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Machine learning for correlations of electromagnetic properties in ab initio calculations
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In ab initio nuclear structure theory, accurately predicting electromagnetic observables, such as moments and
transition rates, is essential for a comprehensive understanding of nuclear properties. However, computational
limitations and conceptual difficulties often hinder the precise calculation of these observables. In this work,
we extend machine learning methods for model-space extrapolations to electric quadrupole moments. We
further present a new machine learning approach that leverages the correlations between energies, radii, and
electromagnetic observables. By learning these correlations from no-core shell model calculations in accessible
model spaces, this new model enables the prediction of electromagnetic observables in the full Hilbert space
from predictions of full-space energies and radii, which can be obtained with established machine learning
extrapolation tools. An essential property of our approach is the capability of uncertainty quantification, allowing
for reliable predictions with combined statistical error estimates for many-body and interaction uncertainties.
Being solely built upon the physical correlations of different observables, it can be generalized across different
ab initio methods. We demonstrate the power of this new extrapolation scheme through a precision study of
electric quadrupole moments across a wide range of p-shell nuclei.
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I. INTRODUCTION

Ab initio nuclear structure theory has entered a precision
era with various many-body methods being able to describe
energy spectra and radii with good precision across a wide
range of nuclei. However, the description of electromagnetic
(EM) properties, such as the electric quadrupole (E2) moment,
remains notoriously difficult either due to the nonscalar na-
ture of the corresponding operators, which poses conceptual
challenges for various medium-mass methods [1–5], or due to
slow convergence with model-space size in basis expansion
methods such as the no-core shell model (NCSM) [6–10].
The issue of incomplete convergence is not exclusive to EM
observables and has been subject to a multitude of studies fea-
turing different attempts to extrapolate calculations from ac-
cessible model spaces to the infinite Hilbert space [8,11–17].
More recently, this problem has been addressed with machine
learning models, which have proved very successful for the
extrapolation of ground- and excited-state energies as well as
radii in the NCSM [18–21]. In addition, they provide ways to
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extract meaningful uncertainties that are crucial for precision
calculations of nuclear properties.

In this work, we extend the method presented in [21] to
the E2 moment. We train artificial neural networks (ANNs)
to capture the observable-specific convergence pattern from
fully converged NCSM calculations of few-body systems, i.e.,
A � 4. Subsequently, these ANNs can be used to predict the
converged value for heavier nuclei based on calculations in
small model spaces. This essentially resembles a conversion
of the extrapolation problem into an interpolation problem,
which is key to the success of this approach. As these ANNs
predict the solution in the full Hilbert space, we refer to them
as full-space prediction networks (FSPNs). In principle, this
method can be applied to every observable; however, most EM
observables are nonexistent in the few-body systems required
for training. In fact, for the E2 moment we are limited to
training data for 2H.

In order to circumvent these limitations, we further propose
a new ANN architecture that builds on correlations between
observables. Instead of learning the convergence pattern we
use NCSM data to capture the dependence of EM observables
on energy and radius, which is specific to nucleus, interaction,
and state. In case of the E2 moment it has been shown that it
strongly correlates with the radius, which is also implied by
the analytical expressions of the respective operators [22,23].
Our new approach is designed to capture these correlations in
an ANN that is then used to predict the full-space solution
of the E2 moment from FSPN predictions of energy and
radius. We refer to those ANNs as observable transcoder net-
works (OTNs). As these OTNs solely capture the correlations
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between the observables, independent of a nuclear many-body
model, the full-space energy and radius required to predict the
full-space E2 moment can be obtained by any means. Hence,
a generalization to other methods is naturally given.

After a detailed discussion of the model-space extrapola-
tion we proceed to incorporate interaction uncertainties based
on a Bayesian uncertainty procedure developed by the BUQ-
EYE Collaboration [24] and perform a precision study of the
E2 moments in selected p-shell nuclei. Finally, we give a brief
outlook on cross-method applications.

II. BASICS

A. No-core shell model

The NCSM gives access to a wide range of observables in
both ground states and excited states. We expand the eigen-
states |�n〉 of the nuclear Hamiltonian H in a basis of Slater
determinants {|φi〉}, thus transforming the nuclear many-body
problem into a matrix eigenvalue problem,

∑
j

〈φi|H |φ j〉〈φ j |�n〉 = En〈φi|�n〉 ∀i (1)

with energy eigenvalues En. The Slater determinants them-
selves are constructed from harmonic oscillator (HO) single-
particle states. This HO basis comes with a length scale aHO

that can be converted into the HO frequency h̄�. In order
to render this infinite dimensional matrix eigenvalue prob-
lem finite, we truncate the basis by limiting the number of
HO excitation quanta in a Slater determinant to Nmax. When
starting in small model spaces and successively increasing
Nmax, a convergence pattern for the eigenvalues emerges. This
convergence pattern is determined by Nmax and h̄�. In the
limit Nmax → ∞ the exact solution in the full Hilbert space
is recovered, independently of h̄�.

