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We present a field-theoretical description of the deuteron electrodisintegration reaction d(e, ¢'p)n induced
by unpolarized and polarized electrons. The approach combines the Lehmann-Symanzik-Zimmermann in(out)
formalism with the clothed particle representation in the instant form of relativistic dynamics, providing a
fully relativistic and gauge-independent framework based on the Fock-Weyl criterion. Within the method of
unitary clothing transformations, one and the same transformation that generates the relativistic nucleon-nucleon
interaction (the Kharkiv potential) also induces a fresh family of electromagnetic current operators. As a result,
one-body and two-body (meson-exchange) currents emerge on a common footing. We compute differential cross
sections and polarization observables with the inclusion of final-state interaction effects and meson-exchange
current contributions and compare the results with Saclay and Jefferson Lab data as well as with earlier
theoretical predictions. The role of relativistic ingredients (one- and two-body currents, Fermi-motion effects,
etc.) and the interplay between them are analyzed in several kinematic regimes of the experiments at Saclay and

Jefferson Lab.

DOI: 10.1103/hzj2-dz1j

I. INTRODUCTION

Explorations of the deuteron -electrodisintegration
d(e, ¢ p)n have the eventful history, starting from the
first coincidence experiments that have been performed
by Stanford [1], Orsay [2], Kharkiv [3] and Saclay [4,5].
We have seen that their torch has been picked up for the 80s
and 90s with the MIT-Bates [6], Mainz [7], and NIKHEF
[8-10] experiments (see, e.g., our survey in Ref. [11] and
references therein) and continued nowadays at Jefferson
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Lab [12-16]. Of course, the corresponding results are a
source of inspiration for many theoretical studies. We do
not intend to give any review of a lot of them. Nevertheless,
we would like to remind of the nonrelativistic treatment
of the deuteron electrodisintegration by Arenhdvel and his
colleagues [17] with inclusion of the final-state interaction
(FSI) between the outgoing proton and neutron, and effects of
meson-exchange currents (MECs). Note also the remarkable
work [18]. Furthermore, relativistic descriptions of this
reaction have been extensively developed, including the
systematic inclusion of relativistic corrections by Arenhovel
et al. [19,20], the diagrammatic models by Laget [21], the
covariant description by Jeschonnek and Van Orden [22], and
the studies by Sargsian and Boeglin [23-25].

In addition, let us recall our calculations of the pro-
ton angular distributions and polarization observables in the
d(e, € p)n reaction with polarized beam and target [11,26-28].
They have much in common with preceding works, including
the same ingredients, i.e., finding the n-p wave functions
(WFs) in continuum for a given nucleon-nucleon (NN) po-
tential, FSI and MEC effects.

Recent experiments in deuteron electrodisintegration at
high momentum transfers, particularly at Jefferson Lab
[14-16,25], have pushed deuteron studies into the relativis-
tic regime, reaching missing neutron momenta k, up to
~1.0 GeV/c. Under such conditions, a nonrelativistic de-
scription of the np interaction could be insufficient, requiring

Published by the American Physical Society
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a more sophisticated approach that incorporates relativistic
invariance. Furthermore, it may be necessary to consider sub-
nucleonic degrees of freedom.

In this research, a new field-theoretical approach extends
the in(out) formalism by Lehmann-Symanzik-Zimmermann
(LSZ) [29], being combined with the clothed particle rep-
resentation (CPR) [30-32]. Under this framework, the NN
interaction, MEC, and boost operators are constructed in a
consistent manner, ensuring relativistic invariance by satisfy-
ing the Poincaré algebra and requiring the current to transform
as a true four-vector. We are working in the instant form of
relativistic dynamics [33], where only the total Hamiltonian H
and the boost operator B carry interactions. All operators act
within a Fock space of clothed particles that incorporate their
physical properties, such as observed mass and charge. The
relativistic NN potential used in this work (Kharkiv potential)
was originally obtained in Ref. [34]. Applications of this po-
tential to describe deuteron properties are given in Ref. [35],
while its extension to the three-nucleon (3N) system can be
found in Refs. [36-38] and the recent modern exposition [39].
Following our recent work [40], we employ a fully relativistic
framework and propose a way toward the gauge-independent
(GI) treatment. The latter can be achieved by imposing the
Fock-Weyl criterion (details can be found in Ref. [41]).

The electromagnetic current operators used in this work
are derived directly from the conserved Noether current of
the underlying meson—nucleon field model (we include 7,
p, 6, n, w, and o mesons) via its reformulation in terms
of clothed particle operators. Within the method of unitary
clothing transformation (UCT), the same transformation that
generates the relativistic NN interaction operator also in-
duces a new family of current operators. As a result, the
one-body, two-body and other many-body current operators
emerge on a common footing. In contrast to other approaches,
where MECs are often constructed separately from a poten-
tial and supplemented with meson form factors, the present
two-nucleon currents (MECs) are consistent with the NN
potential and the Poincaré group generators. In the course
of our studies, we encounter both isoscalar and isovector
MECs. The former were first derived in our studies devoted
to elastic electron-deuteron scattering [40,42], where only the
isoscalar components contribute to the reaction amplitude. In
the present work, however, we extend this construction to
include the isovector two-nucleon currents as well. The lat-
ter becomes essential when describing the deuteron breakup,
where both isospin mechanisms contribute to the observables.

This paper is organized as follows. In Sec. II, we introduce
the basic notations and definitions necessary for describing
the deuteron breakup process. Section III is devoted to the
underlying formalism of clothed particles, where we find
the essential links between the CPR and in(out) formalism
in the quantum field theory (QFT) [43]. This section also
details the construction of the deuteron state and the moving
np state within the CPR, alongside the derivation of the MEC
operators. It concludes with a discussion of the path toward a
GI description of the reaction. Finally, in Sec. IV, we present
numerical results and give prospects of our approach.

FIG. 1. One-photon-exchange diagram.

II. BASIC EXPRESSIONS AND DEFINITIONS

Within the one-photon-exchange approximation (OPEA)
(see Fig. 1) the d(e, €' p)n cross section for unpolarized par-
ticles in the laboratory frame can be written as

dc 402E"R
= = ""w,,, 1
= dEdQde, T ()2 g M
|
Wor = STl Fu(po, QF, (po. @)1, 2)

where neglecting the electron mass [, = (k,k, + kjk, —
guv k' - k)/2E'E is the leptonic tensor, g, is the metric tensor,
k= (E,K) and k' = (E’,K’) are the four momenta of the
incident and outgoing electrons, q = k — k’ is the momentum
transfer, p,, is the relative momentum of the np pair, « the fine-
structure constant, and Q> = q> — w® with w is the energy
transfer.
The kinematic factor R equals to

R= E,,|kp||:1 - &(ﬂ cos(q. k) — 1)}1, 3)
E, \ Ik,

where E, (E,) is the energy of the knocked-out proton (recoil
neutron) and k, is the proton momentum. Here F,(po, q)
denotes the matrix element

F (Do, q) = (W) sar |7 (0) [ Wing, ). )

where J*(0) = (Jy(0), J(0)) is the electromagnetic (e.m.)
Noether current density operator taken at the space-time point
x = (t,x) = 0 sandwiched between the initial deuteron state
!\IJI M, )' at .rest and final np-pair state |\IJ¢(1.,_p)oSM;> with spin S,
its projection M, total momentum q, and relative momentum

Po. Unlike

Fu(Pos @) = (W 5hr [0 (@) ¥nr, ), 5)

from Eq. (3) of Ref. [27] we handle F*(p,, q) defined by
Eq. (4), where, in general, the momenta p, and q cannot be
separated. Let us consider the coplanar case and introduce the
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FIG. 2. Proton polarization in the reaction d(e, ¢'p)n for the
coplanar geometry.

orthonormal basis
q k x Kk’
nZ = -, nY )
q lk x K|
assuming that ny and ny form the reaction plane (Fig. 2).
According to Ref. [44], one has

Ny =Ny X Nz, (6)

402E"? oy - 2 1 W
(Q—2)2 ,w—UM{f C+<§§+77> T
+%S+nWG+Ev§+nm}
2 96
£ = %, n=tan’ =, ©)

where oy, is the Mott cross section and 6, is the electron
emission angle.

The structure functions (SFs) W; (i = C, T, S, I) are bilin-
ear combinations of the amplitude (4) and determined in terms
of the hadronic tensor. The Coulomb function Wy = Wy
is determined by the longitudinal current component, while
Wr = 2Wyy and Wy = Wxx — Wyy depend on the transverse
current component only. The function W; = —Wxo — Wy is
the interference term.

It is important to emphasize that, when deriving Eq. (7),
the continuity equation

g, F"(Po.q) =0 (8)

was used to eliminate the matrix elements with longitudinal
current component.
In the coplanar case the proton polarization

_ Tr{o()FF'}
- SpFFT

in the reaction d(e, ¢ p)n with unpolarized electrons and
deuteron is orthogonal to the reaction plane

€))

P = Pny. (10)
By using condition (8) one can show that
4 2E/2R
UQP = —O(le)z l/w I}ZV
1
= O'M{szEC'f‘<§$+77>2T+(§+77)2S+§\/E+7721}7

an

where the polarization SFs %; (i =C, T, S, ) are related to
the components of the polarization hadronic tensor

T = FTr{e(1)F . (po, Q) F, (Po, 9)} (12)

are related by the same relations as those connecting W; with
W,.,. Here a(1) is the Pauli vector for the nucleon labeled by
1. In a theory that preserves both P- and T -invariance, one
can show that the proton polarization P vanishes when the
FSI contributions are neglected [27,45].

In the reaction d(é, ¢'p)n with polarized electrons and
unpolarized deuterons the proton polarization P, has a com-
ponent P’ related to the electron helicity A,

P, =P+ AP, (13)

where P is the polarization vector (10) in case of unpolarized
electrons. For the coplanar kinematics (6) the polarization-
transfer vector lies in the plane and its components are given
by

00Py 7 = ouRA{ES] + I+ EDNY), B =0,
(14)

where the interference X and the transverse X’ SFs are given
by

X =i[Zoy — Zyol, X =i[Zyx — Zxyl. (15)

Thus, the transferred polarization P’ depends on reaction
amplitudes that do not appear in the so-called induced
polarization P. In contrast to the latter, the transferred po-
larization does not vanish when FSI is neglected. This
circumstance can be used to extract additional information on
the electromagnetic properties of a bound nucleon (e.g., the
neutron) under conditions where FSI and MEC effects can be
neglected.

III. UNDERLYING FORMALISM

At the beginning, we would like to recall the physical
content of the CPR (its systematic exposition can be found
in Refs. [31,32,46]).

A. Concept of clothed particles in quantum field theory

In the conventional formulation of QFT the Hamiltonian
H = H({a}) = Hr({oe}) + H;({a}) is expressed through the
set {«} of the creation and destruction operators for the bare
particles. In such a bare-particle representation (BPR) even
the simplest H eigenstates, viz., the physical vacuum and the
states of the observed particles, are infinite superpositions of
the bare states. Formally, this occurs because the interaction
H; =V + (renormalization terms) contains the so-called bad
terms [e.g., of the types b'ba" and bidTa’, where af (', dt)
creates a bare meson (nucleon, antinucleon)] that prevent the
no-particle (bare vacuum) state and the one-particle states
from being the H eigenvectors.

