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Nuclear density functional theory provides a unified description of finite nuclei and bulk nuclear matter, and is
widely used to model the neutron star (NS) equation of state. However, extrapolations to suprasaturation densities
require a quantified treatment of uncertainties arising from parameter estimation and functional choices. We
present an updated Bayesian inference of a Skyrme energy density functional augmented by a flexible metamodel
density dependence at high density. Nuclear observables are computed using a Gaussian emulator of the publicly
available Milano HFBCS-QRPA code, enabling efficient exploration of a high-dimensional parameter space.
Relative to previous analyses, we extend the calibration set with isospin-sensitive data, including masses and
charge radii along selected Ca and Sn isotopic chains, and updated constraints from giant monopole resonances.
The resulting posteriors are further constrained by ab initio neutron-matter calculations and astrophysical
observations, including recent NICER measurements, yielding consistent crust and core properties of catalyzed
NS compatible with current constraints. Bulk nuclear-matter parameters are well approximated by a multivariate
Gaussian with covariance matrix provided for direct reuse, while several finite-nucleus parameters exhibit

pronounced non-Gaussianity.
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I. INTRODUCTION

Nuclear density functional theory (DFT) is among the most
suitable frameworks to constrain effective nuclear interactions
using laboratory data [1]. Its applicability across the nuclear
chart, as well as to transport models for heavy-ion collisions
and to bulk nuclear matter, makes DFT a natural tool to ex-
trapolate phenomenological information to unknown regions
of the isotope table and to density, temperature, and isospin
conditions inaccessible to experiments [2,3]. For this reason,
most studies of the neutron star (NS) equation of state (EoS)
are carried out within the DFT framework, using relativistic
(RMF) or nonrelativistic (Skyrme, Gogny) energy density
functionals (EDFs) whose form and parameters are calibrated
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to nuclear data [4-7]; see Refs. [8,9] for a recent review.
However, EDFs have limitations related to the assumed func-
tional form governing their density dependence; in addition,
they have been extensively tested in cases where experimental
data allow their calibration [10-12], and the validity of cur-
rent EDFs for extremely low-density or high-density neutron
matter may be questioned [13]. Even in not so extreme cases,
a quantified treatment of parameter-estimation uncertainties is
needed for astrophysical extrapolation to regions not covered
by phenomenological constraints. To address these issues,
recent works [14,15] adopted a Bayesian approach to NS EoS
parameter estimation. Bayesian inference yields full poste-
rior distributions for the nucleonic EoS model parameters,
whereas traditional x? minimization used to construct many
popular functionals provides only point estimates, typically
under an implicit Gaussian approximation for uncertainties.

In Refs. [14,15], a broad set of nuclear-structure data,
described with relatively simple many-body approaches such
as Hartree-Fock—Bardeen-Cooper-Schrieffer (HF-BCS) and
random phase approximation (RPA), was used for the infer-
ence. A full exploration of the high-dimensional parameter
space was made possible by Gaussian emulators [16,17] of
the nuclear-structure codes. The density dependence of the
EDF was taken from the metamodel framework [18], comple-
mented by the gradient and spin-orbit terms of the standard
Skyrme functional.

Published by the American Physical Society
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Although this meta-model extension is not as flexible as
other approaches, such as Gaussian-processes EoS [19,20], or
piecewise polytropes [21,22], it assures a seamless extension
of the EDF to high densities for astrophysical applications.
In fact, it reduces spurious correlations between low- and
high-density regimes [12] induced by the restrictive Skyrme
density dependence. At the same time, a mapping between the
metamodel and Skyrme bulk terms at low density preserves
the physical correlations between bulk and surface parameters
relevant for the NS crust, enabling a consistent determination
of the crustal EoS informed by nuclear-structure data.

In this paper, we present a revised and extended version of
the inferences in Refs. [14,15]. The main advance is a new in-
ference that exploits more complete information of the masses
and charge radii along selected isotopic chains, providing
more reliable constraints on the symmetry energy. We update
the experimental input of the isoscalar giant monopole reso-
nance (ISGMR) excitation energy based on the most recent
analyses of giant monopole resonances. Finally, we propagate
the resulting posterior distributions to predictions of static NS
properties and incorporate the latest NICER constraints, with
the goal of further restricting the high-density behavior of the
EoS.

The paper is organized as follows. Section II describes the
setup of our emulator-assisted inference, with emphasis on
the improvements relative to the previous study in Ref. [14].
Updated results for nuclear matter and Skyrme parameters are
presented in Sec. III, where we highlight the impact of the iso-
topic chain information on the symmetry energy parameters.
Representative predictions for static NS observables are given
in Sec. I'V. Finally, Sec. V introduces a multivariate Gaussian
approximation of our full posterior; the corresponding param-
eters (mean vector and covariance matrix) are reported in the
Appendix for use in future analyses.

II. INFERENCE SET UP

We perform a Bayesian inference using the standard
Skyrme ansatz [23] as base model and a rich pool of ob-
servables, ranging from ground state and nuclear response, as
constraints. Our method follows the methodology in Ref. [14],
and we refer to Sec. II therein for the details.