For different observables the convergence pattern and the
rate of convergence can be drastically different. While en-
ergies show a monotonically decreasing behavior due to the
variational character of the NCSM, radii or EM observables
have no such constraints and exhibit ascending, descending,
or even oscillating sequences. This severely complicates the
extrapolation to infinite model spaces.

The convergence pattern is further influenced by the choice
of the interaction. In this work, we use realistic nucleon-
nucleon (NN) and three-nucleon (3N) interactions from chiral
effective field theory (EFT) [25–29], which are grouped into
families based on the regulator scheme. Within each family,
interactions are available at various chiral orders and for dif-
ferent cutoffs �. Further, a similarity renormalization group
(SRG) transformation of the Hamiltonian that accelerates the
convergence rate is employed [30–34]. Note that we do not in-
clude SRG corrections for the radius and E2 operator as these
are typically below 1% and, therefore, negligible compared to
the many-body and interaction uncertainties.

Overall, there are a multitude of factors that impact the
convergence pattern, which, on one hand, further complicates
the extrapolation problem, but, on the other hand, allows us
to generate a wealth of training data for machine-learning
approaches.

B. Artificial neural networks

In general, ANNs can be considered universal function
approximators that excel at interpolation tasks. Since the exact
functional form of NCSM convergence patterns is unknown,
they provide the ideal tool to model these patterns.

ANNs are a class of machine learning models inspired by
the structure and functioning of biological neural networks.
At their core, ANNs consist of layers of interconnected nodes,
or neurons, that process input data and learn to map complex
relationships between inputs and outputs [35]. These neurons
are organized into an input layer, one or more hidden layers,
and an output layer. Each neuron applies a weighted sum of its
inputs xin and adds a bias, followed by a nonlinear activation
function σ ,

xout
i = σ

(∑
j

xin
j w ji + bi

)
, (2)

which allows the network to model highly nonlinear relation-
ships in the data. Here, wi j and bi denote the free parameters
of the ANN model.

Training an ANN involves adjusting these parameters
based on a given set of training data. This is typically done
using a process called backpropagation [36], in which the de-
viation of the network’s predictions from the true outputs, also
called loss, is propagated backward through the network. The
parameters are then updated iteratively using optimization
techniques such as stochastic gradient descent to minimize the
loss, effectively enabling the network to learn from the data.

We can leverage these adaptive capabilities and use ANNs
to model NCSM convergence patterns or capture correlations
between observables. Note that the actual implementation
of an ANN and its training requires various choices, most
importantly, network size, activation function, loss function,
optimization algorithm, and learning rate. These so-called hy-
perparameters greatly influence the performance of the ANNs,
and we will discuss them in more detail for FSPNs and OTNs,
respectively.

III. FULL-SPACE PREDICTION NETWORKS

We start our investigations of E2 moments by applying the
FSPN approach presented in [21]. Conceptually, we attempt to
capture the convergence pattern in few-body (A � 4) calcula-
tions, which can be fully converged in the NCSM. Given the
assumption that these patterns are universal across different
nuclei, we can employ the FSPN to predict the converged
results for a wide range of p-shell nuclei from nonconverged
calculations at small Nmax. Previous applications to energies
and radii have demonstrated that this assumption generally
holds true. For the training we typically use data for 2H,
3H, and 4He. However, only 2H exhibits a nonvanishing E2
moment. Thus, in contrast to previous applications on en-
ergies and radii [20,21], the training data are restricted to
a single nucleus. This severely limits the diversity of con-
vergence patterns in the training data. Nevertheless, we can
exploit different Hamiltonians, SRG flow parameters, and HO
frequencies to generate a variety of data. Our training data
consist of NCSM results for 2H up to Nmax = 50 for h̄� = 12,
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FIG. 1. Example set of NCSM calculations for the E2 moment
of 2H for the EMN[500] interaction with converged value obtained
at Nmax = 200 used as FSPN training data. Inset: Loss on the training
and validation data during the training of an FSPN averaged over 10
networks.

