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General amplitude of near-threshold hadron scattering for exotic hadrons
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We discuss the general behavior of the scattering amplitude with channel couplings near the two-body
threshold. It is known that the Flatté amplitude, which is often used in the analysis of experimental data involving
exotic hadrons, has some constraint in the near-threshold energy region. While the M-matrix gives the general
expression of the scattering amplitude, it is not smoothly connected to the Flatté amplitude, due to the property of
the determinant of the amplitude in channel space. In this paper, based on the effective field theory, we propose
new parametrization of the scattering amplitude which gives the general expression near the threshold and has
a well-defined limit reproducing the Flatté amplitude. We show that the nonresonant background contribution
exists in the general amplitude even in the first order in the momentum. Finally, we quantitatively evaluate the
cross sections by changing the strength of the background contribution. We find that the interference with the
background term may induce a dip structure of the cross section near the threshold, in addition to the peak and
threshold cusp structures.
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I. INTRODUCTION

Exotic hadrons have an internal structure which is differ-
ent from qq̄ or qqq, and their internal structure still remains
unresolved. In recent years, experimental progress has led to
the discovery of a wide variety of the exotic hadrons, and
various studies have been conducted from both the theoretical
and experimental perspectives [1,2]. Most exotic hadrons are
unstable states with finite lifetimes and decay into multiple
hadrons, and therefore they are observed as resonance peaks in
the hadron scattering. Accumulation of the experimental data
reveals that a lot of exotic hadrons appear near the threshold.
Furthermore, in actual hadron systems, the channel couplings
play an important role by inducing the inelastic scattering in
addition to the elastic scattering. As an example, f0(980) ap-
pears near the KK̄ threshold and decays into the ππ channel,
so we need to consider the coupled-channels scattering of the
ππ -KK̄ system [3].

In the scattering amplitude, the eigenenergy of the reso-
nance state is represented as a pole in the complex energy
plane [4,5]. To express the scattering amplitude with a res-
onance pole, one utilizes the Breit-Wigner amplitude having
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a pole at the energy E = ER − i�/2, where ER represents
the resonance energy and � the decay width. Because the
Breit-Wigner amplitude with a constant decay width � does
not include the effect of the threshold, the Breit-Wigner am-
plitude cannot be applied to the analysis of the resonance state
near the threshold. To incorporate the threshold effect into
the Breit-Wigner amplitude, the Flatté amplitude [6] has been
frequently used for the actual analysis of the various hadron
scattering near the threshold [7–20]. In the Flatté amplitude,
the opening of the threshold is taken into account by the
energy dependence of the decay width �.

To study the near-threshold exotic hadrons, it is useful to
expand the inverse of the scattering amplitude as the power
series of the momentum k of the threshold channel. In the
single-channel case, the effective range expansion of the scat-
tering amplitude f (k) reads

f (k) = 1

− 1
a + r

2 k2 + O(k4) − ik
, (1)

where a and r are called the scattering length and effec-
tive range, respectively. Here we use the sign convention
of the scattering length in nuclear physics, i.e., negative a
corresponds to a weak attractive interaction, while positive a
indicates either a repulsive interaction or a strong attraction
that supports a bound state. It is important to determine a and
r because the near-threshold dynamics, including the position
of the near-threshold pole, is highly constrained by these con-
stants. In the coupled-channels scattering, it is known that the
denominator of the Flatté amplitude can also be written in the
form of the effective range expansion [21]. This feature allows
one to use the Flatté amplitude to determine the scattering
length and effective range [22,23] (see also the discussion in
Ref. [24]).
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However, a problem of the Flatté amplitude has been
pointed out; the number of the independent parameters de-
creases near the threshold [21]. This fact suggests that some
conditions are imposed on the Flatté amplitude near the
threshold, lacking the generality of its expression. On the
other hand, the general expression of the scattering amplitude
consistent with the optical theorem has been constructed, for
instance, by using the M-matrix approach [25]. As we will
show below, however, the M-matrix type amplitude cannot be
directly reduced to the Flatté amplitude due to the implicit
assumption in its derivation. To study how the general expres-
sion gradually approaches the Flatté amplitude, it is desirable
to construct an alternative amplitude, which keeps the gener-
ality of the expression but having the smooth connection with
the Flatté amplitude.

In this study, we focus on the above-mentioned problems of
the near-threshold coupled-channels scattering amplitude and
clarify the relation between the general form of the amplitude
and the Flatté amplitude. For this purpose, we formulate both
the Flatté and M-matrix amplitudes in the framework of the
effective field theory. Through the detailed comparison of
these amplitudes, we propose a new parametrization of the
scattering amplitude that does not lose generality even near
the threshold and directly reduces to the Flatté amplitude. This
allows us to study how the general behaviors of the scattering
length and near-threshold cross sections reduce to those of the
Flatté amplitude. The relation between the Flatté amplitude
and a more general amplitude has also been discussed in
Ref. [26]. In that work, taking the X (3872) as an example, the
authors started from a scattering amplitude that includes a bare
state coupled to two scattering channels constrained by the
isospin symmetry and discussed the connection to the Flatté
amplitude as well as the appearance of a dip structure, not only
near the threshold but also in a broader energy region. In the
present study, we discuss the relation with the Flatté amplitude
based on a general scattering amplitude near the threshold,
without explicitly introducing a bare state or imposing any
symmetry constraints.

This paper is organized as follows. First, we derive the M-
matrix type amplitude (hereafter called the contact amplitude)
and the Flatté amplitude from the effective field theory in
Sec. II. We then compare the Flatté amplitude with the contact
amplitude and clarify the imposed conditions by exploring
the compatibility between these amplitudes. Next, in Sec. III,
we propose a new parametrization of the scattering amplitude
(general amplitude) that unifies the contact amplitude and the
Flatté amplitude. Using the general amplitude, we discuss in
detail the nature of the scattering amplitude near the threshold.
In Sec. IV the behavior of the scattering cross section near
the threshold is quantitatively investigated using the general
amplitude. A summary is given in the last section. Preliminary
results of Sec. III are partly reported in the proceedings of the
conference [27].

II. COUPLED-CHANNELS SCATTERING AMPLITUDE

In this section, based on Refs. [28–30], we review the
derivation of the contact amplitude and Flatté amplitude for
two-channel scattering from the effective field theory (EFT)

in Secs. II A and II B, respectively. We discuss the scattering
length and effective range in these amplitudes. In Sec. II C, we
show that the contact amplitude does not directly reduce to the
Flatté amplitude focusing on the determinant of the scattering
amplitude.

A. Contact amplitude

Here we derive the two-channel scattering amplitudes at
low energies for systems with contact four-point interaction
from effective field theory. The Lagrangian L in this case is
given by [28–30]

LC = LC
0 + LC

int, (2)

LC
0 = ψ

†
1

(
i∂0 + ∇2

2m1
− (m1 − m2)

)
ψ1

+φ
†
1

(
i∂0 + ∇2

2M1
− (M1 − M2)

)
φ1

+ψ
†
2

(
i∂0 + ∇2

2m2

)
ψ2 + φ

†
2

(
i∂0 + ∇2

2M2

)
φ2, (3)

LC
int = −ci jψ

†
i φ

†
i φ jψ j + · · · , (4)

where LC
0 is the free Lagrangian representing the rest energy

and nonrelativistic kinetic energy of the particles. ψi and
φi (i = 1, 2) are the fields corresponding to the two particles
in channel i and mi and Mi (i = 1, 2) represent the masses of
the particles in channel i. Since the energy is measured from
the threshold of channel 2 in this study, the free Lagrangian LC

0
includes the contribution of the rest energies of ψ1 and φ1. LC

int
is the Lagrangian of the four-point interaction that represents
the transition between the ψiφi and ψ jφ j scattering channels,
and ci j is the coupling constant. The higher-order terms in
the derivative expansion in LC

int are abbreviated. We consider
the low-energy scattering, where the contact interaction in
Eq. (4) dominates and the higher-order terms are assumed to
be negligible. In order to apply the theory to higher-energy
regions, we need to consider the higher-order terms including
derivative couplings in LC

int in Eq. (4).
The Feynman rules obtained from the Lagrangian LC give

the vertex VC as

VC =
(

c11 c12

c12 c22

)
, (5)

with the bare parameters c11, c12, and c22. The (i, j) com-
ponents of VC describe the direct transition process from the
scattering channel j to i. Since we are interested in the two-
body scattering, we consider the four-point function Ti j by
adding up all possible diagrams for the two-body to two-body
process obtained from the Feynman rules. In the present case,
the four-point function is given only by the diagrams obtained
from the Lippmann-Schwinger equation, in which VC is re-
garded as a potential. The resulting four-point function, the
T-matrix of this scattering, depends only on the total energy E
in the center-of-mass system:

[T (E )]−1 = [VC]−1 − GΛ(E ), (6)
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where

GΛ(E ) =
(

GΛ
1 (E ) 0
0 GΛ

2 (E )

)

=
(−μ1Λ

π2 − μ1

2π
ip 0

0 −μ2Λ

π2 − μ2

2π
ik

)
, (7)

GΛ
i (E ) =

∫
dq

(2π )3

�(Λ − |q|)
E + 	δi1 − q2/(2μi ) + i0+ , (8)

where 	 = (M2 + m2) − (M1 + m1) is the threshold energy
difference, μi = Mimi/(Mi + mi ) the reduced mass in channel
i, and p = √

2μ1(E + 	), k = √
2μ2E the relative momenta

of channels 1 and 2, respectively. Since the potential VC is
a contact interaction, we have introduced the cutoff Λ, the
upper limit of the momentum integral to regularize GΛ(E ),
by keeping the leading contribution in the Λ → ∞ limit in
Eq. (7).

Substituting VC into Eq. (6), we obtain

[T (E )]−1

=
( c22

c11c22−c2
12

+ μ1Λ

π2 + μ1

2π
ip − c12

c11c22−c2
12

− c12

c11c22−c2
12

c11

c11c22−c2
12

+ μ2Λ

π2 + μ2

2π
ik

)
.

