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Finite-temperature effects on the threshold cusps in 7w and DD* scatterings from relativistic
heavy-ion collisions
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We investigate how the temperature influences the threshold cusps in meson-meson scatterings, i.e., 77 and
DD* (or D*D) scatterings, using the production rates and propagators obtained at finite temperature. The line
shape of production rate of 7w at different temperatures demonstrates that the cusp structure in w7 scattering
is mildly enhanced as the temperature increases. For the w7z propagator, which includes isospin symmetry
breaking, the line shape displays a unique plateaulike structure, and this structure will also be enhanced as
the temperature increases. For comparison, the line shape of the DD* propagator including isospin symmetry
breaking is also investigated at different temperatures. As the temperature increases, its line shape shows a similar

plateaulike structure but with some different properties when the temperature modifications to the masses and

widths of D and D* are considered.

DOI: 10.1103/gxzl-rzz1

I. INTRODUCTION

The study of the threshold cusp has a long history and
can be traced back to decades ago [1,2]. It is produced by
the square-root branch points at a two-body threshold and it
sometimes confounds the identification of a resonance close
to the threshold of two particles because of the low energy
resolution. However, it may be useful for working out some
physical problems. It was pointed out very early by Budini
and Fonda [3] that these cusps might be used to investi-
gate o scattering and extract a combination of scattering
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lengths because the strength of the cusp is proportional to
the charge-exchange w7 scattering amplitude at the threshold.
Until now, to determine the combination of scattering lengths,
most research on the threshold cusp in mwm scattering was
conducted using theories in vacuum [4-8], such as the chiral
perturbation theory and nonrelativistic effective field theory.
However, it is known that the study of hadron properties at
finite temperature in relativistic heavy ion collisions (HICs)
provides further useful information on the strong interaction
dynamics. So studying the threshold cusp in w7 scattering at
finite temperature may provide us with more information on
the wr scattering and strong interaction.

In fact, there are already a few researches studying the
temperature effect on another kind of kinematical effect, i.e.,
the triangle singularity, by analyzing the behavior of the one-
loop three-point function at different temperatures [9—12].
These studies also consider the temperature dependence of
mass and width of the intermediate particles in their analysis.
Based on the computations in thermal field theory, they arrive
at the same conclusion that the triangle singularities will be
significantly suppressed in an environment with sufficiently
high temperature. Here we turn to focus on the threshold cusp
behavior in mm scattering at different temperatures, which

Published by the American Physical Society
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may deepen our understanding of the threshold cusp. For
comparison, the temperature effect on the threshold cusp in
DD* (or D*D) scattering is also investigated.

The paper is organized as follows. In Sec. II we present
how the temperature affects the one-loop two-point function.
Then in Sec. III and we investigate the temperature effect on
the threshold cusp by virtue of the amplitude, production rate,
and propagator in o scattering. In the end of Sec. IV, we
briefly comment on electromagnetic effects. In Sec. V, for
comparison, the temperature effect on the threshold cusp in
the DD* meson system is also studied with the propagator
of DD* scattering. Section VI is devoted to our summary
and outlook. In Appendix A, we summarize the Sommerfeld-
Watson transformation with Matsubara frequencies at finite
temperature. In Appendix B, we present the calculation of
the one-loop two-point function at finite temperature. In Ap-
pendix C, we make a comparison between the scattering
amplitude 7 in full order (T™') and in perturbation order
(TP, The interaction effect on the scattering amplitude T
is also analyzed. In Appendix D, we show the calculation of
the propagator with isospin symmetry breaking.

Some caveats are in order. The cusp is the phenomenon at
the threshold. Therefore, for pion scattering, one would per-
form systematic calculation using chiral perturbation theory.
In fact, the perturbation calculation was performed previously
[13,14], where the scattering length was investigated with
the inclusion of all possible one-loop diagrams s, 7, u, and
tadpoles. It is important to include all of them for systematic
studies based on perturbation theory. Now for the cusp it is
the singularity in the s-channel process (Cutkosky cut) that is
primarily driven by the loop in the s channel, that is, the I,
function, as we will define later. Furthermore, in general, the
shape and strength of the cusp may be modified by the in-
teraction and temperature. Therefore, in the present paper we
construct the scattering matrix 7 by summing up the s-channel
loop to all orders. Our formula can be applied to general cases
of particles with various masses and with stronger interactions
than those applicable to perturbative calculations. This strat-
egy is also reasonable for applications of the present method
to, e.g., DD* scattering, which we will briefly discuss using
the loop function 7, in the present paper.

II. ONE-LOOP TWO-POINT FUNCTION AT FINITE
TEMPERATURE: GENERAL CASE

In this section, we focus on the one-loop two-point function
to discuss the two-body threshold cusp at finite temperature
in general two-meson systems. We adopt the rest frame of
the center of mass of the two particles, and set the four-
dimensional energy-momentum p = (E, 0) in total as shown
in Fig. 1. We consider two bosons of spin zero which are
labeled by 1 and 2, respectively.

The scalar one-loop two-point function in relativistic form
reads

L(E, my, mp)

B i/ d*l 1
) @)t (17 — w? tie)[(E — 192 — w} +ie]’
(0

P1= (lo, ?)

p=(E0)

P2 = (E—lo, —7)

FIG. 1. The loop diagram with two internal particles 1 and 2.

in the rest frame. In the loop function, w; = /12 + m? (i =
1, 2) is introduced where the energy-momentum is denoted by
1= (°, 7). Here, E is the initial energy, m; and m, are masses
of particle 1 and 2, respectively, and € is an infinitely small
positive number.