14, 16, 20, 24, 28, and 32 MeV calculated with the nonlocal
chiral NN interactions from [27,37] at N2LO (next-to-next-to-
leading order), N3LO, and N4LO′ for cutoffs � = 450, 500,
and 550 MeV. In addition to the bare interactions, we employ
SRG evolutions up to α = 0.02, 0.04, and 0.08 fm4.

Figure 1 shows a typical example for such a set of train-
ing data for a single Hamiltonian. The target values for the
training are obtained at Nmax = 200 at which the calculations
are sufficiently converged. A striking feature is the strongly
oscillating behavior in model spaces up to Nmax ≈ 18, which
can also occur for p-shell nuclei but is particularly pronounced
in 2H. This demonstrates the complicated character of the
convergence patterns for E2 moments and the difficulties for
the extrapolation scheme. We emphasize that, in the selected
frequency range for the training data, the overall direction
of convergence is ascending towards larger values. We will
address this again in the context of negative E2 moments.

A. Network design

The network design in this work is identical to previous
FSPN applications. We predict the solution in the full Hilbert
space based on a subset or sample SNmax of the available
NCSM data consisting of E2 moments at four consecutive
Nmax for three different h̄� while Nmax indicates the highest
Nmax present in the sample. The desired mapping SNmax → Q∞
is then modeled by an ANN with an input layer, three hidden
layers, and an output layer with dimensions (12, 48, 48, 24,
1), where the node in the output layer yields the prediction
for the full-space E2 moment Q∞. A schematic depiction of
the network topology is given in Fig. 2 and contains 4189
trainable parameters. Regarding the chosen hyperparameters
we employ an AdamW optimizer [38], a rectified linear unit
(ReLU) activation function [39], and a mean-square error
(MSE) loss function.

For the training of the network we construct all possible
samples from the training data, which amounts to 166 320
samples, and randomly separate it into a large training set

Q∞
48
48
24

E

R
Q

h̄Ω1

h̄Ω2

h̄Ω3

FSPN OTN
Nmax

8
8

FIG. 2. Schematic topologies of an FSPN and an OTN. The
numbers in the boxes indicate number and size of the hidden layers.

(85%), a small validation set (10%), and a development set
for adjustments during training (5%). In order to facilitate the
learning process, we normalize each sample to the interval
[0,1], which has proved to be crucial for the prediction of
radii [21]. We then train our FSPN on batches of 512 training
samples with an initial learning rate of η = 0.001, which
is successively reduced during the training by an adaptive
learning rate scheduler that halves the learning rate whenever
it plateaus for more than two epochs. The network is trained
for a total of 100 epochs and is considered valid if its loss on
the validation data is below 0.01. The inset in Fig. 1 shows
the loss of the FSPNs for each epoch on both the training
and validation data averaged over ten networks. From the
proximity of both curves we conclude that the FSPNs do not
suffer from overfitting.

B. Statistical uncertainties

For the evaluation of the FSPN we decompose the eval-
uation data analogously to the sample construction for the
training data in order to match the input layer of the net-
work. All samples are passed through the trained network,
each yielding a prediction of the full-space E2 moment. This
naturally results in a distribution of predictions conveniently
represented by a histogram. It turns out that position and width
of the distribution change significantly if sequences for unnat-
ural, in particular very small, values of h̄� are included in the
evaluation set. In many cases this even results in multimodal
distributions as these sequences often exhibit strongly oscil-
lating behavior or extremely slow convergence. We, therefore,
restrict ourselves to values of h̄� that are close to the optimum
and show regular, ideally monotonic, convergence patterns.

A second source of uncertainty is the network itself.
We can absorb this into the aforementioned distribution of
predictions by training multiple FSPNs that have all been
initialized randomly. In this way, we obtain an even larger set
of predictions that encapsulates both the sampling uncertainty
and the network uncertainty. Note that for the E2 moment
both uncertainties are of similar size and the network un-
certainty strongly varies for the different evaluation samples.
The network uncertainty might be improved through further
optimization of the networks’ topology and training process
but is severely limited by the amount and quality of training
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FIG. 3. Distributions of predictions of the ground-state E2 mo-
ment in 6Li based on 1000 FSPNs evaluated with all possible samples
at Nmax = 12 and a visualization of the statistical extraction of en-
semble prediction and uncertainty.