(9)

To perform the renormalization, we define the physical quan-
tities a11, a12, and a22 so that the T-matrix takes the form

[T (E )]−1 =
⎛
⎝ μ1

2π
1

a11
+ μ1

2π
ip −

√
μ1μ2

2π
1

a12

−
√

μ1μ2

2π
1

a12

μ2

2π
1

a22
+ μ2

2π
ik

⎞
⎠. (10)

Comparing Eq. (10) with Eq. (9), we introduce the cutoff Λ

dependence in the bare parameters c11, c12, and c22 so that
a11, a12, and a22 are cutoff independent:

c22(Λ)

c11(Λ)c22(Λ) − c2
12(Λ)

+ μ1Λ

π2
= μ1

2π

1

a11
, (11)

c11(Λ)

c11(Λ)c22(Λ) − c2
12(Λ)

+ μ2Λ

π2
= μ2

2π

1

a22
, (12)

c12(Λ)

c11(Λ)c22(Λ) − c2
12(Λ)

=
√

μ1μ2

2π

1

a12
. (13)

Taking the Λ → ∞ limit with the physical quantities a11, a12,
and a22 kept finite, the inverse matrix of the scattering ampli-
tude is given by

[ f C (E )]−1 =
(

− 1
a11

− ip 1
a12

1
a12

− 1
a22

− ik

)
, (14)

where the relation between the T-matrix and scattering am-
plitude fi j = −√

μiμ jTi j/(2π ) is used. From Eq. (14), we
obtain the scattering amplitude

f C (E ) = 1
1

a2
12

−
(

1
a11

+ ip
)(

1
a22

+ ik
)

×
(

1
a22

+ ik 1
a12

1
a12

1
a11

+ ip

)
. (15)

Hereafter, we call this amplitude f C (E ) the contact
amplitude.

It is instructive to discuss the relation between the contact
amplitude and the two-channel M-matrix type scattering am-
plitude derived from the optical theorem. The general form of
the inverse of the two-channel scattering amplitude is given as

[ f (E )]−1 =
(

M11(E ) − ip M12(E )
M12(E ) M22(E ) − ik

)
, (16)

using the M-matrix Mi j (E ), which is a function of the energy
[25]. In Eq. (16), by setting Mi j (E ) as a constant Mi j = 1/ai j ,
we recover the contact amplitude (14). In other words, it
can be seen that the contact amplitude f C (E ) in Eq. (15)
is a special case of the M-matrix type scattering amplitude.
This ensures that f C (E ) is a general low-energy scatter-
ing amplitude consistent with the optical theorem near the
threshold where the higher-order terms in energy E can be
neglected. From Eq. (15), we find that the general form of
the two-channel scattering amplitude is characterized by three
parameters a11, a12, and a22 near the threshold. In general,
by imposing the time-reversal symmetry on the M-matrix
representation, the off-diagonal components of the M-matrix
becomes Mi j = Mji, so the N-channel scattering amplitude
has N (N + 1)/2 independent parameters near the threshold
(see Appendix A).

We now discuss the scattering length and effective range at
the threshold of channel 2 (higher energy threshold) using the
Constant amplitude in Eq. (15). Expanding the denominator
of the (2,2) component of the scattering amplitude f C

22(E ) in
terms of the momentum k, we obtain

f C
22(E ) =

[
1

a2
12

(
1

a11
+ ip0

) − 1

a22

− iR12

2a2
12

(
1

a11
+ ip0

)2
p0

k2 − ik + O(k4)

]−1

, (17)

where p =
√

R12k2 + p2
0, p0 = √

2μ1	 represents the mo-
mentum of channel 1 at the threshold of channel 2 and R12

the ratio of the reduced masses μ1 and μ2: R12 = μ1/μ2. The
denominator of f C

22(E ) is composed only of the even powers in
k, except for the term −ik. Therefore, f C

22(E ) can be written in
the form of the effective range expansion in k, the momentum
of channel 2. As in the case of the single-channel scattering
(1), we define the scattering length aC from the constant term
and the effective range rC from the coefficient of the k2 term
in the denominator of f C

22(E ) in Eq. (17). The scattering length
aC is given by

aC = a2
12a22(1 + ip0a11)

a2
12(1 + ip0a11) − a11a22

. (18)

For later discussion, we decompose aC into the real and imag-
inary parts:

aC = a4
12a22

(
1 + p2

0a2
11

) − a11a2
12a2

22

(a2
12 − a11a22)2 + p2

0a2
11a4

12

− i
p0a2

11a2
12a2

22

(a2
12 − a11a22)2 + p2

0a2
11a4

12

. (19)
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This expression confirms the relation Im(aC ) < 0 required
by the optical theorem. Similarly, the effective range rC is
obtained as

rC = − iR12

p0

{
a11

a12(1 + ip0a11)

}2

. (20)

Note that both aC and rC are in general complex (see, e.g.,
the review "Resonances" in Ref. [3]), reflecting the effect
of the decay into channel 1. We also note that rC is not
the exact effective range of f C (E ) which is affected by
the correction of higher-order terms as discussed later. We
also expand the denominator of the (1,1) component of the
scattering amplitude f C

11(E ) (lower-energy channel) in terms
of k,

f C
11(E ) = a2

12

a2
22

[
1

a22
− a2

12

a11a2
22

− i
a2

12

a2
22

p0

−
(

a22 + i
R12a2

12

2a2
22 p0

)
k2 − ik + O(k3)

]−1

. (21)

In contrast to f C
22(E ), the denominator of f C

11(E ) contains the
terms of k3 or more odd powers. Therefore, f C

11(E ) cannot be
written in the form of the effective range expansion in k, and
the scattering length and effective range should be defined not
in f C

11(E ) but in f C
22(E ).

We comment on the higher-order corrections to the effec-
tive range of the contact amplitude rC in Eq. (20), which is
written only by the parameters a11, a12, and a22. Considering
the higher-order terms of the interaction Lagrangian in the
derivative expansion, one can enlarge the applicable energy
region of the EFT. The inclusion of the next-to-leading-order
terms gives the scattering amplitude

[ f C (E )]−1 �
(− 1

a11
+ a(2)

11 k2 − ip 1
a12

+ a(2)
12 k2

1
a12

+ a(2)
12 k2 − 1

a22
+ a(2)

22 k2 − ik

)
,

(22)

where a(2)
11 , a(2)

12 , and a(2)
22 are the coefficients of the k2 terms.

The scattering length aC determined by f C
22(E ) in Eq. (22)

remains unchanged from the expression in Eq. (18), i.e.,
aC does not suffer from the higher-order corrections. In
contrast, the effective range rC contains the higher-order cor-
rections with a(2)

11 , a(2)
12 , and a(2)

22 . Thus, the expression of rC in
Eq. (20) is valid only in the leading-order EFT, and the value
can be modified by including the higher-order corrections.
When the coefficients of the k2 terms, a(2)

i j , are sufficiently
smaller than the leading-order coefficients ai j , Eq. (20) is
expected to provide a good approximation of the effective
range.

B. Flatté amplitude

In this subsection, we first show the derivation of the Flatté
amplitude in the EFT. The Lagrangian that gives the Flatté

amplitude is [31]

LF = LF
0 + LF

int, (23)

LF
0 = ψ

†
1

(
i∂0 + ∇2

2m1
− (m1 − m2)

)
ψ1

+φ
†
1

(
i∂0 + ∇2

2M1
− (M1 − M2)

)
φ1

+ψ
†
2

(
i∂0 + ∇2

2m2

)
ψ2 + φ

†
2

(
i∂0 + ∇2

2M2

)
φ2

+�†

(
i∂0 + ∇2

2M
− ν

)
�, (24)

LF
int = ĝi(ψ

†
i φ

†
i � + �†φiψi ), (25)

where LF
0 is the free Lagrangian and LF

int is the interaction
Lagrangian. In addition to the ψi and φi fields, we introduce
the bare field � with mass M. The parameter ν = M − (m2 +
M2) represents the bare energy measured from the threshold of
channel 2. The parameter ĝi stands for the coupling constant
between the scattering state of channel i and the bare field.

From the Lagrangian LF , the coupled-channels potential
VF (E ) for the two-body to two-body process is given by

VF (E ) = 1

E − ν

(
ĝ2

1 ĝ1ĝ2

ĝ1ĝ2 ĝ2
2

)
, (26)

using the bare parameters ν, ĝ1, and ĝ2. The potential VF (E )
describes the transition between the scattering states through
the s-channel exchange of the bare field �. It follows from
the expression (26) that det[VF (E )] = 0, and therefore VF (E )
does not have the inverse matrix. Hence, VF cannot be directly
substituted into the expression (6) and we use an equivalent
equation without V −1:

T (E ) = [1̂ − V (E )GΛ(E )]−1V (E ). (27)

Substituting VF (E ) into Eq. (27), we obtain the T-matrix,

T (E ) =
[

E − ν + ĝ2
1

(
μ1Λ

π2
+ μ1

2π
ip

)

+ ĝ2
2

(
μ2Λ

π2
+ μ2

2π
ik

)]−1(
ĝ2

1 ĝ1ĝ2

ĝ1ĝ2 ĝ2
2

)
. (28)

To perform the renormalization, we define the physical quan-
tities EBW, g1, and g2 so that the T-matrix takes the form

T (E ) = 1

2E − 2EBW + ig2
1 p + ig2

2k

×
(

2π
μ1

g2
1

2π√
μ1μ2

g1g2
2π√
μ1μ2

g1g2
2π
μ2

g2
2

)
. (29)

Comparing Eq. (28) with Eq. (29), we introduce the cutoff
Λ dependence in the bare parameters ν, ĝ1, and ĝ2 so that
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EBW, g1, and g2 are cutoff independent:

ν(Λ) − g2
1
Λ

π
− g2

2
Λ

π
= EBW, (30)

ĝ1(Λ) =
√

π

μ1
g1, (31)

ĝ2(Λ) =
√

π

μ2
g2. (32)

Note that there is no Λ dependence in the coupling constants
ĝ1 and ĝ2. Taking the Λ → ∞ limit with the physical quantity
EBW kept finite, the Flatté scattering amplitude is obtained as

f F (E ) = 1

2EBW − 2E − ig2
1 p − ig2

2k

(
g2

1 g1g2

g1g2 g2
2

)
, (33)

It is clear in Eq. (33) that the energy dependence of
the Flatté amplitude is common to all the coupled-channels
components. The expansion of the denominator of each com-
ponent in powers of k is given by

f F
i j (E ) ∝ 1

2EBW−ig2
1 p0

g2
2

−
(

1
μ2g2

2
+ i R12g2

1

2p0g2
2

)
k2 + O(k4) − ik

.