It is known that, at finite temperature, the definition of
the partition function for boson system requires the fields
to be periodic in imaginary time [15-18]. Thus, the zeroth
component of the loop momentum {° is replaced by Matsubara
frequencies iw, = i2xn/B (n € Z and B = 1/T, the inverse
of temperature 7T') for the intermediate mesons [15-21]. Then,
for the intermediate mesons, the integral over [° in Eq. (1)
changes into a sum over a set of iw,,

L(E,my,my, T)
. a1 Z 1

) B~ (2 — wl +ie)[(E —za)*—w] + ie]’
2
where z,, denotes iw,. The above summation of series is called
the Matsubara sum. The Matsubara sum can be performed by
the Sommerfeld-Watson transformation, i.e., a technique for
converting the sum of the series into a contour integral on
the complex plane using Cauchy’s residue theorem. See the

details in Appendix A. Using Eq. (A5), the Matsubara sum in
Eq. (2) is computed as

L(E,m,m,T)

[l !
) @ ) 2mi (22— w? +ie)[(E — 2)* — w} + ie]

X lcoth (lﬂz)

2 2
_ d3l coth(B(w; — i€)/2)
- / 2(2m)? |:2w1[(E —w)? — w3 +ie]

coth(B(w; — i€)/2)
2w [(E +w)? — w} + ie]
coth(B(w, — E —i€)/2)
2us[(E — wp)? — w? + i

coth(B(wy + E — i€)/2)
2w [(E 4 wp)? — w} +ie] |

3

In the above calculation, we use the facts that z, repre-
sents the poles of the function coth(f8z/2) and that the four
terms in the last line stem from the poles of {(z> — wf + i€)
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[(E —z)* — w3 +ie]}~! on the complex z plane. The details
of the calculation are shown in Appendix B. As for the treat-
ment of the initial energy E, by following the prescription in
Ref. [22], we adopt the periodic condition by setting E =
i2an/B (n € Z) for the argument of hyperbolic cotangent
function. Then, I,(E, m;, my, T) in Eq. (3) is further simpli-
fied as
a3l coth(B(w; — i€)/2)
2(2m)3 2w1[(E —wp)? —ws + ie]
coth(B(w; —i€)/2)
2w [(E 4+ wy)? — w3 + i€
coth(B(w, —i€)/2)
2wy [(E — wy)? — wi + i€]

coth(B(w, —i€)/2) @
2wo[(E + w2)? — w? +ie] |

L(E,my,my, T) = /

In order to calculate the integration over I, we perform the
numerical calculation by introducing a monopole-type form
factor f(I) = A2/(A%+ |I|?) [23] with the cutoff parameter
A. This form factor is introduced to represent the effect of
finite sizes of hadrons, and plays the role of removing the
ultraviolet divergence in the momentum integral.

The investigated temperature is limited to be not larger
than 150 MeV. This condition stems from the understand-
ing that hadrons will be dissociated into quarks and gluons
above about 150 MeV and hence the expressions by hadronic
degrees of freedom can no longer be used. As the temper-
ature goes to zero (T — 0, i.e., B — +00), we notice that
L(E,my,my, T) in Eq. (4) reproduces the expression of the
scalar one-loop two-point function in vacuum given by

I2,Vac(Ea my, m2)

[ dLfd)? 1
- 2r)* \ 2w [(E +w)? — w} + ie]

1
+ 2us[(E — wy)? — w? + ie])

[ dLfd)? w4+ wy
o Q) 2w wr(E—w;—wstie)(E4+w+wy,—ie)
)

When the masses of two intermediate particles are the same,
i.e., m; = my, Eq. (4) becomes as simple as

d3LF(I)? coth[B(w — i€)/2]
@2n)} wE —2w)E +2w)’

From the above integrals, it is understood qualitatively that
there exists an enhancement in the behaviors of the two-
point function at finite temperature as the temperature T
increases. This is confirmed by noting that the hyperbolic
cotangent function coth[B(w; — i€)/2] in the integral is the
only temperature-related term in Egs. (4) and (6), and that
the value of hyperbolic cotangent function quickly approaches
one from infinity as its argument increases from zero to

L(E,m,T)= (6)

0.040; Y
_0.035) 50 MoV
€ 0.025/ 150MeV
IiJ/ ____,,.-‘
< 0.020F. oo

0.015F

260 270 280 290
E [MeV]

FIG. 2. The temperature effect on the one-loop two-point func-
tion in the pion system in the isospin-symmetric case. The mass of
the pion is given by the isospin-averaged mass m,. The blue solid,
yellow dashed, green dot-dashed, and red dotted lines are for the
line shape of |L(E,m,,T)| at temperatures 7 = 0, 50, 100, and
150 MeV, respectively. The thin black solid vertical line marks the
threshold of 7.

infinity. In this sense, the mass of the intermediate particle
should not be too large in comparison to the temperature
T in order for that the prominent temperature effect on the
threshold cusp appears. Therefore, we concentrate on a light
meson system, i.e., pion system, to see the temperature effect
on the one-loop two-point function.

Let us first consider the mm system without isospin
symmetry breaking by setting m; = mp, = m, [m, is the
isospin-averaged pion mass, i.e., (2my= + my0)/3 [24]] as
done in Eq. (6). We note that the temperature effects on the
mass of pion are expected to be so small and negligible due
to its Nambu-Goldstone boson nature [25-29]. So we suppose
that the masses of pions does not change in temperature region
T < 150 MeV. This is expected because the masses of pions
are protected by chiral symmetry as the Nambu-Goldstone
bosons.

