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A = 2, 3, 4 nuclear contact coefficients in the generalized contact formalism
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We present a theoretical calculation for the A = 2, 3, and 4 nuclear contact coefficients within the generalized
contact formalism, using both local and nonlocal chiral potentials. The hyperspherical harmonics method is
employed to calculate the nuclear wave functions, from which we derive two-body momentum distributions and
density functions to extract the contact coefficients. We have extracted the contact coefficients from two-body
momentum distributions or from density functions, for a given nucleus and potential, and we have found that the
generalized contact formalism predictions are verified in the triplet spin channel for local and nonlocal potentials.
On the other hand, some significant tensions exist for the singlet channels, especially when studied with nonlocal
potentials. We have also analyzed the model-independence of the ratios between the contact coefficients, which
we have found to be quite satisfied. This study extends previous works based on local interaction models only.
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L. INTRODUCTION

The study of short-range correlations (SRCs) in nuclei
is essential for understanding the nucleon behavior at high
momenta or equivalently short distances, where traditional
mean-field approaches, such as the nuclear shell model, fail
to account for the complex dynamics of nucleon-nucleon
correlations. In this work, we take the operative definition
of SRCs as in Refs. [1,2], i.e., a two-nucleon pair having
small center-of-mass momentum and large relative momen-
tum, compared with the typical nuclear Fermi momentum
(kp =~ 250 MeV//c). These pairs are predominantly neutron-
proton pairs.

Definitive experimental evidence for SRCs has been ob-
tained through two types of high-energy reactions. The first
is the inclusive (e, ¢’) scattering at Bjorken xg > 1, which
provides insights into the high-momentum tail of the nuclear
momentum distribution [3-5]. The second involves exclusive
reactions that isolate the effects of ground-state correlations,
distinguishing them from competing processes such as two-
body meson-exchange currents and final-state interactions
[6-8]. Moreover, (e, ¢’) reactions at large values for xp re-
veal that all nuclei exhibit similar momentum distributions at
high momenta, providing direct evidence for the existence of
strongly correlated two-nucleon clusters in the nuclear ground
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state. Further experimental evidence shows that SRC pairs,
predominantly consisting of neutron-proton pairs, account for
a significant fraction of nucleons in the nucleus at high mo-
menta [7-9].

The presence of SRCs in nuclei leads to significant effects
on various nuclear phenomena, including the high-momentum
tails of nuclear momentum distributions [1], the internal struc-
ture of nucleons within nuclei [1,10-13], nuclear charge radii
[14-20], neutrinoless double-beta decay [14], and the proper-
ties of neutron stars [21-23]. Additionally, they play a critical
role in the understanding of the European Muon Collaboration
(EMCQ) effect, challenging our understanding of how SRCs
reconcile with high-momentum-transfer reactions.

In this work, we want to test the generalized contact for-
malism (GCF), previously used to describe SRCs [19,24,25].
In this formalism, the nuclear wave function at high mo-
menta is factorized into a strongly interacting nucleon pair
wave function and a term involving the residual system. This
factorization, if valuable, would have the advantage of sig-
nificantly simplifying the calculation of SRCs, by allowing a
clear separation between the correlated two-body nucleon pair
and the uncorrelated residual system. The idea of writing the
nuclear wave function as a product of the two-body term and
the residual one is, in fact, older than the development of the
GCEF, as, for instance, it is present also in Ref. [26]. By fo-
cusing on the two-body pair, the GCF links two-body density
functions (2BDFs) or momentum distributions (2BMDs) to
the square of the correlated pair wave function, or its Fourier
transform. The link is represented by a coefficient, called the
contact coefficient, which in this formalism can be seen as
a direct measure of the probability of finding nucleon pairs
in specific spin-isospin states, providing valuable insight into
the short-range structure of the nuclear wave function [19,24].
As a result, these coefficients could become an essential tool
for quantifying SRCs in different nuclei, offering a connection
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TABLE I. Contact coefficients C5=!, C5=0, C5=0

nn > “pp

C,fp=° as functions of the maximum number of Laguerre polynomials, Ny, for *H and

3He. The N3LO500 potential without TNI is used. Both 2BMDs and 2BDFs are used for the extraction. We use the notation k and r for the
two cases, respectively, rather than Cy, ,, and C¥, y, .

=0 =0
o Cop
NLag r k r k r k
16 4.202 £ 0.026 4.107 £ 0.207 0.441 £ 0.027 0.392 £0.012 0.226 £0.013 0.202 £ 0.005
*H 20 4.198 £+ 0.026 4.089 £ 0.150 0.441 £ 0.027 0.390 £ 0.009 0.225 £ 0.013 0.201 £ 0.003
24 4.198 £+ 0.026 4.085 £ 0.154 0.441 £+ 0.027 0.390 £ 0.009 0.226 £0.013 0.201 £ 0.003
28 4.198 £ 0.026 4.085 £ 0.157 0.441 £ 0.027 0.390 £ 0.009 0.226 £0.013 0.201 £ 0.003
16 4.118 £ 0.022 4.033 +0.199 0.412 £ 0.021 0.375 £ 0.012 0.218 £0.012 0.196 £ 0.006
SHe 20 4.113 £0.022 4.011 +£0.142 0.411 £0.021 0.374 £ 0.007 0.217 £0.012 0.195 £+ 0.003
24 4.112 £ 0.022 4.009 £ 0.147 0.411 £0.021 0.373 £ 0.007 0.217 £0.012 0.195 £+ 0.003
28 4,112 £0.022 4.008 £+ 0.150 0.411 £0.021 0.373 £ 0.007 0.217 £0.012 0.195 £ 0.003

between theoretical predictions and experimental observables
[25].

According to the GCF, the contact coefficients for a
given nucleus and potential should be the same whether
extracted from the high-momentum tail of 2BMDs or the
short-distance region of 2BDFs, as the physics governing
high momenta and short distances should be universal. This
has been verified in Ref. [19], albeit using only local mod-
els for the nuclear interaction. Furthermore, in Ref. [19]
it has been shown that the ratio of contact coefficients
between different nuclei is largely independent of the nuclear
interaction employed for a given nucleus. This suggests that
SRCs are primarily driven by the fundamental properties of
the nuclear force and share similar features across different
nuclei, independently of the specific interaction model used.

While previous studies have focused mainly on local inter-
action potentials, the inclusion of nonlocal chiral interactions
is crucial for a comprehensive understanding of SRCs. In
this work, we extend the analysis of SRCs in light nuclei
(A =2, 3, 4) working in chiral effective-field theory (ChEFT)
and using both local and nonlocal chiral interactions. To cal-
culate the nuclear wave functions from which 2BMDs and
2BDFs are derived, we have used the hyperspherical harmon-
ics (HH) method [27,28], which is able to solve the A-body
bound states with both local and nonlocal chiral potentials.
This enables us to investigate the model-dependence of the
extracted contact coefficients with a much larger variety of
nuclear potentials compared with Ref. [19].

This paper is organized as follows: In Sec. II, we briefly
review the theoretical formalism, and in particular the defini-
tion of 2BMDs and 2BDFs, a discussion of the GCF, and the

definition of the contact coefficients. In Sec. III, we ex-
plain how contact coefficients are extracted from 2BMDs and
2BDFs. In Sec. IV, we present our results, and in Sec. V we
conclude with a summary and an outlook.

II. THEORETICAL FORMALISM

A. Two-body momentum distributions and density functions

The probability of finding two nucleons, N; and N,, with
center-of-mass momentum K and relative momentum k can
be written as

nyn, (k, K) = /dfc/df( Vi (k,K) Py, vk, K), (1)

where v (k, K) is the A-nucleus wave function obtained using
the HH method [28-30], and Py, is the projection operator
on the nucleon pair Ny N, = pn, pp, nn.