(34)

In this way, all the components of the Flatté amplitude are
compatible with the effective range expansion, in contrast to
the contact amplitude. We thus determine the scattering length
(aF ) and effective range (rF ) of the Flatté amplitude as

aF = g2
2

ig2
1 p0 − 2EBW

, (35)

rF = − 2

μ2g2
2

− i
R12g2

1

p0g2
2

. (36)

The imaginary part of the effective range in Eq. (36) stems
from the expansion of p (momentum of channel 1) in terms
of k. When the threshold energy difference 	 is large, the
momentum p can be approximated by its threshold value p0,
as was done in Ref. [21]. In this case, the imaginary part does
not appear and rF is obtained as a negative real value.

It was pointed out that the number of parameters in the
Flatté amplitude decreases near the threshold, due to the scal-
ing behavior [21]. From Eq. (33), one finds that the Flatté
amplitude generally has three parameters, EBW, g1, and g2.
To consider the scattering in the low-energy region near the
threshold of channel 2, we keep the terms up to linear order in
k in the denominator, and f F (E ) takes the form

f F (E ) � 1
α
R p0 − i 1

R p0 − ik

⎛
⎝ 1

R

√
1
R√

1
R 1

⎞
⎠, (37)

where we define the parameters R and α as

g2
2

g2
1

= R,
2EBW

g2
1 p0

= α, (38)

This gives the approximation of the Flatté amplitude up to the
first order of k. In the following, for simplicity, the approxi-
mated amplitude in Eq. (37) is also referred to as the Flatté

amplitude. Equation (37) shows that the Flatté amplitude can
be expressed only by two parameters R and α near the thresh-
old. In other words, three parameters of the Flatté amplitude
are reduced to two near threshold [21]. As mentioned in
Sec. II A, the near-threshold two-channel scattering amplitude
generally has three independent parameters. This indicates
that some constraint is imposed on the Flatté amplitude near
the threshold.

C. Comparison of two amplitudes

We have seen that there is some constraint in the Flatté
amplitude which reduces the number of independent parame-
ters. To clarify this constraint, we focus on the determinant of
the scattering amplitude matrix. From the separable form of
the numerator gig j in Eq. (33), one finds that the rank of the
matrix f F (E ) is one, and therefore its determinant vanishes:

det[ f F (E )] = 0. (39)

This is caused by the same property of the potential VF (E ) we
mentioned in Eq. (26):

det [VF (E )] = 0. (40)

As seen in Eq. (27), det[ f (E )] = 0 holds for the potential
satisfying det[V (E )] = 0. Physically speaking, the vanishing
of the determinant is due to the pole term nature of VF (E ) and
f F (E ). It is known that the residue matrix of the pole term
in the coupled-channels scattering should be rank one [4], and
both VF (E ) and f F (E ) are given by a single pole term without
any background scattering contribution. The condition (39)
can be related to the constraint imposed on the Flatté ampli-
tude near the threshold.

The contact amplitude f C (E ) is considered as a gen-
eral form of the two-channel scattering amplitude near the
threshold. It is therefore expected that f C (E ) reduces to the
Flatté amplitude near the threshold by imposing the condition
det[ f C (E )] = 0. From Eq. (15), the determinant of f C (E ) is
given by

det
[

f C (E )
] = − 1

1
a2

12
−

(
1

a11
+ ip

)(
1

a22
+ ik

) , (41)

which is nonzero for finite a11, a12, and a22. The condition
det[ f C (E )] = 0 is achieved by letting at least one of a11, a12,
and a22 be zero. When we take the limit a22 → 0 with a12 �= 0
and a11 �= 0, the contact amplitude reduces to

f C (E ) = 1

− 1
a11

− ip(E )

(
1 0
0 0

)
, (42)

which represents the single-channel scattering in channel 1.
This amplitude satisfies det[ f C (E )] = 0 and does not have
an inverse matrix, but is not the Flatté amplitude. In the
same way, taking only a11 → 0 results in the elastic scattering
amplitude in channel 2. The limit a12 → 0 gives the trivial
amplitude with all components being zero. In this way, none
of these limits can reproduce the coupled-channels Flatté am-
plitude. Furthermore, setting two of the parameters zero with
the remaining one being finite also results in the trivial ampli-
tude. Therefore, in order to obtain a sensible coupled-channels
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amplitude, all the parameters must be simultaneously taken to
be zero:

a11, a12, a22 → 0. (43)

In this case, the contact amplitude is indefinite and the result
depends on the ratios of ai j .

In summary, we show that the difference between the Flatté
and contact amplitudes can be characterized by the determi-
nant of the amplitude, det[ f C (E )] �= 0 and det[ f F (E )] = 0.
However, the contact amplitude does not directly reduce to the
Flatté amplitude by imposing the condition det[ f C (E )] = 0
with the parameters a11, a12, and a22. In other words, f C (E )
is not a suitable form to study the connection with the Flatté
amplitude, although it represents the general form of the
coupled-channels scattering amplitude.

III. GENERAL AMPLITUDE

In the previous section, we observe that the Flatté ampli-
tude follows the condition det[ f F (E )] = 0 and the contact
amplitude cannot directly be reduced to the Flatté amplitude.
In this section, we first discuss the condition det[ f (E )] = 0
in relation with the renormalization procedure in the contact
amplitude and construct an expression of the scattering am-
plitude in which the condition det[ f (E )] = 0 can be imposed
by smoothly changing the parameters. We call this expression
the general amplitude f G(E ) and show that f G(E ) repro-
duces both the contact amplitude and the Flatté amplitude
in Sec. III B. We extract the scattering length in the general
amplitude and compare with that of the Flatté amplitude in
Sec. III C. The decomposition of the general amplitude into
the pole and background terms is discussed in Sec. III D.

A. Formulation

To investigate the condition det[ f C (E )] = 0 in more de-
tail, we focus on the renormalization condition of the contact
amplitude. The first terms in the left-hand side of the renor-
malization conditions (11)–(13) contain det[VC] = c11c22 −
c2

12 in the denominator. In other words, det[VC] must be
nonzero to adopt the renormalization condition (11)–(13)
that gives a11, a12, and a22. This explains the observation
in the previous section that Eq. (43) is required to achieve
det[ f C (E )] = 0. Therefore, to construct an amplitude which
is smoothly connected to det[ f C (E )] = 0, we need to modify
the renormalization condition so that it is compatible with
det[VC] = 0. For this purpose, we first consider the potential
with two parameters c22 and x

V (0)
G =

(
c22x c22

√
x

c22
√

x c22

)
, (44)

which is a special case of VC with c11 = c22x and c12 = c22
√

x,
but at the same time the condition det[V (0)

G ] = 0 is satisfied.
Substituting V (0)

G into the Lippmann-Schwinger equation (27),

we obtain the T-matrix as

T G(0)(E ) =
[

1

c22
+ x

μ1Λ

π2
+ μ2Λ

π2
+ x

μ1

2π
ip + μ2

2π
ik

]−1

×
(

x
√

x√
x 1

)
. (45)

We express the renormalized T-matrix with the physical quan-
tities A22, ε as

T G(0)(E ) = 1
1

A22
+ iεp + ik

( 2π
μ1

ε 2π√
μ1μ2

√
ε

2π√
μ1μ2

√
ε 2π

μ2

)
. (46)

This is achieved by the renormalization conditions

x(Λ) = μ2

μ1
ε, (47)

1

c22(Λ)
+ x(Λ)

μ1Λ

π2
+ μ2Λ

π2
= μ2

2π

1

A22
. (48)

Taking the Λ → ∞ limit, the renormalized scattering ampli-
tude is obtained as

f G(0)(E ) = 1

− 1
A22

− iεp − ik

(
ε

√
ε√

ε 1

)
. (49)

In this way, we obtain the coupled-channels contact amplitude
with det[ f (E )] = 0 by imposing the condition det[V ] = 0
and modify the renormalization condition. On the other hand,
comparing Eqs. (49) and (37), we see that f G(0)(E ) is equiv-
alent to the Flatté amplitude up to the first order in k with the
identification

ε = 1

R
, (50)

A22 = − R

αp0
, (51)

in Eq. (49). In this way, we show that there is a well-defined
limit of the contact amplitude with det[ f (E )] = 0, which is
nothing but the Flatté amplitude. With these relations and
Eq. (38), the Flatté scattering length aF in Eq. (35) can also
be written by A22 and ε as

aF = 1
1

A22
+ iεp0

. (52)

The remaining task is to construct the scattering amplitude
which is smoothly connected to f G(0)(E ). To this end, we
propose the parametrization of the potential

VG =
(

c22x c22
√

x − y
c22

√
x − y c22

)
, (53)

with real bare parameters c22, x, and y. We require x � y
for the Hermiticity of the Hamiltonian. The potential VG is
obtained by setting

c11 = c22x, c12 = c22
√

x − y, (54)

in VC . The determinant of VG is obtained as

det[VG] = c2
22y. (55)

Therefore, the determinant of VG vanishes with y = 0 or c22 =
0, but the latter is not of our interest because it yields the trivial
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scattering. With y = 0, the potential becomes V (0)
G in Eq. (44),

which gives the Flatté amplitude. Namely, the parametrization
in Eq. (53) allows one to control det[VG] by the parameter y.