data. The sampling uncertainty demonstrates a sensitivity of
the networks to the evaluation data, again emphasizing the im-
portance of a thorough data selection. The remaining question
is how to extract what we refer to as the ensemble predic-
tion and uncertainty from the distribution. We first depict the
distribution as a histogram, where we employ the Freedman-
Diaconis rule [40] to estimate the bin size. An example for
such a histogram is shown in Fig. 3 based on the predictions
of the E2 moment of 6Li from 1000 FSPNs. In order to avoid
sensitivity to fluctuations, we first smooth out the histogram
with a moving average over a width of ten bins. Note that we
typically obtain histograms with a few hundred bins, hence,
ten bins is a rather small window and the overall shape of
the histogram remains essentially unchanged. We consider the
ensemble prediction to be the most probable value, which is
the highest bar in the histogram. Starting from this value we
then add up the bars to the left and right of the ensemble
prediction, always continuing with whichever is higher, until
the accumulated number of counts exceeds 68% of the to-
tal number of predictions. The resulting interval defines our
uncertainty. An illustration of this procedure is given by the
orange interval in Fig. 3. Hence, all uncertainties presented in
this work are 68% confidence intervals. The advantage of this
extraction procedure over the Gaussian fit used in [20,21] is
that it allows for asymmetric uncertainties.

C. Results

We can assess the quality of the FSPN approach for E2 mo-
ments based on the results for the ground-states of 6Li, 7Be,
and 8B and the first 2+ excited state in 12C, which are shown in
Fig. 4. Here, the left-hand panels show the NCSM input data
for the E2 moment over Nmax, and with that the convergence
pattern for the respective nucleus. The right-hand panels de-
pict the distributions of predictions from 1000 FSPNs for
that input data at different Nmax. The selected nuclei feature
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FIG. 4. Input data and FSPN predictions from 1000 ANNs for
the E2 momenta of the ground states of 6Li, 7Be, and 8B and the
first 2+ excited state of 12C. The left-hand panels show NCSM data
for aHO = 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, and 1.8 fm (gray to red), while
the right-hand panels depict the predictions based this input data at
different Nmax.

different E2 moments and, more importantly, very different
convergence patterns containing ascending, descending, and
oscillating sequences. Analogously to radii, the shape of the
sequence strongly varies with aHO. Hence, the predictions
depend on the aHO present in the input data. We, therefore,
choose a window from aHO = 1.2 to 1.8 fm corresponding
to h̄� = 12.8 to 28.8 fm, which is within the h̄� range of
the training data. All evaluation data are computed with the
nonlocal chiral NN+ 3N interactions from [27,37] at N3LO
with cutoff � = 500 MeV, which we refer to as EMN[500],
and SRG evolved to α = 0.08 fm4.

Starting with 6Li, we find that the overall convergence pat-
tern is similar to the 2H training data except for the direction of
convergence, since the E2 moment of 6Li is negative. As this is
not represented in the training data, the sign of the evaluation
samples, and with that the direction of convergence, is flipped
before they are passed through the FSPNs. In 6Li we find very
consistent predictions across all Nmax. However, they appear
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somewhat large in magnitude compared to the most converged
sequence at aHO = 1.8 fm. A similar picture emerges for
7Be, which exhibits a monotonically decreasing convergence
pattern. Finally, for 8B and 12C we have a monotonically
increasing convergence pattern that is akin to the training data
at large Nmax. Once more, we find very consistent predictions;
however, in the case of 8B they feature a deformed, almost
bimodal distribution, which generally points at a mismatch of
input data and training data.

Overall, the results obtained with the FSPN approach
are surprisingly good, considering the very limited training
data, and demonstrate the predictive power and universal
applicability of this method including excited states.

However, the FSPN approach is not applicable to other
EM observables due to the complete lack of suitable training
data from few-body systems. This limitation will remain until
high-quality converged training data can be obtained for light
p-shell nuclei, which is out of reach for now. Hence, we
need to find an alternative approach in order to predict the
full-space values of these observables.

IV. OBSERVABLE TRANSCODER NETWORKS

In order to overcome the limitations of the FSPNs, we pro-
pose OTNs as a new machine learning approach that leverages
the correlations between observables. Instead of characteriz-
ing the model space with the NCSM specific parameters Nmax

and h̄�, we substitute the energy for Nmax and replace h̄�

with the radius. As both observables depend on Nmax and h̄�,
this resembles a reparametrization, where the radius mostly
carries information on the length scale of the HO basis, due to
its sensitivity to aHO, and the energy yields information on the
model-space size due to monotonicity. Thus, we essentially
aim for a mapping (E , R) → O that converts energies and
radii into the observable of interest.