By integrating over the center-of-mass momentum, one
obtains the 2BMD, which depends only on the relative mo-
mentum k and is given by

ny,n, (k) = 4m f dK K* ny,n, (k, K)

= [ ak [ aK v'te K P v e K0 @
If, in alternative to Py,y,, we use the projection operator P57,
which projects on the pair spin-isospin ST state, we define the

spin-isospin 2BMD as

ST (k) = /dfc/dK vk, KyPTyk,K). (3)

TABLE II. Same as Table I but for “He and including TNI.

e et e
NLag r k k r k
16 7.461 £ 0.050 8.734 £ 1.040 0.418 £ 0.020 0.401 £ 0.014 0.430 £ 0.017 0.442 +0.020
“He 22 7.462 £ 0.050 8.713 £ 1.05 0.418 £ 0.020 0.396 £ 0.016 0.430 £ 0.017 0.438 £ 0.016
24 7.462 £ 0.050 8.713 £+ 1.06 0.418 £ 0.020 0.395 £ 0.017 0.430 £ 0.017 0.437 £ 0.015
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TABLE III. Contact coefficients C,f;l, cs=0

rp

The N3LO500 and N4LOS500 potentials are used.

and C,f;o for *He as a function of the maximum value for the grand-angular momentum Gi,q.

S=1
G

S=0
Cop

S=0
G

r

k

r

k

r

k

4.08440 £ 0.00394
4.19681 £ 0.05137

4.45673 £ 0.28931
4.25194 £ 0.14500

0.38042 £ 0.00784
0.31339 £ 0.00159

0.41253 £ 0.01528
0.36688 £ 0.01598

0.20305 £ 0.00453
0.16817 £ 0.00144

0.21780 £ 0.00873
0.20012 £ 0.01115

Gmax  Potential
80 N3LO500
N4LO500
100 N3LO500
N4LO0500

4.08439 £ 0.00394
4.19681 £ 0.05137

4.45671 £+ 0.28929
4.25192 £ 0.14502

0.38042 £ 0.00784
0.31339 £ 0.00158

0.41252 £ 0.01528
0.36687 £ 0.01598

0.20305 £ 0.00453
0.16817 £ 0.00144

0.21780 £ 0.00873
0.20012 £ 0.01114

Finally, we can join the two projection operators and project
on the nucleon pair N; N, with relative momentum k, in a given
spin state S. In this case, we define

ny, n, (k) = / dk / dK " (k, K)Py, y, PS¥ (k, K)

= /dfc/dl( vk, K)PY Wk, K). (4

Working in coordinate space, analogous definitions can be
formulated for the 2BDFs. In particular, for two nucleons N,
and N, with relative distance r, the 2BDF is given by

PNy, (1) = / di f dRY'(r,R) Pyy, ¥, R),  (5)

where we have indicated with R the NN, pair center-of-
mass position and with r the relative distance. Similarly, for
two nucleons in the spin-isospin state ST, the 2BDF can be
expressed as

ST (r) = /di'/dR vir, R)PSTy(r,R), (6)

104

1031~ AV18/UIX

NV2+3/la*
NV2+3/Ib*
NV2+3/lla*
NV2+3/Ilb*

0.5 " " : : . . . : :
00 05 1.0 15 20 25 3.0 35 4.0 45 5.0
k [fm™!]

FIG. 1. 1BMDs 1, 4—3(k) (dashed line) and nJSE; (k)(solid line)
for 3He with local potentials. The upper panel shows the results
on a logarithmic scale, while the lower panel displays the ratio
ny.a=3(k) /555 (k). The gray band indicates the 20% deviation from
unity.

while for two nucleons N| N, in a given spin state S, the 2BDF
can be written as

Py, v, () = /df/dR Vi RPY W R).  (7)

A crucial point now is the calculation of the nuclear wave
functions ¥ (r, R) and vy (k, K), i.e., the adopted model of the
nuclear interaction and the ab initio method used to solve the
A-body quantum problem. For the latter, we have used the HH
method, which has the advantage of being a highly accurate
method working both in coordinate- and in momentum-space.
This versatility is crucial for allowing us to use both local and
nonlocal chiral interactions.

The HH method has been extensively discussed for the
A =3, 4 bound states in Refs. [27-29]. Here we briefly sum-
marize the main steps of the HH technique, necessary to
understand the details of the present work. The A-body wave
function is expanded in terms of some known basis functions
(the spin-isospin HH functions) as

Y= Zc/ﬁﬁ/u (8)
"
where
B = 1u(0) Vu(R,). ©)
104
103 — AV18/UIX
10277 —— NV2+3/la*
< 10 —— NV2+3/Ib*
= NV2+3/lla*
I 1001
< NV2+3/Ilo*
s 1071
S 102]
1034 N
1074
1.5
1.41
1.31
1.2
01.1]
21.0]
& 0.9
0.8]
0.71
0.6
0.5 T T T T T T T T T
0.0 05 1.0 1.5 2.0 2.5 3.0 3.5 40 45 5.0

k[fm=1]

FIG. 2. Same as Fig. 1, but for “He. Here, the gray band indicates
the 30% deviation from unity.
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FIG. 3. Same as Fig. 1, but for the N2LO, N3LO, and N4LO
chiral potentials with fixed cutoff A = 550 MeV.

or

bu = wu(Q) Y, (L), (10)

depending on whether we are working in coordinate or in
momentum space. In the above equations, we have indicated
with Y, (2,) or Y, (2p) the spin-isospin HH functions in r
or k space, which are constructed in such a way that the wave
function is fully antisymmetric under the exchange of any pair
of nucleons. Furthermore, u,, (o) or w, (Q) are the hyperradial
functions or their Fourier transform, and therefore a function
of the hypermomentum Q. In r space, u, (o) is chosen to be

(3A—4) —vp)2
uu(p) o L7 (yp)e 2, (an
10°{ N —— N2LO550
10t =3 —— N3LO550
< —— N4LO550
X -1]
<10 =
Il _ SR~
< 107 Ny
< 10751 ]
1071
10-°
1.5
1.4]
1.3]
1.2]
o 1.1]
= 1.0]
o 0.9]
0.8]
0.7]
0.6
0.5 : : : : : ‘ : : :
0.0 05 1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0

k[fm=1]

FIG. 4. Same as Fig. 2, but for the N2LO, N3LO, and N4LO
chiral potentials with fixed cutoff A = 550 MeV.

where E;{SA_‘U (yp) is a Laguerre polynomial and y a nonlin-
ear parameter, typically chosen between 2.5 and 4.5 fm~! for
local potentials and between 4 and 8 fm~! for nonlocal poten-
tials. The not-explicitly given proportionality factor is chosen
to make u,(p) orthonormal. The expansion coefficients ¢,
of Eq. (8) are determined by the Rayleigh-Ritz variational
principle, which leads to the solution of a set of coupled
differential equations given by

Y cuwlulH — Elg) =0, (12)
-

where E is the energy of the state. This system of equa-
tions can be solved with standard numerical techniques.

As already remarked, the HH method can be used with
essentially any type of two-nucleon (NN) potential, both local
and nonlocal. However, at present, the method can be used
with only local three-nucleon interactions (TNIs). Even so,
this leaves a large flexibility in the choice of the nuclear
interaction, and we list here those considered in the present
work.

The first interaction model adopted is the phenomenolog-
ical Argonne v;g (AV18) NN interaction [31], complemented
by the Urbana IX (UIX) TNI [32]. The use of the AV 18/UIX
model has allowed us to validate our results against those
in Ref. [19]. Additionally, we have employed various chiral
potentials. In particular, we have used the local Norfolk chi-
ral potentials (NV), both without and with associated TNI
[33,34]. We have focused on both those of class I and II,
depending on the range of laboratory energy employed in the
fitting procedure (E 45 = 125 or 200 MeV, respectively), with
various combinations for the short- (Rg) and long-range (Ry)
cutoffs [model a with (Rg, R;) = (0.7, 1.0) fm, and model
b with (Rg, R;) = (0.8, 1.2) fm, respectively]. The adopted
NV potentials have been labeled NV2 + 3/Ia*, NV2 + 3/Ib*,
NV2 + 3/I1a*, and NV2+3/IIb*. Note that the star indicates
that the parameters entering in the TNI, i.e., the low-energy
constants (LECs) c¢p and cg, have been fitted to the triton
binding energy and half-life [34].