The key idea of the clothing procedure, put for-
ward by Greenberg and Schweber [30] and developed in
Refs. [31,32,34,46], is to reformulate the theory in terms
of new creation (destruction) operators {c.} that correspond
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to the clothed particles, i.e., the particles with their observ-
able properties (physical masses and charges). The transition
{a} = {o} is realized via the unitary clothing transforma-
tions W = exp R (R" = —R) that leave the Hamiltonian intact,

H =H({a}) = W{aHH{aHW ({a.}) = K(fa})
= Kr(fa.}) + Ki (e ), (16)

so one and the same operator H acquires in the CPR a
new decomposition into a free part Kr = Hr({ct}) and an
interaction K; between the clothed particles. The generator
R is chosen to remove the bad terms from the interaction,
which for the first clothing transformation is provided by the
condition [R, Hr ({at:})] = —Vpag. Here V. = V ({a.}) denotes
a primary interaction expressed through the clothed operators.
In the case of interest it is sum of the Yukawa-type (scalar,
pseudoscalar and vector) meson—nucleon couplings entered
the Lagrangian density £aqy. In general, one divides V =
Vbad + Veood» where the term “good,” as an antithesis of “bad,”
is applied to the operators that destroy both the no-particle
state (physical vacuum) and the one-particle states (e.g., of the
type b blb.b.). In this respect, all the Yukawa-type vertices,
being linear in the meson operators, are bad, and the generator
R determined by the condition above is of the first order in the
coupling constants.

By construction, the physical vacuum (the lowest H eigen-
state) coincides with the no-clothed-particle state |€2),

a.(k)|2) = bo(pn)|2) = d.(pr)I2) =0, ¥k, p, p, (17)

while the one-clothed-particle states, e.g., bj’,(pu)|§2), are the
H = K({a.}) eigenvectors with the physical masses,

K({ae)) bi(pu)|Q) = E bi(pp)|K)
= K ({a.) bl(pu)IQ) =0, (18)
with energy E = /p? + m? and observable nucleon mass m.
The same is valid for the clothed meson and antinucleon
states.

The new interaction Kj is evaluated with the help of the
Campbell-Hausdorff expansion

H = "D Hp({ac)) + V({ac))
+ Mren({te}) + Vien({ore e RD
= Hr({ac}) + V({ac)) + [R, Hp] + [R, V]
+ 3[R, [R, HF]l + 3[R, [R, V1]
+ 3[R [R[RHF I+ - . (19)

Taking into account that V = V,,q for the Yukawa-type
couplings and omitting the mass (M) and vertex (V,) renor-
malization counterterm contributions (the latter are canceled
step by step in the course of the clothing procedure [47,48]),
one finds

Ki(fae}) = 3[R, V1+ §[R.[R,V]]
+ §[R R R VI + -, (20)

where every subsequent commutator raises the order in the
coupling constants. The second-order term of this series em-
bodies all the two-body interactions between the clothed

particles, viz.,

K?({a.}) =K(NN — NN) + K(NN — NN)
+K(NN — NN) + K(MN — MN)
+ K(MN — MN)

+ K(MM — NN)+ KN - MM"),
2D

where M (M) denote the clothed mesons involved. The
operator K(NN — NN), being of the structure blbzbcbc, de-
termines the relativistic NN quasipotential in the one-boson-
exchange approximation, i.e., the interaction is generated by
the exchange of a single scalar (o §), pseudoscalar (7, 1), or
vector (p, w) meson between the two nucleons. To regularize
the corresponding quasipotential, cutoff functions are intro-
duced at the meson-nucleon vertices. The resulting relativistic
quasipotential, referred to as the Kharkiv potential [34], gener-
ates both the deuteron bound state and the np scattering states
considered in the present paper.

In the higher orders one obtains, along with the correc-
tions to these quasipotentials, the interactions of new types,
e.g., the operators K(NN — MNN) of the g order that
are responsible for the meson production in nucleon-nucleon
collisions [32]. It should be noted, that the first clothing trans-
formation generally generates new bad terms of higher orders
through the commutators appearing in the expansion (19).
These higher-order bad terms must, in turn, be eliminated
by subsequent clothing transformations. Thus, the clothing
procedure is iterative and produces a sequence of unitary
transformations designed to remove bad terms order by or-
der. Let us stress that, unlike the Okubo-type transformations
[49] aimed at the block-diagonalization of H, the clothing
procedure does not diagonalize the Hamiltonian. As shown
in Ref. [46], K({«.}) acquires a sparse structure, with much
more zero matrix elements.

In the instant form of relativistic dynamics, the interactions
enter not only the Hamiltonian but also the boost generators.
It is important that one and the same transformation W re-
moves the bad terms from all the generators of the Poincaré
group simultaneously [31,50], giving rise, in particular, to the
decomposition of the boost operator B = Br + B, used in
Sec. IID. Moreover, being applied to the Noether current
density, the same W generates the family of the one-body
and many-body current operators (see Sec. IIIE). We see
that this procedure suggests an original way in the renor-
malization theory [47,48,50], that allows us to reproduce the
known Feynman results, at least, in the first order in coupling
constants. It would be interesting to know whether such a
reproduction in higher orders takes place.

In what follows we allow ourselves to recall a few details
concerning the in(out) formalism in QFT [43]. We do it,
keeping in mind that this topic is not popular amongst the
nuclear and few-body physics community. Meanwhile, this
formalism, being combined with the CPR, leads to consistent
calculations of the reaction amplitudes and observables for the
processes of interest.

044006-4



FIELD-THEORETICAL DESCRIPTION OF THE ...

PHYSICAL REVIEW C 114, 044006 (2026)

B. Reaction amplitudes in the in(out) formalism

In this subsection we will show how within the field-
theoretical description the amplitude for an electron scattering
off a hadron system in the OPEA can be reduced to the
expression

em, ] (1))
T = —=8(p' + k' — p — D, (kv u, (k) ———,
r= b0 P = DK e

(22)
where m, is the mass of physical electron, u.(k) = u.(ko)
electron’s Dirac spinor with 4-momentum k and polarization
o and J;'(0) is the hadronic current density operator at the
space-time point x = (¢, x) = (0, 0), that is sandwiched be-
tween the initial |k) and final |4’) hadronic states.

In this context, it seems pertinent to address a field model
for interacting particles, viz., let us consider the Lagrangian
density

L="LotLy+Ly+Lye+ Ly (23)

for interacting electrons, hadrons, and photons, where after
Schwinger we have

i - i _ ms -
Ee = Z[wes V“aMWE] - Z[auweyuv Ipe] - 70“”67 wg]»
(24)
Ly =Ln+ Ly + L, (25)

i - i - my -
Ly =¥ yHouv] — Z[S,uﬂl/“, V1= .yl (26)
Here the density £y, consists of the pionic (pseudoscalar) part

EM = %[aﬂgop.ya“(ops - M%(ois] (27)

and heavier meson contributions, while Ly = L; + L5 +
L, +--- is the density of the meson-nucleon interaction.
Here s, ps, and v stand for scalar, pseudoscalar, and vector
couplings. We use notation m, mg for the electron, nucleon
bare (trial) masses, respectively, and e, for bare electron and
proton charge.

Electromagnetic interactions with the lepton current J/* =
%“[er, y*,] and the hadron current J, = Jy + Jy, where

Iy =41, y* =y are given by

Lye=T"A, = A, (28)
Loy = JA. (29)

At last, the Lagrangian density for the radiation field after
Stiickelberg is defined as

L, = ! F™ l(aA)2 + szz (30)
oo 2 277
with infinitesimally small photon mass A. 0A = 0,A*
is the divergence of the e.m. field vector A =
(A%(x), A" (x), A% (x), A*(x)).

Note also that these currents originate from the so-called
minimal substitution 0* — 9* + iegA*. Introduction of non-
minimal currents is a separate problem, but their inclusion
does not violate the gauge invariance of the theory.

The corresponding Euler-Lagrange equations

(la - mO)I/fe = eOAI/fev (31)
Te(—idf — mo) = eored, (32)
. AL 1+ ¢
(id — m)y = 8?;” +ead——v. (3
. oL 1+ 7% -
(=i — mb) = 8;“ Yoo 2’ A, (34)

OA* (x) = JH(x) + J(x) = J*(x), (35)

where we introduced the symbol ) = y,,O* for any vector O
and H;Z is the proton isospin projection operator.

Using these equations we would like to address the reduc-
tion technique within the in(out) formalism, in particular, the
so-called asymptotic LSZ approach (see, e.g., monographs by
Schweber (1961) [51], Goldberger and Watson (1964) [45],
Bjorken and Drell (1962) [43]). In this context, relying upon
the previous experience (see Ref. [52] and Appendix B in the
Ph.D. thesis in Ref. [42]), one can show that the S-matrix for
an electron scattering off a hadron system #,

et+h—e+H, (36)
with the conservation law k + p = k' + p’ is given by
(f|S]i) = (e'I; out|eh;in)
me _ ’
eoite (k )Vuue(k)

VvEE'
(n'1J*(0)|R)
X -5

=2mi

S(p+k —p—k), (37

where m, is the mass of the physical electron, ¢*> = (k' —
k)? = p - p)2 is the 4-momentum transferred, u.(k)=
u.(ko) is the electron’s Dirac spinor with 4-momentum
k and polarization o. The matrix element (k'|J*(0)|h)
can be replaced by (h/IJ;f(O)lh) since, first, JX(0) =ep :
Y.(0)y*¢(0) : with the symbol : : for the normal ordering
of operators, and, second,

(B : Ye(O)y" ¥ (0) : [h) =0, (38)

with accuracy up to terms of the e' order. In addition, assum-
ing that ey — e O(ée®) we can resort to the OPEA

m,
VEE'

(W'|J; (0)|h)
X —q2

(¢'l;out|eh;in) = 2mi eit, (k' )y ue (k)

S(p+K —p—k), (39

with the matrix element (h/|J}’f (0)|h) between the strong
Hamiltonian (Hs = Hy + Hy, + Hyy in our case) eigenstates.

In this respect, the UCT method [31,46,53] has an advan-
tage allowing us to build up new interaction operators [34]
and solve the respective eigenvalue problem nonperturbatively
[54]. In the CPR all ingredients of matrix elements

(W st |1 0) | g, ), (40)

namely, the hadron states and current operator, can be consis-
tently found within the field-theoretical calculations. This is
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achieved, in particular, via certain links between the in(out)
and clothed particle states.

C. Links between the clothed particle representation
and in(out) formalism

Recall that along with the one-clothed-particle states there
are other one-particle states which are the H eigenvectors as
well. In Ref. [55] there was presented the equivalence theorem
that connects the definitions of the S-matrix within the in(out)
formalism by LSZ and the CPR approach. It has turned out
that the S operators that are determined by the time evolution
from a distant past to a distant future, for the two decomposi-
tions H = H({a}) = Hr + H; and H = K({a.}) = Kr + K|,
being sandwiched between the bare states and the correspond-
ing clothed ones are equal to each other. Such a coincidence
becomes possible owing to certain isomorphism between the
{ac} algebra and the {«} algebra once the UCT obey the
asymptotic condition

lim Wp(t) =1, 41
t—+00

where the UCT in the Dirac (D) picture Wy (¢) = e/lF' We=iHr!
and the limit is implied in the strong sense.

As well-known, when evaluating the S matrix in the
Heisenberg (H) picture,

Sit = (f;out|i; in) (42)
one has to deal with the in(out) states (see, e.g., Ref. [45])
Iy -+ Kpsin(out)) = a0 (K1) -+ afy o (K)IQ), (43)
in particular, one-particle state
Ik;in(out)) = af ,, (K)IK), (44)

where |Q2) is the phy51ca1 vacuum. The creation (destruction)
in(out) operators am(out) (@inoury) meet the same canonical

commutation relations that clothed ones aI (a;) do. By

definition, the in(out) states are eigenvectors of the energy-

momentum operator P* = (H, P),

P!k - Ky in(out)) = (kj' + -+ - + k) [K; - - - Ky inout)),
(45)

with k* = (Ey, K).