In Table I we show the prior distribution of the model
parameters. The first ten parameters in the table are in a
one-to-one correspondence with the standard Skyrme ones;
see for details Refs. [24,25]. The only difference with respect
to Ref. [14] is that open-shell nuclei (OS) will be now part
of the observable pool. To describe the pairing correlations
that emerge in OS nuclei, a standard local pairing interaction
v(7, 7)) = vpd(F — ¥) is added in the particle-particle channel
[26], and an extra parameter is added to the inference, the
pairing strength vy, considering up to six levels above the
Fermi energy.

The total set of data used in the inference is presented
in Table II. With respect to Ref. [14], all the observables
linked to N = Z nuclei have been removed. These nuclei,
which are generally quite hard for EDFs to reproduce, are very
sensitive to poorly known channels of the interaction such
as proton-neutron pairing, that are often mocked up by the

TABLE I. Lower and upper limits of the interval of the uniform
prior distribution of each model parameter.

Lower Upper
Units limit limit

Tgat [fm™3] 0.150 0.175
Eu [MeV] -16.50 -15.50
K [MeV] 180.00 260.00
Eqm [MeV] 24.00 40.00
Loym [MeV] -20.00 120.00
Go [MeV fm?’] 90.00 170.00
G, [MeV fm’] —90.00 70.00
Wo [MeV fm’] 60.00 190.00
m /m - 0.70 1.10
mt /m - 0.60 0.90
vo [MeV fm?] 150 350

so-called Wigner term [27-29]. In the absence of such terms,
the inclusion of N = Z nuclei could bias the estimation of the
other parameters. Therefore, to avoid adding extra parame-
ters to our model, we simply removed these observables. We
then added several ground-state properties, namely binding
energies BEs [30] and charge radii R, [31] of open-shell
isotopes of Ca and Sn. To adjust the pairing strength, we

TABLE II. Observables used for the inferences. The new ones
are in the second part of the table, while the updated data for *°Zr
EX g is in bold font.

Ground-state properties

BE [MeV] R, [fm] AEso [MeV]
208p, 1636.4 + 2.0 5.50 + 0.05 2.024+0.50
BCa 416.0 £ 2.0 3.48 + 0.05 1.724+0.50
8Ni 590.4 + 2.0 - -
1328n 1102.8 £+ 2.0 471 + 0.05 -
N7Zr 783.9 + 2.0 427 + 0.05 -
Isoscalar resonances
ESr [MeV] E& MeV]
208pp 13.54+0.5 109 + 0.5
Nzr 18.7+0.5 -
Isovector properties

ap [fm?] m(1) [MeV fm?*] Apy (ppb)
*%pp 19.60 + 0.60 961 + 22 550 + 18
BCa 2.07 £ 0.22 - 2668 + 113

New Data from OS nuclei

BE [MeV] R [fm] A, [MeV]
*Ca 427.5 £ 2.0 3.52 4+ 0.05 -
4Ca 398.8 + 2.0 - -
#Ca 381.0 + 2.0 - -
2Ca 361.9 £+ 2.0 - -
1208n 1020.5 £+ 2.0 4.65 + 0.05 1.340.2
1128n 953.5 + 2.0 - -
12480 1050.0 + 2.0 - -
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FIG. 1. Marginalized posterior distribution of the nuclear matter, surface, spin-orbit, and effective mass parameters (full blue line),

compared to the previous results in Ref. [14] (dashed green line).

also included the neutron pairing gap of '*°Sn, obtained by
the odd-even-staggering three-points mass difference formula
[32], centered in the odd systems. Finally, we updated the
excitation energy of the giant monopole resonance of *’Zr:
a newer analysis of the raw data found a higher value for
the excitation energy, Eqr = 18.65 +0.17 MeV [33], to be
compared to the previous value EéSMR = 17.66 £+ 0.07 MeV
[34]. As we demonstrate in the next section, the primary effect
of a larger excitation energy E5x is to shift the distribution
of Ky and ngy; cf. Fig. 5 of Ref. [14]. Concerning the other
observables, we refer to Ref. [14] for their description and
associated references.

For all observables, the uncertainties quoted in Table II
that will enter the likelihood (a product of uncorrelated Gaus-
sian functions) of the Bayesian inference comprise both the
experimental uncertainty and the theoretical uncertainty as-
sociated to the DFT description. The latter is the dominant
source of uncertainty for all observables except the isovector
properties. For these observables, we employed directly the
experimental error, which is large. The theoretical errors were
chosen to reflect the fact that standard EDFs usually describe
binding energies and charge radii within a few MeV and a
few 1072 fm, respectively, rather than within the much smaller
experimental uncertainties. While dedicated mass models can
describe binding energies across the nuclear chart with a root-
mean-square error of about 0.5 MeV, we adopt broader values,
namely 2 MeV for binding energies and 0.05 fm for charge
radii, which are typical uncertainty scales for standard EDFs
with a limited number of parameters. These choices should
therefore be understood as effective global model-discrepancy
scales (i.e., they set the level of accuracy that we demand from
the EDF in the present global calibration) and do not provide

an explicit treatment of correlations among theoretical resid-
uals, which would require a dedicated covariance discrepancy
model (see, e.g., Ref. [35]).

