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The possible existence of inhomogeneous chiral condensates, such as chiral density waves (CDWs), in the
cores of neutron stars has garnered considerable theoretical interest. However, recent studies using nucleon-
meson models incorporating electric charge neutrality, 8 equilibrium, and fermionic vacuum fluctuations suggest
that CDW phases are energetically unfavorable under realistic neutron star conditions due to the softness of the
resulting equation of state (EoS). In this work, we reexamine the viability of CDW phases in dense nuclear matter
by introducing a strong magnetic field as an external symmetry-breaking background. Motivated by observations
of magnetars and theoretical predictions of ultrastrong internal magnetic fields (=>10'® G), we extend the nucleon-
meson model to include magnetic catalysis and Landau quantization effects. We analyze the phase structure,
focusing on the onset and stability of the CDW in magnetized matter, and compute corresponding neutron star
mass-radius relations by solving the Tolman-Oppenheimer-Volkoff equations. Our results indicate that strong
magnetic fields lower the critical baryon chemical potential for the onset of the CDW phase by up to ~200 MeV
compared to the zero-field case and stiffen the EoS in the relevant density regime, potentially allowing for stable
neutron stars with anisotropic cores. These findings suggest that strong magnetic fields in neutron stars could

make spatially modulated chiral phases possible in astrophysical environments.

DOI: 10.1103/snq2-g9vy

I. INTRODUCTION

Understanding the internal structure of neutron stars re-
mains a central challenge in nuclear astrophysics. These
compact stellar remnants, formed in the aftermath of core-
collapse supernovae, represent natural laboratories for study-
ing strongly interacting matter under extreme conditions of
density, isospin asymmetry, and magnetic field intensity. At
baryon densities exceeding several times nuclear saturation
density, the conventional picture of hadronic matter may break
down, giving way to exotic phases governed by quantum
chromodynamics (QCD). Among these possibilities, spatially
inhomogeneous chiral condensates such as the chiral density
wave (CDW) have attracted substantial theoretical interest
[1-7].

The CDW, characterized by a periodic modulation of the
chiral condensate, has been studied in both quark and nucleon
matter using a variety of effective field theories and Nambu-
Jona-Lasinio (NJL)-type models [5,8]. These studies suggest
that inhomogeneous phases can dominate the phase diagram
in regions where the homogeneous chiral condensate would
otherwise be restored. However, such phases are typically un-
favorable under the stringent conditions that prevail in neutron
stars, specifically, charge neutrality, 8 equilibrium, and a stiff
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equation of state (EoS) consistent with observations of 2M,
neutron stars [9-11].

Recent studies incorporating vacuum fluctuations and 8
equilibrium within nucleon-meson models indicate that while
CDW solutions formally exist, they are energetically unfavor-
able in neutron star matter due to the associated softening of
the EoS [12]. These results challenge the viability of CDW
phases in astrophysical settings. However, they typically ne-
glect the influence of strong magnetic fields, an omission that
could be significant.

Observationally, some neutron stars exhibit surface mag-
netic fields exceeding 10'> G [13,14], with theoretical models
predicting internal fields as high as 10'8-10!° G [15,16].
These intense fields can fundamentally alter the structure
and dynamics of dense matter through mechanisms such as
Landau quantization, magnetic catalysis, and anisotropic pres-
sure generation [17,18]. In particular, magnetic catalysis (the
enhancement of chiral symmetry breaking due to magnetic
fields) can stabilize chiral condensates even in regimes where
they would otherwise melt [19].

In this context, it is natural to ask whether strong magnetic
fields can make CDW phases energetically favorable in neu-
tron star interiors. This possibility is not merely academic: if
realized in nature, CDWs would significantly modify transport
properties, neutrino emission, and potentially the gravitational
wave signatures from neutron star mergers [20,21].

In this work, we reexamine the conditions under which
CDW phases may arise in dense baryonic matter, focusing
on the role of strong magnetic fields as external symmetry-
breaking sources. Extending the nucleon-meson model of
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Ref. [12], we incorporate the effects of Landau quantization
for charged fermions, magnetic catalysis in the chiral sector,
and anisotropic pressures. Our model is constructed to satisfy
electric charge neutrality and B equilibrium and includes con-
tributions from leptons. Using this framework, we analyze the
phase diagram in the (1, B) plane and identify regions where
CDW formation is energetically preferred.

Furthermore, we derive the resulting equation of state and
compute the mass-radius relations of magnetized neutron stars
by solving the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions. Our results show that strong magnetic fields lower the
critical baryon chemical potential for CDW onset and stiffen
the EoS, allowing for stable neutron stars with CDW cores
exceeding 2M. These findings suggest that magnetic fields
could be the key to realizing spatially modulated chiral phases
in neutron star interiors.

A number of previous studies have explored the role of
strong magnetic fields and inhomogeneous phases in dense
QCD and nuclear matter, and it is important to clearly de-
lineate the scope and contribution of the present work. Early
and recent investigations by Fraga and collaborators (e.g.,
Refs. [22-24]) have demonstrated that strong magnetic fields
can significantly modify the phase structure of dense mat-
ter, primarily within quark-based models such as the NJL
model or perturbative QCD-inspired frameworks. These stud-
ies emphasized magnetic catalysis, pressure anisotropy, and
the impact of magnetic fields on the equation of state, but they
did not address spatially modulated chiral condensates within
a nucleon-meson description of neutron star matter subject
to B equilibrium and charge neutrality. In parallel, several
works have investigated inhomogeneous chiral phases, includ-
ing CDW, in both quark and hadronic models (e.g., Ref. [25]).
However, in the context of nucleon-meson models relevant
for neutron stars, it has been shown that CDW phases are
typically energetically unfavorable once realistic constraints
such as fermionic vacuum fluctuations, 8 equilibrium, and
charge neutrality are imposed. These conclusions were drawn
in the absence of strong magnetic fields.

The central contribution of the present work lies precisely
in demonstrating that these two lines of research, magnetic-
field effects and inhomogeneous chiral condensates, cannot be
treated independently in neutron star matter. By introducing a
strong external magnetic field into a realistic nucleon-meson
model with § equilibrium and charge neutrality, we show
that magnetic catalysis and Landau quantization qualitatively
change the energetic balance of the system. In particular, we
find that magnetic fields of the magnitude expected in mag-
netar interiors substantially lower the critical baryon chemical
potential for the onset of the CDW and can render the CDW
phase energetically favorable, in contrast to earlier zero-field
studies. Furthermore, while pressure anisotropy in magnetized
matter has been discussed in previous works (e.g., Ref. [26]),
our analysis explicitly links this anisotropy to the formation of
a spatially modulated chiral condensate and examines its con-
sequences for the equation of state employed in neutron star
structure calculations. To our knowledge, this is the first study
to combine (i) a nucleon-meson description of dense matter,
(ii) a self-consistent CDW ansatz, (iii) strong magnetic fields
inducing Landau quantization and magnetic catalysis, and (iv)

neutron star constraints via the TOV equations. This combined
treatment reveals that strong magnetic fields can qualitatively
reverse previous conclusions regarding the viability of CDW
phases in neutron stars, thereby opening a new window for
the realization of inhomogeneous chiral symmetry breaking
in astrophysical environments.

The structure of this paper is as follows. In Sec. II, we
develop the extended nucleon-meson model that incorporates
both magnetic field effects and the CDW ansatz. Section III
explores the resulting phase structure and equation of state
as functions of magnetic field strength. In Sec. IV, we solve
the TOV equations using our magnetized EoS and examine
the corresponding astrophysical consequences. Finally, Sec. V
offers a summary of our findings and outlines directions for
future research.