In Appendix A one can find (see also Sec. 4 in Ref. [55]
and Ref. [42]) the derivation of important relations between
states in the CPR and in(out) formalism for the one particle

Ik:inout)) = af,,, K)IR) =alK)IQ)  (46)
and two particles

ki, kosin) = a (ki)a] (ky)|2)

= QMal(k))a) (k)Q), 47
|k17 k2; Ollt) = out(kl )aout(k2)|9>
= Q7al (k1)a) (k)Q), (48)

where Q(*) denotes the Mgller operators

QF) = lim exp(iKt)exp(—iKrt). (49)
t—Foo

These relations hold under the condition (41). To some extent,
relation (46) does not seem unexpected, since both one-
particle clothed and in(out) states are the H eigenvectors. Of
course, it does not mean that dinou)(K) = a.(k)!

Furthermore, one should keep in mind the following recipe
of practical calculations with

QPNE;c) = QFE)E;c) = +i limoeG(E +1€)|E; ),
€—
(50)
where we have introduced the notation G(z) = (z — K)~' for

the Hamiltonian resolvent. In its turn, the resolvent can be
expressed through the corresponding 7' or R operator to make
a path to known methods. Just such an approach has been used
in papers [34,54] when studying the properties of two-nucleon
systems. Evidently, the appearance of these operators reflects
the inclusion of the initial (final) state interaction effects into
entrance (exit) reaction channels.

D. Deuteron and np-pair states in the CPR

Working in the two-nucleon sector of the Fock space, the
initial and final states in the rest frame can be represented as

| ¥} = / dp’ |p'S' M) (p'S'M | Wy,

= / dp' Wy, (p'S'MY)|p'S' M), (51)
|‘I’0 pSMs> = |‘I’pSMg> = /dp/|p/S/MS)( /S/MS|lepSM;)
= [ av v @S mp's M) (52)
where
11 : ;
PSMs) = 3 ( 5 1 5 2|S Ms | BL(p1)BL(—Pp2)IR).
123V2%]

(53)
These states are the P =

P|Wy,) = (mg, 0)|Wy,),

(H, P) eigenvectors, viz.,
P|\IlpSMg> (2E ’0)|\IlpSMg>
(54)

with E, = \/p? + m?, where p is the relative momentum in
the rest frame and m (my) is the physical nucleon (deuteron)
mass.

Further, according to Appendix B of Ref. [34] the basis
vectors (53) are the common eigenstates of the operators S2
and S

ferm*

ferm

pSMs) =

=5(S + DIpSMs),
Ms|pSMs). (55)

ferm

Then the np-pair states are also S2.__ eigenvectors

ferm

Sferm| W pSMs Z / dyp’ \IlpSMg(p SM)S7m [ D'SM5)

= S(S + D[ W50 (56)

044006-6



FIELD-THEORETICAL DESCRIPTION OF THE ...

PHYSICAL REVIEW C 114, 044006 (2026)

The latter follows from the fact that our Hamiltonian is diag-
onal with respect to the spin quantum numbers

(p'S'"Mg|H|pSMs) = 855 (p'SMg|H|pSMs).  (57)

The C-number coefficient Wy, (pSMs) can be written in
terms of the S and D components of the deuteron WF in
momentum space

W, (P1Ms) = Z(lmlesl1Md)uz(lpl)Yzm,(f))- (58)
1=0,2

They have been already calculated in Refs. [38,56].
In a moving frame the corresponding np-pair state can be
found via the link

|\Ijn(1 P>OSM5> = BH’pSM;) (59

This relation is realized with the boost operator B = By + By,
where its free part Br is determined via the Belinfante ansatz
Br =— f xKr(x)dx and Kr(x) is the free Hamiltonian den-
sity. Perhaps one should note that the required P|\IJq o SM5>
(Enp, q)|\IJq posus) Tollows from the property of the energy-
momentum operator to be four-vector, viz.,

PEple P = P'L(B), (60)
Uugp —Uj
Llf,(lg): , (61)
A

with the Lorentz transformation (2Ey, 0) = (E,, = Ex, +
Ex,, q) = P and 4-velocity vector

w

u" = (up, u) = (chB, nshB) = " (62)
Er%p - q2

Relative momentum in the rest frame p is expressed through
q and p, in laboratory system as follows:

. + 4
:p0+%+<u (po 2)

1 + up
To meet Eq. (60) it is sufficient to meet the Lie-Poincaré
commutation relations

p(po- 9) — Epo+;>u. (63)

[H,B]=iP, [P,B/]=is"H. (64)

To apply Eq. (59), one can employ the following operator
relation:

e iBBr+B) _ Z(e—iﬂBFBleiﬂBF )e—iﬂBF , (65)
where the operator Z is a measure of noncommutativity of

the operators By and B;. In this context, let us consider the
relation

e‘[(a+b) — Z(,L_)e‘ra (66)
for arbitrary operators a and b (in our case a = —if8 - By and
b = —if - B;), where the operator Z(7) meets the equation

0Z
a(T) — Z(1)e™be . (67)
T

Recall that the similarity transformation in this equation is the
Campbell-Hausdorff series

X _n

T
e he T = Z ;[a[a e

la,b]]---]. (68)
n=0 " n

There are different ways on solving the equations similar to
Eq. (67). First of all we keep in mind those based on the
Baker—Hausdorff and Magnus theorems [57,58].

Taking into account Up (L) = exp(—iBBr), the separation
(65) allows us to use the property

e PP b () = DT WL, p)b LpR).  (69)

to get
[1/2]
|\Ijq poSMs> /dp ‘I’pSMS(P MIMZ)DM/M’I W(L, p"))
x DLW (L, p/))Z(e B B,

Mzu
'WObL(LP_ 1)), (70)

X bc (Lp
where the D function depends on the Wigner rotation W (L, p)
and we introduced three-vectors

@) =L,p", (Lp ) =L,p", (71)

with p/ = (Ey,p’) and p_ = (Ey, —p’). We will confine
ourselves to calculations with Z = 1, i.e., we neglect the in-
teraction term in the total boost operator.

Now, let us address the partial wave decomposition of the
np-pair final state in the rest frame

(=) (=)
<\ijSMgT0 _(‘ljpSM (T0l, (72)
ie.,
(=)
(“I"pSMSTO |p'S/M§T’0)
Joax J

=S558 Y > Vin(P)UImSMs|IM,)
J=0 M;=—

X W (p ) (U'm! SMETM )Y, (B), (73)

where we restore the indices for the total isospin 7 and its
projection M7 = 0, Jax is the maximum value of the total an-
gular momentum in the np-pair partial-wave scattering states
a = {J, S, T} and summation over [, I’ as well as m and m’ is
implied. Here we use the basis vectors

[pJUSM;TMr) = /df’Ylml(p)|pSMSTMT>(lmISMS|JMJ)
(74
and vice versa
IPSMsTMr) = (ImSMg|IM;) Y, (D) pJ(ISYM;T Mr),
(75)

with the unit vector p = p/p. Details of the construction and
physical properties of this basis can be found in Appendix B
of Ref. [34].

The partial waves \Il"l(lj,[)( p’) are related by

el () = 05 ()% (p), (76)
l/!
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with the WFs ¢7,, (P'), which have the asymptotics of stand-
ing waves. The latter meet the equation

1
ﬁfs(l?/ —p)y +P R, (P p), (TT)

J

(ﬂaz/z(P/) = -
P E,—E,

AYE)

Ao (L) _
0 (P)—( %(Aoi(i)_

where &, is the mixing parameter, while for uncoupled partial
waves (I’ = | = J) we have 0“®)(p) = A*®). The quantities
A“(i) (A*®)) can be expressed through the corresponding
phase shifts 85 = 8%, (8%): A*®) = exp(&is®) cos §°.

To get expressions for the partial states of standing waves,
we will employ the so-called matrix inversion method [60].
Let us consider the typical integral of the generalized func-
tions

1= /0 o(@h(q)q’dq, (79)

with A(q) from the class of functions on which the quadrature
calculation scheme works. Using Eq. (77) one can show

N+1
I'=hN+1)=Y QpiR(j. N + Dh(j)
j=1
N+1
=Y B, (80)
j=1
B(j) = 8jn11 — PRGN + 1), (81)
SO
N+1 )
o(p) = Z B(j) PP (82)
This idea can be applied to all partial standing waves:
pan 5(p' —pj)
ol () =3 B ()L P, (83)
Jj=1 pj

where coefficients le ,(j) are the solutions of the set of linear
algebraic equations approximately equivalent to the underly-
ing Lippman-Schwinger type equation for the n-p scattering
problem in c.m. system. Here N is the number of Gaussian
nodes on the interval [—1, 1], p; are the corresponding grid
points and py+; = p (see details in Ref. [61]). It is impor-
tant to stress that the representation (83) should be meant
in an integral sense. Previously this method was success-
fully applied for the treatment of the final—state interaction in
Refs. [27,62,63]. In Appendix C one can find an additional
test of our np-pair WF calculations.

E. Current density operator in the CPR
without partial wave expansions

Our matrix elements (4) with the states (51) and (70) are
reduced to the expectation value with respect to the physical
vacuum |€2),

(Lp' pi, LpZ polJ" (O)ppr, —pia), (84)

cos? Ea —i—A *®) gin2 Ea

‘j‘r(i)) sin 2ée,

where elements of the R-matrix satisfies its own Lippman-
Schwinger type equations. For coupled partial waves
(I',1 =J £1) the matrix O“*)(p) is parametrized as in
Ref. [59],

1 a(E) a(E)y o
(AT — A7) sin 2¢,
2 * , (78)

A*Fgin? g, + A‘fr(i) cos? g,

(

where [py i1, Pait2) = bL(P1 1Bl (P212)IK2).
The Noether current operator J(0) in the CPR can be found

by using the Campbell-Hausdorff formula [31,34,40]

JH(0) =eRJ - (0)e ®
=JLO) + [RIL O] + 3[R, [RILO)]] +
(85)

where J#(0) is the primary Noether current in which “bare”
operators {«} are replaced by their clothed counterparts {«,}
and R is the generator of the clothing transformation W =
exp(R). Remind that the Noether current density J*(x) =
Jy (%) + J(x) in the Schrodinger (S) picture consists of the
nucleon part

Jy(x) =e: Px)y" 1+ tzlﬁ(X) . where y = < Vi )’
Y12
(86)

and mesonic one. For the latter, we have the following defini-
tions:

JO( (X) =e: [‘p[)g(x) X aa(p[)v(x)] (87)
JEx) =e: [p,(x) x @) :, (88)
JEx)=e: [@2F (x) x @, 4N 1, (89)

with the isovectors ¢.

Decomposition (85) involves one-body, two-body and
more complicated interaction currents that are often called the
MEC:s, if one uses the terminology which is adopted in the
theory of e.m. interactions with nuclei.

In Eq. (84) the current density operator J*(0) is sand-
wiched between the clothed two-nucleon states. As shown in
Ref. [40] for such expectation values the current J*(0) will
contribute only with its one-body J;; and two-body Jjo) parts

(P 1}, Phus I (0P a1, P2i2)
= (P iy, Pams () + J0)) IP1sts Pasea),  (90)

which, in general, can be written as

iy = Z/dp'dpF"(p/u’,Pu)bI(P/M’)bc(pu), o1

Ty= 2

WYYy 2

/ dpdpydpi1dp2Fiec

X (P) ), Poitss Pitts Pait2)bl (Pl i)
x BL(Py )b (P11 )be(Pafiz)- 92)
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FIG. 3. Illustration of the mechanisms that contribute to the mesonic current Jqcc. The blue dot corresponds to the cutoff function g4 at

the nucleon-meson-nucleon vertex (see Appendix B).