To allow the full exploration of the parameter space within
acceptable computation time limits, we use the Gaussian em-
ulator [16], developed by the MADAI Collaboration [17], to
emulate the behavior of the HFBCS-QRPA code [36,37]. For
technical details about the Bayesian inference and the vali-
dation of the emulator we refer to Ref. [14].

II1. INFERENCE RESULTS: NUCLEAR STRUCTURE DATA

In Fig. 1, we show the marginalized posterior distribution
of the parameters, comparing the new results (full line) with
those of Ref. [14] (dashed line). The surface parameter G, and
G1, the spin-orbit parameter W, and the two effective masses
are only slightly affected by the new data. Ky, is increased
as an effect of the new *°Zr monopole excitation energy and
ngye 18 lowered as it is anticorrelated to K. Instead, the new
calcium and tin isotopes, together with the removal of N = Z
nuclei, shift the E, distribution to lower values. In general, as
we observed in Ref. [14], to which we refer for more details,
our findings for these parameters are in line with previous
studies [38—41]. Although both Eg, and Ly, are shifted
to higher values, however by a rather modest amount, their
values are relatively low with respect to other works in the
literature [8,9,42]. Though we already pointed out this feature
in our previous analysis [14], we now observe that values
of Lym > 50 MeV are less disfavored by the inclusion of
open-shell nuclei than before, and are not outright excluded
anymore. This makes our findings more in line with those of
previous studies (see, e.g., Refs. [10,11]).
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FIG. 2. Model results, likelihoods £; associated with selected observables in “®Ca and °*Pb and total likelihood £, as a function of Lgym.
Eym it has been fixed to six values, from 28 to 38 MeV in steps of 2 MeV, while all the other parameters have been fixed at the best likelihood
model of the complete inference. (a) Model results as a function of Ly, (b) Likelihood £ as a function of Lgyp,.

To investigate this persisting softness of the symmetry
energy, we performed a sensitivity study, probing the depen-
dence of some selected observables in **Ca and **Pb on Ly,
fixing all the parameters to their best log(L£) value, except for
Egym, which we varied from 28 MeV to 38 MeV, in steps of 2
MeYV, and of course Ly, which remained free. In Fig. 2(a) we
show the HFBCS-QRPA code results as a function of Lgy,. On
the x axis we have the full prior interval of Lgyy,, while on the y

034320-4

axis the theoretical result of the HFBCS-QRPA code for selected
binding energies and for the isovector observables of “*Ca and
208ph, expressed as a percentage of the experimental value.
100%, perfect accordance with the experiment, is highlighted
with a black horizontal line. The orange lines are the BEs of
the representative nuclei 2*®Pb (darker) and *®Ca (lighter). We
can observe the expected correlation induced on Egy;y — Leym:
with increasing Ey,, a higher value of Lgyy, is needed to match
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FIG. 3. Binding energy posterior distribution for the Ca and Sn isotopic chains (full blue line), compared to the results of Klausner et al.
[14] (dashed green line). The red vertical line marks the experimental value.

the experimental result. Overall, the BEs vary by about 5% of
the experimental value over the Ly, Tange.

The dashed lines represent the polarizability ap of 2°®Pb
(dark blue) and *®Ca (light blue), while the dotted ones are the
parity-violating asymmetries Apy of 2°Pb (dark green) and
*8Ca (light green). As expected from previous works [43], Apy
decreases as Lg, grows, while the polarizabilities grow with
Lgym [44,45]. Apy changes rather slowly, spanning ~ 10-15%
of the experimental value across the Lgyy, prior interval, while
ap has a quite steep gradient, varying significantly in an inter-
val of 240 MeV. If we look at the observables uncertainties in
Table II, we see that, while Apy and op have a relative error of
~3% (~10% *3Ca), the BEs impose a much tighter constraint,
as they have an error of some parts per thousand. This brings
us to the main argument: the posterior will be non-negligible
only in zones where the model prediction for the BEs is close
to the experimental value. In Egyy, — Leyy terms, it means
that it follows the correlation imposed by the masses. On
that correlation, the optimal solutions can either land on high
Egym — Lgym zones, where one can describe fairly well the BEs
together with the *®*Pb Apy, or on low Egym — Lgym regions,
where one can describe the BEs and o), simultaneously. Since
ap has a much steeper dependence on Lgyy, than Apy, and their
relative error is similar, the associated likelihood L, will fall
off much more rapidly than £,,, when moving away from the
regions where the model reproduces the experimental results.

This becomes even clearer if we look directly at the like-
lihood L; for each observable. Figure 2(b) is the same as
2(a), but instead of showing the model results as a function of

Lgym, it shows directly the £; relative to each observable. The
thick black line is the total likelihood L, i.e., the product
of the single likelihoods of the selected observables. We see
that for E¢m = 30 MeV log(L) reaches its highest value;
at Egy, = 28 MeV its peak decreases by approximately 70%.
For Egy, = 32 MeV, L, plummets: in the bottom row, where
we had to change the scale, we can observe it is several
orders of magnitude lower than at Eg;, = 30 MeV. There-
fore, the reason we find relatively low values of Egyn, and
Ly, with respect to other works in the literature [8,9,42]
lies in the request of simultaneously describing the polariz-
abilities and the binding energies within the corresponding
uncertainties.