II. THEORETICAL FRAMEWORK: NUCLEON-MESON
MODEL WITH MAGNETIC CATALYSIS AND CHIRAL
MODULATION

To explore the possibility of CDW formation in strongly
magnetized nuclear matter, we employ an extended nucleon-
meson model [12] that incorporates both magnetic field
effects and inhomogeneous chiral condensates. The frame-
work is built upon the mean-field approximation of quantum
hadrodynamics (QHD), with additional ingredients to capture
the essential physics of magnetic catalysis and Landau quan-
tization. Our model respects electric charge neutrality and S
equilibrium, and it includes leptonic degrees of freedom.

A. Lagrangian and magnetic coupling

The starting point of our analysis is the effective La-
grangian density that encodes the dynamics of nucleons,
mesons, and their interactions in the presence of an external
magnetic field. The total Lagrangian is given by

L= £nuc1 + Emeson + Eint + [:em, (1)

where L. denotes the kinetic and mass terms of nucle-
ons treated as Dirac fermions, Lyeson contains the dynamics
of scalar (o), pseudoscalar (77), and vector (w*, p*) me-
son fields, Liy includes the Yukawa-type couplings between
mesons and nucleons, and L., accounts for the coupling
of charged particles to an external magnetic field B = B?.
Writing the nucleon isodoublet as ¥y = (p, n)T, the full
mean-field Lagrangian quoted in Eq. (1) becomes (for brevity
we omit bare counterterms, and renormalization details are
unchanged)

Loy = lﬁN(iVHD;L — N — 860 — gniVS? - T)YN,
— U8V @ + 8oV T - BV, 2

Luneson = + 3[3,0)* + (8,7)* — m2o? — m27?)

1 ny 1.2 "
W+ M o,

4
if)/w : :?)lw + %miﬁu : Z)Ms (3)

Lem = _}TF/wFMVv D[L = au + iQA;u (4)
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with O = diag(+e, 0) acting in isospace. The coupling of
charged fermions to the electromagnetic field is implemented
via the minimal substitution in the kinetic term, d,, — D,, =
0, +igsA,, where gy is the electric charge of the fermion and
A, is the four-potential corresponding to the magnetic field.
For a static and uniform magnetic field aligned along the z
axis, We adopt the Landau gauge A, = (0,0, Bx,0), B> 0
pointing in +Z. This choice leads to Landau level quantization
for the motion of charged particles in the plane perpendicular
to the magnetic field.

The energy eigenvalues for a charged fermion in such a
background are discretized into Landau levels. Solving (ilp —
my )Y = 0 for charged fermions yields the following familiar
Landau levels with degeneracy g, = 2 — 8,0,

Eng = /P2 + 2nlqyB| + m, 5)

where n =0, 1,2, ... denotes the Landau level index, p, is
the continuous momentum along the field direction, m; is the
mass of the fermion, and s refers to the spin projection. The
degeneracy of each Landau level is proportional to |g;B|, with
the lowest Landau level (n = 0) being singly degenerate due
to spin alignment constraints. The associated density of trans-
verse states per unit area is op = |g¢B|/(2m). Using Eq. (5)
and performing the p, integration exactly, one obtains for each
charged species f

Nmax

_ lasB|
my) = fz Zg”
[prin}

%3 +P(n) ]

Jm7 + 2nlqsB|
)

where pp = \//,Lf — m —2n|gsB| and npax = L(,uf
m?)/(2|qu|)J [see Appendlx Egs. (A6)—(A8)]. In a
magnetized system, the thermodynamic potential €2 depends
on the external magnetic field B. The magnetization M is
defined as the negative derivative of 2 with respect to B,

Q/(B,

(m} + 2n|q,B|)

x In (6)

M=—— 7
TR (N
The pressure in such a system becomes anisotropic, meaning
that it depends on the direction relative to the magnetic field.
The longitudinal pressure Py, i.e., the pressure along the direc-
tion of the magnetic field (typically the z axis), is given by

P =-Q, ®)

while the transverse pressure P, i.e., the pressure in direc-
tions perpendicular to the magnetic field, is modified due to
magnetization,

P, =P —BM, &)

demonstrates the well-known splitting Py # P, that enters
global equilibrium conditions. This difference in pressures
is a direct consequence of the interaction between charged

particles and the external magnetic field, particularly due to
Landau quantization and the resulting magnetization of the
medium. This pressure anisotropy plays an important role in
the global equilibrium and stability of magnetized neutron
stars and must be considered when modeling such astrophys-
ical systems.

In the present model, protons, electrons, and muons are
subject to this Landau quantization, whereas neutrons, being
electrically neutral, are unaffected directly by the mag-
netic field but still couple indirectly through meson fields.
The inclusion of magnetic effects in the nucleon-meson
sector introduces two important physical consequences:
first, the discrete Landau spectrum modifies the density of
states for charged fermions, thereby altering their thermo-
dynamic behavior; second, the phenomenon of magnetic
catalysis, wherein chiral symmetry breaking is enhanced
by the magnetic field, modifies the effective potential for
the scalar fields and plays a central role in the forma-
tion and stability of inhomogeneous condensates such as
the CDW.

Furthermore, in the context of dense matter, the magnetic
field induces anisotropies in the energy-momentum tensor,
leading to direction-dependent pressures. While the present
study focuses on the mean-field treatment and considers only
the longitudinal pressure component relevant for spherically
symmetric TOV solutions, these anisotropies may have im-
portant consequences for the internal structure and stability of
magnetized neutron stars. Therefore, the magnetic coupling
modifies both the microphysics (via spectral quantization and
catalysis) and macrophysics (via anisotropic stress and mod-
ified equation of state), making it a crucial ingredient in
assessing the possibility of spatially modulated chiral phases
in realistic neutron star environments.

B. Chiral density wave ansatz

To describe possible inhomogeneous phases of dense nu-
clear matter, we consider a CDW configuration in the mesonic
sector. This ansatz introduces spatial modulation into the
scalar and pseudoscalar condensates, capturing the essence
of a phase where chiral symmetry is broken not uniformly
but in a periodically varying pattern. The motivation for this
approach stems from the observation that, under certain con-
ditions such as high baryon density or strong magnetic fields,
spatially modulated condensates can become energetically fa-
vored over homogeneous ones.

In the simplest realization, we restrict ourselves to modu-
lations along the direction of the external magnetic field (the z
axis), which respects the symmetry imposed by the magnetic
background and simplifies the theoretical analysis. The CDW
ansatz is implemented in the mean-field approximation by
assuming the following forms for the expectation values of the
scalar o field and the neutral component of the pseudoscalar
pion field 7°:

(0(2)) = ¢ cos(2qz), (10)

(7°(2)) = ¢ sin(2gz), (11)
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where ¢ denotes the amplitude of the chiral condensate and
q is the modulation wave number that sets the periodicity
of the spatial structure. This configuration describes a helical
rotation of the chiral order parameter in the (o, 7°) plane of
isospin space. The composite condensate

(YY) + i(Jiysty) = pe*@ 12)

illustrates that the condensate rotates with constant magnitude
but a spatially varying phase. This phase modulation sponta-
neously breaks translational symmetry along the z axis while
preserving the combined isospin-spatial rotation symmetry.
It also leads to the appearance of gapless Nambu-Goldstone
modes associated with the breaking of continuous symme-
tries, which can affect low-energy excitations and transport
phenomena. Physically, the parameter ¢p measures the strength
of chiral symmetry breaking, while the wave number ¢
controls the scale of spatial variation. Both are treated as vari-
ational parameters determined dynamically by minimizing the
free energy. Importantly, the CDW phase interpolates between
two known limits: for ¢ = 0, one recovers the usual homoge-
neous chiral condensate, while for ¢ = 0, chiral symmetry is
restored.

The inclusion of the CDW ansatz enriches the phase
structure of the model by admitting spatially inhomogeneous
ground states. In the presence of a strong magnetic field, such
modulated configurations may become energetically favorable
due to magnetic catalysis and the enhancement of infrared
modes, which can stabilize nonuniform condensates even at
baryon densities where the homogeneous phase would other-
wise dominate.

This framework provides a consistent and tractable way to
study the formation and stability of spatially varying chiral
condensates in magnetized nuclear matter, allowing for the
possibility of rich symmetry-breaking patterns in neutron star
interiors.