The C-number functions F* and FI\‘,I‘EC can be found from
the series (85) by separating the respective b!b,. and b!b!b.b,
contributions

J[]] = JC(O)bj’b( + [R, JC(O)];,'L[[,C + %[Ra [R, JC(O)]]bIbL +--
J1 = Je @)y 5, + [R, T (O)yipi .
+ %[R, [Rs JC(O)]]b;’leb(b( + - (93)

It is important to stress that the many-nucleon currents intro-
duced in such a way do not depend on the choice of states
between which we calculate the amplitude. In particular, it
means that the one-nucleon matrix elements

(P’ I (O)pp) = (p'w [inlpu) = F('i', pu),  (94)

where |pu) = bj(pu)IQ) and the operator Jjj; is the same as
in Eq. (90).

For the one-nucleon current we have an alternative way
to find the function F(p’'w/, pit) than from the series (93). It
follows from the observation that the primary Noether current
density, being sandwiched between the one-nucleon states,
yields the usual on-mass-shell expression

Frp'u, pp) = u(W)[F] [(p' — p)"Iy*

+ ia’“sz[(P/ - p)z]}u(pu),

2m
95

in terms of the Dirac (F;) and Pauli (F>) nucleon FFs (see,
for example, p. 242 in Ref. [64]). That fact allows us to use
the form (95) to determine the C-number coefficient in Eq.
(91) instead of evaluating the infinite number of contributions
in the series (93). It is impossible for the two-nucleon contri-
bution that can be interpreted as a meson exchange current,
so the determination of Fypc requires sequential evaluation
of the [R, - - - [R, J.(0)] - - - ] commutators. The total hadronic
current density J. composed of the meson J . and nucleon
Jn.c currents so the two-nucleon meson exchange current den-
sity also composed of the two parts,

Jor = € Ur.c(0) + In.c(0)e Ry, = Irce +Imww
(96)

with the so-called mesonic Jaqcc and seagull Ja vy currents.

It is important to note that the single-nucleon form factors
in Eq. (95) depend on the four-momentum transfer to the
individual nucleon Q]z\, = —(p' — p)?, rather then on the four-
momentum transfer to the deuteron as a whole. The latter is
fixed by the electron kinematics

0* =q*> — o’ 97)

In general Q% # Q7, even when the final-state interaction and
meson-exchange currents contributions are neglected. Indeed,
in the plane-wave impulse approximation, the form factors
depend on

O =4*— (E, —E,)* = Q>+ E, — mg)(2E, — my) > Q*.
(98)

Hence, the squared spacelike momentum transfer experienced
by an individual nucleon is larger than that transferred to the
deuteron as a whole. Similar treatment of one-body currents,
with the nucleon form factors depending on the momentum
transferred to the struck nucleon rather than to the nucleus as
a whole, have been employed, e.g., in Refs. [65,66].

In Refs. [40,42] using the recursive technique for comput-
ing the multiple commutators from Ref. [32] we considered
the first nonvanishing contribution to the two-nucleon cur-
rent from the series (93) that stem from the commutator
%[R, [R, J*(0)]]. Thus, we have found Fl\’,fEC for the model
of interacting clothed nucleons and 7, p, w, 1, §, © mesons.
Explicit expressions for the MEC operators can be found in
Appendix B. The interaction mechanisms embodied in these
operators are depicted in Figs. 3 and 4. In the right-hand side
of Fig. 3 (Fig. 4) one can see all the separate contributions
to the mesonic (seagull) current that are wired to the sim-
ple graph in the left-hand side of the corresponding figure.
Being topologically equivalent to the time-ordered Feynman
diagrams, these graphs have a different interpretation: they
are related to one and the same instant t = 0, so each of
them is associated with a pair of the noncovariant energy
denominators, the three-momentum being conserved in every
vertex with all the particles on their mass shells.

At this point, let us discuss the distinctive features of our
MECs in comparison with several other models proposed
in the literature. In Sec. IV our numerical results are com-
pared with those of Ref. [27], where the MECs of Maize
and Kim [67] were used. Their mesonic current and seagull
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o R T o —®

FIG. 4. Illustration of the mechanisms that contribute to the seagull current Jaqyy: the “retarded” ones are shown in the two top rows
and the “advanced” ones in the two bottom rows. The blue and orange dots correspond to the cutoff functions g and g4, respectively (see
Appendix B).

current (called the “pair current” in Ref. [67]) are given by

. lgi 2 k2 - kl nNN(kl) f;%NN(kZ)
e =—8 k)02 - k , 99
Jnce = 5 0y =(Q9)[T1 x 121,01 - Ky)(02 Z)k%—k% K m K +m 99)
and
ig v (02-ky)oy n  (o1-kor , )
j —F T XT —_— kj) ——————— ki) |, 100
baww = g m o (Q)z) x T2 Kt Sann(k3) 12§ 2 Sann (K7) (100)
with momenta k; = p; — p}, k, = p» — p5, 7NN vertex cutoff function
2 _ 2
frann(K*) = A’§+k§, (101)

e.m. pion FF F;, and isovector nucleon FF FV = F/” — F|". Being derived from Feynman diagrams, these expressions represent
the matrix elements defined only on the energy shell. In contrast, in our approach we have no need to “invent” any analytical
extensions to the off-energy-shell region. For comparison with Ref. [67], we consider the nonrelativistic reduction of the two-
nucleon matrix elements of the pion-induced currents (B9) and (B13):

j ky — Ky | fann (KD) fronn (K3 n v (K3
(1, 2'rccl1,2) ~ %[n X T, (07 k1)(02-k2)k§_k% [f ”Nf(];lfm”g”( d —fNNf( )+ v (i )}, (102)
j -k k
(1, 2" Jennl1, 2) =~ %[Tl X T2, [ti_'_—;);ﬁfﬁ,\,,\,(kg) - (aklz—l)azanN(kz)] (103)
2 T 1 Jr
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Note that the cutoff function (B7) reduces, in the nonrel-
ativistic limit, to Eq. (101), whereas the time components
(r, 2’|J°CC vyl 2) are smaller by two orders in |p|/m
than the spatial ones. The expressions (102) and (103) differ
from the Maize—Kim currents in two aspects. First, they do
not contain the phenomenological e.m. pion F, and isovec-
tor nucleon F]V FFs. Second, the cutoff dependence in the
mesonic current is different: Eq. (102) contains the product
fﬂNN(k )fﬂNN(kz) whereas Eq. (99) contains szN(k ) and

2 v (K3). Therefore, in the nonrelativistic limit our pion-
exchange MECs reduce, up to an overall normalization factor,
to the Maize—Kim currents if one sets F, = F}’ = 1 and takes
the cutoff parameter A, — oo.

One may also compare currents (102) and (103) with those
from Ref. [19] (see Eqgs. (A2) and (A7) therein). The only
difference is the presence of the isovector FF F,” in the latter.
The authors of Ref. [19] also provide relativistic corrections

J

(1/ 2/|JLYNN|1 2)

2
k3
eg%r ( e ) oNN
4m> (27 )0 K3 +m

to these currents, but a detailed comparison with those terms
is less straightforward. In addition to the mesonic and seag-
ull two-body currents (called exchange and contact currents,
respectively, in Ref. [19]), they include A-isobar currents and
the so-called dissociation currents associated with the ymp
and y 7w vertices. Such mechanisms are introduced there in a
nonminimal way and are absent from our primary Lagrangian.
We plan to consider such extensions of the considered field
model in future research.

It is also important to emphasize that the currents (99) and
(100) are purely isovector, whereas our MECs contain both
isovector and isoscalar contributions. For the pseudoscalar-
meson exchange, the isoscalar currents are suppressed in the
nonrelativistic limit (1’, 2’|J§NN|1, 2) ~ 0, while the scalar-
and vector-meson exchange generate nonvanishing isoscalar
currents. From Eq. (B14) we get

{(P1 +p)) —ilor x (ki +k)]} 4+ (1 < 2). (104)

The corresponding result for the vector boson (w meson) exchange presents as

(r,2 |J”NN|1 2) ~

4m2 (27 )6 K2 +

Here we have also assumed 4m?* >> m2

&(pﬂ )QZWN_(kz){( 2+p2)_<

&>i[(01 +02) x kz]} + (1 < 2). (105)

w

- For the mesons with isospin 7 =1 (8, (1) and p), one should replace 1 + z{

71 - T2 + 75. The expressions (104) and (105) have much in common with the isoscalar currents derived in Refs. [68,69]. For
example, compare them with exchange currents in Egs. (Ala) and (A.1b) of Ref. [68]:

%o

Jony = m(l +1{) 5 e

ois eg%u
Jonn = m(l + Tz)kz m

{(P1 +p) —ilor x (ki + k)]t + (1 < 2),

{(P2+P2)—< ?)i[(al‘l‘az)sz]}‘i‘(l < 2).

(106)

(107)

Once again, these expressions coincide with Egs. (104) and (105), up to an overall normalization factor, in the limit A, — oo.

To summarize, the main features of our MECs are:

(1) They are consistent with the nuclear Hamiltonian in the CPR.

(2) Instead of a common procedure of extracting MECs from the Feynman diagrams and extrapolating them to the off-shell
region, we derive our MECs just from the given conserved nucleon and meson Noether currents.

(3) The MEC operators do not depend on the choice of states between which we calculate the amplitude that considerably

expands the range of applications.

(4) They contain both isovector and isoscalar contributions. The latter are often omitted in other approaches, although they
are essential, for example, in elastic ed scattering, where isovector currents do not contribute.

(5) Our approach produces relativistic expressions for the MECs, without any nonrelativistic reduction. This allows us to use
them in a broad range of energies and momentum transfers.

F. Details of computations

Using the commutation relations (B5) and the antisymmetric property of the deuteron WF, we get

F(po.q) =2 / dp'dp” Wy (' )Dy (W (L, p )DL W (L, pl))

where the C-number function J*(p i}, p3u5; Pi1/41, P2i2) consists of the one-body and two-body terms

Raih
X {JHLp' y, Lp_ iy, " iy, —p p2) + JH(Lp”_ph, Lp i, —p" w2, P ) MW, (7 i1 i22), (108)
(109)

JHPI Iy, Pakty P, Pafta) = Ji (PYAG s Paas Piitts Paia) + Il (P 4Y, Pals: PLikt, Patka),
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with
Jh LY, A Pikt, Patt2) = 8(Py — P2)8uy, FY (PY Y, PLiv), (110)
Il (PI1Y, Paty P11, Pafta) = —Fyee (PG, Pala PLiLt, P2fk2). (111)

Recall that in Eq. (108), p is the np-pair relative momentum in the rest frame that is given by relation (63).
Further, it would be helpful to show the spin dependence of the quantities (109). Relying upon previous experience [27] it
can be done as follows:

JULp Wy, Lp_why, p 1, —p m2) = (wips I (@', Py @)l a2)

= Y (Wiuhl{on (1) ® 01, e i1 p2) (0, 9, @), (112)
kiky ki

with the irreducible tensor product {0}, ® oy, }x of rank k and the spin-tensors ooy = I, 01, = (0),. Henceforth, (a),—o +1 = a@p +1
denotes the cyclic components for any three-vector a:
2
ay] = :|:£(ax +iay), ao=a;, da°" =(-Da. (113)

kika, i

The components of the spatial tensor J,,"*"* can be easily found by taking the traces

1
It p, Q) = FTU @, ),

1
I, p ) = JTU®, P’ @0t (1),

Olu 1 A/ K
®.p".q = ZTr(J(p,p , Q)0 (2)),

1
L0 @) = T[T p" @) Y ot (Do @)k Tralke) |, (114)

K1K2

where Tr(0) = 3, ,, (1142|101 ).
Substituting Eq. (112) into Eq. (108) we obtain the six-dimensional overlapping integrals

i, (o> Q) = [ dp"dp' (P, (), P Qur(p” )i, (B, (115)

1 1
'~ _q| )y, '~ _q). 116
P ZqD (" (p 2(1) (116)

Their measure is decreasing owing to the delta functions in the formula (83), while the remaining angular integrals in Eq. (116)
can be expressed through the quantities

so the one-body current contributes via the 3D integrals

2

o * /A 1
St (Do, @) = / dp' v, (P ()] (p/ - >q, (1>ML(

/ A/ A /\1 / 1
Limim (P, Q) = /dp Ykm(p/)YLM<p/ - EQ>ML(‘I) - Eq‘)- (117
In its turn, the Wigner-Eckart theorem allows us to express them through the reduced quantities aﬁ” v, q),
(2L+1)(2/\+ 1) , , T
Linm (P, q) = Z \/ T (AmLM|)' m + M)(LOLO|A'0) Yamim (@)a)” (P, q) (118)
[
(see details in Ref. [27]). That gives us analytic results for the G. Toward gauge-independent description

integrals (116) for a given deuteron WFs model.