Given the notable effect BEs can have on the Egyyy — Lgym
distributions, adding open-shell isotopes of tin and calcium
lowers the risk of a singular BE biasing the final results.
However, the arguments we presented in Fig. 2 still hold, thus
explaining the low values of Esyy, — Lgym We again find in this
work. We can see that a careful choice of the theoretical errors
is fundamental to obtain a reliable estimation of the parame-
ters. Imposing larger uncertainties to the masses would have
resulted in different predictions for the NMP of the isovector
sector. The uncertainties here considered are consistent with
the predictive value of the model, as it can be a posteriori
verified looking at the posterior distribution of BEs.

To this aim, we extracted 10° samples from the posterior
distribution. As an example, we display in Fig. 3 the binding
energy posteriors for the Ca and Sn isotopic chains: with
the addition of the OS data, we observe a clear improve-
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TABLE III. Standard deviations o, in MeV, of the posterior distribution of BE in Fig. 3.

42Ca 44Ca 46Ca 48Ca

SOCa llZSn lZOSn 124Sn lSZSn

o 1.16 0.86 0.77 0.97

1.03 1.63 1.00 0.91 1.74

ment of the description of *3Ca, at the price of only a slight
worsening of that of '32Sn. Given that these distributions are
well behaved and single peaked, we estimate their width with
their standard deviation, which are all in the order of the
MeV, as shown in Table III. Therefore, our initial guess of
theoretical error (2 MeV) is in line with the predictive power
of the model.

We also computed the posterior distribution of binding
energies and charge radii of 150 known spherical nuclides
along the nuclear chart. We show the results in Fig. 4. The
squares relative to different species are colored by the distance
|Agg| (JAg,|) between the mean of our posterior and the
experimental value: green if the distance is less than 2 MeV
or 0.05 fm, which are the theoretical errors we assumed (see
Table II); orange if it is between 2 and 4 MeV or between
0.05 and 0.1 fm; and finally red if it is more than 4 MeV or
0.1 fm. As we can observe, for the BEs the vast majority is
colored in green (91%); the rest is mostly orange (8%), with
only one instance of red. For the Ry, all are green except for
two red instances. As an overall measure of performance, the
root-mean-square (RMS) is 1.23 MeV for binding energies
and 0.02 fm for charge radii, while the mean distance from
experimental values is 0.97 MeV for binding energies and
0.02 fm for charge radii.

Concerning the isovector-sensitive observables, all posteri-
ors are compatible with the experimental results, except for
the 2Pb Apy, in agreement with the results of Ref. [14].
The tension between PREX-II data and the other isovector-
sensitive observables is shown in Fig. 5, where we plot the
corner plot of the ap and Apy posteriors. From the marginal-
ized distributions shown in the diagonal plots we can see that
208Pb ap is well reproduced by our inference, while **Ca ap
and *¥Ca Apy are slightly over- and underestimated, but still
with significant overlap with the experimental error. On the
other hand, looking at the correlation plots, it is clear that
the model cannot reproduce simultaneously °Pb Apy and
the other isovector-sensitive observables, corroborating other
analyses, which highlighted this tension.

The apparent incompatibility of 2°Pb Apy with the other
observables might hint to the need of improving our EDF,
that would be important for the description of this specific ob-
servable. For example, it was recently suggested [46—48] that
a strong isovector spin-orbit interaction could reconcile the
CREX and PREX-II experiments, although following studies
hinted that this idea might not be the correct solution to the
PREX-CREX puzzle [49]. Other strategies, with updated EDF
with additional term, were presented in Refs. [50,51]. It would
be worth, on the other hand, to measure again the Apy at other
facilities and/or with a different kinematics.

The difficulty of reproducing >**Pb Apy within our the-
oretical framework naturally leads to question whether the
inclusion of this data point in the inference could not lead
to biased results. To answer this question, we have checked

that no significant difference is observed in the nuclear matter
parameter posteriors when the inference is repeated omitting
the 2%Pb Apy from our pool of data. Hence, on the basis of the

126+
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B (Apgp| >4 MeV
82 Nuclear Table H
[ 1 Training set

N
50 EsssEEEEEE
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FIG. 4. Performance over the nuclear chart (gray squares) of the
posterior distribution, for the BEs of 150 spherical nuclei and Ry,.
The squares relative to different species are colored by the distance
| Agg| (|Ag,,|) between the mean of our posterior and the experimen-
tal value: green if the deviation is less than 2 MeV or 0.05 fm; orange
if it is between 2 and 4 MeV or between 0.05 and 0.1 fm; and finally
red if it is more than 4 MeV or 0.1 fm. The nuclei used in the training
set (Table II) are contoured by a black line.

034320-6



EMULATOR-ASSISTED NUCLEAR ...