Furthermore, we have considered the nonlocal chiral
NN interactions from Ref. [35], derived at next-to-next-to
leading order (N2LO) and higher, up to N4LO. Different
high-momentum cutoffs have been considered, i.e., A =
450, 500, 550 MeV. We have started from N2LO, as this is
the first order at which TNI appears. Also, in conjunction with
these nonlocal NN interactions, we have used a local TNI,
with the LECs again fitted to the triton binding energy and
half-life [36]. These nonlocal interactions have been labeled
according to the chiral order and the cutoff value. For instance,
N2LO500 indicates the potential at N2LLO, with a cutoff A =
500 MeV. We remark that the reason behind the locality of the
adopted TNI models resides in the fact that, at present, the HH
method has not been implemented for nonlocal TNI models.

All the adopted models are able to nicely describe the
A =3, 4 nuclear properties, such as binding energies, charge
or matter radii, and also A = 3, 4 scattering observables.
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FIG. 5. Ratios between the 2BDFs and the universal functions, with (black lines) or without (red lines) the L = 0 assumption for the *He
nucleus, calculated using the Norfolk potentials NV2 + 3/Ia* and NV2 + 3/Ib*.

B. Generalized contact formalism

We review the GCF in this section. The details of this
formalism can be found, for instance, in Refs. [24,25].

In the GCF, the nuclear wave function ¢ is factorized
at short distances into a strongly interacting nucleon pair
and a weakly interacting residual system. Therefore, we can
write [24]

rij—>0 o o
Y= > ) ARy, ki), (13)

where ij = nn, np, pp, and « refers to the pair quantum num-
bers L, S, J, L being the orbital angular momentum, S = 0, 1
the pair spin, and J = L + S being the total angular momen-
tum. The limit r;; — O can be quantified as r;; < 1 fm. The
function A?‘j (R;j, ri+ij) describes the residual A — 2 system,
while the term ¢’ (r;;) represents the two-body wave function,
and it is referred to as the universal function because it is
expected not to depend on the nucleus but only on the distance
between the two nucleons, the set of quantum numbers «, and
the NN interaction.

Generally, the expansion in Eq. (13) may involve more
than one term per channel. However, in this work, only the
dominant SRC-contributing channels are considered. These

include the pn deuteron channel (L =0,2,5S =1,J = 1) and
the singlet nn, np, pp s-wave channels (L = S = J = 0). This
simplification is justified since, in the limit ;; — 0, contribu-
tions from other channels are expected to be negligible.

The two-body universal function <pf‘j (r;j) is written as

i (rij) = [‘Pff”L(fij)®xSr],M, (14)

where <pi{f J]L(r,-j) is the spatial part of the wave function,
Xst is the spin-isospin part, and J, M are the total angular
momentum of the pair and its projection, respectively. The
spatial component (pi{f”L(r,- ;) is expressed as a product of
radial and angular parts as

o i) = oS (rij) Yo i), (15)

where (pi’“js /(r;;) is the radial wave function and Yz (#;;) is
the spherical harmonic with orbital angular momentum of
the pair L and projection L,. The radial function depends
solely on the relative pair distance r;;. For § = 0 channels,
@l:37(rij) is obtained as the zero-energy two-body scattering
wave function with L = S = J = 0. For the S = 1 channel, it
is chosen to be the deuteron ground state (L =0,2, § =1,
J=1.
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FIG. 6. Same as Fig. 5, but for the 2BMDs and the FT of the universal function.

When working in momentum space, it has been shown in
Ref. [24] that, within the GCF, the nuclear wave function in
momentum space, for large relative momentum k;;, can be
approximated as

kij— 00

Y= > ki) ALK ki), (16)

where the universal function ¢f‘j(kij) is described as in
Egs. (14) and (15), but with r;; replaced with k;;. To calculate
@?j(ki ), the Fourier transform (FT) of the coordinate-space
solution ¢/;%7(r;;) is required. This presents no challenge
for the S =1 channels. Instead, for the S = 0 channels,
the FT of the zero-energy scattering state wave function
would not converge. To resolve this, a Gaussian cutoff
e~/ with ¢ ~ 50 fm, is applied to suppress large-
distance contributions [24,25]. This regularization preserves
the high-momentum behavior, corresponding to small dis-
tances, ensuring that the result remains independent of ¢
as k,’ i 0.

The choice of the spin S for a given nucleon pair NN,
also fixes the other quantum numbers (L and J). There-
fore, in the following, instead of considering the dependence
on o, we explicitly focus on the dependence only on S.

Hereafter, we replace ij with Ny N, to denote the nucleon
pair, and we use r and k, with no subscripts, to repre-
sent the relative distance and momentum of the nucleon
pair.

C. Nuclear contact coefficients

Since SRCs appear in the 2BMDs and 2BDFs at large
values of k, or equivalently small values of r, we focus on
these k and r regimes. Therefore, 2BMDs and 2BDFs should
exhibit scaling with @y, (k) and @y (r), respectively, when
they are calculated using the same potential in a given channel
(i.e., for the same N;, N, and S). As a consequence, we can
write

k—o00

~ 2

My aa (k) ——> Cy o al@mn, GO (17)
r—0 2

Py —> Cunoal@mn, (O] (18)

where the coefficients C3 . , and C¥ . , are the nuclear
14V25. 142,
contact coefficients. Note that while the functions ¢y, \ ()

and @f,l », (k) are universal, i.e., depend solely on the nuclear

interaction in the given spin channel S, but not on the consid-

ered nucleus, the coefficients Cy, . , and Cy . , depend on
14¥2,. 14V25
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FIG. 7. Same as Fig. 5, but for the nonlocal potentials N2L.O450, N2LO500, and N2LO550.

the nuclear interaction, the spin channel S, and the considered
nucleus. This is why we have added the subscript A to both the
2BMDs or 2BDFs, and to the nuclear coefficients. Egs. (17)
and (18) are used in order to quantitatively address the k — oo
and r — O limits. Operatively, we consider the ranges of k
and r where a plateau in the ratio nj, y. ,(k)/|@y, y,(k)|* and
PN, x4 (P)/ 108, 3, (r)|* is found. This is similar to what has
been done in Ref. [19]. Note that, in our approach, we do
not consider three-nucleon SRCs. These could be present in
“He. Although a dedicated study on this is of clear interest, it
is beyond the scope of this work. Furthermore, we anticipate
that the plateau in the ratio n}, v ,(k)/|@y, v, (k)|* is always
below k ~ 5 fm~!. Therefore, the two-nucleon relative energy
is of the order of half the nucleon mass. Although in such an
energy regime, nonrelativistic approaches could be considered
questionable, they are known to work quite well, especially in
electron scattering. As an example, we mention the nice de-
scription of electric and magnetic form factors for light nuclei
at momentum transfer up to 5 fm~! (see, e.g., the review of
Ref. [37]).

We finally remark that, in the GCF, the construction that
links short-distance and high-momentum physics leads to the
expectatlon that the contact coefficients satisfy the relation

CNl Ny, A CN] n,.4 [25]. In this work, we verify whether this

relation, predicted by the GCF, holds for all spin-isospin chan-
nels, for all potentials, both local and nonlocal, and for each
considered nucleus.