We could reduce the integrals (115) to the two-dimensional
ones via the same technique, but here we prefer to proceed
more straightforwardly by addressing the Korobov integration
method [70]. This efficient method was successfully applied
in studying the two-body *He breakup by linearly polarized PV
photons [11]. ig =H{A, ¥V (119)

Following a remarkable research [71], the properties of
gauge invariance for a quantum-mechanical system that inter-
acts with an e.m. field can be formulated by considering the
Schrodinger equation
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and the gradient displacement (the gauge transformation after
Weyl [72])

A, x) = AL, X) = A, (1, %) + 9,6, x)  (120)

of the e.m. potential A*(¢,x) = (A%(t, x), A(¢,x)) at the
space-time point x = (¢, x) with an arbitrary function G(x).
This point is sufficiently delicate [71]. In particular, one has
to consider that the function G(x) has well-defined limits at
t = to0.

According to the fundamental idea by Fock [73], the theory
is gauge invariant if there exists a unitary transformation ¥ —
W’ = UV such that Eq. (119) remains unchanged in its form,
viz.,

oW’

— = H{A V. 121
i = HIA) (121)

This physical requirement is equivalent to the constraint

U . Gl
H{A)} = UH{AU" + iEUT = UH{AU" —iU——

(122)

imposed upon the Hamiltonian H{A,} of the system in the
e.m. field. Relations (121) and (122) give a constructive way
for the description of e.m. interactions of quantum systems.
We allow ourselves to call such a formulation the Fock-Weyl
criterion (see also the surveys [74,75] addressing the historical
roots of the gauge invariance principle).

Let us show how this criterion works for the reaction ampli-
tudes of interest. Using Eq. (22) the amplitude of the process
e+ i — ¢ + f within the OPEA, is expressed as

Ty = eu(e, (3 Py 1T, (0)i; ), (123)

with the virtual photon polarization vector ¢,(¢’,e) =
it (k")yue(k). The initial |h) = |i;P;) and final i) = | f;Py)
hadronic states are the eigenvectors of the operator P* =
(Hy, P)
Hpli;P;) = Eili; Py), Pl P) = PilisPy),
Hy|f:Py) = Ef|f:Pys), PIfiPs) =Pr|fiPyp),

where H), is a model Hamiltonian for the system of interacting
meson and nucleons.

The current density operator J;'(x) = J*(t = 0, X) meets
the continuity equation (CE)

(124)

idivJ(x) = [Hy, pn(X)] (125)
or in more compact form
[P, J"(0)]=0. (126)

It is the e'-order consequence of the gauge invariance princi-
ple that has been formulated above (for details see Ref. [76]).
Of great interest is the GI condition (not to be confused with
the gauge invariance principle)

qu{f3sPi + qlJ(O)]i; P;) =0

that follows directly from the CE being sandwiched between
the exact P* eigenstates.

It becomes clear that the amplitude (123) is GI being
equal to zero after the replacement ¢,(¢’, €) — g, only if,
first, Eq. (126) fulfills and, second, the states |f), |i) are the
exact Hj eigenstates. The latter should be kept in mind in

(127)

practical calculations, when one has to handle approximate
states of a hadronic system. In this connection, let us stress
that the explicitly gauge-independent approach described in
the remainder of this section is not employed in the numerical
calculations of Sec. IV yet. Since all the components of the
current operator used there are generated by one and the same
unitary clothing transformation, the residual violation of the
condition (127) due to the adopted approximations is of higher
order in the coupling constants than the retained contributions.

In our consideration, to provide the GI of calculations, we
would like to make use of the extension of the Siegert theorem
(cf. Ref. [77]) proposed in Refs. [78,79]. This way allows us to
express the amplitude of interest in explicitly GI way through
the Fourier transforms of electric [E(q)] and magnetic [H(q)]
field strengths

Ty = E(q)Dit(q) + H(q)Mis(q),

E(q) = i(we(q) — qeo(q)), H(q) =iq x &(q), (128)

with Dis(q) and Mj¢(q) being matrix elements of generalized
electric and magnetic dipole moments of the hadronic system
containing the information on the nuclear dynamics

1
Dit(q) = i / dAVigl(Ef(Aq) — E})
0

x(f;Pi + Aq|p(0)]i: P)], (129)

1
Mit(q) = i/ AdA[V g x (fiPi + 2q|J(0)]i; Py)].  (130)
0

These equations have been derived using the GI condition
(126), the property of translational invariance

JH(x) = e XP J1(0)e* P (131)

and the formula [80]

1
ae™* = / dA(Ve((a-e)e™) +ir[e x [a x b]]e”"€),
0

(132)
with arbitrary vectors a, b, and c.
Within this approach the matrix element (4) now expressed
in terms of Dj¢(q) and Mt (q),

Fit = —iq-Dig(q), Fir = —iwD +iq x Mit(q), (133)

and satisfy the continuity equation (8) by construction. From
the practical point of view, Eq. (133) gives an opportunity
to study separately the influence of the electric and magnetic
components on the respective process. In our opinion, this is
an attractive feature of such approach.

Up to now, we have not paid attention to another important
property of the current density operator, viz., to be four-vector

ePBI(x)e BB = JV(Lx)L". (134)

In its turn, the latter leads to the so-called local analog of
the Siegert theorem
iJ(x = 0) = [B,J°(0)], (135)
that we encounter in Ref. [81] instead of Siegert’s relation

J(q =0) =i[X, D] (136)
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FIG. 5. Differential cross section (upper part) and induced polarization (lower part) of outgoing protons versus the neutron momentum
for the Saclay kinematics [4]. The azimuth angle (reaction plane angle) is fixed ¢ = 180°. (a) The results of Ref. [27] obtained within the
nonrelativistic approach with the Paris potential and pion-induced MECs by Maize and Kim [67]. Here the following calculations are compared:
PWIA (dash-double dotted curve), BA (dashed curve), DWBA (dash-dotted curve) and with inclusion of FSI effects and the MECs with
A = 4m, (A = o0) (solid (dotted) curve). (b) Calculations made within the formalism of the present paper. Here, the solid curve corresponds
to the calculation with the deuteron and np-pair WFs obtained within the CPR, as well as, pion-induced MECs.

for integral quantities
J(q) = / J(x)e'1™ dx,

D= /x]o(x)dx, (137)

H= /H(x)dx.

This result justifies the title of the article [81] and allows us
to restore the spatial part of the current J(0) from the time
component J°(0). In this context, the recipe for constructing
the boost operators B in the CPR has been given in Ref. [50].

The numerical implementation of such explicitly GI and
covariant calculations is underway.

IV. RESULTS AND DISCUSSION

This research extends the results [27,85] obtained in the
1990s. Therefore, let us compare our new calculations with
those pioneering experimental data and theoretical predictions
(see Figs. 5 and 6). In both calculations, the nucleon form
factors are taken from Ref. [84]. The FSI effects were in-
cluded by computing n-p partial-wave scattering states with
J < Jmax = 3 while in Ref. [27] Jmax = 2. The authors of
Ref. [27] used the one-body current of Ref. [86] and pion-
induced MECs by Maize and Kim [67] with the Paris potential
and deuteron WF [83]. Despite the nonrelativistic nature
of these ingredients, qualitatively these results have much
in common with the relativistic calculations of this paper.

The experimental data used for comparison are taken from
Refs. [4,5], corresponding to the kinematical ranges
155 MeV < k, <335 MeV with Q> =0.10 GeV? and
Bjorken variable xz = Q?/2mw = 0.36, and 294 MeV <
k, <500 MeV with Q% = 0.038 GeV? and xz = 0.10, re-
spectively. As the neutron momentum increases, the Born
approximation (BA) and plane-wave impulse approximation
(PWIA) curves diverge because the recoil mechanism be-
comes more important. For these kinematics, including FSI
generally reduces the cross section over most of the neutron-
momentum range. However, in our new calculations with
an extended momentum range, we find that this trend does
not hold at the highest momenta: in the far-right region,
the distorted-wave Born approximation (DWBA) cross sec-
tion exceeds the BA result. This behavior has been discussed
extensively (see, e.g., Refs. [25,87]) and is related to the
underlying structure of the respective amplitudes. In this kine-
matic region, the BA amplitude is dominated by the PWIA,
which is directly proportional to the deuteron wave function
evaluated at the specific value of the missing momentum,
which drops off sharply as k, increases. In contrast, the FSI
contribution involves an integral over momentum space. This
integral is dominated by contributions from lower internal mo-
menta where the wave function is significantly larger, thereby
sustaining the cross section at higher values of k,,.

It is important to note that even in these kinematics,
relativistic effects can be significant. This becomes evident
already at the level of the one-body current. In Figs. 5 and 6 we
see that the nonrelativistic curves with only one-body current
contribution are higher than the respective relativistic ones.
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FIG. 6. Same as in Fig. 5 but for the Saclay kinematics [5].

That is demonstrated clearly in Fig. 7(a), where three BA
calculations with different one-body currents are shown: the
relativistic current (91) (purple solid curve), its nonrelativistic
reduction

FO(p'd, pp) = Fil(p — )18,

+ /
Fp'i. pu) = FL(D )Zluéw + (B - p)]

lau’u x (P —-p)

+ BI(p - p)*D 5 (138)

rel.

— — —non-rel. ﬁ\
McVoy-Van Hove

_\

Q
1
;

oPoldE'dQ.dQ, (nb MeV™" sr?)

-
S
o

— — — Bonn deuteron

(purple dashed curve), and the current by McVoy and Van
Hove [86] (orange dashed curve). In Fig. 5(a) we see that
the DWBA result is already in good agreement with the data
and the contribution of the MECs is not of great importance,
while the relativistic DWBA calculation in Fig. 5(b) under-
estimates the cross section for k, = 200 MeV. The role of
MECs is more important in the relativistic calculation, and
only after their inclusion a good agreement with the data
is obtained. The kinematic regime of Fig. 6 lies far to the
right of the quasifree peak (QFP) and therefore the role of
FSI becomes even more significant. And again we see the

UCT deuteron rel.
—— = F12(Q?)
frozen momenta

Paris deuteron

300 350 400 450 500 550300 350 400 450 500 550300 350 400 450 500 550

(@ kn (MeV) (b)

kn (MeV) (c)

K (MeV)

FIG. 7. Plots of different BA calculations of the differential cross section versus the missing momentum for the Saclay kinematics [5].
(a) Calculations with different one-body currents. We use the deuteron WF from Ref. [56] for all calculations here. (b) Calculations with
relativistic one-body current but with different deuteron WFs. The purple solid curve—with UCT deuteron WF components [56], the blue
dashed curve—with the Bonn deuteron WFs [82] and the orange dash-dotted one—with the Paris deuteron WFs [83]. (¢) Demonstration of the

role of the Fermi motion effects.
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FIG. 8. Demonstration of the role of the Lorentz boosts in the deuteron electrodisintegration observables for the Saclay kinematics [4].
The dash-dotted curves corresponds to the relativistic DWBA calculation, while the dotted curves—with a nonrelativistic approximation to the

Lorentz boosts. (a) Differential cross section, (b) induced polarization of knocked-out protons.

destructive interference between MEC and FSI contributions
to the cross section that confirms the conclusion drawn in
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The cross section is also sensitive to the choice of the
deuteron WF. Figure 7(b) demonstrates the role of the

FIG. 9. (a) Differential cross section (upper part) and induced polarization (lower part) of knocked-out protons versus the neutron
momentum for the kinematics of Ref. [12]. The following calculations without MECs are compared: PWIA (dash-double dotted curve),
BA (dashed curve), DWBA (dash-dotted curve). As well as the calculations with inclusion of the FSI effects and the MECs: with the
pion-induced MECs only (dotted), with MECs induced by the =, §, 1, p, @ mesons (solid), and with full set of MECs (red solid).
(b) Linear plot of the differential cross section for the low missing momentum data. In this region, the cross section is well described
by PWIA.
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one-body current. For recoil momenta &, < 350 MeV, these
curves are almost indistinguishable, but for higher momenta
they begin to differ significantly.