PHYSICAL REVIEW C 114, 034320 (2026)

2;2800

[ Z
27004
% 2600
E z
= 2500
£ 2400

£19.5 =

208ph
=
o0
ot

2 21 22 23 24 25 26 2400

BCa ap [fm?]

2500 2600 2700
8Ca Apy [p.p.b.]

2800

18 185 19 19.5 20 20.5 21 500 525 550 575 600
208Ph ap [fm?)] 28Ph Apy [p.p.b.]

FIG. 5. Corner plot for the ap and Apy posterior distribution of *°Pb and *3Ca. The red vertical lines in the diagonal plots mark the
experimental value, while the red shaded areas show the 1o region. The rectangular hatched regions of the off-diagonal plots corresponds to
the 1o uncertainty of both experiments, with the red dot indicating the experimental results.

used EDF, the incompatibility of the 2*®Pb Apy with the other
observables in the data pool is not statistically significant.

IV. INFERENCE RESULTS: ASTROPHYSICAL DATA

We now turn to the implications of our results for NS
physics. For this analysis, we follow the procedure outlined
in Ref. [15], to which we refer for details.

We use the full posterior distribution obtained in Sec. III
as the prior for a subsequent Bayesian inference that includes
x-EFT calculations of pure neutron matter (from 0.02 fm >
to 0.2 fm™3) and astrophysical constraints: maximum pul-
sar masses, tidal polarizability from GW170817, and four
independent NICER measurements; see Refs. [15,52] for a
precise definition of the associated Bayesian likelihoods. A
recent reanalysis suggests a lower mass for the pulsar J0348 +
0432 (i.e., 1.806 & 0.037 M, see Ref. [53]) than the previ-
ously inferred value of 2.01 £ 0.04 M, [54]. Relative to Ref.
[15], we therefore replace the previous maximum observed
NS mass constraint from Ref. [54] with the 2.08 &+ 0.07 M,
mass of pulsar J0740 + 6620 inferred from Shapiro delay
measurements [55]. Concerning the other astrophysical and
stability-causality constraints, we refer to Refs. [15,52] for
details.

Using the nuclear posterior from Sec. III as the prior
for the astrophysical update has two advantages. First, it
propagates all the correlations among nuclear matter param-
eters implied by our emulator-assisted calibration. Second,
it ensures that all parameter sets retained by the combined
astrophysics—+laboratory inference remain consistent with the

nuclear observables used in the first stage fit. In particular,
because bulk and surface terms are inferred jointly in the first
stage fit of Sec. III, each parameter set uniquely defines a uni-
fied crust-core EoS: the same EDF determines homogeneous
matter in the core and all the relevant crust properties, which
are computed with the semiclassical extended Thomas-Fermi
approach as in Ref. [15]. In our hybrid Skyrme-+metamodel
inference, the nuclear and astrophysical constraints are com-
bined sequentially via factorized likelihoods: finite-nucleus
observables constrain the Skyrme sector, and the resulting
multidimensional posterior is propagated to the neutron star
inference through the Skyrme-derived interface used by the
metamodel. This interface includes the low-order NMPs sam-
pled in the Skyrme sector of the inference (see Table I) and
derived quantities such as Kgsyljn, which is not independently
sampled (see Ref. [15] for details). The metamodel is then
used to provide the additional high-density freedom required
for neutron star matter. Therefore the procedure is not an
attempt to reproduce a pure Skyrme extrapolation at high
density, nor a claim of equivalence with an unavailable fully
unified inference, where the same nuclear model is used for
both finite nuclei and neutron star matter. It is a controlled
inference protocol that preserves the nuclear information rel-
evant for the low-density and crust sectors while avoiding
the spurious high-density rigidity of the Skyrme functional.
Moreover, our protocol is expected to retain most of the pos-
terior correlations among the low-order NMPs, as they are
directly informed by both astrophysical and nuclear data.

The more detailed information on the symmetry sector of
the EoS provided by the inclusion of Ca and Sn isotopic chains
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FIG. 6. Posterior distributions of selected crust properties (pro-
ton number in the Wigner-Seitz cell Z, cell radius Rys, and shear
modulus p) for the two inferences: this work (light blue) and the
previous results in Ref. [15] (light green). Darker shaded regions
show the 68% credible interval, and lighter shaded regions the 95%
credible interval.

has a sizable influence on the crust composition, as can be
seen from the top panel of Fig. 6, which shows the posterior
distribution of the ion charge Z as a function of the baryon
density in the crust. The higher value of the symmetry energy
at low density compared to the results of Ref. [14] leads to
systematically higher ion charges. This is in qualitative agree-
ment with the microscopic calculations of Ref. [56], where
lower symmetry energies were shown to yield lower proton
fractions in the crust, based on HFB calculations with four
selected BSK functionals (see also Ref. [57]).

103§-
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OZ 102? —— Present work
= —— Klausner et al.
Z 10%
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Klausner et al.
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FIG. 7. Posterior of the neutron star EoS (top part) and of the
mass-radius relation (bottom part) for the two inferences: this work
in blue, and our previous results [14] in red. In the top panel, the
straight line encloses the 68% CI region, while the dotted the 95%;
in the bottom, the darkest region encloses the 68% CI region, while
the lighter the 95%. The four colored contours in the bottom panel
encircle the 95% probability region of the four NICER measurements
[61-64]. For the top plot, we also plotted in orange prior samples of
the neutron star EoS satisfying the chiral constraint.