Here, we use the energy and the point-proton radius to
train the OTNs to predict the E2 moment from these inputs.
Hence, we aim to replace the model-space extrapolation with
an observable conversion by exploiting the correlations be-
tween the different observables. In order to obtain a prediction
for the full-space E2 moment we need to supply the OTN
with the full-space energy and radius. In Ref. [21] we showed
that FSPNs can provide high-quality full-space predictions for
these observables.

Before we discuss the OTNs in detail, let us first study
the correlations between the E2 moment and energy or point-
proton radius for a specific nuclear state. An example of these
correlations for the ground states of 6Li and 8B at different
Nmax is given in Fig. 5. The right-hand panels show the well-
known correlation between the E2 moment and the radius,
which both strongly depend on aHO. This correlation becomes
obvious when comparing the operators for E2 moment and
point-proton radius. This similarity has already been exploited
in other work regarding E2 moments and transitions in the
NCSM [22,23]. Note that the correlations are already present
in small model spaces and converge rapidly.The left-hand
panels of Fig. 5 show that there are no apparent correlations
between E2 moment and energy. Hence, we expect the OTNs
to predominantly learn the radius correlation. Nevertheless,
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FIG. 5. Correlations between the ground-state E2 moment and
the ground-state energy (left) and the ground-state point-proton ra-
dius (right) in 6Li and 8B for EMN[500] from Nmax = 2 (yellow)
to Nmax = 12/10 (black). The curves for each Nmax are spanned by
an aHO range from 1.2 to 2.4 fm. The red stars illustrate the FSPN
predictions for the energies or radii, and the OTN predictions for the
E2 moments, with their respective error bars.

we keep the energy in the input layer as a measure of con-
vergence and with the extension to other EM observables in
mind.

A. Network design

Modeling the correlations is less complex than the pattern
matching approach of the FSPNs. Hence, a smaller topology is
sufficient for the OTNs. A schematic depiction is provided in
Fig. 2. The sizes of input and output layers are naturally given
by the desired mapping. Thus, the input layer contains two
input nodes, one for energy and one for radius, and a single
output node that yields the prediction of the E2 moment. The
OTNs further consist of two hidden layers with eight nodes
each, resulting in 107 trainable parameters. For the activation
function we have found a hyperbolic tangent to yield best
results, while we stick with an MSE loss function and the
AdamW backpropagation algorithm.

In order to obtain training data for the OTNs, a method to
probe the three-dimensional space spanned by energy, radius,
and E2 moment is required. Moreover, the correlations are
unique to the combination of nucleus, Hamiltonian, and state
under investigation. This has two major implications: First,
the OTNs do not share the universality of the FSPNs and
need to be retrained in every application. Second, a sufficient
amount of training data needs to be accessible for a given
nucleus and state. Under these considerations the NCSM is
the ideal method to obtain high-quality training data from ab
initio theory since all observables are directly accessible, the
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accuracy in the description of the training data. The red marker represents the OTN prediction for the E2 moment based on FSPN predictions
for energy and point-proton radius in order to illustrate its proximity to the training data.

amount of training data can be increased by a variation of
aHO, and as demonstrated in Fig. 5 the dominant correlations
already emerge in small model spaces.

The left-hand side of Fig. 6 depicts the NCSM training
data for the ground state of 6Li for aHO = 1.2, 1.3, . . . , 2.4 fm
and Nmax = 2 to 12. Note that Nmax = 0 is discarded due to
limited physical relevance. The data spans a smooth surface
that is nondegenerate with respect to (w.r.t.) the E2 moment
and can, therefore, easily be modeled with an ANN. This is
further simplified by normalizing the data to the interval [0,1]
for all three observables. We train our OTN on this data for
a total of 10 000 epochs with a batch size of 4 and an initial
learning rate of 0.001, which is successively reduced during
the training by a factor of 0.8 whenever the loss plateaus,
i.e., it does not decrease by at least 0.1% for 80 epochs. We
consider the training successful and the OTN valid if the MSE
loss becomes smaller than 0.0001. The whole training process
takes less than a minute and multiple networks can be trained
simultaneously.

We can assess the correlations learned by the OTN by prob-
ing the observable space and illustrating the surface predicted
by the network as a blue grid, which is also shown in Fig. 6.
In addition, the right-hand side shows the deviation between
training data and OTN predictions. We find that the network
is capable of emulating the training data to good precision
especially for larger Nmax. Once trained, the OTN can be
applied to unseen data.