Now let us discuss the effects of Fermi motion, i.e., the
relative motion of the nucleons in the nucleus. Note that,
after substituting Eq. (95) into Eq. (108), the nucleon FFs
depend not only on the transferred momentum g, but also
on the relative nucleon momentum in the deuteron p. This
dependence is integrated out in the matrix elements (108) but
as shown in Fig. 7(c) its effect is still present in the resulting
calculations. Models in which the form factors depend only
on Q? are widely used. The figure shows that the calculation
with such “frozen” FFs (blue dotted curve) produces bigger
cross section values for the entire range of recoil momenta. In
such a model Fermi motion effects are still present, because
the bispinors and the prefactor of F; in Eq. (95) depend on the
relative momentum p. If we “freeze” these dependencies as
well, for example, putting p’ = q/2 and p = —q/2 in Eq. (95)
(orange dash-dotted curve) then the cross section drops by
considerable amount for all &, except for the lowest and high-
est values. This clearly demonstrates the importance of the
Fermi motion effects in the deuteron electrodisintegration.

Other relativistic ingredients are the boosted momenta Lp/,
Lp’ and D functions (Wigner rotations) that appear in the
matrix elements (108). To demonstrate the role of these ef-
fects, we performed the following DWBA calculations of the
cross section and induced polarization for the Saclay kine-
matics [4] (see Fig. 8): with all relativistic effects; with a
nonrelativistic approximation to the Lorentz boosts, i.e., with
the replacement (Lp) — (p + q/2)'; with the D functions
replaced by the Kronecker deltas D%ZJ(W(L(q), D)) = Bpu-
It turns out that the role of the D functions is negligible
for this and other kinematics we have considered (so we
do not include the corresponding curve in Fig. 8), but the
Lorentz boosts have a substantial impact. It is noteworthy
that the influence of the latter is most noticeable at smaller
values of recoil momentum (k, < 240 MeV) for the cross
section, but for the induced polarization, this influence is
most pronounced at larger momenta (k, = 300 MeV). The
relativistic treatment of the boosts is crucial for the correct
description of the data in Fig. 8(a), and the nonrelativistic
approximation leads to a significant overestimation of the
cross section. The FSI and MEC contributions do not inter-
fere destructively under all kinematic conditions. In Fig. 9
we present the results of calculations for the kinematic of
Ref. [12] (E = 3.11 GeV,E' =2.74GeV, 6, = 16.1°), where
both FSI and MEC contributions lead to an increase in the
cross section. This behavior was also observed for the Saclay
kinematics in Figs. 5 and 6 but for the highest values of
neutron momenta in both cases. Since the kinematic used in
Fig. 9 allows much higher k, up to 550 MeV this behavior
becomes more obvious. Moreover, the contribution from the
FSI effects becomes dominant in comparison with the plane-
wave contribution for 400 MeV < k, < 800 MeV. Since the
FSI contribution becomes so prominent, it is natural to ex-
amine the convergence of our calculations with respect to
Jmax, the maximum total angular momentum retained in the
partial-wave decomposition of the np scattering states (see
Sec. IID). In Fig. 10 we compare the cross sections and
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FIG. 10. Same calculations of the differential cross section (up-
per panel) and induced proton polarization (lower panel) as in
Fig. 9(a) but with the np partial-wave scattering states restricted by
different values of J;,,x. All the curves are obtained with the inclusion
of the FSI effects and the pion-induced MECs only.

induced polarizations evaluated as in Fig. 9(a), i.e., with the
FSI effects and the pion-induced MECs included, for J,x =
1, ..., 6. For the cross sections, all the curves are practically
indistinguishable for &, < 400 MeV, where the plane-wave
mechanism dominates. Beyond this region, only the Ji.x = 1
curve deviates appreciably, while the others stay fairly close
to each other. The induced polarization turns out to be more
sensitive to the peripheral waves: the transition from Jy,.x = 2
to Jmax = 3 still changes Py considerably at k, 2 500 MeV,
whereas the difference between the Jy.x = 3 and Jp.x = 4
results is much smaller and shows up only at the highest recoil
momenta. In fact, the full convergence of Py in this region
is reached only around Jy,,x = 5-6, so this should be kept in
mind when comparing with the data, if they are available.
One should also keep in mind that the computations with
larger Jn,x require a denser grid of integration nodes in the
overlap integrals (115), becoming increasingly expensive. In
this respect, the choice J,,x = 3 adopted throughout this pa-
per provides a reasonable compromise between the accuracy
and the computational cost. Calculations with MECs induced
by the m, &, n, p, ® mesons and only the 7 meson show
only minor differences in Fig. 9(a). Contributions from dif-
ferent meson exchanges are not negligible, but they interfere
destructively, so the final result with =, §, n, p, @ meson
exchanges could be well described with only pion-induced
MEQCs. The contribution of the o mesons is the largest among
all MECs, and it leads to a significant increase of the cross
section. This may appear unexpected because the role of the &
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FIG. 11. Same as in Fig. 9 but versus the proton emission angle 6,, for the kinematic conditions in the left wing of the QFP (E = 1 GeV,
E’' =827 MeV, 6, = 50°) from Ref. [27]. The left part of each plot corresponds to the azimuth angle (reaction plane angle) ¢ = 0° and the

right part corresponds to ¢ = 180°.

meson (which is also a scalar meson) is not that important, but
the coupling constant for the o (7= 1) meson (see UCT GS
parameters from Table 1 in Ref. [63]) is much higher than for
the § meson (g2 /g5 ~ 5.5), so the contribution of the former is
more significant. Recall that the introduction of sigma mesons
aims to effectively account for two-pion exchanges. In this
context, their role in electromagnetic processes with nuclei
requires further investigation.

In general, our results are in good agreement with the ex-
perimental data. For values above k, < 335 MeV MECs begin
to play a significant role, the expected behavior at the modest
Q?, where these experiments were performed. The cross-
section calculations are quite sensitive to the corresponding
two-body current model, for instance, the inclusion of sigma
mesons leads to noticeable changes and overestimates the
cross-section. An improved description can be achieved by
introducing the A-isobar and dissociation currents. In this
regard, the implicit inclusion of two-body currents via the
generalized Siegert theorem from Sec. III G may prove useful.
We will address these issues in our future works.

Figure 9(b) displays a linear plot for the low missing
momentum data. In this region, the cross section is well de-
scribed by PWIA. A reasonably accurate description of the

experimental data cannot be achieved using a nonrelativistic
one-body current and only a fully relativistic form yields good
agreement. Furthermore, the results are quite sensitive to the
choice of form factor model. In addition to the calculations
using form factors from Ref. [84], Fig. 9(b) includes results
obtained with MMD form factors [89]. The latter tends to
overestimate the cross section at low k,, a result consistent
with findings in Ref. [22] where these FFs were also em-
ployed. As k, increases, both curves start getting closer to
each other.

As seen in Figs. 11 and 12, the ¢'p coincidence cross
section and proton polarization exhibit azimuthal (left-right)
asymmetry relative to the geometry with 6,, = 0° (parallel
kinematics). This behavior is observed for both kinematic set-
tings in the left (Fig. 11) and right (Fig. 12) wings of the QFP.
As the momentum K, lies on the right (left) of the momentum
q, the azimuthal angle ¢ equals 180°(0°). This asymmetry can
be explained by using the transformation properties

R.(180°). (@R (180°) = —J¢ (@), (139)

R.(180°)0yR; ' (180°) = —ay, (140)
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FIG. 12. Same as in Fig. 11 but for the kinematic conditions in the right wing of the QFP [12].

with respect to the frame rotation R (180°) by 180° about the
vector fi, (q direction). It follows from Eqs. (139) and (140)

that for a given 6, value
Wers(e =0) =Wers(e =),
Wilp = 0) = =Wilp = ),

DWBA

with all MECs
— — — DWBA, GE=0 ]
— — — with all MECs, GE£=0

i

1/

//\4\4\4\\»\\»\4\4\4»\»\—

10

15

Yers(e=0)=—-Zcrs(p =m),

(o =0) = Zi(p = ).

(141)

The deuteron electrodisintegration on the left wing of the
QFP [Figs. 11 and 13(a)] is characterized by a limiting proton

0.8
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FIG. 13. Dependence of the induced proton polarization on the choice of the G} model in the left wing of the QFP [27] (a) and in the right
wing of the QFP [12] (b). The dashed curves were calculated with G} = 0; solid curves with G, from Ref. [84]. The black curves for DWBA

results and the red ones for computations with all MECs contributions.
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FIG. 14. Proton (a) and neutron (b) polarization components versus the proton emission angle 6,, for the kinematics of Ref. [12]. The
curves have the same meaning as in Fig. 13, with the addition of the blue ones representing the BA results. The BA curves are absent in the Py
panels, since the induced polarization vanishes when the FSI is neglected.

emission angle in the laboratory frame,

in \/[a) +mgl* = [(@+mg)* +m2—m2 — qz]z.

' (142)
As 0, — 6im (for the present case i, 2 16.6°), the differen-
tial cross section increases sharply due to the kinematic factor
R, which diverges in this limit. Nevertheless, this singular
behavior is mild, and for any finite angular acceptance, the
cross section remains finite.

As seen in Fig. 13 and noted in Ref. [27], the neutron
electric form factor G} plays a more pronounced role in
the induced proton polarization on the left wing of the QFP
than on the right wing. For parallel kinematics (6,, = 0°),
the MEC contribution nearly vanishes when G is included,
whereas setting G = 0 leads to a noticeable reduction of the
polarization due to MEC effects. Thus, measurements of the
induced polarization may help discriminate between different
models of G%, although one should keep in mind that Py in
parallel kinematics remains sensitive to MEC contributions.

Measurements of the polarization transfer in d (¢, ¢’ p)n and
d(é, e'it)p are a great source of information on the nucleon
form factors, especially for the neutron. Figure 14 shows the
results of calculations for the proton and neutron polarization
components in the kinematics of Ref. [12]. In contrast to the
left wing of the QFP, for parallel kinematics (6,, = 0°) in
the right wing, MEC and FSI effects are negligible, as well

COS Ojim =

as the influence of G%. However, for 6, 2 90°, the neutron
electric form factor is of great importance for the polarization
transfer (P and P;), while both MEC and FSI contributions
remain insignificant so the BA is already sufficient to de-
scribe the observables in this region. It is the feature of the
kinematic regimes near the QFP with the Bjorken variable
xg >~ 1 (xg =0.96 in Ref. [12]) that makes them promis-
ing for the extraction of G} from the polarization transfer
measurements.