By adopting Eq. (6), the numerical results for
|L(E, my;,T)| at different temperatures 7 =0, 50, 100,
and 150 MeV, are shown in Fig. 2. Notice that I, y,c in Eq. (5)
in the pion case without isospin symmetry breaking can
produce exactly the same line shape as shown by the blue
line in Fig. 2 . For the finite temperature effect, thus, it is
demonstrated clearly in Fig. 2 that the two-body threshold
cusp is enhanced when the temperature T increases.

The above simple analysis motivates us to study the S-
wave w7 scattering process to investigate the cusp effect at
finite temperature. To be more realistic, however, we need to
consider the isospin symmetry breaking: the mass difference
between a neutral pion (7%) and a charged pion (7 ®). This is
the topic that is discussed in detail in the next section.

III. THRESHOLD CUSP IN nr SCATTERING
AT FINITE TEMPERATURE

A. Lagrangian for nx scattering

We consider the S-wave mm scattering process by m°
and ¥ at finite temperature. For this purpose, we introduce
the interaction chiral Lagrangian consisting of the chirally
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symmetric part £g and the chirally broken part Lgp at the
lowest order, i.e.,

L=Ls+ Lsp

1
= JS2ul@.0)0"U )

2

I my ) .
——T 2t [M;(U +U" —2)], 7
+2mu+mdf” r[M;(U + )] @)

with the nonlinear representation of pion fields U = e/*//~ and

0 +
¢:‘r.n:<\/gn ffo) (8)

M; = diag(m,, my) is the diagonal matrix with up and down
quark masses m, and my, respectively. f; is the pion decay
constant, f; = 92.4 MeV, and m, is the isospin-averaged
pion mass. This Lagrangian provides us with the interactions
between two pions in the particle base as

2

Vaoz0g0z0 = _%, ©)
Vo005t ——L(zs—t—u+m2) (10)
n'n’—>nTnT T )]
3f7
1 2
Vit ot = —?(s +1—2u+2m), (11)
in correspondence to three scattering processes for neu-

tral and charged pions: 7°7° — 7°7°, 7%7° — 7*7~, and

ntm~ — wtw~. Here s, t, and u are the Mandelstam vari-
ables. We set s = (p; + p2)>,t = (p1 — p3)*, and u = (p; —
p4)?, where p; and p, are the four-momenta of two incoming
particles, and p3 and p4 are the four-momenta of two outgoing
particles. It is shown that, after partial wave analysis, the
S-wave potential on each vertex is given by
V. — V070 7070 |1 -
=
VJI'*'T[“*)JT*’?T_

VT[JrJT’—)ﬂOﬂO

m,zr Ez—mf,
r TR
= o e | (12)
Iz Iz
The propagator at finite temperature is written as
_ GﬂOﬂO O
G = < 0 Grin
1
sh(E,myo, T) 0
< 0 nE me,my) Y

including the neutral and charged pions in a matrix form ac-
cording to Eq. (6). The factor 1/2 in the last equation accounts
for the symmetry of identical particles.

B. Threshold cusp behavior in zx scattering
at finite temperature

The scattering 7-matrix in the full scattering processes,
denoted by T, is given by the Lippmann-Schwinger equa-
tion (LSE): T =V 4+ VGT with the interaction kernel V
and the propagator G. The T-matrix is solved as T = (1 —

VG)~'V. Let us consider generally the two channel case. T,
V, and G are expressed by

i Tn
T = ,
(T21 Tzz)
Vir Vi
V= : 14
<V21 V22> (4

_ (Gn 0
= (% o)
where the subscripts i, j (i, j = 1, 2) label the relevant chan-

nels. Solving the LSE, we find that the components in 7 are
given by

Vii(1 = G2 Va2) + Vi2Gas Vo

T = , (15)
(I = GuVi)d = GuV) — G V126G Vo
ViiGnuViz + Vio(1 — GiiVi)
T, =1 = )
(1 = GuVi — GuVa) — G11Vi2Gn Vo
(16)
T Vo (1 — G1Vin) + Va1 G Viz a7

(1= GuVin( — GuVa) — G11ViaGnVay |

We apply this formula to the 77 scattering by substituting the
scattering kernel in Eq. (12) and the propagator in Eq. (13)
into V and G, respectively. Then, we can get

L0705 7070 J P
Tﬂ == )

Tﬂ+ﬂ—_)ﬂ0ﬂ0 T7T+7f_—>7T+JT_

(18)

and investigate the temperature effect on 7,, for w7 scatterings
including isospin symmetry breaking. The numerical results
are displayed in Fig. 3. We find that the two-body thresh-
old cusps at two thresholds become more visible with the
increasing temperature 7. It should be noted that the tem-
perature dependences on the pion mass and decay constant
are not considered in our calculation. This is because the
change of pion mass is less dependent on the temperature,
as shown in Ref. [29] (see Fig. 7 therein). Furthermore, we
think that the temperature dependence of pion decay constant
on the temperature would be less significant according to the
pion mass dependence of the pion decay constant as shown
in Ref. [29] (see Fig. 5 therein). Thus, we can neglect the
temperature effect on the pion mass and pion decay constant
simultaneously.