III. EXTRACTION OF THE NUCLEAR
CONTACT COEFFICIENTS

In this work, we focus on the contact coefficients
C,mA, CI,A, CnpA, C 9, and C,mA, C CnpA, CS =0 for
A=2, 3,4, By assumlng the Coulomb 1nteract1on to be
negligible with respect to the nuclear interaction, we can im-
pose C;fn/(\) = CS and C3-9 = CWA According to Eqs. (17)
and (18), we extract the contact coefficients from the ratios
n(k)/|@(k)|? for large values of k, and p(r)/|@(r)|* for small
values of r, where we have dropped here for simplicity the
subscripts and superscripts. From the same equations, we
expect in the large-k and small-r regions to see a plateau for
these ratios.

As a first step, we have adopted a procedure similar to that
of Ref. [19]. We should first of all notice that, in the defini-
tions of the contact coefficients given in Egs. (17) and (18),
only the spin channel S is fixed. However, in Ref. [19], the
2BMDs and 2BDFs of Ref. [38] were used, obtained within
the variational Monte Carlo (VMC) approach. The available
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FIG. 8. Same as Fig. 7, but for the nonlocal potentials N3L0O450, N3LO500, and N3LO550.

2BMDs or 2BDFs of Ref. [38] are ny,n, (k) or pn,n,(r) and
1T (k) or pST (r). No 2BMDs or 2BDFs are available with a
fixed S value (not ST). Then, in order to extract the contact
coefficients, the assumption of L = 0, L being the pair orbital
angular momentum is applied. Therefore, the S =0 (S = 1)
state corresponds to the 7 = 1 (T = 0) state. With this ap-
proximation, the contact coefficients are defined as [19]

nn k
C5, ) = tim | L) (19)
pp/nn k—o0 ’ (k)|
Pp/nn
2ST=10(%
ey = tim {2 20)
k—>oo | (k)|
N (k —C’S HaS=1(k
Co=0(k) = lim m®) 77 )‘ Q21
k—00 | (k)|
Similarly, in coordinate space, we have
C5=0 (r) = Tim | Leeim®)_ (22)
pp/nn )

0520, ()|

1
Col(r) = lim pp”—(r) (23)
ol WOl
L(r) — C5=1|p5=!
C3-0(r) = lim o) = Gyl . (24
= Gl

It should be noticed that in the pp or nn case, being a state
with 7 = 1, § = 0 is implied again by the assumption L = 0.
We started our study by defining the contact coefficients as
in Ref. [19], i.e., using Egs. (19)—(24). However, thanks to
the definitions of Egs. (4) and (7), we have also been able
to remove the approximation L = 0, and therefore to redefine
the contact coefficients as

k
PP/nn(k) = llm L’l() 05)
hd LGl
S=1 k
C5=' (k) = lim (k) ) -
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5 O(k) is found atlslightly smaller Val}les of k, rough'ly between 2
(jS k) = m 27) and 3 fm™". Indeed, due to divergences at high momenta
. - ~]Sm 0(k)’ caused by cutoff effects, the corresponding range of k can-
) not be considered. Note that our findings for local potentials
using the 2BMDs, and are the same as those found in previous works on the GCF
[19,24,25]. In r space, the plateau region for both local and
C I ppp/nn(r ) 28 nonlocal potentials consistently appears as r — 0. More in
o (1) = limy @8 detail, th ffici d from the pl
| (r)| etail, the contact coefficients were extracted from the plateau
Copimn region by averaging values over an interval of 1 fm in r
05=1(r) space or 1 fm~! in k space. This interval in r space was
C[fn "ry=1lim{ 2 —— (29) selected in the same way for both local and nonlocal poten-
=0 |<P,§n H(r )| tials, centered at » = 0.5 fm. In k space, for local potentials,
the interval was centered at k = 4 fm~'. For nonlocal po-
_ 03=0(r) tentials, due to the divergences caused by cutoff effects, the
CS—O =1 pn 30 . . . . .
(1) = m |<p -0 (r)| ’ (30) plateau region varied depending on the potential, particularly
pn

using the 2BDFs. The practical derivation of the contact coef-
ficients is achieved by searching for a plateau in the large-k or
small-r regions for the ratios between the 2BMDs or 2BDFs
and the universal functions @y . (k) or @y . (r), according
to Egs. (19)—(30). Specifically, for the k-space coefficients,
the plateau region for local potentials occurs beyond 3 or
3.5 fm~!, while for nonlocal potentials, the plateau region

with respect to the order and cutoff. Consequently, the inter-
val was centered at the minimum value within the plateau
region to ensure a consistent criterion also for nonlocal po-
tentials. We then calculated the uncertainties associated with
the extraction of the contact coefficients through the stan-
dard deviation, computed over the same interval used for
extracting the contact coefficients. The uncertainties were
calculated to quantify the reliability of the extracted contact
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coefficients and account for fluctuations within the selected
interval.

As a final step, we have calculated ratios of the extracted
contact coefficients of the various nuclei with respect to a
reference nucleus. These ratios, by definition, are given by the
ratios of 2BMDs at large values of k and of 2BDFs at small
values of r, i.e.,

p/f/lNz,A(r) r—0

S
CN]Nz,A (31)
pf{’lquAo(r)

3

S
CN 1N2,A0

s ~S
Ny Ak) ksoo Chonya

S
N, .4, (KD

= ) (32)
Cfi] N2,Ag

where the reference nucleus, denoted Ag, has been chosen to
be the deuteron in the case of S = 1, and “He in the case
of S =0. We would like to remark that, according to the
GCF [25], the Cy, , , and Cy, ,, , contact coefficients should
coincide for a given nucleus and potential, indicating that the
contact coefficients are independent of whether the analysis is
performed in k or r space. As a consequence, the ratio between
contact coefficients should also be the same if we work in k
or r space. Moreover, the ratios of contact coefficients relative
to a reference nucleus Ay, as defined in Egs. (31)—(32), are
expected, according to the GCF, to be model-independent,

meaning they should not vary with the interaction employed
for a given nucleus [19,25]. In Ref. [19], this was shown
within uncertainties across different local potentials. The aim
of this paper is to verify whether this behavior holds true for
a large variety of chiral potentials, both local and nonlocal.
The importance of this model-independence resides in the
fact that the contact-coefficient ratios for heavy nuclei can be
calculated using soft potentials, making in this way the com-
putational effort lighter. Then, these ratios can be multiplied
for C’,f,l Ny A, (OF C,f,l N>, 4,)» Obtained using more complicated,
harder potentials, and Cy,  , (or Cy y ,) of the heavy A
nucleus is obtained using these potentials, without the need
of a direct, probably impossible, calculation.

IV. RESULTS

We present our results in this section. First of all, in
Sec. IV B, we discuss the results obtained for the ratios be-
tween the 2BDFs or 2BMDs and the universal functions, as
requested in Egs. (19)—(30), for both A =3 and A = 4. We
then discuss in Secs. IV C and IV D the results for the contact
coefficients and for the ratios of Eqgs. (31) and (32). Prelimi-
narily, in Sec. IV A, we discuss the numerical tests performed
in order to assess the reliability of our predictions.
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FIG. 11. Ratios between the 2BDFs and the universal functions, with (red lines) or without (black lines) the TNIs for the *He nucleus. The
calculations are performed without the L = 0 assumption, using the Norfolk potentials NV/Ia* and NV/Ib*.

A. Numerical tests

The first test we have performed is about the numerical
integration present in the definition of the 2BMDs and 2BDFs
of Eqs. (1)—(7). This integration has been carried out using
the Van der Corput sequence [39], and we have verified the
stability of the results as the number of Van der Corput in-
tegration points increases. Typically, 50 000 points have been
found sufficient to achieve converged results for any nucleus
and any potential.