On the other hand, the improved estimation of the nu-
clear matter parameters does not have a sizable influence on
the global properties of the Wigner-Seitz cell, such as the
central and gas density (not shown) or the Wigner-Seitz ra-
dius, shown in the central panel of Fig. 6. The same is true
for the thermodynamic properties of the crust. This includes
the crustal pressure (see Fig. 7 below) and the shear modulus,
displayed in the bottom panel of Fig. 6. This latter is important
to estimate dynamic properties of the crust, such as torsional
oscillations and interface modes, see, e.g., Ref. [58]. Taking
into account the effect of the ion finite size, the shear modulus
can be approximated as [59]:

_0.11942%9 ( wh (1)
p=5 4Ry, 2 —4u'3+3u)’
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u being the cluster volume fraction, see also Ref. [60].
From Fig. 6 we can see that the modification of the ion
charge has a negligible impact on the estimation of the shear
modulus.

The influence of the additional information provided by the
open-shell nuclei is also very weak in the determination of
the global stellar properties. This is demonstrated by Fig. 7,
where we show the EoS (pressure P vs mass density p) and
mass-radius posteriors relation of our results in comparison to
those of Klausner et al. [14]. For the EoS, we also show, in
various degree of orange, the EoS of prior samples satisfying
the chiral constraint. Their S-equilibrated NS EoS is stable
(no pressure drop with increasing density) and causal (speed
of sound not exceeding that of light).

As expected, the two results are very similar, and are well
compatible with NICER measurements. The main difference
between this work and the results presented in Ref. [15] con-
cern the nuclear data selected for the analysis, and particularly
the revised value of the giant monopole resonance and the
inclusion of the mass and radius information of 4>44:46.48.50Cy
and 112120.124.132g isotopes. As we have seen in Sec. III,
this experimental information only affects the low-order nu-
clear matter parameters Egy, Ksat, Esym, Leym. Consistently, the
only visible differences of the two analyses concern the low-
density region of the EoS and the behavior of the mass-radius
correlation for masses below &1 M¢,. The stiffening of the EoS
induced by the more complete nuclear physics information of
the present work leads to a slight increase of the NS radius for
extremely low masses, which however are not expected to be
produced in the stellar evolution.

In particular, the slope changes in the EoS between one-
and two-times saturation densities, already observed in Ref.
[15], is still present in this new version of the analysis. In-
deed the nuclear structure information suggests a very soft
EoS especially in the isovector sector. The 2 Mg maximum
mass requirement therefore demands an important stiffen-
ing of the EoS at densities above the ones explored by
nuclear structure experiments, and this stiffening is moder-
ated at high density by the gravitational wave GW170817
information.

Finally, we summarize in Table IV other properties of NSs
for the two representative masses M = 1.4, 2 M their radius
R, their crustal radius R., the adimensional tidal deformability
A, and the density n. and pressure P, at the crust-core
transition. It is worth noting that we do not find the bimodality
feature of the R; 4 posterior distribution, as was reported in
Ref. [66]; rather, our posterior is single-peaked at approxi-
mately 12.5 km, and decays to effectively 0 below 11.5 km
and above 13.5 km.

V. GAUSSIAN APPROXIMATION OF NUCLEAR
POSTERIOR

The nuclear posterior distribution of Fig. 1, containing a
large amount of available information from nuclear structure
data, can be used as a nuclear informed prior for more ad-
vanced astrophysical analyses than the simple applications
shown in the present paper. It can also be used for the gen-
eration of representative EoS models complying with nuclear

TABLE IV. Median value and 68% confidence interval limits of
the star radius R, the crust radius R., the adimensional tidal deforma-
bility A, for 1.4 and 2.0 M, NSs, and the density n and pressure P of
the crust-core transition. All these quantities are computed from the
nuclear priors described above.

M[M®] Present Work Klausner et al. [14]
0.4 0.3
st
. *~—-0.3 ~ =03
R (k] 2.0 0.71+547 0.71+5:5¢
1.4 1.1670:03 114300
A 2.0 68.513% 6747183
1.4 557.619%3 54484831
Ree [fm~] - 0.090+0-008 0.092+0:911
P [MeVfm™] - 0.52+0:97 0.5215:08

physics constraints, to be used in dedicated astrophysical
simulations.

For these future applications, an analytical approximation
of the posterior might be useful. The distributions in Fig. 1
are bell shaped, except for the parameter G;. Therefore, a
good analytical representation of this posterior is given by a
multivariate Gaussian:

1
N(x|p, X) o« exp <_§(X W' (x - IL)), 2

where p is the mean vector and X is the covariance matrix
(both can be easily obtained from our posterior sample and
are given in the Appendix). Figures 8 and 9 compare the
full posterior obtained via our sampling procedure with its
analytical approximation A (x|u, X). Apart from G;, whose
bimodal behavior cannot be captured by a single multivalued
Gaussian, the remaining parameters are well reproduced.

