large p, range to conclude that the probability of a null
hypothesis (no negative low-p, trend as observed for theory
curve S in the right panel) is at most few percentages.

Measurement of a boost distribution involves examining
the structure of v,(p,) data near and below inferred Ay, on
proper transverse rapidity for each hadron species. Employ-
ment of that specific plotting context is not conventional, and
the relevant structure is usually referred to nonquantitatively
as “mass ordering.” Thus, the only measurement of a boost-
velocity variation appears in Ref. [15] and the present study.
In Fig. 17 there is no detailed evidence for significant boost
variation (per Hubble-like expansion) within a given event
class. Although there is evidence of a significant variation of
fixed Ay, across event classes as in Fig. 5 (right) the shape
of v,(y;) remains consistent with factor p; = p;(boost) over
available data above a p, acceptance boundary. The model de-
scribed in Sec. II, with fixed Ay,o, provides a comprehensive
and accurate description of v,(p;) for two collision systems
over the full p, range from zero up to 6.5 GeV/c. Data thus
do not require any boost variation within a given event class.
Limitations to such a determination (narrow p, window) are
apparent from Fig. 17.

VIII. SUMMARY

This article presents analysis of identified-hadron (PID)
p;-differential v,(p;, ncy) data from 2.76-TeV  Pb-Pb
collisions to derive quadrupole spectra associated with
an azimuth quadrupole component of angular correlations.
The procedure has been applied previously to 200-GeV
Au-Au vy(py, nen) data. The main goal of this analysis is to
extract all available information from v,(p,) data without
a priori assumptions and to employ that information so
as to better understand the mechanism that generates the
quadrupole component and its properties.

The v, measure itself presents multiple difficulties in its
implementation and interpretation as described in this study.
A preferred alternative is V,> = p3v3 (where py is a particle
density near midrapidity), an extensive correlation measure
proportional to number of correlated pairs.

Several novel findings have emerged as follows.

Detailed study of v,(p;) algebraic structure in the con-
text of a Cooper-Frye formalism reveals that v,(p;) includes
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a factor p, (in the source boost frame) that makes data
interpretation ambiguous. Alternative format v,(y,)/p; ver-
sus transverse rapidity y, (properly defined for each hadron
species) reveals a monopole boost Ay, that might correspond
to radial flow in some context.

Transformation of v, (p;) data in a succession of steps from
v2(py) versus p; to po(m;)va(m;)/p, versus my; in a particle-
source boost frame reveals that quadrupole spectra in that
boost frame have the same shape for any hadron species.
As a result, the properties of a particle source unique to the
quadrupole component are inferred.

Analysis of 2.76-TeV Pb-Pb v,(p,) data reveals that those
v2(p;) data trends do not depart significantly from 200-GeV
trends. Source boost Ay, exhibits a significant event-class
nen (centrality) dependence, but the 2.76-TeV mean value is
consistent with the 200-GeV value.

A result of major importance emerges: quadrupole ampli-
tudes in the form sz(nch) obtained by model fits to 2D angular
correlations (thus minimizing jet or “nonflow” contributions),
previously obtained for 200-GeV p-p collisions and Au-Au
collisions, are observed to follow a common algebraic trend
first inferred for p-p collisions: a simple product of soft com-
ponent (participant gluons or nucleons) times hard component
(gluon or nucleon binary collisions) particle densities. The
trend consists of two power laws: cubic for lower ng, (where
gluons within single N-N collisions dominate) and quadratic
for higher n., (where multiple N-N collisions dominate). The
transition from one trend to the other occurs at a value of
charge density py previously related to exclusivity (a projectile
nucleon may interact with only one target nucleon at a time).
Thus, v, data trends correspond closely to an N-N constraint
revealed by jet production systematics. The trend varies pre-
cisely over six orders of magnitude.

Issues for the v, measure in connection with quadrupole
production include the following: (a) V2, as an extensive mea-
sure of quadrupole amplitude in terms of number of correlated
pairs, increases strongly with collision energy, whereas v»,
as a ratio of two strongly varying quantities, saturates above
50 GeV giving a misleading impression of the quadrupole
production mechanism. (b) v,(p;) includes a “hidden” factor
(p: in the source boost frame) leading to ill-defined infer-
ences (e.g., “mass ordering”) derived from v,(p;) trends.
(c) Although v,(p;) data may seem to be compatible with
some hydrodynamic theory predictions because of its alge-
braic structure, a simple reformulation of v,(p;) data related
to extraction of quadrupole spectra reveals that hydro theories
based on Hubble-like expansion of a bulk medium appear
to be excluded. (d) Various “scaling” strategies attempting
to force vy(p,) data for several hadron species onto a single
locus are motivated by the ratio structure of that measure.
The same data transformed to quadrupole spectra within a
common boost frame reveal that the data trends then follow
nearly identical spectrum shapes.