For the kinematics with k,, || q (6,4 >~ 6im) the following
expressions can be derived in the BA under the assumption

uo2(q)/uo(0) K 1:
PRI PRy R
P~ =361y GGy

1 q
IoP, ~ —3Vn+8)

2

2
— [¢4],
Eq(Eq+m)[ ]

(143)

for proton polarization transfer and

q
0Py ~ & -Gyl
q

2

1Py ~ /oGy + &) ——— (a4 ]

(144)
E,E; +m)
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for neutron polarization transfer, with

oo (€ , -
fo= oyR <4rr u0(0)> ’
Assumption u2(q)/uo(0) < 1 is justified for high ¢ values.
The above formulas show that the ratio of the transverse
and longitudinal polarization transfer components is directly
proportional to the ratio of the neutron electric and magnetic
form factors, i.e., Py /P, «x G} /G},, being independent of the
deuteron WF. This is a well-known result for the quasielastic
scattering on the nucleon, but it can also be obtained for the
deuteron electrodisintegration in the BA for parallel kinemat-
ics. Of course, contributions from MEC and FSI introduce a
WF dependence that may distort the extraction of the form-
factor ratio, but as we see in Fig. 14, we predict them to
be negligible at 6,, >~ O, = 180° (k, || q). Let us emphasize
that this conclusion refers to the kinematic regimes near the
QFP and to the present model, and should be reexamined for
other kinematics.

(145)

V. CONCLUSIONS
To conclude:

(1) A fully relativistic description of the d(e, ¢'p)n reac-
tion has been developed within the clothed particle
representation. The nucleon-nucleon interaction (the
Kharkiv potential), electromagnetic current operators
(including one- and two-body terms), boost operators
and other Poincaré group generators are constructed
on a common field-theoretical footing.

(i) Comparison with the Saclay and Jefferson Lab data
shows that relativistic effects are essential. In particu-
lar, the relativistic one-body current and the consistent
treatment of Lorentz boosts significantly influence
both the differential cross section and polarization
observables.

(iii) The role of FSI and MEC contributions depends on
the kinematics. Contrary to the results in the consid-
ered Saclay kinematic regimes, for the higher-energy
kinematics the FSI and MEC contributions may act
constructively and increase the cross section at large
recoil momenta. The contributions of different meson
exchanges partially compensate each other, while the
effective o-meson mechanism gives a sizable effect
that deserves further investigation.

(iv) The observables exhibit a pronounced left-right asym-
metry with respect to the reaction plane. In the left
wing of the QFP, the induced proton polarization is
especially sensitive to the neutron electric form factor
G, in agreement with earlier findings. At the same
time, for parallel kinematics the polarization trans-
fer components satisfy simple analytical relations in
the BA and become directly proportional to the ratio
G, /Gy, while being independent of the deuteron WE.
Within our consistent calculation, where the deuteron
WF, the FSI and the one- and two-body currents
follow from one and the same Hamiltonian, the cor-
rections to these relations near the QFP at 6,, ~ 180°
turn out to be small, which makes the corresponding

kinematic region particularly promising for the ex-
traction of neutron form factors.

The present study demonstrates that a consistent field-
theoretical construction of interactions and currents within
the CPR framework provides a viable alternative to con-
ventional nonrelativistic models. Further developments may
include a fully gauge-independent description, more detailed
analysis of subnucleonic degrees of freedom and applica-
tions to other electroweak processes involving few-nucleon
systems.
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APPENDIX A: LINKS BETWEEN THE CLOTHED ONE-
AND TWO-PARTICLE STATES AND (IN/OUT) STATES

In what follows we will explicitly derive the links (46)—
(48) between in(out) states and the clothed particle states. The
derivation will be done for the complex scalar field ¢(x), but it
can be easily generalized to other cases. The scalar field ¢(x)
satisfies the following Klein-Gordon (KG) equation:

(O + 1Hpx) = jx), (A1)

where  is the physical mass and current j(x) describes a pos-
sible interaction. The field ¢ (x) is in the Heisenberg picture

p(x) = o(x,1) = e p(x)e™ ", (A2)

where H is the corresponding total Hamiltonian operator.
Further, one introduce the quantities

Ak, 1) = (ff, 9), B 1) = (9, i) = —(fi. 9), (A3)

with respect to the product

(FL B =i / dXTFL (%, DA (x, 1) — Fa(x, 1), F (%, )],
(Ad)
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Here f;(x) denotes the plane waves

fe@) = f(x, 1) = [(27)*2ko] ~"/? exp(—ikx), (AS5)
with the four-vector k = (k°, k) is determined on the mass shell X = \/k2 + u2, which enter in the expansion

p(x) = f dK[AK)fi(x, 0) + B (k) £ (x, 0)], (A6)
where the destruction and creation operators A(k), Bf(k) correspond to the representation of the bare particles with physical
masses. The clothed particle counterparts for these operators introduced via the unitary transformation W,

A(k) = WA (W', B'(k)=WB] KW', (A7)

which allows to express the operators (A3) through the clothed particle operators.
However, we shall employ the LSZ asymptotic condition,

Jlim (@147 (k, D] W) = (PIA], (0] W), (A8)

that determines the in operator A, (k) for any normalizable states & and W.
Equations (A3), (A7), and (A8) are our working formulas. In the context, the one-particle in state is given by

k:in) = AL ()IR) = lim A"(k, )]2). (A9)
Explicit calculations give
Ak, 1) = i/dx{fk*(x,t)efﬂf[H, o(x, 0)]e " — ik%p(x, ) fE (K, 1)} = Ak, 1) + A (K, 1), (A10)
where
Ak, 1) = =™ / dxf (x, t)([Ho, p(x)] — K’p(x))e ™", (A1)
and
Ak, t) = —e"H’/dxfk*(x,t)[H,,<p(x)]e—i”f. (A12)

Here we assume the standard division of the total Hamiltonian operator into free and interaction parts H = Hy(a) + H;(a), where
both terms are written in terms of the BPR operators a = {A(Kk), B(k), A"(k), Bf(k)}. In particular, the free part Hy(a) is given
by the usual expression

Ho(a) = / dkvk2 + 2 [ATK)AK) + BT (K)B(K)]. (A13)

Taking into account the commutation relations [Hy, A(k)] = —k°A(k) and [Hy, B' (k)] = kBT (k), Eq. (A11) can be put in the
form
Ak, 1) = e A(k)e H! K" (A14)

Similarly, after integration over dx in Eq. (A12) one gets
iHt
Ak, t) = —%{[H, AK) + B (—K)] + ko(A(K) — B (—k))}e*" e~ M (A15)
0
Now, with help of Eq. (A7) one can express A(K, ¢) in terms of the clothed particle operators a, = {A., B., Al, B/},
Ak, 1) = eMWA (k)W Tt gkt = ot g=iKr @ty (YA (K)W,) (1)e'Kr (@ =11 (A16)

where we used that ¢/ @ A (K)e Kr @) = A (k)e*"" with a new decomposition of the original Hamiltonian H into free and
interaction parts H = Kr (o) + K; (o), where the free part is now given by

Kr(ac) = Ho(a.) = / dky/K2 + 12 [AT ()A(K) + B] (K)B.(K)]. (A17)

Under asymptotic condition (41) one can get step by step the limits of interest

lim AT(k,1)|Q) = lim e e Hr@ywy, (AT (KW, (1)elr @) =1 Q)
t——00

[——00
= lim M'e @l AT (k)|Q) = lim ™ e ™ AT(k)|Q) = Al(K)|R), (A18)
[——00 ——00
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where along with the asymptotic condition we have used the following properties of the clothed particle states and the physical
vacuum

Kr(a)|Q) = H|Q) =0 (A19)
and
Kr(a)AL(K)|Q) = HAL(K)|Q) = KAl ()|2). (A20)

In the same way one gets

. o (H —k k o
thm AI} (k, t)|Q) = . lim elHt( OWAI(k)WT 4 OWBC(_k)WT>e—1k0te—lHt|Q)
——00 ——00 0
eth
=thmooﬁ((H ko)e ™ Hr @ W (AT (KW, (1) 4 (H + ko)e ™ Hr @ ¢ =2kl (1)B.(— k)W) (t))|$2)
- 0
o H —k k
= lim ¢H' =0 ifr@lgl (k)|Q) = lim e 0 AT(k)|Q> =0, (A21)
t——00 2k0 2k

where we used important condition that clothed particle destruction operators destroys the physical vacuum B.(—k)|2) = 0.
Therefore, lim A;(k, 1)|2) = 0 and

k;in) =A! (K)|Q) = lim A'(k,1)|Q) =Al(k)|Q) = [k;c). (A22)
t—>—00
Analogously, one can obtain links between ouf states Alut(k)m), in(out) states B:n(out)(k)m) and the corresponding one-particle

clothed states.
Now, lets consider the two-particle in state

kiko; in) = A (kAT (k2)|2). (A23)
First, using the link between one-particle states AT LK) = AI(k)|Q> one can write
kik;in) = Al (k)AL (k2)|Q) = lim AT(k;, 1)A] (k)| Q). (A24)
t——00
Similar to Eqgs. (A18) and (A21) we obtain that
lim Af(ky, AT (k2)|Q) = lim =847 (k)AT (ky) ) (A25)
1—>—00 ——00
and
_ kO
lim A (k;, )A! (ky)|Q) = H-K -k lim &M AT (kAT (k)| Q). (A26)
t——00 ¢ Zk? t——00

According to definition (49) of the Mgller operators Q(_i) in the CPR, limits in Egs. (A25) and (A26) can be put in the form
lim & PHR ATk )AT (K,y)|Q) = im e K AT (kAT (k) Q) = QAT (kAT (ko)[ ). (A27)

—>—00

Further, using the property HQ = Q® K we obtain that Eq. (A26) vanishes and we get the final result
kikosin) = Tim o HTEATRDA] (ka)|Q) = QAT KDAI(K)IQ) = 7k Koz ). (A28)
Its significant consequence is
Ikiko; in) # Al (kA (k)] <). (A29)

Similar relations with 1 — 400 can be derived for the out states.

APPENDIX B: EXPRESSIONS FOR MEC OPERATORS
The two-nucleon meson exchange current consists of the two parts

Jonv = Imce + Imin (BD)

with the so-called mesonic Jaqc¢ and seagull J o vy currents. Both of them have the same operator structure

Iace.mnw =Id1’d2’d1d2Fx4€C,MNN(1’,2’,1,2>b;‘:<1’>b12<2/>bc(1)b(-<2>, M=80.7.0.p00% (B2

044006-23



O. SHEBEKO et al. PHYSICAL REVIEW C 114, 044006 (2026)

hereafter we denote Y d1' = ) o, [ dpy, bi(1") = bl(p)win}), and so on, with spin indices w and isospin indices 7. The matrix
elements of these operators sandwiched between the two-nucleon states
11.2) = bL(DB(2)IR) (B3)
can be easily found:
(U, 2/1J%1,2) = —F*(1",2,1,2) + F*(1',2/,2, 1) = F*(2', 1", 2, 1) + F*(2/, ', 1, 2). (B4)
Here we have used the commutation relation
{be(Prn). bLE ')} = 8uubynd(® — P). (BS)

Before we proceed to the explicit expressions for the MECs, we would like to establish some notations. For the sake of
brevity, we denote the following isospin factors:

J— z — z —_ 7 Zz
Ty =Ty, - Ty, + T L=1+7 T3 = i[Ty,, X Tyl (B6)

nym’

with T being the Pauli matrices in the isospin space. Following Ref. [34] we introduce cutoff functions that are defined as follows:

A2, — m? e
gmn' n) = MM : (B7)
[AL —(E, — E.)* + (p, — p,)°

where npq =1 except for n, =n, =2 and all the parameters can be found in Table 1 from Ref. [63]. The cutoff factors
are supposed to account for finite-size effects (see details in Refs. [34,50]). In Ref. [35] these cutoffs have been used in the
evaluation of the radial deuteron functions u »(|p|). They are present in the definition of the generator R of the unitary clothing
transformation and therefore enter the expressions for the MECs that stem from the commutator %[R, [R, JH(O)]].