IV. PRODUCTION IN THE ENVIRONMENT
OF FINITE TEMPERATURE

A. Production rate

Now we consider a realistic situation to see the finite tem-
perature effect on the scattering amplitude 7', which can occur,
for example, in heavy ion collisions. The relevant amplitude is
written by an initial production process P; and the subsequent
scattering process via T (final state interaction). According to
Ref. [30], the total amplitude of particle production is given by

M =P+ PGT, (19)

which includes the bare (direct) vertex for production process
and the iterated vertex for scattering process, as shown in the
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——— 0 MeV
40 50MeV T
5 100 MeV
435 1&M@f”
— 30.
25 ‘ ‘
260 270 280 290
E [MeV]
(a)
10-
——— 0 MeV
9 50 MeV
E 100 MeV ‘
4 Bl 150 MeV
* “
= o7
6>
260 270 280 290
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(b)
8 oMev
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& 100 MeV
k
P 150 MeV..~
x .
5.

260 270 280 290
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(c)

FIG. 3. The temperature effect on each element of 7, in Eq. (18).
The blue solid, yellow dashed, green dot-dashed, and red dotted
lines are for the line shapes of the results at temperatures 7 = 0,
50, 100, and 150 MeV, respectively. The black solid vertical line
and black dashed vertical line indicate the thresholds of 7°7° and
™, respectively. (a) The temperature effect on T,0,0_, 70,0, (b)
The temperature effect on 7,0,0_,,+,-, and (c) The temperature
effecton T+ - 77—

first and second terms, respectively, in the right-hand side.
The bare production amplitude

P:(P17P2)’ (20)

represents the direct production processes of the channel 1
and 2, respectively.

In heavy-ion collisions, the meson pairs and 7t~
could be produced by, for instance, the other hadronic decays

OJTO

0 0
0 70 n nt n
Py n® n? 0 _— 0
7t ot n* 7.(0 us
e B @
P, “m~ T - 70 -

FIG. 4. The complete production processes for different final
states, 7°7° (upper) and 7+~ (lower). HIC is the abbreviation of
Heavy Ion Collision.

through weak interactions, the direct hadronization processes
and so on. Therefore, P; can take arbitrary values in general,
and its magnitude is relevant to the bare production rate, which
could modify the temperature effect on the cusp structure.
However, there are several reasons that we expect that the
cusp behavior is not influenced by the different values of
P, ». First, we note that the threshold cusp is a kinematical
effect that originates from a square root branch point in the
complex plane of energy because of the on-shellness of the
intermediate particles in the scattering process. Second, it is
reasonable to expect that the production mechanism is dom-
inated by the strong interaction, and therefore, the strengths
Py » are expected to be similar. Nevertheless, in the case that
Py, are different, we have checked explicitly that the cusp
behavior remains qualitatively the same with different P,
values. The last point is the effect of the relative phase of
Py >, which is not determined. To show this influence we
have performed calculations for the two extreme cases where
P, , take opposite signs with the same strength, the results of
which will be discussed carefully later in this section.

Now from Eq. (19), as a result, we obtain the general form
of the total production

My =P+ PG T + P,Gy Ty, (21)
My =P+ PGy + PG Tho, (22)

where M; (i = 1, 2) is the component of the total amplitude
M.

Applying the general expressions (21) and (22) for 7%7°
and 7t T~ cases, respectively, as depicted by Fig. 4, we obtain
the total amplitudes M, from the heavy-ion collisions. It has
two components, i.e., Moo and M+, for the 7°7° and
7T~ productions, respectively, which are given by

Mﬂoﬂo = Pﬂono =+ PnoﬂoGﬂoﬂoTﬂoﬂu_)ﬂoﬂo

+Pn+7r*Gn+n’Tn+n*~>7r°n°7 (23)
Mrr*'n‘ = Prig- + Pptn-Grig-Trin-n+p-
4 Pro70G 07017070 s 7 24)

We remember that the invariant mass distribution of two
particles in the rest frame of the parent particle can be obtained
by

@2n)!
- 2M

with M and p; being the mass and the three-momentum of
the parent particle, and p, and p; the three-momenta of two

dr

IMPd Dy (p1, pa, P3), (25)
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FIG. 5. The temperature effect on the w7 production rate I',, in Eq. (26): the 7°7° channels in panels (a) and (b) and the 7= 7~ channels
in panels (c) and (d). The cases of the same and opposite relative signs in (P00, P,+,-) are shown. The blue solid, yellow dashed, green
dot-dashed, and red dotted lines are for the line shapes of the results at temperatures 7 = 0, 50, 100, and 150 MeV, respectively. The solid and

dashed black vertical lines indicate the thresholds of 7%7° and 77,

respectively. See the text for more details. (a) Pyoz0 = 1, Pr+y- = 1,

(b) Pﬂoﬂo =1, P,,+7,— = -1, (C) Pﬂoﬂo =1, P,T+7,— =1, and (d) Pnono =1, P,,+7,— =—1.

decaying particles, respectively, in the final states in the decay.
Here ®,(p, P2, P3) is the two-body phase-space volume of
the decay process with two decaying particles. Substituting
the pion scattering amplitude M, into Eq. (25) and perform-
ing the momentum integrals, we obtain the production rate of
two pions as

1
—E2 —m2|M,|*, (26)

Pl M > = ) ,,

~ 87E?2

r,=——
T 8 M?

in the rest frame of the initial state, where p (or —p) is the
three-momentum of the outgoing particle in the rest frame and
E is the total energy.

Notice that the phase space for 7% scattering is multi-
plied by an additional factor 1/2 since two 7%’s are identical
particles. It is also important to recognize that the production
rate I'; in Eq. (26) is dependent not only on the total energy
E but also on the temperature 7 through the production am-
plitude M.