Regarding Fig. 8, it is important to stress that in standard
Skyrme interactions the higher-order nuclear-matter param-
eters Ogat, Zsats Ksym» Osym, and Zgyy, are constrained by the
lower-order ones [12]. For meaningful astrophysical applica-
tions, these parameters should not be treated as independent
degrees of freedom above saturation, as discussed in Ref. [15].
However, they may be needed for some applications concern-
ing the subsaturation EoS, like for studying crust properties.
Therefore, for completeness, we include their distribution in
our multivariate Gaussian. The optimal values of p and X
are listed in the Appendix, see Tables V and VI, and are
also available in the Supplemental Material [65] in a more
convenient format.

VI. CONCLUSIONS

Using a Gaussian emulator of the publicly available Milano
HFBCS-QRPA code [36,37] for nuclear structure calculations,
we have performed a Bayesian analysis of a large set of
EoS-sensitive static and dynamic observables, including both
closed-shell and open-shell nuclei. A standard Skyrme inter-
action augmented with a more flexible density dependence
at supersaturation density is employed. The posterior 16-
dimensional distribution of the associated bulk and surface
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FIG. 8. Gaussian approximation of the nuclear posterior. Focus: nuclear matter parameters.

parameters is used in a second Bayesian inference to include
constraints from ab initio neutron matter calculations and as-
trophysical observations. This allows a consistent calculation
of crustal as well as core properties of catalyzed neutron stars,
which is in agreement with present observations. The poste-
rior distribution of bulk parameters can be accurately fitted
by a multivariate Gaussian, whose parameters are given for
future applications. Concerning the parameters characteristic
of finite nuclei (surface, spin-orbit, and pairing), their complex
distribution shows considerable deviations from a Gaussian
behavior, and numerical values are available upon request to
the authors.

This work is a follow up of similar previous analyses
[14,15]. With respect to these works, we have increased the
pool of isospin-sensitive observables by extending the analy-
sis to open-shell nuclei with the inclusion of an extra pairing
parameter. The extra information brought by the inclusion of
Ca and Sn isotopic chains leads to a sizable modification of
the low-order nuclear matter parameters in comparison to Ref.
[14], and an improved description of the neutron star crust.

Possible extensions of the present work include applying
the same inference protocol to different EDF families, such
as RMF models, or to more flexible nonrelativistic function-
als, such as the KIDS [67-69] or Fayans functionals [70],
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which could provide additional freedom in the isovector sector
(see Ref. [12]). A systematic comparison of posterior dis-
tributions obtained with different functionals, but with the
same statistical protocol and the same calibration data, would
help quantify the model dependence of the inferred nuclear-
matter and neutron star properties. A complementary issue
concerns the choice of nuclear observables entering the like-
lihood. As discussed above, both the selected dataset and
the adopted theoretical uncertainties can have a significant
impact on the posterior distributions. It would therefore be
useful to investigate which minimal set of nuclear observ-
ables is most effective in constraining the behavior of nuclear
matter, which uncertainties should be assigned to the differ-
ent classes of observables, and which measurements should
be excluded. Such studies would help establish more robust
protocols for future Bayesian EDF calibrations and would
make comparisons among different statistical analyses less
ambiguous.
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APPENDIX: MEAN VECTOR AND COVARIANCE MATRIX

We approximate the posterior sample of EDF parameters
(or derived nuclear-matter parameters) with a single multivari-
ate normal distribution NV (x|, ) by matching the posterior’s
sample mean and covariance, see Eq. (2). This provides a
compact representation of the full posterior that allows down-
stream users to propagate uncertainties using only g and X.
This compression of the full posterior information into g and
¥ reproduces linear correlations extremely well, but it does
not capture possible skewness or multimodality features, most
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FIG. 9. Gaussian approximation of the nuclear posterior. Focus:
surface parameters.

notably for G; (the quality of this compression is illustrated in
Figs. 8 and 9).

The mean vector u and of the (symmetric and positive-
definite) covariance matrix X are given in Tables V and VL.

TABLE V. Mean values p for the 15 variables x in our posterior.
The marginal distribution of each x; (i = 1, ..., 15) is an univariate
Gaussian with standard deviation o; = /X;;, which is also reported.

X Mi o;

1 Tsat 1.6 x 107! 3.2x 1073 fm ™3
2 Eq —1.6 x 10 9.1x 1072 MeV
3 K 2.4 % 10% 1.0 x 10! MeV
4 Qsat —3.8x 10% 2.0 x 10! MeV

5 Zeat 1.6 x 10° 1.8 x 102 MeV
6 Eqym 3.1 x 10 1.9 MeV
7 Loym 2.6 x 10! 1.6 x 10! MeV
8 Kiym —2.6 x 102 5.1 x 10 MeV
9 Qsym 4.8 x 10* 8.9 x 10! MeV
10 Zoym —25%10° 4.8 x 102 MeV
11 mg/m 9.1x 10! 8.3x 1072 -

12 m* /m 7.1 x 107! 2.1 x1072 -

13 Go 1.3 x 10% 1.1 x 10 MeV fm’
14 G 2.8 4.4 x 10! MeV fm’
15 Wo 1.3 x 10% 1.7 x 10! MeV fm’
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TABLE VI. Covariance matrix X for the 15 variables x listed in Table V.