Taken together the results of this study, combined with
related previous findings, appear to demonstrate that the az-
imuth quadrupole source is a distinct particle production
mechanism with unique characteristics that may be derived
from v, (p;, nchy) data in combination with other analysis. The
nature of the source mechanism is suggested by data from

200 GeV p-p collisions: a QCD three-gluon interaction. A
very similar data trend for Pb-Pb collisions suggests that the
mechanism is universal within high-energy A-B collisions.
Given overall data trends it is unlikely that the quadrupole
component includes most hadrons emerging from Hubble-like
expansion of a bulk medium as is conventionally assumed. It
is more likely that the quadrupole component is “carried” by
a small minority of final-state hadrons. Hydrodynamics-based
theoretical descriptions appear unjustified by v,(p,) data.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: BOOSTED HADRON SOURCES

This appendix reviews relativistic kinematics relating to
nearly thermal spectra for hadrons emitted from a mov-
ing (boosted) source based on the Cooper-Frye description
of rapidly expanding particle sources [26]. Only azimuth-
monopole and -quadrupole p, and y, spectrum components
are considered. For simplicity “thermal” spectra are described
in the boosted frame by Boltzmann exponentials on m,; — m;
(hadrons 7). Relative hadron abundances are assumed to cor-
respond to a statistical model but not necessarily because of a
thermalization process [16]. The spectrum description on m,
may be generalized to add a power-law tail for more accurate
modeling of data [14,22,23]. The model provides a general
description of hadron production from a source including (but
not restricted to) a radially boosted component with azimuth
variation. This material is revised from Ref. [15].

1. Radial boost kinematics

The four-momentum components of a boosted source are
first related to transverse rapidity y, = In[(p; + m,)/m] for
hadrons of mass m and m? = p? + m?. The boost distribution
is assumed to be a single value Ay, for simplicity. The par-
ticle four-momentum components are m, = mcosh(y,) and
p; = msinh(y,). The source four-velocity (boost) compo-
nents are y; = cosh(Ay;) and y; B; = sinh(Ay,), with g, =
tanh(Ay,). Boost-frame variables for a hadron species with

mass m are defined in terms of laboratory-frame variables by
m; = m cosh(y, — Ay;) = y: (m — By pr)
= my y;:{1 — tanh(y;) tanh(Ay;)}
P; = m sinh(y; — Ay,) = y; (pr — B my)

= m; y;{tanh(y;) — tanh(Ay;)}. (A1)

Figure 18 (left) relates p, — p,(boost) to p, — p,(lab).
The main source of “mass ordering” for v,(p,) at smaller
p: (lower left), commonly interpreted to indicate “hydro”
behavior, is a simple kinematic effect. The mass systematics
hold for any boosted, approximately thermal hadron source
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FIG. 18. Left: p; (p; in the boost frame) vs p, in the laboratory
frame. The normalizing factor y,(1 — ;) in the denominator insures
that the combination approaches p, for large p,. Note A data in Fig. 2
(left). Right: The quantity in the left panel divided by p,(lab) vs
proper y, for each hadron species demonstrating that Eq. (A2) is a
universal trend common to all hadron species for given Ayyg.

independent of boost mechanism (i.e., hydrodynamics is not
required). Zero intercepts (p, = 0) of the three curves, denoted
by p;o = msinh(Ay,), are relevant for discussion of the hydro
interpretation of vy (p;).

A flowing (boosted) particle source might produce a “mass
ordering” effect for some observables. v,(p;) for different
hadron masses might be shifted differently on p, as in Fig. 1
(left). But a data feature suggesting mass ordering does not
guarantee hydrodynamic flow of a dense medium. In order
to determine the nature of the source boost the behavior of
various hadron species (masses) should be resolved on proper
transverse rapidity for each species as in Fig. 1 (right). Some
other QCD-related mechanism might be a more likely cause
given evidence as in Figs. 13 and 14.