Next, we derive the scattering amplitude using VG. Substi-
tuting VG into Eq. (27), the T-matrix is obtained as

T G(E ) = 1

D(E )

×
(

x + c22y
(

μ2Λ

π2 + μ2

2π
ik

) √
x − y

√
x − y 1 + c22y

(
μ1Λ

π2 + μ1

2π
ip

)
)

,

(56)

D(E ) = 1

c22
+ x

μ1Λ

π2
+ μ2Λ

π2
+ c22y

μ1μ2Λ
2

π4

+
(

x
μ1

2π
+ c22y

μ1μ2Λ

2π3

)
ip+

(
μ2

2π
+ c22y

μ1μ2Λ

2π3

)

× ik − c22y
μ1μ2

4π2
pk, (57)

which recovers Eq. (45) with y = 0. By introducing the Λ

dependence of c22(Λ), x(Λ), and y(Λ) with the physical
quantities A22, ε, and γ as

c22(Λ) = 2π2A22γ (πμ1 − 2μ1A22γΛ)

× [(2μ2A22γΛ − πμ2ε)(2μ1A22γΛ − πμ1)

−π2μ1μ2(ε − γ )
]−1

, (58)

x(Λ) = 2μ2A22γΛ − πμ2ε

2μ1A22γΛ − πμ1
, (59)

y(Λ) = [(2μ2A22γΛ − πμ2ε)(2μ1A22γΛ − πμ1)

−π2μ1μ2(ε − γ )
]
(πμ1 − 2μ1A22γΛ)−2, (60)

we obtain the scattering amplitude f G(E ) in the Λ → ∞ limit
as

f G(E ) = 1

− 1
A22

− iεp − ik + A22γ pk

×
(

ε + iA22γ k
√

ε − γ√
ε − γ 1 + iA22γ p

)
. (61)

In the following, we call f G(E ) the general amplitude. Since
the general amplitude is expanded up to the first order in
the momentum k in channel 2, it is applicable in the energy
region satisfying |k| 	 1/|rG|, where rG is the effective range
of the (2,2) channel. The effective range can be large when
the compact state exists near the threshold [22], and in such a
case, the applicability of the general amplitude becomes very
limited.1 In this sense, the amplitude is not sufficiently general
to describe such case and we need to include the higher-order
terms of the momentum. When γ �= 0, f G(E ) has an inverse

1However, it has been shown in Ref. [31] that realizing such a scat-
tering amplitude, where a compact state appears near the threshold
and the effective range becomes large, generally requires fine-tuning
of parameters, and therefore such a situation is unlikely.

FIG. 1. Schematic illustration of the parameter space of the gen-
eral amplitude f G in relation with the contact amplitude f C and Flatté
amplitude f F .

matrix, which is given by

[ f G(E )]−1 =
⎛
⎝− 1

A22

1
γ

− ip 1
A22

√
ε−γ

γ

1
A22

√
ε−γ

γ
− 1

A22

ε
γ

− ik

⎞
⎠. (62)

It is seen in this form that the physical parameters should sat-
isfy ε > γ in order to be consistent with the optical theorem.

B. Relation with contact and Flatté amplitudes

In this section, we compare the general amplitude f G(E )
with the contact amplitude f C (E ) and the Flatté amplitude
f F (E ) in terms of the parameters. First, we show that f G(E )
contains both f C (E ) and f F (E ) in the parameter space. By
comparing the inverse of the contact amplitude Eq. (14) with
that of the general amplitude (62), we find the relations

a11 = A22γ , (63)

a12 = A22γ√
ε − γ

, (64)

a22 = A22γ

ε
. (65)

In this case, however, the condition γ �= 0 is imposed in the
general amplitude, as mentioned above. On the other hand,
imposing the condition γ = 0 on f G(E ) in Eq. (61), we obtain

f G(E ; A22, ε, γ = 0) = 1

− 1
A22

− iεp − ik

(
ε

√
ε√

ε 1

)
.

(66)

Thus, we find that f G(E ) reduces to Eq. (49) which is the
Flatté amplitude up to the first order in k. Therefore, we find
that the general amplitude f G(E ) with γ �= 0 is the contact
amplitude f C (E ) and the general amplitude reduces to the
Flatté amplitude at γ = 0 (see Fig. 1).

We are now in a position to revisit the relation between
the contact amplitude f C (E ) with the Flatté amplitude f F (E )
using the parameters of the general amplitude A22, ε, and
γ . In Sec. II C, we have shown that the contact amplitude
cannot reduce to the Flatté amplitude directly. First, from
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Eqs. (63)–(65), the condition γ = 0 indicates that all the pa-
rameters in the contact amplitude vanish:

a11 → 0 (γ → 0), (67)

a12 → 0 (γ → 0), (68)

a22 → 0 (γ → 0). (69)

This is in fact the condition discussed in Sec. II C for the
determinant of the contact amplitude to vanish with the
coupled-channels amplitude. Thanks to the relations (63)–
(65), we can now establish the ratios of the ai j parameters in
the γ → 0 limit to obtain the Flatté amplitude. For any value
of γ , the following relations hold:

a11

(
1

a2
12

− 1

a11a22

)
= − 1

A22
, (70)

a11

a22
= ε. (71)

In addition, Eqs. (63) and (64) show that the relation

a11

a12
→ √

ε (γ → 0), (72)

holds in the limit of γ → 0. Rewriting the contact amplitude
in Eq. (15) as

f C (E ) = 1

a11

(
1

a2
12

− 1
a11a22

)
− ik − i a11

a22
p + a11 pk

×
( a11

a22
+ ia11k a11

a12

a11
a12

1 + ia11 p

)
, (73)

and sending all ai j to zero with keeping the ratios in Eqs. (70)–
(72), we find that f C (E ) reduces to

lim
a11,a12,a22→0

f C (E ) = 1

− 1
A22

− ik − iεp

(
ε

√
ε√

ε 1

)
, (74)

which is the Flatté amplitude in the form of f (0)
G (E ) in

Eq. (49).
As mentioned in Sec. II C, the contact amplitude cannot

reproduce the Flatté amplitude with finite parameters a11, a12,
and a22. Here we show that the parametrization of the general
amplitude with A22, ε, and γ is suitable to smoothly connect
the contact amplitude and the Flatté amplitude. This is es-
sential to examine the constraints in the cross sections from
the Flatté amplitude by the numerical analysis in the next
section. At the same time, the general amplitude clarifies the
conditions (70)–(72) required to obtain the Flatté amplitude
from the contact amplitude by taking the limit ai j → 0.

C. Scattering length

In this section, we focus on the parameter γ that charac-
terizes the difference between the contact amplitude and the
Flatté amplitude and discuss the effect of γ on the scattering
length in the general amplitude. First, we expand the gen-
eral amplitude in k (momentum of channel 2) and derive the

scattering length of the general amplitude. Next, we show that
the constant term in the denominator of the (1,1) component
f G
11(E ) is different from the value determined by the scattering

length, except for the special case γ = 0 corresponding to the
Flatté amplitude.

Expanding the denominator of the (2,2) component of the
general amplitude f G

22(E ) in Eq. (61), we obtain

f G
22(E ) =

[
− 1

A22

(
1

A22
+ iεp0

1
A22

+ iγ p0

)
− iR12(ε − γ )

2(1 + iA22γ p0)2 p0
k2

− ik + O(k4)

]−1

. (75)

Because this is consistent with the effective range expansion,
the scattering length of the general amplitude is defined as

aG = A22

(
1

A22
+ iγ p0

1
A22

+ iεp0

)
(76)

= A22

1
A2

22
+ εγ p2

0

1
A2

22
+ ε2 p2

0

− i
(ε − γ )p0
1

A2
22

+ ε2 p2
0

. (77)

Thanks to the condition ε > γ , the requirement by the optical
theorem Im(aG) < 0 is guaranteed in Eq. (77).

On the other hand, the (1,1) component f G
11(E ) gives

f G
11(E ) = ε2

ε − γ

[
− 1

A22

ε

ε − γ
− i

ε2

ε − γ
p0

−
(

A22
γ

ε
+ i

R12

2p0

ε2

ε − γ

)
k2 + O(k3) − ik

]−1

.

(78)

As in the case of the contact amplitude in Eq. (21), this
expansion contains the odd power terms. In this way, we con-
firm that for γ �= 0, only the (2,2) component of the general
amplitude can be written in the form of the effective range
expansion, while the (1,1) component cannot. This is natural
because, although we are expanding the amplitude around the
threshold of channel 2, the (1,1) component of the amplitude
corresponds to the threshold of channel 1. In fact, near the
threshold of channel 1, only the (1,1) component of general
amplitude can be expressed in the form of the effective range
expansion, but the (2,2) component cannot be. Namely, near
the threshold of channel i, only the diagonal component fii(E )
can be written in the form of the effective range expansion.
To discuss the relation between the scattering length of the
general amplitude aG and that of the Flatté amplitude aF , we
define bG from the constant term of the denominator f G

11(E ) in
Eq. (78):

f G
11(E ) ∝ 1

− 1
bG

− ik + O(k2)
, (79)
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This gives bG as

bG =
(ε − γ )

(
1

A22
− iεp0

)
ε
(

1
A2

22
+ ε2 p2

0

)

=
(ε − γ ) 1

A22

ε
(

1
A2

22
+ ε2 p2

0

) − i
(ε − γ )p0
1

A2
22

+ ε2 p2
0

. (80)

Comparison with Eq. (75) shows that the imaginary part of
bG is identical with that of aG. The real parts are, however, in
general different from each other.

By setting γ = 0, the real part of bG also coincides with
that of aG. In fact, from Eqs. (75) and (80), aG and bG with
γ = 0 are given by

aG = 1
1

A22
+ iεp0

(γ = 0), (81)

bG = 1
1

A22
+ iεp0

(γ = 0). (82)

This is natural because the general amplitude reduces to the
Flatté amplitude at γ = 0. From Eq. (52), we find the relation

aG = bG = aF (γ = 0), (83)

which shows that both aG and bG reduce to the scattering
length of the Flatté amplitude aF . In this way, we find that the
scattering length of the Flatté amplitude aF corresponds to the
value in the special case with γ = 0. In general, the constant
term bG defined in f G

11(E ) is different from the scattering
length aG given in f G

11(E ).