As discussed in Appendix C of Ref. [34] we actually have the possibility to introduce two independent cutoff functions for
each meson, one corresponds to the nucleon-meson-nucleon vertex (B7) and another one corresponds to the nucleon-meson-
antinucleon vertex. But at the time authors of the paper considered only nucleon-nucleon interaction in the CPR that in the first
nonvanishing approximation embodies only the first type of vertex. In contrast, the seagull currents we are considering here may
contain this second type of cutoff factor. Let us denote it analogously to Eq. (B7):

T2 _ 2 nam
gmn’,n):[_ R~ M _p)z] : (B8)

Al — (B —E)* + (@,

with new parameters A o instead of A o4. In our calculations presented in Sec. IV we have used the same values for A o as for
A a4, but in principle they can be different and should be fitted to the experimental data for N-N scattering.

Now we present the explicit expressions for F,.. and Fy,,, functions that determine the MEC operators and have
been derived by computing the %[R, [R, J*(0)]] commutator from the series (93). Mesonic MECs are given by the following
expressions for 7 mesons (pseudoscalar with isospin 7 = 1):

egem’  gx(1,1)g,(2',2) u(py ) ysu(pi ) W(P5 ;) ysu(P2it2)

Fﬂt (1,7 2/’ 17 2) = - 3 ( - + - P )a / ) (B9)
mee 2000 T JEBEE D TP T T T =2 (b — po)? — 2
6 mesons (scalar with isospin 7 = 1):
2 1/ 1 2/ 2 = ! =l )
FE (1,2, 1,2) = egim T. gs(1', gs(2/,2) i(pyp)u(pr ) u(psus)u(pain) (B10)

3 Py =1 +p2—py)" — : ,
22m)° " JE[EJE\E, 2P — p1)? —md (ph— p2)? — m?

p mesons (vector with isospin 7 = 1):

em’ T3 gp(1',1)g,(2,2) (ki - ko) k5_kS,
F¢ 1/’ 2/, 1’ 2) = - P\t p = °2) K — k° .y So _ T2-"2-—
pcc ) 827)° wiwy /E|EJE\E; A my H\®

o Fy Ky (kl . k2—) o So ktlskir ﬁ(ll)[ngB - {_:nlkYUUS]M(l) ﬁ(z/)[gpyo + {_;ik;_o—va]u(z)
T8\ — k| =k | &7 — 7 ;
m; E|_E1_w1 —E2+E2—a)2

P

ki -k KSkS ki -k
—[gaa(kf—k‘z’( 1 . 2)) _ktl)l(g&)'_ 222>+ga6<kg_k(13( 1 . 2))
m, m, m,

o (g&, ~ kf_k‘{_)} B(1)[gpys + 42iki_ousJu(l) 1) g,¥s — $2ik3ous Ju(2)
2

m%) —E{—{-El — W1 Eé—Ez—a)z
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ki -k kSkS ki - k
+|:ga8(ko kz( 1 2))_k<lx<g80_ 222)_ga0<k(23_k¢13( 1 22))
mp mp mp

af S0 k(lsk(lf ﬁ(l/)[gpyé - %iki)avé]u(l) ﬁ(2/)[gpyg - %ik;m}o]u(Z)
+k(8° —

m%] E{—E]—a)l E2’—E2—a)2

ad o o (kl k2) o So kgfkgf oo ) 8 (k] kz)
- |:g (kl—_k2—m—%) _k1—<g - m/% =& ko — Ky ml27

K ke \ + ikt o5 Ju(l) @) gp Ve + L2iky_ 0, Ju(2
_I_kgt_ g&r_ 1721— ( )[gpyé/ 2m 1= V5] ( ) ( )[gpy/ 2— ] ( ) (Bll)
my _El + E| —w —E + E, —
Here
ki=pi—p;, ke=p,—p;, P3=P+P.—P2 P3=P;+P,— P2
= Jm:+ki, w = /m:+, =, /m+p2E, =, /m+p? forn=1,23,
ki = (w1,K1), k= (02,K), ki— = (w1, —K1), k- = (w2, —k2),
pi’,_ = (E3,’ _p/3)’ p3— = (E3’ _p3)7 p:l = (Ey,p p,/1)7 Pn = (Eila pn) forn = 17 23 37
Ps=wabs. Pi-=wabis Pi=varss P =wepis, 87 =diagl =1, -1, 1) (B12)
Seagull MECs are given by the following expressions for 7 mesons:
Feo (1.2.1,2) = egam®  gr(2,2) u(2")ysu(2)
7NN ’ ) 2(27_[)6 /E{EéElEz (p/2 _p2)2 _ m%
Tl—T3_ N ) AL 1+ 3_ Y
X 7 u(1)y*A(1, 2, 1, 2)ysu(l) + 5 a(1)ysA(1,2,1',2)yu(1) |, (B13)
8 mesons:
2 2,2 i(2)u2
Fon(1,2,1,2) = -0 &2 I@ua)
2(2m) w/E’E E\E; (py — p2)” — mj
T —
x[ ! 5 3 a(1)y*A’, 2,1, 2)u(l) + ; a(1HA(1,2,1',2")y” u(l):| (B14)
with
1 E2+E/ E3 E1—E2+E5+E3
A1, 2',1,2) = [gna(l 3(p; + ) +gna(1 3)(py_ —m) ; (B15)
P P T o e —

and for p mesons:

FO 12— em’ 1 g,2.2) |T-T(| ;  kk_ @(2)gpys + 22 iky 05 ]u(2) _ 1
pNN( ’ s Lo )_ 16 2 6 T E g + P E, E u( ))/
(27)° wr \/E|E}E\E> 3 ms; —Lb) + k> —wn
(ps +m) (P3- — fo .
3, 1)) ———— + 31— ' — ——iky_0,e (u(l
X|:gp( )E3—E1— +8,3, 1) T E |57 T 2 u(l)

o Kkg [a(2)|gpvs — —’;ik"owg ul) o
_|:_g8 + 22} [/0 2. 2 ] u(l))/

2 g —
mp E2 E2

|: A3, 1)_(u+ 2,(3, I)L}[gpya . zk20v0:|u(1)>

—FE3+ E; —

ﬁ(l/)[gpya + ;—;ikﬁdw]

Eé m% E2, - E2 )

o 150 Jo spv
LTt ([_g&, LG } 4(2)govs — 22iky005]u(2)
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><|: ), 3)_M+ g, (1, 3)%——_”1)60},&”(1)
2

—E{+ E} — E|—Ej—

— |:—g8" + kgkgi| a2 )[ng/(S + 2m lk;—0V5]u(2)

mlz) —Eé + E2

-1/ PR Y ( i+ ) — Y ( i* _m) o
x u(1 )|:gp)/(7 — g—;1k2_ow:||:gp(l ,3 )E% +5,(1,3 )%—a)z]y u(l)) } (B16)

E|+E} -

The o mesons (scalar) with isospin 7' = 1 produces the same currents as the § mesons, but with different coupling constant,
cutoff parameter and mass. To get the expressions for the MECs induced by the mesons with isospin 7 = 0: o (0) (scalar), n
(pseudoscalar) and w (vector), one needs to replace 7} — T, T3 — 0 and substitude the corresponding parameters (coupling
constants, cutoff parameters and masses) in the respective expressions above. It is clear that the isoscalar mesons that has zero
charge do not produce mesonic MECs, but they do produce seagull ones.

Although the expressions (B9)-(B16) for MECs may appear rather complex, they can be efficiently calculated via the relations
from Ref. [90]:

u(p' u)Tu(pp) = AP, p)8, +B@.,P) - 04, (B17)
A, p) = Te[(p + m)TC(P+ m)(1 + y0)1/8my/(Ey + m)(Ey + m), (B18)
B(p'. p) = Te[(p + m)T(p+ m)(1 + y0)yys)/8my/(Ey + m)(Ep + m), (B19)

with g =y, p®, P = (Ey,p), p=(Ep, p), and E, = /p? + m?2, for any combination of the y matrices I". We have the same
definitions for y matrices and bispinors as in Ref. [64]

By +m (W) _ |Ep+m E‘p’%lu)c
u(pp) = T<E+m|'u>> v(pu) = W( )¢ >, (B20)
1 1 i
-0 =) wrecon

APPENDIX C: ADDITIONAL TEST OF np-PAIR PARTIAL WAVE CALCULATIONS
In Sec. III D we have described our method of calculating the np-pair partial wave functions ‘-IJZ,(ZT)(p’) in the momentum

space. The matrix inversion method allows us to find the representation (83) for the WFs (pgl ,(p') that have the asymptotics of
standing waves. The links (76) give us an analogous representation for the np-pair partial WFs

— — 7))
ot(:l:) a(:l:) j
Vi ZQpll’ —— €1
p,-
Q) = Z 05" (P)B (), (€2)

that should be meant in an integral sense. Here py,; = p is the relative momentum of the np-pair and for the uncoupled partial
waves the matrix O« (%), (p) reduces to the phase factor

04 (p) = exp(ist) cos 87, (' =1). ©3)

In fact, Eq. (C1) allows us to find analytical expressions for the np-pair partial WFs in the coordinate space and verify their
asymptotic behavior. From Eq. (80) it follows that the radial partial wave functions

vl (r) = —i / pPdp Ve (o ji(p'r) (C4)
272 0
can be written as
N+1
ol (r) = s—i ZQW (Dijr (). (C5)
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Po= 0.46 fm'; E;yp = 17.5 MeV
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FIG. 15. Verification of the asymptotic behavior (C6) for the 'Sy, *P;, 'Hs, and 3Ny, uncoupled partial waves as examples for np-pair
laboratory energy Ejy, = 17.5 MeV (p = 0.46 fm~"). Blue solid lines: real part of pr\I/Zl(f)(r). Red solid lines: imaginary part of pr\I/Z,([T)(r).
Dotted lines are the respective real (blue) and imaginary (red) parts of the asymptotic functions (C6) multiplied by pr. The characteristic radius
of the nuclear forces (vertical dotted line) R = 1/m, = 1.4 fm is shown too.

Recall the known result of the scattering theory (see, e.g., Sec. 6.2 and Sec. 7.1 in Ref. [45]) for the asymptotic behavior of
the partial wave functions of the continuous spectrum at large pr

o sin (pr — F +
uncoupled waves: \Il;‘l(li)( ) < i et (p ! ), pr>1,
272 pr
| .
a(d) cose sine
coupled waves: \I/p”, (r) =< 27_[2 o (sm EZ - s,j)

P10 sin (pr — (1721):1 +5%) 0 cos&y  sinégy > 1 (C6)
X ) r )
0 1 oEi%Y Gin (pr (J+21)n + 31) —sing, cosg, P

that gives us a possibility to verify once again the correctness of our calculations.
In Figs. 15 and 16 we show that the functions pr\IJz,(lT)(r) indeed have the expected asymptotic behavior. The numerical

result for the state 'Sy starts to follow the asymptotic one as soon as r exceeds the characteristic radius of nuclear forces
R = 1/m; = 1.4 fm, while for the states with higher orbital momenta the asymptotic behavior is observed at larger r.
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FIG. 16. Same as in Fig. 15 but for the coupled partial waves: 381-381,3D1-381,381-°Dy, 3 Is - 315, Mo - *Mio, and Mo -2 010.
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