C. Free energy and thermodynamic potential

The thermodynamic behavior of dense, magnetized nuclear
matter is governed by the total free energy density (or grand
potential) of the system, which we evaluate in the mean-field
approximation. This quantity encapsulates all relevant contri-
butions from fermionic matter, mesonic interactions, magnetic
fields, and the spatial modulation of the chiral condensate. The
total grand potential is expressed as

Q= Qmatter + S2mag + Szmeson + AU(¢, 6])’ (13)

where each term represents a distinct physical sector influenc-
ing the system’s equilibrium configuration.

The first term, Qpa¢er, contains the kinetic and statistical
contributions from both nucleons (protons and neutrons) and
leptons (electrons and muons). For charged fermions, such as
protons, electrons, and muons, the presence of the magnetic
field leads to Landau quantization of their transverse mo-
mentum, altering their density of states. Consequently, their
contribution to the free energy involves a sum over discrete
Landau levels weighted by the degeneracy factor propor-
tional to the magnetic field strength. The fermion determinant,
which encodes quantum fluctuations around the mean field, is

computed accordingly by summing over both spin projections
and Landau levels. Neutrons, being electrically neutral, do not
couple directly to the magnetic field but still interact via their
coupling to meson fields and contribute to Qmarer in the usual
continuous momentum integration.

The second term, ., accounts for the energy stored in
the magnetic field itself, as well as possible magnetization ef-
fects arising from the polarization of charged fermions. While
in this work we neglect the back-reaction of the matter on
the field configuration (i.e., we treat B as an external param-
eter), the inclusion of Q,,, is essential for capturing the full
pressure and energy density of the system, particularly when
comparing different magnetic field strengths.

The third term, Qpeson, includes the mean-field energy
associated with the expectation values of the mesonic fields.
Specifically, we consider the scalar field o, the time-like
component of the isoscalar vector field ", and the time-like
component of the isovector vector field p°. These meson
fields mediate attractive and repulsive interactions among the
nucleons and play a central role in determining the saturation
properties of nuclear matter and the stiffness of the equation of
state.

The final term, AU (¢, g), represents the additional free en-
ergy cost associated with the spatial modulation of the chiral
condensate. It can be viewed as the gradient and potential
energy of the inhomogeneous order parameter and is com-
monly modeled using a Ginzburg-Landau-type functional. To
leading order, this term includes contributions proportional to
¢%, ¢*, and (3.¢)* ~ ¢*¢>, reflecting both the self-interaction
of the condensate and the energy cost of spatial variations. Its
precise form may be derived from a microscopic bosonized ef-
fective theory or treated phenomenologically with parameters
constrained by symmetry and thermodynamic stability.

A key technical aspect of the model is the proper treatment
of Landau quantization for charged fermions in the presence
of a magnetic field. The discretization of the transverse mo-
mentum modifies the density of states and enters explicitly
into the computation of the fermionic contribution to the ther-
modynamic potential. In this work, we implement the Landau
level summation for protons, electrons, and muons following
the standard quantization prescription for spin-% particles in a
uniform magnetic field. The summation includes appropriate
spin degeneracy factors and accounts for the cutoff imposed
by the Fermi surface at each Landau level. For completeness,
the full mathematical details of the Landau level spectrum,
degeneracy, and integration limits used in our numerical im-
plementation are provided in the Appendix.

Together, these contributions determine the thermody-
namic potential landscape in the (¢, q) space. The equilibrium
configuration of the system at a given baryon chemical po-
tential and magnetic field is obtained by minimizing 2 with
respect to both the amplitude and wave number of the con-
densate. This variational procedure captures the competition
between condensation energy, gradient energy, and magnetic
field effects, and allows for a unified description of both
homogeneous and inhomogeneous chiral symmetry breaking
phases in strongly magnetized nuclear matter. In the follow-
ing, unless stated otherwise, the term pressure refers to the
longitudinal pressure Pj.
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D. Charge neutrality and f equilibrium

To realistically describe matter inside neutron stars, it is
essential to impose the physical constraints of electric charge
neutrality and 8 equilibrium. These conditions arise from the
long-range nature of the electromagnetic interaction and the
weak interaction processes that maintain chemical balance in
cold, dense stellar environments. They ensure the thermody-
namic consistency of the model and strongly influence the
particle content and phase structure of neutron star matter.

B equilibrium is established via weak interaction processes
such as neutron decay (n — p + e~ + V,) and its inverse (p +
e~ — n+v,), which equilibrate the chemical potentials of
the constituent fermions. In the absence of neutrino trapping,
as is the case for cold, mature neutron stars, neutrino chemical
potentials vanish. As a result, the chemical potentials of the
nucleons and leptons are related by

Hn = UB, (14)
Hp = 1B — e, (15)
Mp = Me, (16)

where pp is the baryon chemical potential, 1, is the electron
chemical potential, and p,, is the muon chemical potential.
These relations ensure that all weak interaction processes are
in equilibrium and set the relative population of neutrons,
protons, electrons, and muons in the system.

Alongside § equilibrium, the condition of global electric
charge neutrality must also be enforced. Since neutron stars
are macroscopically neutral, the total electric charge density
must vanish:

Pcharge = Pp — Pe — Pu = 0, )

where p,, p., and p, are the number densities of protons,
electrons, and muons, respectively. This condition plays a
crucial role in determining the lepton content of the system
and, together with the magnetic field, affects the Landau level
filling and population of charged species.

In practice, both the charge neutrality condition and the
chemical potential relations are imposed self-consistently at
each value of the baryon chemical potential pp. The coupled
system of equations arising from these constraints is solved si-
multaneously with the gap equations for the chiral condensate
parameters (¢, ¢), ensuring a thermodynamically consistent
treatment of the magnetized matter in equilibrium.

The interplay between magnetic field effects, Landau quan-
tization, and chemical equilibrium can lead to nontrivial
variations in particle fractions as a function of density and
magnetic field strength. These variations, in turn, influence
the stiffness of the equation of state and the conditions under
which inhomogeneous chiral condensates, such as the CDW,
become energetically favorable.

E. Numerical implementation

The determination of the equilibrium state of the system
requires solving for the chiral condensate parameters ¢ and
q that minimize the total free energy density 2. These pa-
rameters govern the amplitude and spatial modulation of the

condensate, respectively, and are treated as variational degrees
of freedom. Within the mean-field approximation, the station-
arity conditions for equilibrium reduce to a set of coupled gap
equations:

Q2

¢
These equations ensure that the free energy is extremized with
respect to both the strength and periodicity of the chiral con-
densate, capturing the interplay between condensation energy,
modulation cost, and magnetic field effects.

To solve these equations numerically, we discretize the
relevant integrals over momenta and perform explicit summa-
tions over Landau levels for all charged particles. The upper
limit of the Landau level sum is determined dynamically by
the density and magnetic field strength, since only a finite
number of levels are populated at given values of the chemical
potentials. Special care is taken in evaluating the contributions
from the lowest Landau level (LLL), which can dominate the
thermodynamics in the regime of strong magnetic fields and
play a critical role in magnetic catalysis.

At each fixed value of the baryon chemical potential pg
and magnetic field strength B, we perform a two-dimensional
minimization of 2(¢, ¢g) to determine the equilibrium values
of ¢ and g. The charge neutrality condition is enforced si-
multaneously by adjusting the electron and muon chemical
potentials to ensure that the total electric charge vanishes. The
meson mean fields (w°, p°) are determined self-consistently
through their field equations, which depend on the local
baryon and isospin densities.

By scanning over a range of up and B, we construct the
phase diagram of the system in the (up, B) plane, identifying
the regions where the CDW is energetically preferred. The
transition to the CDW phase is typically signaled by a nonzero
value of g minimizing the free energy, accompanied by a
discontinuous or smooth change in the condensate amplitude
¢ depending on the nature of the phase transition.