We show the temperature effect on the production rate
I'; in Fig. 5. In the figure, the results are shown for the
different combinations of the relative signs in (P, P,) =
(Prog0, Prr-): () (1,1) and (b) (1, —1) for 797 productions
in Eq. (23), and (c) (1,1) and (d) (1, —1) for 7"~ produc-
tions in Eq. (24). We observe several interesting features.

First, as shown in Figs. 5(a) and 5(b), the 7°7° production
rates have a cusp or dip structure at the w7~ threshold de-
pending on the relative sign of (P00, Pr+,-). There is a cusp
in the case of the same relative sign, i.e., (P00, Pyip-) =
(1, 1), while there is a dip in case of the opposite relative
sign, i.e., (P00, Pr+y-) = (1, —1). Such a difference may be
small in the zero temperature (vacuum) case, and experimen-
tal observations may be difficult. In contrast, it is enhanced
as the temperature increases, and hence observing the 7°7°
production rate in HICs gives us clear information on the w
scatterings.

Second, the temperature effect behaves differently for the
same and opposite relative signs in (Pyo,0, Pr+,-), as seen
commonly in both 7°7° and 7 ¥~ productions. This is due
to the interference between the direct and rescattering pro-
cesses, in contrast to the ordinary S-wave scatterings, where
the threshold behavior appears as either a cusp or (reflected)
S-like shape structure. In the case of the same relative sign,
i.e., (Pyo0, Pr+z-) = (1, 1), the finite temperature enhances
the magnitudes of the production rates. In contrast, in the case
of the opposite relative sign, i.e., (Pyoz0, Priz-) = (1, —1),
the finite temperature suppresses the magnitudes of the pro-
duction rates. Thus, the relative signs in (P00, Py+,-) are
intimately related to the behaviors of the production magni-
tudes at finite temperatures.
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FIG. 6. The temperature effect on the absolute value of 7m
propagator, |G(x,0;7T)™™|, where the isospin symmetry breaking
is shown; see Eq. (27). The blue solid, yellow dashed, green dot-
dashed, and red dotted lines are for the line shapes of the results
at temperatures 7 = 0, 50, 100, and 150 MeV, respectively. The
solid and dashed black vertical lines indicate the thresholds of 77°
and 7 "7t ~, respectively. The plateaulike structures are seen between
7%7% and 7w * 7~ thresholds for each temperature.

With the results in Fig. 5, we summarize that the finite
temperature effect acts as a magnifying glass for studying 7
scattering, showing the existence of the cusp or dip structure
and the enhancement or suppression of the magnitude of the
production rate. Therefore, we conclude that experimental
observations of the production rate in HICs provide us with
important information on w7 productions.

B. Propagator and isospin breaking

The temperature effect on the threshold cusp can also be
seen clearly in the 7w propagator, which includes the isospin
symmetry breaking. The wm propagator from the position 0
to x is defined by

G(x, 0; 7)™ = (0l[7 ()7 (x)]1=0[7 (0)7 (0)];=210)

= \/TE[IZ(Ea M+, M-, T)

— L(E, myo, myo, T)], 27
for the transition from the total isospin / = 2 to I = O states.
Here L(E, my+, my;-, T) and L(E, mo, myo, T) are the two-
point functions at finite temperature T for 7+~ and 7°7°,
respectively. See Appendix D for the detailed calculation. If
the isospin symmetry is exactly conserved, the 7 propagator
G(x,0;T)™™ vanishes. However, if the isospin symmetry is
broken, then G(x, 0; T)™" becomes nonzero: G(x, 0; T )" #
0.

Let us investigate the behaviors of G(x,0; T)™™ at vari-
ous temperatures in the isospin-breaking case. In Fig. 6, we
show |G(x, 0; T)"™| as functions of the total energy E for
several temperatures, 7 = 0, 50, 100, and 150 MeV. There are
plateaulike structures emerging between the 77 threshold
and the w7~ threshold. We note that the isospin symme-
try breaking effect plays an important role in forming the
plateaulike structure, because such a plateau should shrink to

0.24
Vo, T=0fm™
0.22 .
_?: [m=——— V22+ VEM,T=Ofm‘
:E 0.20 Vag, T = 0.507 fm-"
= 018

1.2 1.3 1.4 1.5 1.6

E [fm™"]
FIG. 7. A rough estimation of the contribution from Vgy
to |T;3£U‘>”0”0|. V11 =—0.1 fmz, V]z = V21 = —2.Ofm2, V22 =
—2.0fm?.

become only a peak (or a cusp) when the isospin symmetry
is recovered, i.e., the interval between the 7%z threshold
and the w "7~ threshold vanishes. The heights of the plateaus
are significantly enhanced as the temperature increases. This
should be one of the most important mechanisms for produc-
ing the enhancement or suppression of the 7w production rate,
as shown in Fig. 5.