D. Pole and zero of amplitude

In the previous section, it is found that the parameter γ

in the general amplitude characterizes the difference between
the contact amplitude and the Flatté amplitude. In this section,
we discuss the interpretation of this parameter γ by studying
the pole and zero of the amplitude. In the single-channel case,
by truncating the effective range expansion in Eq. (1) up to the
first order in k, the amplitude has one pole at k = kp = i/a de-
termined by the scattering length a. The scattering amplitude
is given only by the pole term:

f (k) = i

k − kp
. (84)

In general, f (k) has no zero unless we include a pole in
the effective range expansion (Castillejo-Dalitz-Dyson zero
[32–34]). For the comparison with the single-channel case,
here we use the general amplitude up to the first order in k by
neglecting the k dependence in the channel 1 momentum as
p =

√
R12k2 + 2μ1	 � p0 = √

2μ1	:

f G(E ) = 1

− 1
A22

− iεp0 − ik + A22γ p0k

×
(

ε + iA22γ k
√

ε − γ
√

ε − γ 1 + iA22γ p0

)
. (85)

This approximation is justified when the threshold energy
difference 	 is sufficiently large.

First, we extract the pole term contribution from the
general amplitude f G(E ). The general amplitude f G(E ) in
Eq. (85) has only one pole at k = kG

p :

kG
p =

1
A22

+ iεp0

A22γ p0 − i
= i

aG
, (86)

which is common in all the components and determined by
the scattering length aG, as in the case of the single-channel
scattering. It can be seen that the pole appears near the thresh-
old when the magnitude of the scattering length |aG| is large.
Let us rewrite each component of f G(E ) in Eq. (85) with the
pole momentum kG

p . First, f G
22(E ) and f G

12(E ) components are
given by

f G
22(E ) = i

k − kG
p

, (87)

f G
12(E ) =

√
ε − γ

1 + iA22γ p0

i

k − kG
p

, (88)

which can be written only by the pole term proportional to
i/(k − kG

p ). On the other hand, f G
11(E ) is written by

f G
11(E ) = ε − γ

(1 + iA22γ p0)2

i

k − kG
p

+ A22γ

1 + iA22γ p0
, (89)

which has a constant background term in addition to the pole
term. In summary, f G(E ) can be decomposed into the pole
term f G

p (E ) and the background term f G
p (E ):

f G(E ) = f G
p (E ) + f G

bg, (90)

f G
p (E ) = i

k − kG
p

⎛
⎝ ε−γ

(1+iA22γ p0 )2

√
ε−γ

1+iA22γ p0√
ε−γ

1+iA22γ p0
1

⎞
⎠, (91)

f G
bg =

(
A22γ

1+iA22γ p0
0

0 0

)
, (92)

where one confirms det[ f G
p (E )] = 0 because of the rank one

nature of the pole term. In Sec. III E, we discuss the origin of
the background term by taking the channel decoupling limit
γ = ε.

Imposing the condition γ = 0 on Eq. (90), we obtain

f G(E ; A22, γ = 0, ε) = i

k − kF
p

(
ε

√
ε√

ε 1

)
, (93)

where kF
p = i/A22 − εp0 is the pole of the Flatté amplitude.

When γ = 0, the background term f G
bg disappears, because

the Flatté amplitude consists of the pure pole term. This in-
dicates that the parameter γ should be nonzero to have the
background contribution. However, we see from Eq. (92) that
the background term f G

bg depends on the parameter A22 as well,
so the magnitude of the background is not exclusively deter-
mined by γ . Furthermore, note that the pole kG

p in Eq. (86)
comes close to the origin with a large |γ |.

In general, the interference between the background term
and the pole term can generate zeros of the scattering am-
plitude [4]. Therefore, the (1,1) component of the general
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amplitude can have a zero point where f G
11(E ) = 0. From

Eq. (85), the momentum kG
zero where the amplitude vanishes

is given by

kG
zero = i

1

A22

ε

γ
. (94)

Since A22, ε, and γ are the real parameters, we find that kG
zero is

pure imaginary. Therefore, in terms of the energy variable, the
zero point appears below the threshold. Furthermore, physical
scattering below the threshold of channel 2 corresponds to
the imaginary axis of the upper half of the complex k-plane
Im(k) > 0. Therefore, the zero point of f G

11(E ) appears in the
physical scattering region only if Im(kG

zero) > 0. On the other
hand, the Flatté amplitude (general amplitude with γ = 0) has
no zero point because there is no background contribution.
This is reflected in Eq. (94) which shows that |kG

zero| → ∞ and
the zero point disappears in the limit γ → 0. In Refs. [30,35],
it is shown2 that the zero of f11(E ) is generated when the chan-
nel 2 attraction is strong, |a22| → ∞. This is consistent with
Eq. (94) because of a22 = A22γ /ε.3 We however note that the
zero appears in the physical scattering only with a22 > 0, and
the amplitude with a22 < 0 does not cause a visible dip in the
cross section, as we will demonstrate in Sec. IV.

We have seen that the (1,1) component of the general
amplitude has a zero point, which is absent in the Flatté
amplitude. Therefore, if the experimental data contains a zero
point in the physical energy region Im(k) > 0 near the thresh-
old, then the analysis with the Flatté amplitude would fail
to reproduce the data. In Sec. IV, we quantitatively compare
the Flatté amplitude with the general amplitude in terms of
the scattering cross section when kG

zero appears in the physical
region near the threshold.

E. Pole and background terms

In this section, we discuss the behavior of the pole and
background terms in Eq. (90) in terms of the unitarity and
show the origin of the pole and background terms in Eq. (90).

First, we discuss the unitarity of the S-matrix focusing
on the constant background term and show that the constant
background term is prohibited in the single-channel case. The
S-matrix for the single-channel scattering is described by the
scattering amplitude f (E ) as

S(E ) = 1 + 2ik(E ) f (E ), (95)

where k(E ) represents the relative momentum. Approximat-
ing f (E ) up to the first order in the momentum k(E ), we
obtain the near-threshold scattering amplitude

f (E ) = 1

− 1
a − ik

= i

k − kpole
, (96)

2See the discussion below Eq. (3) in Ref. [35] and that below
Eq. (19) in Ref. [30].

3Note that the sign convention of the scattering length is different
in Refs. [30,35] from ours. With the convention of Refs. [30,35], the
sign of a22 should be flipped in the following equations.

kpole ≡ i

a
, (97)

where a and kpole represent the real scattering length and
the pole position, respectively. Equation (96) shows that the
amplitude f (E ) up to first order in k is described only by the
pole term i/(k − kpole ). Substituting Eq (96) into Eq. (95), the
S-matrix (95) is described by

S(E ) = − 1
a + ik

− 1
a − ik

= e2iδ(E ), (98)

where δ(E ) is the phase shift. It is well known that the absolute
value of the S-matrix for single-channel scattering is one [25];
S(E )S∗(E ) = 1, and the scattering is described only by the
real phase shift δ(E ).

Let us consider the case where the amplitude (96) has an
additional background term like the general amplitude f G

11(E )
in Eq. (89):

fp+bg(E ) = 1

− 1
a − ik

+ fbg, (99)

where fbg is introduced as a complex constant. In this case,
the corresponding S-matrix Sp+bg(E ) is calculated as

Sp+bg(E ) = − 1
a + ik

− 1
a − ik

+ 2ik fbg = e2iδ(E ) + 2ik fbg. (100)

From Eq. (100), we can see that the unitarity of Sp+bg(E )
is broken (Sp+bgS∗

p+bg �= 1) by the additional constant back-
ground term in Eq. (99) in single-channel case.

Next, we consider the unitarity of the S-matrix for two-
channel scattering. As seen in Eq. (90), the general amplitude
includes the constant background term. We demonstrate that
the unitarity of the entire S-matrix is not violated by the
constant background term. The relation between the (i, j)
component of the S-matrix and scattering amplitude is given
by

Si j (E ) = δi j + 2i
√

pi p j fi j (E ), (101)

where pi(E ) is the relative momentum of channel i. Sub-
stituting the general amplitude f G

11(E ) which includes the
background term in Eq. (90) into Eq. (101), we obtain

S11(E ) = −1/(A22γ ) + ip0

−1/(A22γ ) − ip0
× −1/a∗

G − ik

−1/aG − ik
,

= η(E )e2iδ1(E ), (102)

where we define

η(E ) ≡
∣∣∣∣−1/a∗

G − ik

−1/aG − ik

∣∣∣∣ � 1, (103)

2δ1(E ) ≡ arg

(−1/(A22γ ) + ip0

−1/(A22γ ) − ip0
× −1/a∗

G − ik

−1/aG − ik

)
.(104)

δ1(E ) corresponds to the phase shift of channel 1 and η(E )
is called the inelasticity [25,36]. We note that η = 1 below
the threshold of channel 2 (E < 0), because channel 2 is
closed in E < 0. Above the threshold of channel 2, η(E ) with
finite channel couplings is smaller than unity. In this case,
S11S∗

11 = η2(E ) < 1 shows that the flux of the outgoing wave
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is less than the incoming one in channel 1 due to the channel
couplings.

In the same way as S11(E ), S22(E ) is obtained as

S22(E ) = −1/aG + ik

−1/aG − ik
= η(E )e2iδ2(E ), (105)

2δ2(E ) ≡ arg

(−1/aG + ik

−1/aG − ik

)
, (106)

where δ2(E ) is the phase shift in channel 2. Here we note
that η(E ) in Eq. (105) is identical to that in Eq (102)
above the threshold of channel 2. Using η(E ), δ1(E ),
and δ2(E ), the S-matrix for the two-channel scattering is
determined by [36]

Ŝ(E ) =(
η(E )e2iδ1(E ) i

√
1 − η2(E )ei(δ1(E )+δ2(E ))

i
√

1 − η2(E )ei(δ1(E )+δ2(E )) η(E )e2iδ2(E )

)
.

(107)

It is important to note that Ŝ(E ) is unitary; Ŝ(E )Ŝ†(E ) = 1̂,
even though f G

11(E ) includes the constant background term.
From these results, we can see that the constant background
term in Eq. (99) is allowed, because the S-matrix for the two-
channel scattering is described by 2 × 2 matrix, in contrast to
the single-channel case.