Once the equilibrium solution is found, the thermodynamic
quantities of interest are extracted. The pressure is computed
as P = —<, and the total energy density ¢ includes contri-
butions from matter, mesonic fields, and the magnetic sector.
These outputs are then used to construct the equation of state
P(e) for each value of B, which serves as the input for solving
the TOV equations in the subsequent analysis of neutron star
structure.

This self-consistent numerical framework captures the es-
sential nonperturbative features of dense nuclear matter under
strong magnetic fields, including Landau quantization, mag-
netic catalysis, and chiral modulation, and provides a robust
basis for exploring the astrophysical implications of inhomo-
geneous phases in neutron stars.

0Q

% =0. (18)

III. MAGNETIC FIELD-DRIVEN PHASE STRUCTURE
AND EQUATION OF STATE

We now present the results of our analysis of the phase
structure of dense nuclear matter under strong magnetic fields,
focusing on the conditions favoring the emergence of the
CDW phase. Additionally, we examine how the presence of
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FIG. 1. Phase boundary for the onset of the CDW phase in the
(up, B) plane. As the magnetic field strength increases, the critical
baryon chemical potential for CDW formation decreases due to mag-
netic catalysis and Landau level effects.

magnetic fields modifies the EoS, which plays a crucial role
in determining the global properties of neutron stars. All qual-
itative trends discussed in this section are directly supported
by the numerical results shown in figures.

A. Chiral phase structure in the (uz, B) plane

Figure 1 illustrates the phase diagram in the plane of
baryon chemical potential up and magnetic field strength B.
In the absence of magnetic fields, we recover the results of
previous studies [12], where the homogeneous chirally broken
phase persists up to a critical upg, beyond which chiral symme-
try is partially restored in a homogeneous configuration.

However, once magnetic fields exceeding B > 5 x 107 G
are introduced, a qualitatively new behavior emerges. The
CDW phase appears at lower chemical potentials compared to
the zero-field case. This is a manifestation of magnetic catal-
ysis, wherein the magnetic field enhances chiral symmetry
breaking, thereby stabilizing spatially modulated condensates
even at densities where they would otherwise be unfavorable.

As B increases, the critical chemical potential g for CDW
onset decreases monotonically. This shift reflects the dual
role of the magnetic field: it both strengthens the condensate
amplitude and increases the free energy gain associated with
the spatial modulation of the condensate. In particular, the
contribution from the LLL becomes dominant for ultrahigh
magnetic fields, effectively leading to a dimensional reduction
of the system.

To analytically understand the phase boundary shown in
Fig. 1, we consider the magnetic catalysis of chiral symmetry
breaking in the strong field regime. In the limit where the LLL
dominates, we approximate the fermionic contribution to the
thermodynamic potential (6) as

B
QIfLL ~ lq,B| |:lLf U2 —m? — m?

4r? f
wp+ g —m?
x In (—f : (19)
m

0 50 100 150 200 250 300
q [MeV]

FIG. 2. Thermodynamic potential difference AQ(g) = Q(g) —
Q(g =0) as a function of the modulation wave number ¢ for a
fixed baryon chemical potential up = 1100 MeV. In the absence of
a magnetic field (B = 0), the minimum is located at g = 0, corre-
sponding to a homogeneous chiral condensate. For strong magnetic
fields (B = 10'® G), the minimum shifts to a nonzero value g # 0,
providing explicit evidence for the realization of a CDW phase.

which reveals a strong enhancement in chiral condensation
energy as B increases. Consequently, the critical baryon chem-
ical potential for CDW onset decreases with B, which we
parametrize as

ng(B) = o — a(eB)", (20)

where g is the critical chemical potential at B = 0, and «,
n > 0 encode the strength of magnetic catalysis. Fit to nu-
merical data in Fig. 1 suggests n =~ 0.5 — 1, consistent with
dimensional reduction arguments.

Moreover, defining th2e tl;reshold for LLL dominance via
Eq. (A8) and By = %, we identify B Z Bri1 as the
regime where inhomogeneous chiral condensation is most
favored. Finally, by expanding the free energy difference be-

tween the homogeneous and CDW phases as
AQ=aB)q" +aB)g*+- -, @n

we deduce that the CDW onset occurs when a,(B) < 0, pro-
viding a microscopic criterion for the phase transition. This
expansion offers a tractable analytic approach to locate the
phase boundary and understand the role of magnetic catalysis.

To explicitly demonstrate the realization of the chiral den-
sity wave phase, we examine the full thermodynamic potential
as a function of the modulation wave number g, obtained by
minimizing €2(¢, g) with respect to the condensate amplitude
¢ at fixed g. The equilibrium value of g is then determined
from the global minimum of the resulting one-dimensional
potential 2(g). In Fig. 2 we show representative profiles of
the thermodynamic potential €2(g) for fixed baryon chemical
potential pp and different magnetic field strengths. In the
absence of a magnetic field, the minimum of (q) is located
at g = 0, corresponding to a homogeneous chiral condensate.
However, once a sufficiently strong magnetic field is applied,
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FIG. 3. Equation of state (EoS) for magnetized nuclear matter
showing the longitudinal pressure P = P = —Q as a function of
energy density for different magnetic field strengths. In the presence
of a magnetic field, the pressure is anisotropic (P # P, ); here we
plot the longitudinal component, which is the relevant input for the
spherically symmetric TOV equations used in this work.

the minimum shifts to a nonzero value g # 0, signaling the
energetic favorability of a CDW.

From the numerical minimization, we find that the pre-
ferred wave number lies in the range

g ~ (50-150) MeV, (22)

depending on the magnetic field strength and baryon chem-
ical potential. The value of ¢ increases monotonically with
B, reflecting the enhancement of spatial modulation due to
magnetic catalysis and Landau level effects. These values cor-
respond to modulation lengths of order A ~ 7 /g ~ 4-12 fm,
comparable to characteristic hadronic length scales in dense
nuclear matter.

B. Equation of state and magnetic stiffening

For each value of up and B, we compute the pres-
sure P = —S2 and energy density € from the self-consistent
solution of the gap equations. The resulting equation of
state P(e) is shown in Fig. 3 for representative values of
the magnetic field. We emphasize that, in the presence of a
strong magnetic field, the pressure of the system becomes
intrinsically anisotropic. The longitudinal pressure along the
direction of the magnetic field is given by P = Pj = —%,
while the transverse pressure receives an additional contri-
bution from the magnetization, see the equation (9) with
M = —0Q/9B. This anisotropy is a generic feature of mag-
netized matter and has been discussed extensively in the
literature.

In Fig. 3, we display only the longitudinal pressure, which
is the quantity commonly employed in spherically symmetric
TOV calculations. The transverse pressure P, while physi-
cally important for a fully anisotropic treatment of magnetized
stars, does not enter the standard TOV equations. A consistent
treatment of anisotropic stellar structure would require solving

generalized equilibrium equations beyond the scope of the
present work. Here, our goal is to assess how magnetic
catalysis and chiral density waves modify the longitudinal
equation of state and its implications for neutron star masses.

In the CDW phase, the EoS becomes significantly stiffer
with increasing B. This stiffening can be attributed to several
mechanisms: (a) Magnetic pressure from Landau quantization
of charged fermions. (b) Enhanced condensate energy density
due to magnetic catalysis. (c) Anisotropic stress contributions,
though here we consider only the longitudinal component
relevant for the TOV equations.

Compared to the soft EoS in nonmagnetized CDW config-
urations [12], the presence of strong fields reverses this trend,
providing the necessary pressure support to sustain neutron
stars with CDW cores.