In the end of this section, we comment on the electromag-
netic effect, which contributes to the isospin breaking as well
as the quark mass difference. In Ref. [31] Knecht and Urech
have studied this effect using chiral perturbation theory and
showed that the electromagnetic effect is not very important
for the scattering length. Therefore, we expect that the effect
on the threshold cusp is also not very important. A very crude
estimate of the electromagnetic interaction can be done by
comparing the interaction strength of the Coulomb potential
and that of the chiral interaction (11). For the former, we
use the volume integrated potential in the volume of twice
(because of the interaction) the Compton wavelength scale of
the pion. It gives

2/my 8
Vit ~ / xS = 0% ~ 0.4 fm?, (28)
0

r my

where o = 1/137 is the fine structure constant. For the latter,
the corresponding quantity is

2
Vir ~ 2~ 2 fm?, (29)

12 2m2

where the last factor is from the normalization of the boson
wave function. The relevant electromagnetic (EM) interaction
of Eq. (28) is for the w*mw~ channel, which is added to
the strong interaction in Eq. (29) as an attractive interaction,
denoted by Vgy. In Fig. 7, we compare T;}}go_moﬂo with and
without Vg at zero and finite temperature 7 = 100 MeV, i.e.,
T = 0.507 fm~!. It indicates that the electromagnetic effect
is small and it does not influence the cusp structure much
compared to the temperature effect. Therefore, to address
the temperature effect on the cusp, we can safely ignore the
electromagnetic effect.
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V. THRESHOLD CUSP IN DD* SCATTERING
AT FINITE TEMPERATURE

The formalism in Sec. II can be adopted to study the
temperature effect on the threshold cusp in charmed meson
scatterings. We apply a similar discussion to the process in
the DD* (or D*D) meson system by including the isospin
symmetry breaking. The DD* (or D*D) meson system is im-
portant because it is intimately related to the exotic hadrons
such as X (3872). Here we focus on the DD* channel for a
simple discussion, because excluding the D*D channel does
not change our conclusion. We introduce the DD* meson
propagator including the modified masses and decay widths
in hot medium. The modifications of the masses and decay
widths are parametrized based on the results obtained by other
studies of the hadron model [32-34].

With this setup, we consider the DD* meson propagator
connecting the total isospin / = 1 and I = O states, given by

G(x, 0; T )PP’
= (0|[D(x)D* (x);=0[D(0)D*(0)];=110)
= 1L(E, mpo(T) — 3iTpo(T), mpuo(T) — 2iTpu(T), T)
— 3L(E, mp+(T) — 3iTp+(T), mp-—(T)
— Lilp (1), T), (30)

where the former and latter I, functions are the two-point
functions at finite temperature 7 for DYD*0 and DTD*~, re-
spectively. See Appendix D for the detailed calculation. The
temperature dependence of the masses and decay widths of D
and D* mesons are parametrized by m(T) and I'(T), and their
function forms are extracted by polynomial functions from
Ref. [32], as shown in Fig. 8.

In Fig. 8, the triangles in the panels (a) and (b) display
the theoretical values for the masses and decay widths of a
D meson at different temperatures, which were calculated in
Ref. [32]. They were obtained by studying the hadron model
with chiral and heavy-quark spin-flavor symmetries by adopt-
ing the imaginary time formalism. As shown in Fig. 8(a), the
mass of the D meson decreases as the temperature increases.
For example, the mass drops by around 40 MeV at temper-
ature T = 150 MeV. In Fig. 8(b), it is shown that the decay
width of the D meson increases as the temperature increases.
These behaviors also agree qualitatively with the calculation
result for the mass and width of the D meson obtained in hot
pion medium in Ref. [33], where the in-medium D meson
self-energies were estimated by the scattering length of the D
meson in a hot pion gas. Similar medium modifications were
found for D* vector mesons [33]. Apart from Ref. [33], it is
shown in Ref. [34] that the medium effect on the decay width
of a D meson at finite temperature exhibits behaviors similar
to those of a D* meson. Therefore, in the present study, we
assume that the mass drop and the increase of the decay width
of a D* meson behave similarly to those of the D meson. Thus,
we apply the m(T') and I'(T") function forms, estimated for a
D meson in Ref. [32], to a D* meson at finite temperature, as
shown in Fig. 8.

Similarly to the 7w propagator in Eq. (27), we find that the
DD* propagator vanishes if the isospin symmetry is exactly

2000- 5(; '''''''''''''''''''''''''''
— [ Di
% 1950
2
2 1900 .
2 [ b
1850%
0 50 100 150
T [MeV]
(a)
80
o A
60 + !
= b A
) 5,,o /
= 40
5 e D** ) A
= 20 A
f-"’-A/'
0 p====px=1 ‘
0 50 100 150
T [MeV]

(b)

FIG. 8. The temperature dependence of the D and D* meson
masses (a) and decay widths (b). The black triangles denote the
theoretical values of a D meson extracted from Ref. [32].

conserved. It is also the case that, if the isospin symme-
try is broken, we obtain nonzero values, G(x,0;T)PP"
0, and find plateaulike structures emerging between the
mass thresholds of D°D*® and D*D*~ in the line shape of
|G(x, 0; T)PP"|, as shown in Fig. 9. The plateaulike structure

6.5 x1074
6 0MeV
55 50 MeV
Q. ,
4 100 MeV
3 s 150 MeV
o 2
1 “"/ ____________________
375 380 38 390 395
E [GeV]

FIG. 9. The temperature effect on the absolute value of the DD*
propagator, |G(x, 0; T)?P"|, where the isospin symmetry breaking
is shown; see Eq. (30). The blue solid, yellow dashed, green dot-
dashed, and red dotted lines are for the line shapes of the results at
temperatures 7 = 0, 50, 100, and 150 MeV, respectively. The black
vertical lines and red vertical lines denote the mass thresholds of
D°D*" and D*D*~, respectively.
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is clearly seen at the zero temperature case. At higher tem-
peratures, however, the plateaulike structures are qualitatively
different from those in the w7 case, as summarized in the
following.