Here we discuss the origin of the pole and background
terms in Eq. (90). For this purpose, we consider the general
amplitude (61) and its S-matrix in the absence of the channel
couplings; γ = ε. From Eq. (85), γ = ε leads to

f G(E ) =
⎛
⎝ 1

− 1
εA22

−ip0
0

0 i
k−kG

p

⎞
⎠, (108)

kG
p = i/A22, (109)

where A22 is the real scattering length of channel 2, namely
aG = A22 in γ = ε. The off-diagonal components f G

12(E ) and
f G
21(E ) disappear, because the channel couplings vanish. The

(1,1) component of Eq. (108) is no longer the function of the
energy E , because it does not include the energy-dependent
momentum k of channel 2. On the other hand, the (2,2) com-
ponent depends on the momentum k, and has a pole at the
imaginary axis; kG

p = i/A22.
We also consider the S-matrix corresponding to the scat-

tering amplitude (107). Taking the limit γ = ε, the S-matrix
(107) is reduced to

Ŝ =
(

e2iδs
1 0

0 e2iδs
2 (E )

)
, (110)

2δs
1 ≡ arg

(−1/(A22ε) + ip0

−1/(A22ε) − ip0

)
, (111)

2δs
2(E ) ≡ arg

(−1/A22 + ik

−1/A22 − ik

)
, (112)

where δs
1 and δs

2(E ) are the phase shift of channel 1 and 2 in
the absence of the channel couplings. The off-diagonal com-
ponents of the S-matrix vanishes due to η = 1. In this case, the

diagonal components of the S-matrix (110) satisfy unitarity
in single-channel case; SiiS∗

ii = 1 (i = 1, 2), in addition to the
unitarity of the entire S-matrix; ŜŜ† = 1.

From Eq. (108), we can find the origin of the pole (86)
in the general amplitude with channel couplings. Originally,
only the (2,2) component of the general amplitude in γ = ε

limit contains a bound or virtual pole which is given by the
real scattering length aG = A22, while the (1,1) component
does not have any pole as shown in Eq. (108). Introducing
the channel couplings γ �= ε, the scattering length of channel
2, aG gains the imaginary part and corresponding bound or
virtual pole is shifted to the quasibound or quasivirtual pole
(see, e.g., Ref. [37]). For the finite channel couplings, all
components of the general amplitude (108) share the same
pole. In this way, the pole term in the general amplitude (90) is
originated from the (2,2) component of the general amplitude
with γ = ε.

Next, we discuss the origin of the background term in
Eq. (90). Equations (92) and (108) show that the background
term is left only in the (1,1) component of f G(E ) in the
limit γ = ε. Therefore, the background term in Eq. (90) is
originated from the (1,1) component of the general amplitude
with γ = ε in Eq. (108). The off-diagonal components of the
general amplitude with channel couplings do not contain the
constant background term as shown in Eq. (92), because the
off-diagonal components of Eq. (108) are zero in the absence
of the channel couplings. As a result, only the (1,1) component
of the general amplitude is allowed to contain the constant
background term.

IV. NUMERICAL ANALYSIS

In this section, by using the general amplitude, we examine
the behavior of the total cross sections when a resonance pole
of the scattering amplitude locates near the threshold of chan-
nel 2. Here we investigate the behavior of the scattering cross
section by varying γ with the scattering length aG fixed. In
this way, it is possible to compare the Flatté amplitude γ = 0
with the general case γ �= 0, having the same amplitude at the
threshold. First, in Sec. IV A, we study the parameter regions
of A22 and ε when γ varies for a fixed aG. Next, we summarize
the actual values of the parameters used in the numerical
calculation in Sec. IV B. Finally, in Sec. IV C, we discuss the
behavior of the scattering cross section numerically.

A. Parameter regions

The general amplitude f G(E ) in Eq. (61) has three real
parameters A22, ε, and γ . We write the real and imaginary
parts of the scattering length aG in Eq. (77) as

aG = α + iβ, (113)

using the real constants α and β, with the condition β < 0.
Because α and β are given by A22, ε, and γ , when we fix aG,
the parameters A22, and ε are determined from α, β, and γ .
Since the relation between the parameters and the scattering
length is not linear, we first discuss the behavior of the re-
maining two parameters A22, ε when the scattering length aG

is fixed.
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Substituting the expression of the scattering length aG (76)
into Eq. (113), we obtain

1 + iA22γ p0 = α

A22
− εβp0 + i

(
β

A22
+ εαp0

)
. (114)

The real and imaginary parts of Eq. (114) yields the following
two conditions:

1 = α

A22
− εβp0, (115)

A22γ p0 = β

A22
+ εαp0. (116)

Solving Eq. (115) for ε, we obtain

ε = 1

βp0

(
α

A22
− 1

)
. (117)

We eliminate ε by substituting Eq. (117) into Eq. (116). This
gives a quadratic equation of A22, whose two solutions are

A±
22 =

− α
β

±
√(

α
β

)2
+ 4γ p0

(
β + α2

β

)
2γ p0

. (118)

This gives the expression of the parameter A22 in terms of
α, β, and γ . Corresponding ε is obtained from Eq. (117) as

ε±(α, β, γ ) = 1

βp0

(
α

A±
22(α, β, γ )

− 1

)
. (119)

In this way, there are two parameter sets (A+
22, ε

+, γ ) and
(A−

22, ε
−, γ ) for a given scattering length aG. To have a real

parameter A22, the quantity in the square root in Eq. (118)
must be non-negative, leading to the condition among param-
eters (

α

β

)2

+ 4γ p0

(
β + α2

β

)
� 0. (120)

Furthermore, considering β < 0 required by the unitarity, we
obtain the following condition for γ :(

α
β

)2

4p0

(
|β| + α2

|β|
) � γ . (121)

This shows that the range of the parameter γ has an upper
bound,

γmax =
(

α
β

)2

4p0

(
|β| + α2

|β|
) , (122)

to reproduce the given scattering length aG. We note that the
inequality (120) is saturated at γ = γmax leading to A+

22 =
A−

22 and ε+ = ε−. In other words, the two parameter sets
(A+

22, ε
+, γ ) and (A−

22, ε
−, γ ) are continuously connected at

γ = γmax.

B. Setup

To examine the behavior of A22 and ε numerically, we con-
sider the ππ -KK̄ system as an example. Since the threshold

of KK̄ (≈990 MeV) is far from that of ππ (≈280 MeV), we
use the relativistic expression of the momentum

k =
√

(E + 2mK )2

4
− m2

K , (123)

p =
√

(E + 2mK )2

4
− m2

π . (124)

In this case, the momentum p at the threshold of channel 2 is

evaluated as p0 =
√

m2
K − m2

π . The hadron masses are taken
from PDG [3].

First, we fix the scattering length as

aG = +1.0 − i0.8 fm, (125)

which is a typical value found in the experimental analysis
[13]. By Eq. (86), the pole of f0(980) is estimated as

kG
p = −0.095 + i0.125 GeV, (126)

EG
p =

[
kG

p

]2

mK
= −0.014 − i0.048 GeV. (127)

Because the imaginary part of the eigenmomentum is positive,
this pole represent the quasibound state [37]. Note, however,
that the pole position in Eq. (86) is obtained by approximating
p ≈ p0, and the exact pole of the amplitude calculated with
p(k) depends not only on aG but also γ . In the following
calculations, we have checked that the exact pole is found
within a few-megaelectronvolt region from the above values.
Also, the upper bound γmax in Eq. (122) is given by

γmax = 0.079. (128)

Numerical plots of A+
22 (solid line) and A−

22 (dashed line) for
−1.0 � γ � γmax are shown in Fig. 2(a). As expected, two
lines coincide with each other at γ = γmax. From Fig. 2(a),
we find that while A−

22 has a finite value at γ = 0, A+
22 di-

verges as A+
22 → ±∞ with γ → 0±. That is, for aG = +1.0 −

i0.8 [fm], the Flatté amplitude is obtained by adopting the
solution A−

22 and setting γ → 0. Next, the plots of ε± as
functions of γ are shown in Fig. 2(b). The solid line represents
ε+ and the dashed line ε−. From Fig. 2(b), we can see that
ε+ is always positive in this range of γ , while the sign of ε−
changes around γ ≈ −0.4. This property will be discussed in
relation with the zero point of the scattering cross section. It
can be checked that the condition ε > γ is satisfied for both
solutions in this parameter region.

It is instructive to consider the case with the scattering
length having the opposite sign of the real part from Eq. (125).
For this purpose, we also examine

aG = −1.0 − i0.8 fm. (129)

Corresponding pole position of f0(980) in Eq. (86) is found to
be

kG
p = −0.095 − i0.125 GeV, (130)

EG
p = −0.014 + i0.048 GeV. (131)

Negative imaginary part of the eigenmomentum suggests that
this pole would be a virtual state in the absence of the coupling
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FIG. 2. Parameters A22 (a) and ε (b) as functions of γ with
the scattering length aG = +1.0 − i0.8 fm. The solid (dashed) lines
represent A+

22 and ε+ (A−
22 and ε−). The shaded area is excluded by

the condition ε > γ by the optical theorem.

to the ππ channel. According to Ref. [37] we call this the
quasivirtual state. Because γmax in Eq. (122) is invariant under
α → −α, the value in Eq. (128) still holds in the present case.
We plot A22 and ε as functions of γ in Fig. 3. Comparing
A±

22 in Fig. 2(a) with those in Fig. 3(a) we notice that there is
some symmetry. In fact, from Eq. (118), we find the relation
A±

22(−α) = −A∓
22(α) under the sign flip of the real part of the

scattering length, which explains the behaviors in Figs. 2(a)
and 3(a). This suggests that the Flatté amplitude is obtained
by adopting A+

22 and setting γ → 0 for aG = −1.0 − i0.8 fm.
The behaviors of ε± in Figs. 2(b) and 3(b) can also be ex-
plained by the relation ε±(−α) = ε∓(α) which follows from
Eq. (119) and the property of A±

22.