= 1 2 3 4 5
1 1.0 x 1073 —1.8x 10 —1.8x 1072 —42 %1072 3.8x 107!
2 —1.8x 10 8.2 x 1073 —4.1x 1072 29x%x 107! —2.1

3 —1.8x 1072 —4.1 x 1072 1.0 x 10? 1.9 x 10? —1.8x10°
4 —4.2x 1072 29x 107! 1.9 x 10? 4.1 x 10* —3.6 x10°
5 3.8x 107! -2.1 —1.8x10° —3.6 x 10° 3.3 x 10*
6 6.1 x 107 —9.5%x 1072 29 3.1 —2.4x 10!
7 8.5x 1073 —8.2x 107! 2.9 x 10! 4.3 x 10! —2.9x 10?
8 3.7 x 1072 -2.3 2.2 x 10! 9.6 x 10! 1.7 x 10!
9 —3.8x 1072 4.0 —2.6 x 107 —2.6 x 10? 3.1 x10°
10 9.6 x 1072 —1.9x 10! 1.8 x 10° 1.8 x 10° —23x10*
11 —3.0x10°° 8.9x 10~ 1.1 x 1072 —3.9x%x 107! 5.6x 107!
12 4.6x 1077 —98x10°° —6.5x 10~* —23x1073 1.6 x 1072
13 9.6 x 10~ —23x%x 107! —1.5x 10! 1.8 x 10! 2.1 x 10?
14 —23x1072 6.1 x 107! 2.3 x 10! 6.7 —4.7 x 10?
15 —4.7x 1073 1.0 x 107! -9.0 3.2 x 10! 1.7 x 10!
o 6 7 8 9 10

1 6.1 x 107 8.5x 1073 3.7 x 1072 —3.8x 1072 9.6 x 1072
2 —9.5%x 1072 —8.2x 107! -2.3 4.0 —1.9 x 10'
3 29 2.9 % 10! 2.2 x 10! —2.6 x 10? 1.8 x 10°
4 3.1 4.3 x 10! 9.6 x 10! —2.6 x 10? 1.8 x 10°
5 —2.4x 10! —2.9x 10? 1.7 x 10! 3.1x10° —23x10*
6 3.6 2.7 x 10! 6.7 x 10! —1.2 x 10? 5.8 x 102
7 2.7 x 10! 2.6 x 10? 7.5 x 10? —1.3x10° 6.2 x 10°
8 6.7 x 10! 7.5 x 10? 2.6 x 10° —34x10° 1.5 x 10*
9 —1.2 x 10? —1.3x10° —3.4x 103 8.0 x 10° —4.2 x 10*
10 5.8 x 10? 6.2 x 10° 1.5 x 10* —4.2 x 10* 2.3 x%x10°
11 —3.3x%x 1072 —4.1x 107! -2.3 —43%x 107! 8.5

12 —1.1x10* —8.8x 10 —3.8x 1073 —13x1073 1.4 x 1072
13 6.2 6.8 x 10! 3.4 x 10? —3.2x 10! —6.8 x 102
14 2.6 x 10! —1.8 x 10! —5.7 x 10? 3.0 x 10? —3.5x 107
15 —7.4 x 107! 3.8 x 10! 2.7 x 10? —4.1 x 10" —4.1 x 10?
i 11 12 13 14 15

1 —3.0x10°° 4.6x 1077 9.6 x 10~ —2.3x1072 —47 %1073
2 8.9x 10~ —9.8x10°° —23x%x 107! 6.1 x 107! 1.0x 107!
3 1.1 x 1072 —6.5x107* —1.5x 10! 2.3 x 10! -9.0

4 —3.9x 107! —23x1073 1.8 x 10! 6.7 3.2 x 10!
5 5.6 x 107! 1.6 x 1072 2.1 x 10? —4.7 x 10? 1.7 x 10!
6 —3.3x%x107? —1.1x107* 6.2 2.6 x 10! —7.4x 107!
7 —4.1x 107! —8.8x 10 6.8 x 10! —1.8x 10! 3.8 x 10!
8 -2.3 —3.8x 1073 3.4 x 10? —5.7 x 10? 2.7 x 10?
9 —43x 107! —1.3%x 1073 —3.2x 10! 3.0 x 10? —4.1 x 10!
10 8.5 1.4x 1072 —6.8 x 102 —3.5x 10? —4.1 x 102
11 6.8 x 1073 1.2x 1073 —8.2x 107! 9.2 x 107! —6.1 x 107!
12 1.2x 1072 45%x 1074 —12x1073 —42x 1073 7.4 %1073
13 —8.2x 107! —1.2x1073 1.2 x 10? —1.9x 10? 1.1 x 10?
14 9.2 x 107! —42x%x1073 —1.9 x 10? 1.9x 10° —5.4 x 107
15 —6.1 x 107! 7.4 %1073 1.1 x 10? —5.4 x 10% 2.8 x 102
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