To elucidate the magnetic stiffening of the EoS observed in
Fig. 3, we derive analytic expressions highlighting the role of
magnetic catalysis and Landau quantization. For each charged
fermion species, the contribution to the longitudinal pressure
(8) under Landau quantization reads

Nmax

/B
PirB) = = QB up) = 253 g
n=0

» [p (2 + 2nlq;B)

(1)
+ Pr>
% In (%)} (23)
/™7 + 2nlqsB|
where p}"l = \/ M% - mip — 2n|qyB] is the Fermi momentum

in the z direction. As the magnetic field increases, the discrete
Landau level structure reduces the phase space volume and
enhances the density of states at low energy, particularly in
the LLL. This leads to an increase in the pressure due to
the magnetic degeneracy factor |gyB|/(2m), producing the
observed stiffening in P(e).

In parallel, magnetic catalysis enhances the chiral con-
densate amplitude ¢(B), increasing the mean-field potential
energy stored in the CDW phase. The condensate contribution
to the pressure can be approximated as

PEN(B) ~ —AU (¢(B), ¢(B)) = —(a ¢*q> + 1p*), (24)

which rises with B due to the monotonic growth of ¢(B)
in strong fields. Hence, the total pressure increase can be
decomposed as

AP(B) = P(B) — P(0)
~ c1(eB)* + c2 ¢*(B) + c3 ¢*(B)p*(B),  (25)

with constants c; reflecting model-dependent coefficients from
the magnetic and chiral sectors.

While our numerical TOV solutions rely on the longitudi-
nal pressure Py, the full stress-energy tensor is anisotropic due
to magnetization effects:

TH" = diag(e, P, P, P)), (26)
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where P, = Pj — BM(B), and the magnetization is defined
as M(B) = —92/9B. This anisotropy becomes significant at
B > 10" G, and may be crucial for modeling magnetically
deformed stars and gravitational wave observables.

C. Implications for neutron star interiors

The emergence of a CDW phase in dense magnetized
matter has far-reaching consequences for the internal compo-
sition and macroscopic properties of neutron stars. Our results
indicate that strong magnetic fields, such as those expected
in magnetars or post-merger remnants, can significantly alter
the phase structure by promoting the formation of inhomoge-
neous chiral condensates at baryon chemical potentials lower
than in the zero-field case. This magnetic catalysis effect,
combined with the stiffening of the EoS in the CDW phase,
opens the possibility that such exotic structures may exist
in the cores of neutron stars without violating observational
constraints on maximum masses.

From a structural perspective, the presence of a spatially
modulated condensate in the inner core introduces a new
layer of complexity in the modeling of neutron stars. The
CDW phase contributes nontrivially to the pressure and en-
ergy density, modifies the distribution of nucleon species
via altered chemical potentials, and potentially induces lo-
cal anisotropies due to the directionality of the modulation.
Although in the present study we focus on the longitudinal
pressure relevant for TOV solutions, a more complete treat-
ment may require incorporating anisotropic stress components
in the star’s interior, particularly under ultrastrong magnetic
fields.

In addition to modifying the bulk properties, the existence
of an inhomogeneous chiral phase can influence a variety of
transport and emission phenomena. The periodic modulation
of the chiral condensate may scatter low-energy excitations
differently than a homogeneous background, thereby affecting
thermal conductivity, viscosity, and neutrino diffusion. This
could alter the cooling behavior of neutron stars, especially
in early stages when neutrino emission dominates the energy
loss. Moreover, the breaking of spatial and chiral symmetries
in the CDW phase may give rise to parity-violating observ-
ables or induce novel collective excitations that could manifest
as quasi-periodic oscillations in starquakes or magnetar flares.

The onset of the CDW phase, particularly if it involves
a first-order transition, may also lead to sharp density dis-
continuities or mixed-phase regions in the stellar interior.
Such transitions could serve as nucleation sites for dy-
namic phenomena, including the generation of gravitational
waves during mergers, pulsar glitches, or magnetic recon-
nection events. These signatures offer potential observational
windows into the exotic QCD phases realized in extreme
astrophysical environments.

In the following section, we incorporate the magne-
tized EoS derived from our CDW model into the TOV
equations. This allows us to compute mass-radius rela-
tions and explore the astrophysical viability of neutron stars
with modulated chiral cores, providing a direct connec-
tion between microscopic phase structure and macroscopic
observables.

IV. MASS-RADIUS RELATIONS AND ASTROPHYSICAL
IMPLICATIONS

To evaluate the astrophysical relevance of CDW phases in
magnetized neutron star interiors, we incorporate the magneti-
cally modified EoS into the TOV equations, which govern the
structure of static, spherically symmetric relativistic stars in
hydrostatic equilibrium. This approach allows us to determine
whether stable stellar configurations with inhomogeneous chi-
ral condensates in their cores are consistent with observational
constraints, particularly the well-established lower bound on
the maximum mass of neutron stars, M, = 2Me.

A. TOV equations and numerical procedure

The TOV equations are given by the coupled differential
equations:

dP(r) G X
= — S le(r) + P(OIIM(r) + 4 rP(r)]
dr r
-1
y (1 _ 26M() (”) , @7
r
ME) _ e, (28)
dr

where P(r) is the pressure, €(r) is the energy density, M (r) is
the enclosed gravitational mass at radius r, and G is Newton’s
gravitational constant. These equations are integrated outward
from a central energy density €. using the appropriate EoS
P(€) until the pressure drops to zero, defining the stellar radius
R and total mass M (R).

We emphasize that the standard TOV equations assume
spherical symmetry and isotropic pressure. In the presence
of strong magnetic fields, these assumptions are, in principle,
violated due to pressure anisotropy and possible deformation
of the stellar structure. In the present work, we adopt the
standard TOV framework as an approximation, using the lon-
gitudinal pressure P as input. This choice is motivated by the
fact that, for magnetic field strengths B < 10'® G, the global
structure of neutron stars is expected to remain approximately
spherical, and deviations from spherical symmetry lead to
quantitative, but not qualitative, modifications of the mass-
radius relation. Our primary goal here is to assess whether the
equation of state modified by magnetic catalysis and chiral
density waves can support neutron stars compatible with the
observed two-solar-mass constraint, rather than to provide a
fully anisotropic stellar equilibrium solution.

A fully consistent treatment of magnetized neutron stars
would require solving generalized equilibrium equations that
account for anisotropic pressures and magnetic-field-induced
deformations, such as axisymmetric Einstein-Maxwell sys-
tems. Several studies have addressed these effects in detail
using fully relativistic and axisymmetric treatments of mag-
netized neutron stars, including solutions of the coupled
Einstein-Maxwell equations [27-30]. While such an approach
is beyond the scope of the present work, we stress that our
conclusions regarding the relative stiffening of the equation of
state and the enhanced viability of CDW phases are expected
to remain robust against these refinements.
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FIG. 4. Mass-radius relations for neutron stars with and without
the CDW phase at different magnetic field strengths. Solid curves
include CDW phases; dashed curves correspond to purely homo-
geneous EoS. The horizontal band indicates the 2M, observational
constraint.

For each fixed magnetic field strength B, we use the corre-
sponding self-consistent EoS obtained from our CDW model
as input to the TOV equations. The integration is repeated
over a range of central energy densities to generate a full
mass-radius (M-R) curve. The maximum mass configuration
corresponds to the turning point where dM/de, = 0, beyond
which stars become gravitationally unstable.

B. Impact of the CDW phase on mass-radius structure

Our analysis reveals that the inclusion of the CDW phase
substantially modifies the mass-radius relation at high central
densities, where spatially modulated condensates are favored.
In particular, we find that for sufficiently strong magnetic
fields (B > 5 x 10'7 G), the EoS becomes stiffer in the CDW
phase due to a combination of magnetic pressure, enhanced
condensate energy density, and reduced Landau level degen-
eracy. Also we find that the critical central energy density
€SPV at which the CDW phase appears is lowered by the
magnetic field, allowing stars with moderate central densities
to develop modulated cores. Moreover, the maximum mass
M.« increases with magnetic field strength when the CDW
phase is included, often surpassing the 2M, threshold even
for models that fail to do so in the nonmagnetized case.