First, the plateaulike structure is shifted to the lower energy
region, since the masses of the D and D* mesons decrease
with the increasing temperature as shown in Fig. 8(a). The
height of the plateaulike structure decreases as the tempera-
ture increases, and eventually it disappears at 7 = 150 MeV,
as shown in Fig. 9. Second, the plateaulike structure becomes
smooth as the temperature increases. In other words, the
plateaulike structure is not seen clearly at higher temperatures.
The disappearance of the the plateaulike structure of the DD*
case is sharply different from the mm case. This property
stems from the fact that the decay widths of the D and D*
mesons increase with the increasing temperature, as shown
in Fig. 8(b). As a summary, we conclude that the isospin
symmetry breaking in DD* scatterings from HICs brings us
important information that is qualitatively different from the
T case.

VI. SUMMARY AND OUTLOOK

We have investigated the temperature effects on the thresh-
old cusps in ww and DD* scatterings. The temperature
is introduced in the one-loop two-point function by using
the Sommerfeld-Watson transformation after introducing the
Matsubara frequencies. The temperature effect has been in-
vestigated below 150 MeV due to the applicability of the
hadronic degrees of freedom. We have evaluated the pro-
duction rate of pions at different temperatures, and studied
how the temperature affects the threshold cusp in the ww
scatterings. From the line shape of the production rate in 77
scatterings, we have shown that, as the temperature increases,
the cusp around the w7~ threshold becomes enhanced in
the case of the bare production amplitude (P40, Pyr-) =
(1, 1), while the dip becomes suppressed in the case of
(Proz0, Pr+y-) = (1, —1). Thus, the temperature dependence
of the production rate near the w7~ threshold is very
sensitive to the relative sign in the bare production ampli-
tude. We also find that the line shape of the mm propagator
displays some unique properties at different temperatures:
plateaulike structures appearing between the 7%7° and w7~
thresholds due to isospin symmetry breaking. The heights of
the plateaulike structures become much enhanced with the
increasing temperature. For comparison, we also study the
temperature effect on the threshold cusp in DD* scatterings
including isospin symmetry breaking. The line shape of the
DD* propagator presents a plateaulike structure similar to the
m case. However, it disappears as the temperature increases,
because the masses and decay widths of D and D* mesons are
modified at finite temperature.

The present formalism can be applied not only to boson-
boson systems but also to boson-fermion and fermion-fermion
systems. Indeed, there are several candidates of cusp or dip
structures reported in experiments: XN (I = 1/2) cusp [35],
KN (I =1) cusp [36], nA cusp [37], and so on. For *N
(I =1/2)and KN (I = 1), we can introduce the isospin sym-
metry breaking and may be able to study the plateau structure

as we have discussed in the s scatterings. The nA cusp is
relevant to the properties of A(1670). As far as the hadron
masses and decay widths are less modified in hot medium, we
can expect that the cusp or dip structures around the thresholds
become enhanced or suppressed, and they bring us important
information on the hadron scatterings. Further studies are left
for the future.
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APPENDIX A: SUMMATION OF SERIES:
SOMMERFELD-WATSON TRANSFORMATION

Assume that f(z) is a function that is analytic at z =
i2rn/B (n € Z), and tends to zero as fast as, or faster than,

L as |z| — oo. (A1)
lzI?
And consider the following sum:
o0
S= Y fn. (A2)

n=—0o0o
To compute this discrete sum, let us introduce the function
F(z) as

ef 4+ 1

1 1
F(z)= f(Z)E coth (%ﬂ) = f(Z)Eeﬁ«T' (A3)

1
This function has simple poles associated with the hyperbolic
cotangent function at z, = iw, = i2wn/B with residues

1 e 41

Res(F(2), z = iw,) = lim f(Z)zm
dz

7= iwy,
1efr 41
2 Bef:

= %;f(zn)»

and the poles associated with f(z) at z = z.

First, we transform the sum of the residues of the poles
zy, = iwy to the contour integral over the small circles around
these poles as shown on the left of Fig. 10. Then the sums
of the small contours are converted into the sums of the two
closed contours of /; and C; and of I, and C, as shown on

lim f(z)

z—>iw,

(A4)
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Step 1. Step 2’_‘;, AT Then, finally, one arrives at the following result:
la)n ‘f,,C ll: :l:a)n AN 1
; ARSI | 3 Y f@)=—) Res(F(2),z2=2).  (A6)
(4 i&)z ’,' R E iia)z ‘\\ n i

®z;, iw,; L%z E Wy \ These manipulations are often called the Sommerfeld-Watson
ia)_lj: 7 wo =| ] ! iia) 4,: transformation, the details of which are found, for instance, in
- \ w1170 gz, ) Refs. [38,39].
Wi S \ oot !
) : \k\ ia)i E :l C, ,}‘, APPENDIX B: THE CALCULATION OF ONE-LOOP
lw_y N TWO-POINT FUNCTION AT FINITE TEMPERATURE

FIG. 10. The transformation of the integration contour for
Eq. (A2).

the right of Fig. 10. Due to the condition of Eq. (Al), the

Using Eq. (AS), the one-loop two-pont function at finite
temperature can be computed as

L(E,m,my,T)