As a second numerical check, we have verified that we have
reached convergence on the terms of the HH expansion basis.
The most critical convergence is that related to the maximum
number Np,, of Laguerre polynomials [see Eq. (11)]. Specifi-
cally, we have calculated the contact coefficients as functions
Of Npag, as listed in Table I for A = 3 and in Table Il for A = 4.
These results are obtained using the N3LO500 potential as
an illustrative example; similar behavior was observed for all
other potentials. In Table I, the TNI is not included, while in
Table IT TNI is also present. The reported results demonstrate
that convergence to N, is achieved, confirming the stability
of the extracted coefficients, regardless of the presence or
absence of TNI.

From inspection of Tables I and II, it is also evident that
the contact coefficient C;>' is approximately an order of
magnitude larger than the two S = 0 coefficients across all
analyzed nuclei. Even if the tables report results obtained with
the N3LOS500 potential, a similar behavior has been observed
for all the considered potentials, both local and nonlocal. This
confirms that the np S = 1 channel is the dominant one.

The second most critical convergence of terms of the HH
expansion is that related to the so-called grand-angular mo-
mentum (here denoted with G), proportional to the order of the
Jacobi polynomial present in the HH function (see Ref. [27]).
The final results were calculated with a maximum value for
G equal to Gpax = 80. To verify the independence of the
contact coefficients from this choice, additional calculations
were performed with Gp,x = 100. As an example, we re-
port in Table III the contact coefficients for *He, calculated
with the N3LO500 and N4LOS500 potentials, for G, = 80
and Gpx = 100. These coefficients are presented with five
decimal digits to emphasize the stability of the results as G
increases. Similar checks were performed for all potentials
and for all considered nuclei. In all cases, convergence was
reached with G,x = 80 for A = 3 and G,,x = 48 for A = 4.

024005-11



E. PROIETTI, L. E. MARCUCCI, AND M. VIVIANI

PHYSICAL REVIEW C 113, 024005 (2026)

0.040 0.020
0.0351 0.0181
o ~ 0.0161
= 0.030 =
= X 0.0141
f‘é 0.025 | :g 0.012
= 0.0201 = 0.0101
= =
Cu’E I o 0.006
» & 0.0101 e
S 0.004
0.005 0.0021
0.000 0.000
0.00.51.01.52.02.53.03.54.04.55.0 0.00.51.01.52.02.53.03.54.04.55.0
k [fm~1] k [fm~1]
0.16
—— NV/la*
o e NV/Ib*
o
< 012 —— With TNI
o 0.101 —— Without TNI
ne
'S 0.081
=
X
= 0.061
v'v',:% 0.04
0.021
0.0Q

0.00.51.01.52.02.53.03.54.04.55.0

k [fm~1]

FIG. 12. Same as Fig. 11, but for the ratios of the 2BMDs and the FT of universal functions.

As a final test, we calculated the one-body momentum
distribution (1BMD) for each nucleus. In the case of a proton
and He as an example, the 1BMD is defined as [30]

1 N
npa(k) = Z/dk/deT(k, K)P,yr(k, K), (33)
where P, is the proton projection operator, k the proton mo-
mentum, and K the remaining pair relative momentum. Here
Z = 2. Within the GCF framework, this 1BMD should be
given by [24,25]

GCF(k) =2C pA“pppO(k)| C,fpglw,ffo(k)f

S| (34)

We report here the results for 3He and *He, as the behavior for
3H follows that of *He. Note that in the case of *H, although,
Egs. (33) and (34) should be applied with the exchange p <> n.

The agreement between n, 4(k) of Eq. (33) and nGCF(k) of
Eq. (34) represents a test for the GCF formalism. In Figs. 1
and 2, we show the results for >He and *He obtained with local
potentials. From inspection of these figures, we can observe
that n, 4 (k) and nGCF (k) remain within 20% in the range k ~

1.5-4.0 fm~! for both 3He and *He. The *He results, though,
are more stable and the ratios closer to 1 than in the *He case.

+Copal

In Figs. 3 and 4, we report the results obtained with the
chiral potentials N2LO, N3LO, and N4LO with the cutoff
A =550 MeV, which is the one presenting the largest dif-
ference between np 4(k) and nGCF(k) Specifically, from the
figures, we first observe that, for large values of k (above about
3.5 fm_l), cutoff effects arise, which, as expected, invalidate
any conclusion. These effects appear for larger values of k as
the cutoff increases. As with local potentials, we also observe
that the results for He are of a better quality than those
for “He. In particular, the ratio n,, A(k)/nGCF (k) in the case

of *He (*He) remains within 20% (30%) from unity in the
range of k ~ 1.0-3.5 fm~! (k ~ 1.0-3.0 fm~!) for the N3LO
and N4LO potentials. After this range, cutoff effects emerge.
The N2LO results present larger fluctuations around 1 than
the results obtained with the potentials of other chiral orders,
reducing the range of k where the ratio is within 20% (30%)
from unity to k &~ 1.0-2.5 fm~! for both *He and *He. This
is true for any cutoff value, although we should remark that
A = 550 MeV is the worst case.

The conclusion of this test, performed using both local and
nonlocal interactions, is that the GCF predictions are satisfied
at the 20% or 30% level for *He and “He, respectively, and
therefore they present some tension, especially in the case of
nonlocal potentials.
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FIG. 13. Same as Fig. 11, but for the nonlocal potentials with fixed chiral order (N3LO) and various cutoff values A = 450, 500, 550 MeV.

B. 2BMDs and 2BDFs vs universal functions

In this section, we report the results obtained for the ra-
tios of the 2BDFs and 2BMDs to the universal functions
N, (r) or their FT @y, . (r). These ratios are needed to ex-
tract the contact coefficients as defined in Egs. (22)—(24) and
(19)—(21), with the assumption L = 0, and in Egs. (28)-(30)
and (25)—(27) without this assumption. The considered N;N,
channels are nn (or pp) with § =0, np with S =0, and np
with § = 1.

The ratios have been calculated for all local and nonlocal
potentials listed at the end of Sec. II A for the *H, *He, and
“He nuclei. Given the large number of cases we have analyzed,
here we present only a subset for *He (and later for “He),
since the results for *H and He exhibit analogous trends.
In particular, we focus on the results obtained with the local
NV2 + 3/Ia* and NV2 + 3/Ib* Norfolk potentials, because
the NV2 + 3/I1a* and NV2+3/IIb* results are very similar.
Regarding the results for A = 3 obtained with nonlocal po-
tentials, we include those at various chiral orders with cutoffs
A = 450 and 500 MeV, as the results obtained with A = 550
MeV exhibit a behavior analogous to the A = 500 MeV ones.
The cutoff dependence is studied in the ratios of 2BDFs at
N2LO and N3LO, as the behavior at N4LO closely resembles
that at N3LO.

We present in Figs. 5 and 6 the ratios between the 2BDFs
or 2BMDs and the universal functions, or their FT, with and
without the L = 0 assumption [see Egs. (19)-(30)], calculated
using the local potentials NV2 + 3/Ia* and NV2 + 3/Ib* for
the *He nucleus. By inspection of the figures, we can see that
plateaus are observed for large values of k and small values of
r, corresponding to regions dominated by SRCs. Specifically,
in Fig. 6, the plateau region occurs at very high k. For this
reason, we choose to extract the contact coefficients in the
range 3.5-4.5 fm~!. On the other hand, in Fig. 5, the plateau
appears for small values of r. Therefore, we have decided to
extract the coefficients in the range 0-1 fm. The choice of
these ranges for k and r is consistent with Ref. [19].