Figure 18 (right) relates ratio p,/p, to transverse rapidity
(7, K, p) and illustrates one reason why plots on y; are a
major improvement over p; or . Rescaled p|/p,’

pi _ I =B/ tanh(y,)

= A2
pevi(l —B) -8 (42)

increases from zero at monopole boost Ay, and follows a
universal curve on y; to maximum 1 for any hadron species.
Thus, rescaled p;/p, goes asymptotically to 1 for large
p; (or y,) independent of boost. The simplified blast-wave
(boost) model [26], invoked here for illustration, assumes
longitudinal-boost-invariant normal emission from an expand-
ing thin cylindrical shell [6] with hadron mass m and slope
parameter 7. Boosted spectra on y, and m;, are

o, T, Ay;) = Ay, exp{—m [cosh(y; — Ay;) — 1]/T}
p(m, T, B;) = Ay, exp{—[y; m; — B, p;) —m;1/T}, (A3)

providing a simplified description of “thermal” radiation from
a radially boosted cylindrical source. Application of Eq. (A3)
requires a specific radial-boost model Ay, (r, ¢).

by factor 1/y,(1 — B,).

2. Radial-boost models

In high-energy nuclear collisions there are at least two
possibilities for the radial-boost model: (a) a monolithic, ther-
malized collectively flowing hadron source (‘“bulk medium”)
with complex transverse flow (source-boost) distribution on
space (r, ¢,t) dominated by monopole (radius-dependent
Hubble-like expansion) and quadrupole (elliptic flow) az-
imuth components or (b) several hadron sources, some with
azimuth-modulated transverse boost. Hadrons may emerge
from a radially fixed source (soft component), from parton
fragmentation (hard component), and possibly from a source
(or sources) with radial boost varying smoothly with azimuth
including monopole and quadrupole components.

An eventwise radial boost distribution with monopole and
quadrupole components may be represented by

Ay (¢r) = Ayio + Ay cos(2¢r)
Bi(¢r) = tanh[Ay,(¢,)] = Bro + Br2 cos(2¢,), (A4)

with Ay;, < Ay, for positive-definite boost. The convention
¢, = ¢ — V, is adopted for more compact notation where W,
is an eventwise reference angle that may relate to an A-A
reaction plane or not. Monopole boost component Ay,y may
be inferred from v, (p;) data but quadrupole component Ay,,
is less accessible. Monopole boost Ay;y might be associated
with “radial flow” but may apply to only a small fraction of
all hadrons.

APPENDIX B: SINGLE-PARTICLE SPECTRA

This appendix refers to SP spectra required to de-
rive quadrupole spectra from v, (p;, nen) data. Conventional
ps-differential measure vy(p;, nen) includes SP spectrum
po(p:s, nep) in its denominator as shown in Eq. (3). The
v2(py, nen) ratio may thus introduce a significant bias from
jet contributions to the SP spectrum, aside from possible jet-
related contributions to angular correlations in its numerator
(“nonflow”) depending on the v, method. Unique to the NJ
quadrupole is amplitude V,{2D}(p,, nen), which includes the
quadrupole spectrum as a factor as noted in Eq. (8). To iso-
late quadrupole spectra from vy;(p;, nen) data for identified
hadrons corresponding SP spectra po;(p;) are required.

A spectrum TCM for identified hadrons may be generated
by assuming that each hadron species i comprises certain
fractions of soft p; and hard p, TCM components denoted by
zsi and z; (both < 1) and assumed independent of y, (but not
of event ngy). A PID spectrum TCM for species i may then be
expressed as

- Npart _ & _ A

Poi(yr) ~ TpsNNiSOi(yt) + Noin PrvniHoi(ve),  (B1)
where puvyi = Zvi(ng)Pxvy (x = s or h) and unit-integral
model functions So;(y;) and Hy;(y;) depend on hadron species
i. Various elements of the PID TCM are evaluated as follows,
summarized from Ref. [24]:

Geometry elements (e.g., Npax and Npi,) are defined
in terms of hard/soft ratio xv, where x = pyvn/Psyy and
V = 2Nyin/Nparr. Xv may in turn be inferred from ensemble-
mean p, data via the relation p, = (p,s + xv p,)/(1 + xv),