3
contributions of the two semicircles of C; and of C, vanish. = d_13 / ﬁ > 1 >
Therefore, we have the relation (27) 2mi (12 —wy + i€ )[(E —2)? —wj +ie ]
) 1 1 1
Res(F(2),z = iw,) = — | | F(z)dz+ | F(z)dz x —coth [ =Bz
2mi I b 2 2
=-— 2)dz + 2)dz = £ B S
27i \Jiy+¢, h+Cy 2m)-
1
= — ) Res(F(@).z=2). (A5) = — —
i (22 — w? +i€)[(E — 2)* — w} + ie]
95"
P |TRl]: 0 MeV — |Tu"): 0 MeV
[T | TR} 50 MeV 9.0 .. |Tful}: 50 MeV
= [ - |7 100 MeV — 85|~=-=-= |TUI]: 100 MeV e
Kaq0f U T k o oP
T e [TOI:450 MeV & I |Tful]:150 MeV ‘
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‘ ‘ ‘ ‘ 6.5 L A G B m
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(c)
FIG. 11. The temperature effect on each element of [T (black) and |TP*| (red). The solid, dashed, dot-dashed, and dotted lines are
for the line shapes of the results at temperatures 7 = 0, 50, 100, and 150 MeV, respectively. The black solid vertical line and black dashed

vertical line indicate the thresholds of 7°7° and 7 *7 ~, respectively. (a) The temperature effect on |T0,0_, ,0,0|, (b) The temperature effect on
|T7070_, z+-- |, and (c) The temperature effect on |7y +,— z+7-|-
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1 h 1
X ECO <§ﬂz>,zn“
d3
/ ) (Z Res[F (z),z = Z,])

=/£(Res[F(z),w, — i€] + Res[F(2), —w) + i€]
2m)3

+ Res[F(z2), E — wy + i€e] + Res[F (z), E 4+ wy — i€])

[ & coth(B(w; — i€)/2)
B / 2(2m)? [2w1[(E —w)? — wj + ie]
coth(B(w; — i€)/2)
2w [(E +w)? — w} + i€]
coth(B(ws — E — i€)/2)
2ws[(E — wr)? — w? + i€
coth(B(wr + E — ie)/2.) ] B
2w2[(E +w)? —wl+ 16]

APPENDIX C: THE COMPARISON BETWEEN 7' AND
77" AT FINITE TEMPERATURE

Here we would like to comment on the mutual roles of fi-
nite temperature and the interaction in the transition amplitude
T . Ideally, we may want to include all diagrams of s, ¢, u, and
tadpoles to all orders, which, however, is a formidable task.
In fact, the cusp is primarily caused by the singularity in the
s-channel process. Therefore, we include only the s-channel
diagrams to all orders in the form of a 7-matrix. Now, to see
the effect of the interaction at finite temperature, we compare
Tl and TP where the former is the solution of the LSE
while the latter is the one of perturbation of leading order,

TP =V + VGV. (C1)

J

250 260 270 280 290 300

E [MeV]

FIG. 12. The V5, effect on |T;3"0_)ﬂ0ﬂ0| Vii=-2,Vih,=V, =

—3. The solid vertical gray line and dashed vertical gray line repre-
sent the 7°7° and 7+ 7+ thresholds, respectively.

Details with concrete examples are shown in Figs. 11
and 12. In Fig. 11 we see that the difference between 7™
and TP is obvious at various temperatures; the amplitude
T is larger than TP and so is the cusp behavior. Moreover,
the difference between the two amplitudes increases as the
temperature increases. Figure 12 shows the interaction effect,
where we see that the amplitude and hence cusp are enhanced
as the attractive interaction V5, is increased.

The interaction strengths employed there are attractive but
not so strong, and there is a virtual state in channel 2. In
general, as the attraction is increased and the virtual state
approaches the threshold, the cusp will become sharper. At the
point where the virtual state turns into the zero-energy bound
state, the height of the cusp becomes infinite. As the interac-
tion is further increased the peak moves below the threshold,
and turns into a Feshbach resonance in the scattering of chan-
nel 1. The singularity still remains at the threshold where the
derivative becomes minus infinity. For the pion scattering, to
realize such a sharp peak an unrealistically large attraction is
needed. In reality the cusp of the pion is rather small, though
1t exists.

APPENDIX D: THE CALCULATION OF THE ISOSPIN BREAKING PART IN THE PROPAGATORS OF PION AND
CHARMED MESON SYSTEM

The m propagator including isospin symmetry breaking from the position 0 to x is calculated as

G(x,0;T)™

= (07 (0)7 (x)]1=0[7 (0)7 (0)];=20)

<0|<\F (0 - \/}’(’(x)”(’(” +\@”_(x)”+(x)>
. <\/Z O 04 5200 [ om0 )o

y

Ol T ()7~ ()7 T (0)7 ™~ <0>|0>——<0|n°<x>n°<x>n°<0)n°(0)|0>

:_[IZ(E’mﬂ'*"er_vT)_IZ(Eva'[U’mﬂU’T)]' (Dl)

ot ol
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The DD* propagator including isospin symmetry breaking from the position 0 to x is calculated as

G(x, 0;T)"P" = (0|[D(x)D* (x)]1=0[D(0)D* (0)];=1|0)

1 _ 1 _
= <0|\g [D°(x)D*(x) — D*@)D*‘@)]fi [D°(0)D*(0) + D' (0)D*~(0)]/0)

= %[<0|D°(x>D*°<x)D°(0)D*O(0>|0> — (0|D* (x)D*~ (x)D* (0)D*~(0)|0)]

1 iT (T
- z[12<E,mDo(T) _ %
—12<E,mD+(T) — %

 mp(T) — —iFD;(T), T)
e (T) — % T)} (D2)

where the temperature dependences of charmed meson mass and width, i.e., m(T ) and I'(T"), are considered, because the charmed

mesons are unstable against the strong decay at finite temperature.
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