We present in Figs. 7, 8, 9, and 10 the ratios between the
2BDFs or 2BMDs and the universal functions, or their FT,
with and without the L = 0 assumption calculated using the
nonlocal potentials for the *He nucleus. By inspection of the
Figs. 7 and 8, we can see that a clear plateau appears for
r — 0. Consequently, the contact coefficients are extracted in
the range 0—1 fm. However, differences arise depending on
the spin channel and the cutoff A. Specifically, the plateau
in the § =1 channel is significantly larger and more pro-
nounced compared with the S = 0 channels for all potentials.
Additionally, in the S = 0 channels, differences depending on
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the cutoff are evident at the same chiral order. In particular,
for A = 500 MeV, the plateau is the most pronounced, while
for A =450 MeV, the curve exhibits an increasing trend as
r — 0. Conversely, for A = 550 MeV, a decreasing trend is
observed as r — (. These differences are more evident for
N3LO and N4LO (the latter, which exhibits behavior similar
to N3LO, is not shown) compared with N2LO. Despite these
cutoff effects at small r, it can be observed that all curves
between 0 and 1 fm are relatively flat.

By inspection of Figs. 9 and 10, we can see that, for
nonlocal potentials, the plateau region is found for slightly
smaller values of k compared with the local potentials. The
high-momentum divergences are very likely due to cutoff
effects. As a consequence, the corresponding range of k can-
not be considered. Additionally, it can be observed that the
plateau region depends on the spin channel and the cutoff A.
Specifically, coefficients for § = 0 and § = 1 are extracted in
different regions, as the plateau appears at different values
of k even for the same potential. Finally, it can also be ob-
served that while for § = 0 the graphs for A =450 and A =
500 MeV are similar, for S = 1 substantial differences are vis-
ible. More in detail, in the case of S = 1, for the N3LO450 and
N4L0O450 potentials, only one plateau is observed (around
1.5-2 fm~!), while for the N2LO450 potential, two plateaus

are present: the one discussed above and another correspond-
ing to larger k values. To ensure uniformity, we have chosen
to extract the coefficients at the plateau corresponding to the
smaller values of k for all three potentials with A = 450
MeV. On the other side, for the A = 500 MeV potentials, two
plateaus are observed for all three orders (see Fig. 10): one
analogous to the plateau seen for A = 450 MeV and another
at higher values of k. Consequently, we decided to extract two
values of C,fp:l, one for each plateau, and calculate the final
coefficient by averaging these two values. The same approach
was applied for A = 550 MeV.

Inspecting Figs. 5-10, we can also observe that the differ-
ences between the calculations with and without the L = 0
approximation are evident, and, in some cases, for the L =
0 approximation, it is very difficult to identify a plateau.
These pose severe questions to the predictions of the GCF
for nonlocal potentials when the L = 0 approximation is used.
Nevertheless, differences arise depending on the spin channel
and the potential. In general, for § = 1, for both 2BDFs and
2BMDs, the differences between the curves obtained with
and without the L = 0 assumption are much smaller com-
pared with the S = 0 cases for all potentials, both local and
nonlocal. Remarkable is the case of the 2BMDs ratios for
the § = 0O channels, calculated with the N2LO potentials. As
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FIG. 15. Same as Fig. 10, but for the “*He nucleus.

seen in Figs. 9 and 10, both the A = 450 and A = 500 MeV
potentials exhibit larger differences between the calculations
with and without the L = 0 approximation compared with
the other chiral orders. In fact, especially for the N2LO450
potential, the plateaus in the ratios calculated with the ap-
proximation L = 0 are barely visible. In the case of the local
potentials (see results in Figs. 5 and 6), differences are also
observed depending on the specific potential. For example,
for the S = 0 channels, the results for the 2BDFs and 2BMDs
ratios obtained with the NV2 4 3/Ib* potential show greater
differences between the two calculations with and without the
L = 0 approximation compared with the results obtained with
the NV2 + 3/Ia* potential. Additionally, we observe that for
the 2BMDs, the plateaus are better defined when the L = 0
approximation is not applied. This holds true for both local
and nonlocal potentials, further reinforcing the need to go
beyond this approximation to achieve more precise and stable
extractions of the contact coefficients.

We have also analyzed the contribution of TNIs in the cal-
culation without the L = 0 approximation. Specifically, this
was achieved by examining the ratios to the universal func-
tions and their FT of the 2BDFs and 2BMDs, respectively,
calculated from the *He wave functions obtained with and
without TNIs. As illustrative results, we show in Figs. 11 and

12 these ratios obtained with the Ia* and Ib* Norfolk potentials
(here labeled NV/Ia* and NV/Ib*), with and without TNIs.
As we can see by inspection of the figures, the calculations
with and without TNIs are quite close, even if the NV/Ib* case
presents larger differences than the NV/Ia* one.

We present in Figs. 13 and 14 the results for the nonlocal
potentials. In Fig. 13, we report the results obtained varying
the cutoff A but with fixed chiral order (N3LO), because
the results at N2LO or N4LO exhibit similar behavior. As
we can see from the figure, the largest differences between
the calculation with and without TNIs are present in the
S = 0 channels, especially for A =550 MeV. Notably, in
this channel, the N2LO results exhibit smaller discrepancies
compared with N3LO and N4LO results. Furthermore, we see
that TNI contributions increase as the cutoff grows. For in-
stance, while small differences are observed as r — 0 for the
N3LO0450 potential, much larger differences are observed for
the N3LO550 potential in the S = 0 channel. In the dominant
S =1 channel, instead, these differences remain small, and
the cutoff dependence is very mild. In Fig. 14, we report the
results obtained with a cutoff value of A = 450 MeV, since
this is the case that presents the largest differences between
the results obtained with and without TNIs. In particular, by
inspection of the figure, we can see that in the S = 0 channels,
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FIG. 16. Same as Fig. 5, but for the “He nucleus.

the N2LO results exhibit the largest differences. This is also
true for A = 500 MeV and A = 550 MeV. Moreover, we have
observed that, as the cutoff increases, the contribution from
TNIs grows.

We move now to the “He results. In general, these are
very similar to the 3He ones. Therefore, all the same con-
clusions hold, except for the 2BMDs ratios for the nonlocal
chiral potentials at N2LO, for any cutoff value. As it can be
seen from Fig. 15, where the representative cutoff value of
A =500 MeV is used, the discrepancies between the results
with and without the L = 0 approximation in the S = 0 chan-
nel are more pronounced compared with *He. Specifically,
the plateau obtained with the L = 0 approximation is much
harder to identify, and its value is significantly higher than
that obtained without the approximation.

Regarding the 2BDFs ratios, the trends observed for *He
are also present for *He. We show in Figs. 16 and 17 the
2BDFs ratios to the universal functions obtained with lo-
cal and nonlocal potentials (in the latter case, the N3LO at
A =450, 500, and 550 MeV, as a representative case). Small
differences can be observed with respect to the *He case,
such as, for instance, the fact that the plateaus in the § =0
channels are less pronounced, and the fact that for A = 450
MeV (550 MeV) we observe an increasing (decreasing) trend
for r — 0. This trend, already seen for *He (see Figs. 7

and 8), is much more evident and pronounced for “He case
(see Fig. 17).

In conclusion, we can say that the results for “He
indicate that the L = O approximation is less accurate com-
pared with 3He, with more noticeable differences between
the two calculations. As a consequence, the plateaus in
the ratios extracted from the 2BMDs are better defined
when the L = 0 approximation is not applied. This holds
true for both local and nonlocal potentials, further re-
inforcing the need to go beyond this approximation to
achieve more precise and stable extractions of the contact
coefficients.

We finally performed a similar analysis of the TNI contri-
bution also in the A = 4 case. We do not report the relative
figures, quite similar to the *He case, except for Fig. 18,
where we show the 2BDFs ratios for the nonlocal potentials at
N3LO, with A = 450, 500, and 550 MeV, as a representative
case. The conclusion of our analysis is that the TNI contri-
butions remain relatively small, but slightly larger than in the
He case.