C. Total cross sections

In the previous section, we established the behaviors of A22

and ε when the scattering length aG is fixed and γ is varied.
In this section, we discuss the behavior of the scattering cross
section with representative values of the parameters. In the
near threshold region where the s-wave contribution domi-

FIG. 3. Same as Fig. 2 but with aG = −1.0 − i0.8 fm.

nates, the total cross section σi j (E ) is given by

σi j (E ) = 4π
pi

p j
| fi j (E )|2. (132)

Because the cross section is proportional to | f ji(E )|2, in this
section, we use

σ N
i j (E ) ≡ | fi j (E )|2/| fi j (0)|2, (133)

which is normalized at the threshold.
Before performing the numerical analysis, let us examine

the analytic properties of σ N
i j (E ). From Eq. (85), the (1,1)

component of the cross section σ N
11(E ) is given by

σ N
11(E ) =

∣∣∣∣∣1 + i A22γ

ε
k

1 + iaGk

∣∣∣∣∣
2

, (134)

which depends on three parameters A22, ε, and γ . Thus, even
if we fix the scattering length aG, the cross section still de-
pends on the parameter γ . In contrast, the (1,2) and (2,2)
components of the normalized cross section σ N (E ) are given
by

σ N
12(E ) = σ N

22(E ) =
∣∣∣∣ 1

1 + iaGk

∣∣∣∣
2

, (135)
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TABLE I. Parameters A±
22 and ε± for aG = +1.0 − i0.8 fm.

γ A+
22 (fm) ε+ A−

22 (fm) ε−

+0.07 +4.95 +0.41 +2.45 +0.31
0.00 — +0.52 +1.64 +0.20
−0.01 −53.4 +0.53 +1.59 +0.19
−10.0 −0.32 +2.14 +0.27 −1.42

which depends exclusively on the scattering length aG. In
other words, they are independent of γ when aG is fixed. In
this way, the γ dependence of the normalized cross section ex-
ists only in the (1,1) component, because only f G

11(E ) contains
the background term as discussed in Sec. III D.

Now we calculate the normalized cross sections near the
threshold of channel 2 by varying γ with the scattering length
aG being fixed. We focus on σ N

11(E ) that has γ dependence for
a fixed aG. First, we set

aG = +1.0 − i0.8 fm

Because γ should be smaller than γmax, we choose γ =
0.07, 0.00, −0.01, −10.0 as representative values. The cor-
responding parameters A±

22 and ε± are shown in Table I. The
Flatté amplitude corresponds to the solution with A−

22 and ε−
at γ = 0.

Choosing A−
22 and ε−, we plot the (1,1) component of

the cross section σ N
11(E ) for four values of γ in Fig. 4. The

dotted line (γ = 0) corresponds to the cross section by the
Flatté amplitude which shows the peak structure below the
threshold. This is because in this amplitude there is a qua-
sibound state below the threshold, as discussed above. The
peak locates around E ≈ −0.03 GeV, which is shifted from
the real part of the pole energy ≈ − 0.01 GeV due to the
threshold effect. When γ is increased from zero, the peak
structure remains, but the size of the peak becomes smaller
than that with γ = 0, as seen by the dashed line (γ = 0.07).
The peak position moves toward the threshold. On the other

FIG. 4. The (1,1) component of the normalized cross sec-
tions σ N

11(E ) = | f G
11(E )|2/| f G

11(0)|2 as functions of the energy E . The
scattering length is fixed as aG = +1.0 − i1.0 fm and the solution
with A−

22 and ε− is chosen. The parameter is γ = 0.07 (dashed
line), γ = 0.00 (dotted line), γ = −0.01 (dash-dotted line), and
γ = −10.0 (solid line).

hand, the peak becomes larger when γ is slightly decreased
from zero in the negative direction (γ = −0.01, dash-dotted
line). In this way, the cross sections with small |γ | have a
peak structure, for which the Flatté amplitude can be used
to fit the data. However, if we fit the peaks of, for instance,
the dashed or dash-dotted lines in Fig. 4 using the Flatté
amplitude, then the scattering length would be different from
the exact value +1.0 − i0.8 fm. Because the value of γ is
not known in advance in the experimental data, the scattering
length extracted by the Flatté amplitude might be deviated
from the exact value.

When we adopt a large and negative γ = −10.0 (solid line
in Fig. 4), the cross section σ N

11(E ) no longer shows the peak
structure but exhibits a dip structure instead, in sharp contrast
to the other cases. In the present case, at the bottom of this
dip, the cross section σ N

11(E ) becomes exactly zero, meaning
that the scattering amplitude vanishes at that energy. This is
the manifestation of the Castillejo-Dalitz-Dyson zero [32–34],
caused by the interference between the pole and background,
as discussed in Sec. III D. From Eq. (94), the zero point of the
(1,1) component f G

11(E ) of the general amplitude is calculated
as

kG
zero = i0.10 GeV, (136)

EG
zero =

[
kG

zero

]2

mK
= −0.02 GeV. (137)

In fact, the zero point of the cross section occurs in Fig. 4 at
the value of Eq. (137). This may be related to the dip structure
observed in the γ γ → ππ reaction [30]. On the other hand,
the dip structure can also be explained by the left-hand cut
[38] (see also Ref. [39]).

When the cross section shows the dip structure as the solid
line (γ = −10.0) in Fig. 4, the Flatté amplitude does not
work. As shown in Sec. III D, there is no zero point in the
Flatté amplitude, and thus no zero of the cross section occurs.
In addition, the typical Flatté amplitude exhibits either the
peak structure or the threshold cusp structure [21]; the for-
mer corresponds to the dotted line in Fig. 4 and the latter to
the cross section with aG = −1.0 − i0.8 fm discussed below.
These structures are clearly different from the dip structure
shown by the solid line (γ = −10.0) in Fig. 4. In contrast to
the typical cross sections, the solid line in Fig. 4 does not show
the peak nor cusp, even though the pole is near the threshold.
This result indicates that the analysis of the exotic hadrons
requires a detailed study of the behavior of the scattering cross
section near the threshold rather than focusing only on peaks
and cusp (see also Refs. [30,35]).

In general, the zero point appears in the physical re-
gion when ε/(A22γ ) > 0. From Fig. 2, this corresponds to
γ � −0.4 (A−

22 > 0, ε− < 0, γ < 0) or 0 < γ < γmax (A−
22 >

0, ε− > 0, γ > 0). Therefore, the dashed line (γ = 0.07) in
Fig. 4 also has a zero point somewhere in the E < 0 region,
but the dash-dotted line (γ = −0.01) does not. As discussed
in Eq. (94), when γ is small, the corresponding momentum
becomes large and the zero point appears far from the thresh-
old. In fact, the zero point energy for γ = 0.07 is E = −0.25
GeV which locates outside of the figure.
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FIG. 5. Same as Fig. 2 but with A+
22 and ε+.

The results with A+
22 and ε+ are shown in Fig. 5. The case

with γ = 0 is not shown because A+
22 diverges. As mentioned

in Sec. IV A, A+
22 and ε+ are continuously connected with

A−
22 and ε− at γ = γmax, so the dashed line with γ ≈ γmax

in Fig. 5 shows a smaller peak structure than the dashed line
in Fig. 4. In Fig. 5, when γ = −0.01 (dash-dotted line) the
peak structure of the cross section is almost invisible. When
γ is further decreased down to γ = −10.0 (solid line), the
zero point appears in the physical region below the threshold,
generating a sharp dip structure. It can be seen from Fig. 2
that the zero point is always in the physical region irrespective
to the value of γ , since the relations ε+ > 0 and A+

22γ > 0
always hold. The results in Fig. 5 show that if the zero point
is far enough from the threshold with small |γ |, then the peak
structure is preserved, but if the zero point appears near the
threshold with large |γ |, then the dip structure is produced.
Note also that the solid line in Fig. 5 shows a cusp at the
threshold, even though the amplitude has a quasibound pole.
This is again peculiar feature in the general amplitude, which
cannot be reproduced by the Flatté amplitude.

Next, we discuss the cross sections with the scattering
length

aG = −1.0 − i0.8 fm. (138)

The corresponding parameters A±
22 and ε± for γ =

0.07, 0.00, −0.01, −10.0 are shown in Table II. Choosing
A+

22 and ε+, we plot the normalized cross sections σ N
11(E )

with γ = 0.07, 0.00, −0.01, −10.0 in Fig. 6. With γ = 0
(Flatté amplitude), the cross section shows a threshold cusp
structure. Because the pole of the quasivirtual state is not on
the most adjacent Riemann sheet to the physical scattering,

TABLE II. Parameters A±
22 and ε± for aG = −1.0 − i0.8 fm.

γ A+
22 (fm) ε+ A−

22 (fm) ε−

+0.07 −2.45 +0.31 −4.95 +0.41
0.00 −1.64 +0.20 − +0.52
−0.01 −1.59 +0.19 +53.4 +0.53
−10.0 −0.27 −1.42 +0.32 +2.14

FIG. 6. Same as Fig. 2 but the scattering length is fixed as aG =
−1.0 − i0.8 fm with A+

22 and ε+.

it does not create a peak structure of the cross section. The
existence of the quasivirtual pole near the threshold is consid-
ered to strengthen the effect of the threshold cusp. When γ

is increased, as shown by the dashed line (γ = 0.07), σ N
11(E )

becomes slightly enhanced, in particular in the region below
the threshold. On the other hand, when γ is slightly de-
creased, σ N

11(E ) is suppressed, as seen in the dash-dotted line
(γ = −0.01). In both cases, the shape of σ N

11(E ) is modified
from the Flatté amplitude only slightly, but the cusp structure
is maintained. However, with a large negative γ = −10.0
(solid line), the cross section shows a qualitatively different
behavior. One finds that the cusp at the threshold disappears
due to the sign flip of the slope of the cross section below the
threshold. Because of this, the cross section shows a small
dip structure above the threshold. This dip structure is not
caused by the zero point of the scattering amplitude, but it
exhibits the local minimum of σ N

11(E ). It is clear that that the
Flatté amplitude cannot reproduce the cross section with the
dip similar to the solid line.

The cross sections σ N
11(E ) with A−

22 and ε− are plotted
in Fig. 7 for γ = 0.07, −0.01, and −10.0. The cross sec-
tion shows the cusp structure for γ = 0.07 (dashed line)
and γ = −0.01 (dash-dotted line), with a slightly enhanced
strength. When γ is taken as large and negative value (γ =
−10.0), a dip appears above the threshold instead of the cusp.