034911-19



THOMAS A. TRAINOR

PHYSICAL REVIEW C 114, 034911 (2026)

fe K/ Z T 7
%03 A E o®
X -/ 2.86TeVPb-Pb_# 1 10 NSD o
~ | INsD PSP |
< 2 i
"m 10 S ,«';,"Clauber:
Al 77 e PPb
|7 A "Ph-Pb |
/ A R R E a2
10 /) sNN
g Pspp ]
1 Al Lol L | i I ENRRTTTI R
3
1 10 10> 10’ 1 10 10 10

n_/An

FIG. 19. Left: Soft density p; = po/(1 + xv) (solid dots and
curve) obtained with TCM xv derived from p, data. The dash-
dotted curve is a py reference. The dashed curve is obtained from
a Glauber xv trend. The lower dash-dotted and dotted curves are
TCM pny trends for Pb-Pb and p-Pb collisions respectively. Right:
Npari /2 = ps/psyy (TCM points and curve) derived from p (solid)
and x = apyyy conjecture (lower dash-dotted) in (a). Open circles
are Glauber values.

where p;; and py; are obtained from TCM model functions
So and Hy. That procedure assumes p, data have been cor-
rected to full p, spectrum acceptance. Soft-component density
Psi = (Npart /2) Psnni may be expressed for hadron species i as

_ Poi _ .
Psi = m = Zsi(ns)psa with

1 + x(ng)v(ny) }Z
~ 0"

1 + Zi(ng)x(ns)v(n,) '

Zsi(ns) ~ |: (BZ)

where zo; = poi/Po is the fractional abundance of species i
relative to total density pg and may correspond to statistical-
model predictions, and where ratio Z;(ns) = zp;(ny)/z5i(ns) is
simply proportional to hadron mass [59].

Figure 19 (left) from Ref. [24] illustrates inference of
Pb-Pb geometry parameters for unidentified hadrons. Total
soft density p; = po/(1 + xv) is the solid curve. The lower
dash-dotted curve is pgyy that follows p; up to a transition
point near py &~ 15 and then follows a much-reduced rate
of increase, taken here as ~0, following a procedure first
described in Ref. [22].

Figure 19 (right) shows Npa/2 = ps/psvn (solid). These
TCM results may be contrasted with a classical Glauber
Monte Carlo model (dashed) as reported in Ref. [64]. It is
notable that p, trends for p-p, p-Pb, and Pb-Pb data are
equivalent up to a transition point near pg = 15 [65]. In effect,
three collision systems are identical up to that point because
of exclusivity: A projectile nucleon can only interact with one
target nucleon at a time, where that concept is defined in
Ref. [24]. If an A-B collision overlap volume is too small
(i.e., for pyg < 15), then there is insufficient time for a second
N-N collision, leading to the equivalence of the three systems.
Exclusivity explains why within that interval Npa /2 =~ 1 as
indicated in the right panel. Similar procedures generate a
matching My, trend. TCM geometry parameters described
above are applied in Eq. (14) to generate the solid curve in
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FIG. 20. Identified-hadron spectra for three hadron species from
20-40% central 2.76-TeV Pb-Pb collisions (solid curves) [39]. Spec-
tra po;(p;) are rescaled to X;(y;) as in Eq. (B3). The solid points
are model parametrizations defined on v,(p,) data p, values from
Ref. [33] used for the present study. In panel (a) the open points are
pion model spectra for 200-GeV Au-Au v, data used in Fig. 2 (right).
In (d) the A spectrum (solid curve) is from Ref. [66].

Fig. 14 (left) that passes through the p-p and most of the A-Av,
data transformed to V22 (nech)-
PID spectra may be rescaled by p; in Eq. (B2) to obtain
Poi (1)

St

= 80i(:) + Zi(ny)x(ny)v(ng)Hoi vy, )

= Xi(v),

which permits precise examination of spectrum shape varia-
tion with event n., and enables isolation of PID spectrum hard
components for detailed study [22,55,59].

Figure 20 shows SP data spectra as densities on p, (solid
curves) in the rescaled form X;(y,) for identified (a) pions, (b)
charged kaons, (c) protons, and (d) As from 20-40% central
2.76-TeV Pb-Pb collisions [39]. Because jet-related contribu-
tions to v, data (nonflow) are relatively largest for peripheral
and central collisions, representative v, (p;, nen) data for 20—
40% central are preferred as noted in Sec. IV. In Fig. 8 it is
demonstrated that shape variations with n., of v,(p;) data in
the form v,(p;)/p, are negligible compared to uncertainties,
so the choice of SP spectrum centrality is not critical.

In Fig. 20 dotted points approximating data (curves) are
parametrized models of Pb-Pb spectrum data defined on
va(p;) data p, values. The model values for pg;(y;), also
rescaled to X;(y;) as in Eq. (B3), are used to determine
quadrupole spectra 0;(y;, Ayio) in Eq. (8).

(B3)
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