C. A = 3, 4 contact coefficients

In this section, we present the values of the contact
coefficients extracted as defined in Egs. (25)-(27) and
Egs. (28)-(30), with the procedure described in Sec. I1C
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FIG. 17. Same as Fig. 8, but for the “He nucleus.

calculated using all the potentials listed in Sec. ITA. As
previously mentioned, in the GCF, the construction that con-
nects short-distance and high-momentum physics leads to the
expectation that the contact coefficients satisfy the relation
Ci vya = Cion,a- We will be able to verify this hypothesis
with the largest variety of nuclear potentials.

In Figs. 19-21, we provide the results for the extracted
contact coefficients calculated from the 2BMDs (circles) and
the 2BDFs (squares). Note that coefficients calculated with
the same potential are represented with the same color. In
particular, in Fig. 19, we present the values obtained for the nn
or pp contact coefficients of *H, *He, and “He. By inspection
of the figure, we can see that the results obtained with local

potentials exhibit small errors and lead to Cj-4 or C>4 on one

side, and Cj.-3 or C}f;g on the other, in reasonable agreement
across the three nuclei under investigation, confirming the
expected behavior from the GCF. In contrast, the results ob-
tained with nonlocal potentials exhibit larger errors, especially
for the coefficients extracted from the 2BMDs, a consequence
of the fact that sometimes the plateau is not well deﬁned

Differences between C5- n, 9 or C o 0 on one side, and C5- . 9 or
CS .4 on the other, are visible for many nonlocal potentials,
espe01ally those with cutoff A = 550 MeV. The errors are
particularly pronounced for “He, where the plateaus are less

well-defined compared with the A = 3 nuclei. This disagree-
ment, with C’rf,fg or C‘g: and C5=9 4 or CS O differing in some
cases by factors of 2 or 3, poses severe questlons to the GCF.
In Fig. 19 we report also the contact coefficients obtained
in Ref. [19] for the AV18/UIX and NV2 + 3/Ia* potentials,
with the latter available only for 3He and “He. We observe
excellent agreement with our results for the same potentials,
but the results of Ref. [19] have much larger uncertainties.
This is due to the fact that these results are calculated using
the VMC method to solve for the A = 3, 4 bound states, and
this method is less accurate than the HH method used here.
Furthermore, the results from Ref. [19] were obtained with the
L = 0 assumption. Although the differences are very small for
local potentials, they may still be visible to a minimal extent,
especially for “He. The conclusion regarding the S = 0 nn or
pp channel is that using local potentials, the GCF prediction
that Cy~0 = C5—3 and C5>4 = C5> is reasonably satisfied
across all three nuclei. For nonlocal potentials, however, this
behavior holds only for a limited number of cases, with larger
discrepancies observed for *He. This represents a significant
challenge for the GCF.

In Fig. 20, we present the values obtained for the np S = 0
contact coefficients for the 3H, >He, and “He nuclei, calculated
using all available potentials. By inspection of the figure, we
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can draw similar conclusions asinthe nn S=0and pp S =0
cases. In particular, results obtained with local potentials
exhibit smaller errors than those obtained with the nonlocal
ones. Furthermore, the GCF prediction that CS C”p A
is fulfilled in this case. The results obtained Wlth nonlocal
potentials are more spread and, in some cases, C,fpo is

significantly larger than C; for the same potential, with the

largest discrepancies observed for *He. Specifically, for some
nonlocal potentials, the values extracted from the 2BMDs are
nearly twice those obtained from the 2BDFs. For all nuclei,

the largest discrepancies occur for the A = 550 MeV cutoff,
consistently with the trends observed in the nn and pp S = 0
channels. As in Fig. 19, we also report the contact coefficients
obtained in Ref. [19] for the AV18/UIX and NV2 + 3/Ia*
potentials. The agreement with our results is also in this
case quite nice, although the results of Ref. [19] present
in this channel a larger error compared with the nn and
pp S =0 channels. Therefore, conclusions similar to
the nn and pp S =0 channels can also be drawn for the
np S = 0 channel.

18
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FIG. 21. Same as Fig. 19, but for C,

-4 and C;~ for ’H, *H, *He, and *He.
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four different sets of weights as discussed in Sec. IV D. The blue and red dashed lines and bands represent the results obtained with Criteria 1

and 4 of Table 1V, respectively.

In Fig. 21, we present the values obtained for the np § =
1 contact coefficients for 2H, 3H, 3He, and “He, using the
same set of potentials. By inspection of the figure, we can
observe that, for A = 2, there are no errors associated with
the extracted coefficients, since the ratio between the 2BDFs
and the universal function is flat for any local or nonlocal
potential. The ratio between the 2BMDs and the FT of the
universal function, instead, is completely flat for local po-
tentials, but not for nonlocal potentials at large values of %,
where cutoff effects emerge, as seen for A =3 and A = 4.
Thus, this region was excluded in our contact coefficients
extraction. A second observation for the deuteron is that,
for all potentials, the values of Crfpzl and C‘fpzl are in per-
fect agreement. For A = 3 and A = 4 nuclei, we again find
that, for both local and nonlocal potentials, Cy>} = Cy),
although for nonlocal potentials the errors are larger. For
A =4, only in the case of the nonlocal potentials with cutoff
A = 550 MeV, there are very small differences between C,fp:'

and C‘,fp:l. Therefore, we can conclude that in the np § = 1
channel, which is the most significant one, we observe the
GCF-predicted behavior within our theoretical errors, for all
nuclei and all potentials. Minor discrepancies are present for
nonlocal potentials, especially for *He. Note that in Fig. 21
we also report the results obtained in Ref. [19], and we
again observe that the errors are much larger than in our
case. This is more evident in this channel because the ex-
traction errors are very small, given that the plateaus are
very well-defined. In any case, also in this case, we find a
good agreement between these results and the ones presented
here.

D. Contact-coefficient ratios

We analyze in this section the ratio of contact coefficients,
as described in Sec. IV D and given in Egs. (31) and (32). We
remark that, within the GCF framework, this ratio is expected
to be the same whether we use Cy . 4 or Cy v, 4. In Ref. [19],
this was shown for a large variety of nuclei, but for a limited
set of local potentials. In our study, we are limited to A =
2, 3, 4 nuclei, but we use a large variety of local and nonlocal
interactions.

In Figs. 22-24, we report the ratios between the contact
coefficients for A = 3 nuclei in the nn or pp S =0,np S =0
and np S = 1 channels, respectively. In Fig. 25, we report
the ratios in the np S = 1 channel for 3H, 3He, and “He.
By inspection of the figures, we notice first of all that the
uncertainties associated with local potentials are very small,
whereas nonlocal potentials exhibit significantly larger errors
for the ratios Cy v, 4/CN v, .4,» as expected from Figs. 19-21.
Additionally, we observe that the ratios between the coeffi-
cients extracted from the 2BMDs and those extracted from
the 2BDFs are in good agreement. This holds not only for
local potentials, but also for nonlocal potentials, for which, in
contrast with the local potentials results, the individual coef-
ficients deviated from the GCF prediction—especially for the
S = 0 channels. Only in the np S = 0 channel we can observe
small differences especially for the nonlocal potentials with
cutoff A = 550 MeV. Note that the results obtained with the
A = 550 MeV potentials present minor differences also in the
other two channels.

Figures 22-25 allow us to address the model-independence
of the contact-coefficient ratios in the various spin-isospin
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channels. In particular, we can see that, for local poten-
tials, model-independence is easily obtained in all channels,
as the ratios are very close to each other. The ratio
for the phenomenological AV18/UIX potential is slightly
larger compared with those calculated with the local chi-
ral potentials in all channels, but the differences are very
small. For nonlocal potentials, however, a significantly
larger dispersion is observed in all channels. This behav-

ior is particularly pronounced in the channels with § =
0 compared with the dominant np S =1 channel. De-
spite relatively large uncertainties, in the latter channel,
only some potentials show a more significant dispersion
in the ratios calculated from the contact coefficients (see
Figs. 24 and 25). Nevertheless, model-independence can
still be advocated when considering both local and nonlocal
potentials.
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FIG. 24. Same as Fig. 22, but for G} 3/C>=, and 3 _5/Co),y.
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To be able to provide our best estimate for the various ratios
with a robust assigned theoretical uncertainty, we defined for
each nucleus and each spin-isospin channel the average and
variance as [36]

(€)=Y _GP. (39)

8(C) = ) 8CP, + 8°Cyya, (36)

2
82 Coy = [Z C?B] - [Z ciPi] : 37
1 1

where the index i = 1, ..., N runs on the various potentials
(see below), C; are the contact coefficient ratios, §C; are the
associated errors, and P; are the weights assigned to each case.
The choice of these weights is clearly arbitrary. However,
in order to show the stability of our results, we assigned P,
according to four different criteria, listed below.