With the Flatté amplitude, the cross section shows a peak
below the threshold for Re(aF ) > 0 or a cusp at the threshold
for Re(aF ) < 0. From the above results, we find that the shape
of the elastic scattering cross section in channel 1 can be
changed significantly from these typical behaviors by varying
γ . In particular, if γ is large and negative, then the peak can
be changed into a cusp even with Re(aG) > 0, and σ N

11(E )
can have a dip near the threshold. Therefore, in analyzing
the scattering near the threshold, it is important to perform
analysis paying attention to the peak, cusp, and dip structures
rather than simply fitting the data by the Flatté amplitude
[30,35].
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FIG. 7. Same as Fig. 6 but with A−
22 and ε−.

V. SUMMARY

In this paper, we discuss the behavior of the coupled-
channels scattering amplitude near the higher energy
threshold by constructing the general amplitude with new
parametrization. First, in Sec. II, we introduce the contact
amplitude and Flatté amplitude based on the effective field
theory. Through the comparison of two amplitudes, we show
that the origin of the problem of the number of parameters in
the Flatté amplitude near the threshold [21] can be traced back
to the vanishing of the determinant of the scattering amplitude.
It is also shown that the standard parametrization with three
parameters ai j in the contact amplitude is not suitable to
smoothly connect to the Flatté amplitude.

Based on this observation, we modify the renormalization
conditions in the effective field theory and construct the gen-
eral amplitude with three alternative parameters, A22, ε, and γ .
With γ �= 0, the general amplitude has one-to-one correspon-
dence with the contact amplitude, and it directly reduces to the
Flatté amplitude at γ = 0. Namely, the general amplitude al-
lows us to examine how the contact amplitude approaches the
Flatté amplitude by varying the parameter γ . It is also shown
in the general amplitude that the scattering length is defined
in the (2,2) component (higher-energy channel), which is in
general different from the constant term in the denominator
of the (1,1) component (lower-energy channel), except for the
special case of γ = 0 corresponding to the Flatté amplitude.
Finally, we show that the (1,1) component of the general
amplitude contains the background term in addition to the
pole term, even in the linear order in the momentum. Since
the background term disappears at γ = 0, the parameter γ

is considered to control the existence of the background. It
is shown that the background term can cause the zero of the
amplitude by the interference with the pole term.

Finally, the behavior of the scattering cross section of the
general amplitude is numerically studied by varying γ with
the scattering length being fixed. For a small |γ |, the cross
section shows either the peak structure or the threshold cusp
structure, as typically observed in the Flatté amplitude. It is,
however, shown that the scattering length obtained from the
analysis by the Flatté amplitude may quantitatively deviate

from the exact value, due to the contribution from the back-
ground term. It is also found that by enhancing the background
contribution with large and negative γ , a dip structure can
be caused by the zero of the scattering amplitude (see also
Refs. [30,35]), which cannot be reproduced by the simple
Flatté amplitude. In such cases, the threshold cusp structure
may appear even when the real part of the scattering length is
positive.

The general amplitude proposed in this study should be
useful to extract the scattering length and pole position of
the near-threshold exotic hadrons through the analysis of the
experimental data. Since the actual exotic hadrons are often
coupled to three or more channels, the extension of the gen-
eral amplitude for multichannel scattering serves as a future
prospect. To enlarge the applicability of the framework, it is
necessary to include the higher-order terms in the effective
field theory, which also gives precise determination of the
effective range. With these extensions, we expect that the
application of the general amplitude to the actual experimental
data will help to accurately determine the properties of the
exotic hadrons near the threshold.
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APPENDIX A: N-CHANNEL SCATTERING

Here we compare the number of independent parameters
in the near-threshold contact and Flatté amplitudes in the
two-body scattering with N channels. With a straightforward
generalization of Sec. II A, the N-channel contact amplitude
reads

[ f C (E )]−1

=

⎛
⎜⎜⎜⎜⎝

− 1
a11

− ip1
1

a12
· · · − 1

a1N

1
a12

− 1
a22

− ip2 · · · 1
a2N

...
...

. . .
...

− 1
a1N

1
a2N

· · · − 1
aNN

− ipN

⎞
⎟⎟⎟⎟⎠,

(A1)

where p j is the momentum in channel j. The amplitude f C (E )
contains N (N + 1)/2-independent parameters ai j . The Flatté
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TABLE III. Number of independent parameters in the contact
amplitude (A1) and the Flatté amplitude (A3).

Channel 2 3 N

Contact (A1) 3 6 N (N + 1)/2
Flatté (A3) 2 3 N
Conditions 1 3 N (N − 1)/2

amplitude with N channels can be written as

f F (E ) = 1

2EBW − 2E − i
∑N

j=1 g2
j p j

×

⎛
⎜⎜⎜⎜⎜⎝

g2
1 g1g2 · · · g1gN

g1g2 g2
2 · · · g2gN

...
...

. . .
...

g1gN g2gN · · · g2
N

⎞
⎟⎟⎟⎟⎟⎠, (A2)

which contains N coupling constants g j ( j = 1, . . . , N ) and
one bare energy EBW, so there are N + 1 independent param-
eters in total. Near the threshold of channel N , by neglecting
the terms with p2

N or higher, we obtain

f F (E ) ≈ 1

α − ipN − i
∑N−1

j=1 r j p(0)
j

×

⎛
⎜⎜⎝

r1
√

r1r2 · · · √
r1√

r1r2 r2 · · · √
r2

...
...

. . .
...√

r1
√

r2 · · · 1

⎞
⎟⎟⎠, (A3)

where we define

g2
j

g2
N

= r j,
2EBW

g2
N

= α, (A4)

p(0)
j = p j (pN = 0). (A5)

In this case, the amplitude has N parameters, r j ( j =
1, · · · , N − 1) and α.

As summarized in Table III, the contact amplitude always
has a larger number of parameters. Namely, there should be

1

2
N (N − 1) (A6)

conditions imposed on the Flatté amplitude, as in the case of
two-channel scattering. This is achieved by demanding all the
cofactors of the off-diagonal components vanish.

APPENDIX B: ANOTHER REPRESENTATION OF THE
GENERAL AMPLITUDE

The general amplitude f G(E ) proposed in this work is de-
scribed by three parameters, A22, ε, and γ . As seen in Eq. (61),
f G(E ) contains

√
ε − γ in the off-diagonal component, which

may give the impression that the general amplitude could vi-
olate the unitarity for certain parameter choices. In this study,
we impose the condition ε > γ to ensure that the general
amplitude satisfies unitarity. Here we construct an alternative

amplitude that does not explicitly involve the square root and
does not require any constraint between the parameters.

For this purpose, we define the potential as

VB =
(

c22(z2 + y) c22z
c22z c22

)
, (B1)

with the bare parameters c22, z, and y. By taking z = √
x − y,

the potential VB corresponds to VG in Eq. (53). In the same
way as in Eqs. (58)–(60), we introduce the Λ dependence of
c22(Λ), z(Λ), and y(Λ) in terms of the physical quantities A22,
ω, and γ as follows:

c22(Λ) = 2π

μ2

1
A22

− 2γΛ

π

1
A2

22
− 2

π
Λ

A22
− 2

π

(ω2+γ )Λ
A22

+ 4γΛ2

π2

, (B2)

z(Λ) =
√

μ2

μ1

ω
A22

1
A22

− 2γΛ

π

, (B3)

y(Λ) = μ2

μ1

γ
(

1
A2

22
− 2

π
Λ

A22
− 2

π

(ω2+γ )Λ
A22

+ 4γΛ2

π2

)
(

1
A22

− 2γΛ

π

)(
1

A22
− 2γΛ

π

) , (B4)

we then obtain the renormalized amplitude

f B(E ) = 1

− 1
A22

− i(ω2 + γ )p − ik + A22γ pk

×
(

ω2 + γ + iA22γ k ω

ω 1 + iA22γ p

)
, (B5)

where A22, ω, and γ are real parameters. It can be seen
that, unlike the general amplitude in Eq. (61), the scattering
amplitude f B(E ) does not involve any square-root terms.

Here we discuss the relation between the parameter ω

in f B(E ) and the parameter ε in the general amplitude. By
comparing Eqs. (B5) and (61), we find the following relation:

ω = +√
ε − γ , (B6)

where the positive sign is chosen in front of the square root.
We note that the first-order contribution of ω appears only in
the off-diagonal component f B

12(E ) in Eq. (B5). Therefore, the
results presented in this paper remain unchanged even if the
negative sign is chosen instead.

Next we verify that f B(E ) can be reduced to both the
contact and Flatté amplitudes. From Eqs. (B5) and (15), we
obtain the following relations:

a11 = A22γ , (B7)

a12 = A22γ

ω
, (B8)

a22 = A22γ

ω2 + γ
. (B9)

However, in this case, the condition γ �= 0 is required to
ensure that the contact amplitude is invertible. On the other
hand, we can take the limit γ → 0 in the scattering amplitude
f B(E ):

f B(E ) = 1

− 1
A22

− iω2 p − ik

(
ω2 ω

ω 1

)
(γ → 0), (B10)
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which is equivalent to the Flatté amplitude with

ω = +
√

1

R
, (B11)

A22 = − R

αp0
. (B12)

It is found that the scattering amplitude (B5) with parame-
ters A22, ω, and γ can be reduced to both the contact and Flatté
amplitudes, just as the general amplitude with A22, ε, and γ .
On the other hand, unlike the general amplitude, the square

root does not explicitly appear in f B(E ). In this way, the
scattering amplitude (B5) differs from the general amplitude
in terms of parametrization, yet both amplitudes yield the
same physical results. It is also confirmed that the numerical
results obtained using the general amplitude in Sec. IV remain
unchanged if f B(E ) is used instead of f G(E ) with ε > γ . In
fact, f G(E ) with ε > γ and f B(E ) are completely equivalent.
Therefore, in the main text, we discuss the behavior of the
scattering amplitude using the general amplitude with A22, ε,
and γ .
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