These effects are illustrated in Fig. 4, where we compare
the M-R curves for EoS with and without CDW phases under
various magnetic field strengths. In particular, the existence
of stable hybrid configurations—with a central CDW core
surrounded by a homogeneous hadronic mantle—is clearly
evident. Such stars can exhibit radii in the range 11 km < R <
14 km and masses up to 2.1-2.3 M, depending on the field
strength and EoS parameters.

In the present work, the magnetic field is treated as a
uniform external background field. We acknowledge that this
assumption constitutes a simplification, since realistic neutron
stars are expected to exhibit spatially varying magnetic field
profiles, with the field strength typically increasing from the

surface toward the core. The adoption of a constant magnetic
field is motivated by the fact that our primary objective is
to isolate and understand the local microphysical impact of
strong magnetic fields on chiral symmetry breaking, the emer-
gence of CDW phases, and the resulting equation of state. In
this context, the magnetic field should be interpreted as an
effective local field strength representative of conditions in
the stellar interior, particularly in magnetar cores where fields
of order 10'7-10'8 G are commonly considered. Importantly,
the formation of a CDW and the associated magnetic-field-
induced stiffening of the equation of state are driven by
local mechanisms such as magnetic catalysis and Landau
quantization. These effects depend primarily on the local
magnitude of the magnetic field and are therefore expected
to persist in the presence of spatially varying field profiles.
While a fully self-consistent treatment combining realistic
magnetic field distributions with anisotropic stellar structure
equations would be required for quantitative predictions, we
expect the qualitative conclusions of this work to remain
robust.

C. Astrophysical signatures and observables

The presence of a CDW phase in the core of magnetized
neutron stars has significant implications for a wide array
of astrophysical observables. These signatures arise from
the distinctive microphysical and macroscopic modifications
induced by spatially modulated condensates under strong
magnetic fields. One of the most promising avenues for ob-
servational inference lies in the domain of gravitational waves.
The formation of CDW cores can result in sharp density dis-
continuities and nonspherical deformations, particularly when
accompanied by anisotropic pressure components induced by
strong magnetic fields. These structures can act as sources
of nonaxisymmetric instabilities during binary inspiral and
merger events, potentially leading to characteristic features
in the gravitational wave signal. Furthermore, if the CDW
phase transition occurs dynamically, it could trigger additional
bursts of gravitational radiation due to sudden rearrangements
in the internal structure, especially in post-merger remnants.

Another important class of observables pertains to the
thermal evolution of neutron stars. The CDW phase modifies
the excitation spectrum and density of states in the nuclear
medium, thereby affecting neutrino emissivity (the dominant
cooling mechanism in young neutron stars). Depending on
the detailed band structure induced by the modulation, neu-
trino emission could be either suppressed (due to phase space
blocking) or enhanced (via new low-energy modes). This may
lead to deviations from standard cooling curves, potentially
detectable through x-ray observations of isolated neutron stars
or quiescent low-mass x-ray binaries. The altered specific heat
and thermal conductivity in the modulated phase may also
change the timescales for thermal relaxation between the core
and the crust.

Magnetar phenomenology offers another potential win-
dow into the physics of inhomogeneous chiral condensates.
The breaking of translational symmetry along the direc-
tion of the magnetic field introduces directional rigidity in
the core, which may couple to the crust and influence the
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dynamics of starquakes, glitches, or flare events. In particu-
lar, CDW-induced anisotropies can affect the propagation of
shear modes and torsional oscillations, possibly contributing
to the observed quasi-periodic oscillations (QPOs) during gi-
ant flares. Additionally, the sudden onset or reconfiguration
of the CDW phase under varying internal conditions could
serve as a mechanism for releasing stored magnetic or elastic
energy, analogous to crustal failure models but sourced deep
within the core.

Finally, the global structure of neutron stars may be im-
pacted by the anisotropic stress tensor associated with the
CDW phase, especially in regions where magnetic fields
approach or exceed 10'® G. In such regimes, the pressure
anisotropy between directions parallel and perpendicular to
the magnetic field can result in deformations from spheri-
cal symmetry, even in nonrotating configurations. This effect
can generate nonvanishing quadrupole moments, making such
stars potential continuous sources of gravitational waves, de-
tectable by current or future interferometric detectors if the
deformations are sufficiently large and persistent. Therefore,
the realization of a CDW phase in magnetized neutron star
interiors has the potential to leave multifaceted astrophysi-
cal signatures, ranging from modified thermal and transport
properties to gravitational wave emission patterns and mag-
netar variability. While these effects are model-dependent
and require detailed simulations for precise predictions, they
collectively provide promising channels for probing the mi-
crophysical nature of dense matter through multimessenger
observations.

D. Analytic estimates and universal relations

To better characterize the influence of CDW phases, we

introduce the dimensionless compactness parameter,
GM
C= R’ (29)

which serves as a key indicator of general relativistic correc-
tions in the star’s structure. CDW-core stars typically exhibit
slightly larger compactness compared to purely hadronic con-
figurations of the same mass, due to the stiffer equation of
state induced by magnetic catalysis. This change in compact-
ness has measurable implications for the universal relations
among macroscopic observables, particularly the so-called
I-Love-Q relations [31] connecting the dimensionless moment
of inertia = I/M?, tidal deformability A, and quadrupole
moment Q = —Q/(M?3x?), where x = J/M? is the dimen-
sionless spin. These relations are known to be remarkably
insensitive to the equation of state for a wide range of hadronic
and hybrid models.

To quantify the impact of the CDW phase, we begin with
the dimensionless tidal deformability:

A =2kC7, (30)

where k, is the second Love number, which encodes the star’s
tidal response. The analytic expression for k; in terms of the
compactness C and the logarithmic derivative yg of the metric
function at the surface is given by
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FIG. 5. Tidal deformability A as a function of stellar mass for

both purely hadronic and CDW-core equations of state. The CDW
phase reduces A by ~20% due to increased compactness.

where
Y = 2C[6 — 3yg + 3C(5yz — 8)]
+4C3[13 — 11yg + CByr — 2) + 2C(1 + yp)]
+3(1 —2C)*[2 — yr + 2C(yg — D]In(1 — 20).
(32)

The function yg is obtained by integrating a first-order dif-
ferential equation for tidal perturbations along with the TOV
equations. Our numerical solutions reveal that CDW-core
stars lead to smaller values of yg due to their denser central
structure, resulting in a lower k, and hence smaller A.

Specifically, we find that the presence of a CDW core can
suppress the tidal deformability by a factor of

Acpw
Ahad

for fixed stellar mass M = 1.4M, corresponding to a rela-
tive change of approximately 20%. This suppression arises
primarily from the increase in compactness and decrease in
k, associated with the stiffer inner core.

In the slow-rotation approximation, the dimensionless mo-
ment of inertia I can also be approximated by the universal
relation:

~0.8, (33)

Inf =ay+a;In A+ a(InA)? + az(In A)® + as(In A)?,
(34)

with fitted coefficients (ay, a1, a, asz, as) provided in
Refs. [31]. While the CDW phase modifies A, we find
that the I-Love-Q relation itself remains approximately intact
within a few percent, reinforcing the robustness of these
universal curves even in the presence of exotic phases.

Figure 5 illustrates the tidal deformability A as a
function of neutron star mass M, comparing purely
hadronic EoS with those featuring a CDW core. The
presence of the CDW phase leads to a systematic sup-
pression of A across the mass range 1.0Mg <M <
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FIG. 6. Universal I-Love relation showing the dimensionless mo-
ment of inertia / = I/M? versus tidal deformability A. CDW-core
stars follow the same universal curve with a slight offset due to
changes in internal structure.

2.2Mq. This suppression arises due to two primary
effects: (i) the increased compactness of the star induced by
the stiffer CDW EoS at high density, and (ii) the reduction
in the second Love number k, resulting from a denser and
more centrally concentrated mass distribution. Notably, the
reduction in A is most pronounced near M =~ 1.4Mg, where
gravitational wave constraints from binary neutron star merg-
ers (e.g., GW170817) are most stringent. The ~20% decrease
in A brought by CDW cores allows models with softer outer
layers to remain compatible with current observational bounds
on tidal deformability.