Criterium 1. We separate the results into two groups
depending on whether they are obtained with the local or
nonlocal potentials, since the latter exhibit a more dispersive
behavior, assigning an equal weight of % to both groups.
Since we have used five local and nine nonlocal potentials,
the weights P; are chosen as

1

10°
p=10

18°

In this case, N = 14.

Criterium 2. The second choice for P; starts from the
observation that of the 14 adopted potentials, one is purely
phenomenological (AV18/UIX), primarily used to benchmark
our results against those of Ref. [19], and 13 are chiral po-

for local potentials

for nonlocal potentials.

tentials, divided into local and nonlocal ones. If we decide
to provide our best estimate for the contact-coefficient ra-
tios based only on chiral potentials, we need to exclude the
AV 18/UIX results. Then, the weights P; are chosen as

%, for local chiral potentials
Pi=13
18°
In this case, N = 13.
Criterium 3. A further choice, which differs from the pre-
vious ones, is to treat all the potentials equally, and therefore
we can assign the same weight to all the various cases, i.e.,

for nonlocal chiral potentials.

1
P = 7 for each potential.

Obviously, in the case, N = 14 again.

Criterium 4. Finally, we consider again only chiral poten-
tials and separate them into local and nonlocal ones. However,
since the local Norfolk potentials are calculated at fixed chiral
order (N3LO), we restrict our selection for the nonlocal chiral
potentials to the same order. Consequently, we are left with
the three nonlocal potentials with cutoff A = 450, 500, and
550 MeV. The weights P, then are chosen as

1

g
R~={l

6’

In this case N = 7.

The contact-coefficient ratios in the various channels ob-
tained applying the various criteria are listed in Table IV. By
inspection of the table, we can conclude that criteria 1-3 lead
to very similar results, slightly different from those obtained
with criterium 4. These differences are, however, very small
and well within the associated errors. In fact, thanks to our
fitting procedure, we can conclude that the contact-coefficient

for local Norfolk potentials
for nonlocal N3LO potentials.
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TABLE IV. Contact-coefficient ratios in the various channels for A = 3, 4 nuclei and applying the various criteria defined in the text.

nnorppS =0 Criterium 1 Criterium 2 Criterium 3 Criterium 4

*H 0.978 + 0.147 0.981 £+ 0.147 0.978 £ 0.162 0.968 + 0.119
SHe 0.932 +0.140 0.934 +0.139 0.933 +0.153 0.918 £0.123
npS=0 Criterium 1 Criterium 2 Criterium 3 Criterium 4

*H 0.496 + 0.083 0.499 + 0.084 0.490 + 0.086 0.501 £ 0.072
*He 0.481 £ 0.079 0.485 £+ 0.080 0.477 £ 0.082 0.485 £+ 0.071
npS=1 Criterium 1 Criterium 2 Criterium 3 Criterium 4

*H 1.377 + 0.084 1.371 £ 0.082 1.380 £ 0.092 1.347 £+ 0.046
SHe 1.353 + 0.082 1.348 + 0.081 1.356 + 0.090 1.323 £ 0.044
‘He 2.520 +0.332 2.499 £+ 0.329 2.540 + 0.360 2.400 £+ 0.143

ratios are all compatible, with the uncertainty assigned to the
mean value according to Egs. (35)—(37) for most of the poten-
tials, both local and nonlocal. Even in cases where discrepan-
cies are observed, these are very small. Consequently, the final
values obtained for the contact-coefficient ratios, along with
their uncertainties, across the different channels and nuclei,
quantify model-dependence, i.e., we can assume model-
independence is satisfied within our estimated theoretical
uncertainty.

V. CONCLUSIONS AND OUTLOOK

In this work, we have investigated SRCs in light nuclei,
focusing on the behavior of nucleons at short distances or
high momenta through the GCF. Specifically, we have applied
the GCF framework to extract the nuclear contact coefficients
from 2BDFs and 2BMDs, using a large variety of interaction
models, including both local and nonlocal potentials, and
focusingon A = 2, 3, and 4 nuclei. We studied the contact co-
efficients across different spin channels, i.e., nn or pp § = 0,
npS=0,andnp S =1.

Our first conclusion regards the L = 0 approximation used
in previous studies [19,25] to extract the contact coefficients.
In particular, we have observed that, while the differ-
ences between the calculations with and without the L = 0
approximation are evident, they are generally small in the
plateau region of the 2BDFs and 2BMDs ratios with the
universal functions and their FT. However, in some cases,
differences between the results obtained with or without the
L = 0 approximation are more pronounced, as for the “He
nucleus. This highlights the importance of going beyond the
L = 0 approximation, as it typically leads to a more accurate
identification of the plateau regions, for both local and nonlo-
cal potentials.

Our second conclusion regards the role of TNI. In fact, TNI
contributions are usually small, especially in the np S =1
channel. Only in the S = 0 channels, the TNI contributions
in the plateau regions of the 2BDFs ratios, especially for non-
local potentials, are quite pronounced, particularly for “He.

A third conclusion regards the GCF prediction that
Cyn,.a = Cx, v, 4 for all spin channels, for a given potential

and nucleus [19,25]. While this is reasonably verified in the
dominant np S = 1 channel, for all nuclei and all potentials,
in the S = 0 channels, for nonlocal potentials, particularly
with cutoff A =550 MeV, we observed significant differ-
ences between Cy v , and Cy. 4. especially for “He. In
some cases, for the np S = 0 channel, the value of C‘,f;g is

nearly twice as large as C,f;g. Additionally, the coefficients
extracted from the 2BMDs for nonlocal potentials present
larger errors, reflecting the poorly defined plateaus. As a re-
sult, while the GCF predictions are somewhat confirmed for
local potentials in the S = 0 channels, they are very poorly
satisfied for nonlocal potentials. This poses significant ques-
tions about the validity of the GCF, at least in the S =0
channels.

Finally, we have explored the model-independence of the
contact-coefficient ratios across different spin-isospin chan-
nels, calculating a weighted average for each nucleus and
channel. Four weighting schemes have been explored to
account for the different nature of the adopted interaction
models, finding an overall nice agreement among the various
schemes and among the various contact coefficient ratios. The
values for these ratios are summarized in Table IV.

The results obtained in this work have important implica-
tions. First of all, they pose significant questions to the GCF,
especially on the nondominant S = 0 channels, where large
differences have been found between Cy, v, 4 and Cy », 4. €s-
pecially for nonlocal potentials. One possible cause of these
discrepancies may stem from the specific form of the adopted
NN potential, and, less likely, from a mismatch in the cutoff
functions of the NN potential and the TNI. Further inves-
tigation of this aspect is currently underway. On the other
hand, the large tensions between our results and the GCF
predictions relax in the case of the contact-coefficient ratios.
Finally, we believe that the results reported in Table IV allow
us to estimate more reliably the theoretical uncertainties asso-
ciated with GCF studies of contact-coefficient ratios in heavier
systems, of the order of at least 10%—20%. In this regard, we
plan to extend our study to the A = 6 nuclei, still using the
HH method [36], so that both local and nonlocal interactions
will be studied.
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