In Fig. 6, we present the so-called I-Love relation, showing
the dimensionless moment of inertia I = I/M? as a function of
A. This universal curve is known to be remarkably insensitive
to the microphysical details of the EoS for a wide range of
hadronic and hybrid models. Our results confirm that the in-
clusion of a CDW core introduces only a mild deviation from
the hadronic curve, preserving the approximate universality
of the I-Love relation to within a few percent. This robustness
suggests that even in the presence of exotic inhomogeneous
condensates, standard I-Love-Q universal relations may still
be employed for gravitational waveform modeling and pa-
rameter estimation, with minor corrections. However, the
systematic offset introduced by CDW phases could serve as
an indirect diagnostic of exotic matter in future high-precision
measurements of neutron star moments of inertia and tidal
deformabilities.

These plots reinforce the astrophysical viability of CDW
phases: they remain consistent with gravitational wave
constraints while introducing novel, potentially observable
corrections to global neutron star observables. These features
offer promising targets for future multimessenger probes of
QCD matter at extreme densities.

However, the CDW-induced suppression of A has im-
portant implications for gravitational wave astrophysics.
In particular, the inferred constraints on the EoS from
GW170817 and similar events—such as the upper bound
A(1.4My) < 800, are more easily satisfied by EoS models

that incorporate a CDW phase, even when the outer layers
are relatively soft. This may allow for the reconciliation of
observational constraints with microphysically motivated in-
homogeneous phases.

Finally, since A R3, even a modest reduction in stellar
radius due to the CDW core can lead to a substantial drop
in tidal deformability. This sensitivity emphasizes the impor-
tance of accurately modeling the star’s interior composition in
any effort to extract microphysical information from gravita-
tional wave signals.

Altogether, our analysis demonstrates that magnetically
catalyzed CDW phases introduce quantifiable corrections to
compactness, tidal deformability, and potentially the moment
of inertia, while still preserving the approximate validity of
universal relations. These results strengthen the case for in-
cluding spatially modulated condensates in future neutron
star models and waveform templates for gravitational wave
astronomy.

V. DISCUSSION AND OUTLOOK

In this work, we have explored the possibility that strong
magnetic fields can fundamentally alter the phase structure
of dense nuclear matter, rendering the CDW phase ener-
getically favorable in neutron star interiors. This possibility
stands in contrast to previous conclusions based on nucleon-
meson models without magnetic effects, which had found
CDW configurations to be unfavorable due to the associated
softening of the equation of state. By incorporating magnetic
catalysis and Landau quantization, our extended model shows
that spatially modulated chiral condensates can arise at lower
baryon chemical potentials and support a stiffer equation of
state, particularly in regimes of ultrastrong magnetic fields
comparable to those inferred in magnetars.

Our results suggest that CDW phases are not merely
theoretical curiosities but may play a genuine role in the
microphysics of neutron star cores, especially in the presence
of magnetic fields exceeding B ~ 10'® G. The emergence
of the CDW phase modifies the thermodynamics of dense
matter, influencing both the equilibrium composition and the
macroscopic structure of neutron stars. Most notably, we
find that stable configurations with CDW cores can exceed
the observed two-solar-mass threshold, indicating that such
phases are consistent with existing mass-radius constraints.
Moreover, CDW cores impact universal relations such as the
I-Love-Q curves, slightly reducing the tidal deformability
and moment of inertia without strongly violating their ap-
proximate universality, thus offering potential observational
signatures in gravitational wave astronomy.

Looking ahead, several promising directions remain for
future work. The inclusion of finite temperature effects
and neutrino trapping is essential for modeling the early stages
of proto-neutron stars or post-merger remnants, where thermal
and lepton number effects could alter the phase boundaries
and transport properties of the CDW phase. Likewise, in-
corporating the magnetic field back-reaction on the star’s
equilibrium structure (currently treated as an external input)
would allow a more realistic modeling of anisotropic stress
and deformation in strong-field regimes. Additionally, a more

055801-11



M. MOAZAMI, B. KHANBABAEI, AND B. POURHASSAN

PHYSICAL REVIEW C 113, 055801 (2026)

detailed analysis of collective excitations, transport coeffi-
cients, and neutrino emissivities in the CDW phase could yield
valuable insights into cooling behavior, glitch dynamics, and
electromagnetic variability in magnetars.

The interplay between inhomogeneous condensates, strong
magnetic fields, and compact star observables is a fertile
ground for future research. As multi-messenger astronomy
continues to provide increasingly precise constraints on neu-
tron star structure, particularly through gravitational wave
detections and x-ray timing, the distinctive signatures of CDW
phases—ranging from modified tidal deformabilities to sup-
pressed cooling rates—may offer an indirect window into the
symmetry-breaking patterns of dense QCD matter. Ultimately,
the incorporation of spatially modulated phases into neutron
star modeling may prove not only necessary but inevitable
in light of forthcoming observational advances. An impor-
tant extension of the present study would be the inclusion
of anisotropic stellar structure equations and magnetic-field-
induced deformations, which we leave for future work.
Future extensions of this work should include spatially vary-
ing magnetic field profiles and anisotropic stellar structure
equations to further refine the quantitative impact of strong
magnetic fields on inhomogeneous chiral phases in neutron
stars.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: LANDAU LEVEL SUMMATION DETAILS

In this Appendix, we provide technical details on how
Landau quantization is implemented in the evaluation of
the fermionic contribution to the thermodynamic potential
under a uniform external magnetic field B = B2. Charged
fermions (specifically protons, electrons, and muons) ex-
perience transverse motion quantized into Landau levels,
significantly altering their density of states.

For a charged fermion species f with electric charge ¢,
mass my, and spin s = &1, the energy levels in the presence
of a magnetic field oriented along the z axis are given by

En,x(pz) = \/p? + 2n|qu| + mjzfv

where n € Z > is the Landau level index. Each level (except
for the lowest one, n = 0) is doubly degenerate with respect
to spin, provided m; > 0. The spin degeneracy factor g, is
therefore
1
e ]!

The number of quantum states per unit area in the transverse
plane for each Landau level is
lqsBl
2

(AD)

n=0,

n> 1. (A2)

(A3)

The contribution of a charged fermion species f to the matter
part of the grand potential is given by

Mimax 00
where
X =E,(p.)+ Tl (1 + e*ﬁ(En,;(p;)*Mf))
+ T 1n (1 4 e PEn@Itr) (A5)

where (. is the chemical potential, 8 = 1/T is the inverse
temperature, and 7 is the temperature (set to zero in our
neutron star application). In the zero-temperature limit, this
expression reduces to

(n

)
ol dp,
Q}T 0) _ Rk Vil Zgn —(Mf - En,s(pz))’
n=0 P

A6
2 ) 2 (AS)

where the Fermi momentum for each Landau level is defined
by the condition

P = \/M} —m2 —2nlqsBl, if u} > m’ + 2nlqsB|.

(A7)
The upper limit n,,x on the Landau sum is determined dynam-

ically by
2 2
ne— | Br Ty
max 2|qu| .

Neutral fermions such as neutrons do not couple directly to
the magnetic field and hence retain their standard dispersion

relation:
E(P) = p2 + mrzw

and their contribution to the thermodynamic potential is com-
puted using conventional Fermi integrals.

In practice, to ensure numerical convergence and sta-
bility, the Landau level summation is truncated once np,x
exceeds the kinematic bound or the integrand becomes numer-
ically negligible. At strong magnetic fields and low densities,
only the lowest few Landau levels are populated, and in
the extreme quantum limit (nm.x = 0), the entire charged
matter resides in the LLL, leading to an effective dimen-
sional reduction to 1 4+ 1 dimensions. This enhances magnetic
catalysis and can trigger the onset of spatially modulated
condensates.

This formalism captures the essential modifications of
fermion thermodynamics in the presence of a magnetic
field and is implemented consistently throughout the model
to compute the matter contribution to the total free en-
ergy, as well as the particle densities and magnetization.
The same summation structure applies to electrons and
muons, with appropriate choices for their masses and
charges.

(A8)

(A9)

[1] D. V. Deryagin, D. Y. Grigoriev, and V. A. Rubakov,
Standing wave ground state in high density, zero temper-

ature QCD at large N., Int. J. Mod. Phys. A 07, 659
(1992).

055801-12


https://doi.org/10.1142/S0217751X92000302

MAGNETIC FIELDS AND THE FAVORABILITY OF ...

PHYSICAL REVIEW C 113, 055801 (2026)

[2] E. Shuster and D. T. Son, On finite-density QCD at large N,,
Nucl. Phys. B 5§73, 434 (2000).

[3] D. Nickel, How many phases meet at the chiral critical point?
Phys. Rev. Lett. 103, 072301 (2009).

[4] S. Carignano, D. Nickel, and M. Buballa, Influence of vector
interaction and Polyakov loop dynamics on inhomogeneous
chiral symmetry breaking phases, Phys. Rev. D 82, 054009
(2010).

[5] A. Heinz, F. Giacosa, M. Wagner, and D. H. Rischke, Inhomo-
geneous condensation in effective models for QCD using the
finite-mode approach, Phys. Rev. D 93, 014007 (2016).

[6] P. Lakaschus, M. Buballa, and D. H. Rischke, Competition of
inhomogeneous chiral phases and two-flavor color supercon-
ductivity in the NJL model, Phys. Rev. D 103, 034030 (2021).

[7] M. Buballa, L. Kurth, M. Wagner, and M. Winstel, Regulator
dependence of inhomogeneous phases in the 2+1-dimensional
Gross-Neveu model, Phys. Rev. D 103, 034503 (2021).

[8] M. Buballa and S. Carignano, Inhomogeneous chiral conden-
sates, Prog. Part. Nucl. Phys. 81, 39 (2015).

[9] P. B. Demorest et al., A two-solar-mass neutron star measured
using Shapiro delay, Nature (London) 467, 1081 (2010).

[10] J. Antoniadis et al., A massive pulsar in a compact relativistic
binary, Science 340, 1233232 (2013).

[11] H. T. Cromartie et al., Relativistic Shapiro delay measurements
of a massive millisecond pulsar, Nat. Astron. 4, 72 (2020).

[12] O. Papadopoulos and A. Schmitt, How neutron star proper-
ties disfavor a nuclear chiral density wave, Phys. Rev. D 111,
034010 (2025).

[13] R. Turolla, S. Zane, and A. Watts, Magnetars: The physics
behind observations, Rep. Prog. Phys. 78, 116901 (2015).

[14] V. M. Kaspi and A. Beloborodov, Magnetars, Annu. Rev.
Astron. Astrophys. 55, 261 (2017).

[15] J. M. Lattimer and M. Prakash, Neutron star observations:
Prognosis for equation of state constraints, Phys. Rep. 442, 109
(2007).

[16] A. E. Broderick, M. Prakash, and J. M. Lattimer, The equa-
tion of state of neutron star matter in strong magnetic fields,
Astrophys. J. 537, 351 (2000).

[17] E. J. Ferrer, V. de la Incera, J. P. Keith, I. Portillo, and P. L.
Springsteen, Equation of state of a dense and magnetized
fermion system, Phys. Rev. C 82, 065802 (2010).

[18] J. O. Andersen, W. R. Naylor, and A. Tranberg, Phase diagram
of QCD in a magnetic field: A review, Rev. Mod. Phys. 88,
025001 (2016).

[19] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Di-
mensional reduction and catalysis of dynamical symmetry
breaking by a magnetic field, Nucl. Phys. B 462, 249
(1996).

[20] E. R. Most, L. J. Papenfort, V. Dexheimer, M. Hanauske, H.
Stoecker, and L. Rezzolla, Signatures of Quark-Hadron phase
transitions in general-relativistic neutron-star mergers, Phys.
Rev. Lett. 122, 061101 (2019).

[21] M. G. Alford, S. P. Harris, and P. S. Sachdeva, Transport coef-
ficients of two-flavor superconducting quark matter, Phys. Rev.
C 90, 055205 (2014).

[22] E. S. Fraga and A. J. Mizher, Chiral transition in a strong
magnetic background, Phys. Rev. D 78, 025016 (2008).

[23] E. S. Fraga, L. F. Palhares, and T. E. Restrepo, Cold and dense
perturbative QCD in a very strong magnetic background, Phys.
Rev. D 109, 054033 (2024).

[24] E. S. Fraga, L. F. Palhares, and T. E. Restrepo, Hot and dense
pQCD in a very strong magnetic background, EPJ Web Conf.
364, 12009 (2026).

[25] A.J. Mizher, M. N. Chernodub, and E. S. Fraga, Phase diagram
of hot QCD in an external magnetic field: Possible splitting of
deconfinement and chiral transitions, Phys. Rev. D 82, 105016
(2010).

[26] D. P. Menezes, M. B. Pinto, and C. Providéncia, Anisotropy in
the equation of state of magnetized quark matter, Phys. Rev. C
91, 065205 (2015).

[27] M. Bocquet, S. Bonazzola, E. Gourgoulhon, and J. Novak,
Rotating neutron star models with magnetic field, Astron.
Astrophys. 301, 757 (1995).

[28] G. H. Bordbar and Z. Rezaei, The effects of strong magnetic
fields on the neutron star structure: Lowest order constrained
variational calculations, Res. Astron. Astrophys. 13, 197
(2013).

[29] A. G. Pili, N. Bucciantini, and L. Del Zanna, Axisymmetric
equilibrium models for magnetized neutron stars in general
relativity under the conformally flat condition, Mon. Not. Roy.
Astron. Soc. 439, 3541 (2014).

[30] J. Fang, H. Pais, S. Pratapsi, S. Avancini, J. Li, and C.
Providéncia, Effect of strong magnetic fields on the crust-core
transition and inner crust of neutron stars, Phys. Rev. C 95,
045802 (2017).

[31] K. Yagi and N. Yunes, I-Love-Q: Unexpected universal rela-
tions for neutron stars and quark stars, Phys. Rev. D 88, 023009
(2013).

055801-13


https://doi.org/10.1016/S0550-3213(99)00615-X
https://doi.org/10.1103/PhysRevLett.103.072301
https://doi.org/10.1103/PhysRevD.82.054009
https://doi.org/10.1103/PhysRevD.93.014007
https://doi.org/10.1103/PhysRevD.103.034030
https://doi.org/10.1103/PhysRevD.103.034503
https://doi.org/10.1016/j.ppnp.2014.11.001
https://doi.org/10.1038/nature09466
https://doi.org/10.1126/science.1233232
https://doi.org/10.1038/s41550-019-0880-2
https://doi.org/10.1103/PhysRevD.111.034010
https://doi.org/10.1088/0034-4885/78/11/116901
https://doi.org/10.1146/annurev-astro-081915-023329
https://doi.org/10.1016/j.physrep.2007.02.003
https://doi.org/10.1086/309010
https://doi.org/10.1103/PhysRevC.82.065802
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1016/0550-3213(96)00021-1
https://doi.org/10.1103/PhysRevLett.122.061101
https://doi.org/10.1103/PhysRevC.90.055205
https://doi.org/10.1103/PhysRevD.78.025016
https://doi.org/10.1103/PhysRevD.109.054033
https://doi.org/10.1051/epjconf/202636412009
https://doi.org/10.1103/PhysRevD.82.105016
https://doi.org/10.1103/PhysRevC.91.065205
https://doi.org/10.1088/1674-4527/13/2/006
https://doi.org/10.1093/mnras/stu215
https://doi.org/10.1103/PhysRevC.95.045802
https://doi.org/10.1103/PhysRevD.88.023009