We emphasize that, compared to the FSPN approach, the
output of the OTN is not a prediction for the full-space E2 mo-
ment but the E2 moment corresponding to the model space in
which the energy and radius results have been obtained. Con-
sequently, the OTN can provide a prediction for the full-space
E2 moment when the input energy and radius are results or
predictions for the values in the full Hilbert space. While these
results for energy and radius can be obtained by other means,
we will use FSPN predictions as input to the OTNs, as they
have proved to provide reliable estimates for the full-space en-
ergy and radius. Thus, we obtain full-space predictions for the
E2 moment via a two-step process that combines both ANN
architectures. In a first step, we perform NCSM calculations
for energy, radius, and E2 moment and extrapolate energy

and radius with the FSPNs from [21]. Subsequently, we train
OTNs on the NCSM data and use the FSPN predictions for
energy and radius as an input to these OTNs, which then yield
predictions for the E2 moment.

The red symbols in Figs. 5 and 6 show examples for such
predictions obtained from the depicted data. They demon-
strate the proximity of the prediction to the training data.
This is important to note since extrapolation problems are
generally difficult for ANNs, while they excel on interpola-
tion tasks. Due to the wide aHO grid, we find that the OTN
effectively performs an interpolation of the E2 moment w.r.t.
the radius and the small extrapolation w.r.t. energy is of minor
importance since E2 moment and energy are not as correlated.
Nevertheless, the inset in Fig. 5 demonstrates the relevance of
the energy as an input to the OTN as it allows the network to
account for the remaining Nmax dependence of the correlation
curve.

Overall, we find that the OTNs yield an accurate model of
the correlations between the different observables and allow
for predictions of E2 moments.

B. Uncertainty propagation

In order to obtain meaningful predictions for the E2 mo-
ment we need to account for different sources of uncertainty,
in particular, the uncertainty of the energy and radius inputs
as well as the network uncertainty of the OTN. In analogy to
the FSPN network uncertainty, we can account for the latter
by training a total of 100 OTNs with different random initial-
izations of the network parameters. Figure 7 illustrates how
the prediction from a single OTN shown in red gets replaced
by the orange histogram that now includes predictions from
100 OTNs. The small size of the extracted OTN uncertainty
is an indication that the networks can successfully account for
the minor extrapolation in the energy direction. We further
need to consider the uncertainties for energy and radius from
which the E2 moment is predicted. These uncertainties are
encoded in the histograms of predictions obtained from the
FSPN approach.By sampling these distributions a total of
10 000 times, each yielding a pair of randomly selected energy
and radius, and evaluating the 100 OTNs with all of these

034306-6



MACHINE LEARNING FOR CORRELATIONS OF … PHYSICAL REVIEW C 112, 034306 (2025)

6.8 7.0 7.2 7.4 7.6

Q [e fm2]

n
or

m
al

iz
ed

co
u
n
ts

FIG. 7. Distribution of predictions of the ground-state E2 mo-
ment of 8B based on 100 OTNs evaluated with the FSPN ensemble
predictions for energy and point-proton radius (orange) and evalu-
ated with 10 000 samples randomly drawn from the distributions of
FSPN predictions for the two observables (green). Error bars indicate
the respective ensemble predictions and uncertainties. The vertical
red line illustrates the prediction of a single OTN for comparison.

samples, the uncertainties can be propagated to the E2 mo-
ment. The resulting histogram shown in green now includes
all sources of uncertainty on the many-body level. The FSPN
predictions of the radius are by far the dominant source of
uncertainties for the E2 moment, while the OTN uncertainty
is negligibly small in comparison. This is consistent with the
strong correlation between the two observables and, therefore,
the precision of the OTN predictions is ultimately limited by
the precision of the FSPN predictions for the radius.

C. Results

With the discussed procedure for prediction and uncer-
tainty quantification for E2 moments, we can investigate the
quality of the OTN predictions for selected p-shell nuclei.
The NCSM calculations for these investigations have been
obtained with the EMN[500] interaction, and the Hamiltonian
is further SRG evolved to α = 0.08 fm4.

We start with the ground state of 6Li for which both the
FSPN predictions for energy and point-proton radius along
with the OTN predictions for the E2 moment are depicted
in Fig. 8. We find that the energy predictions are very stable
and consistent across the different Nmax. The predictions of
the point-proton radius, however, show some trend to larger
values with increasing Nmax due to the anomalous change in
the convergence pattern starting from Nmax = 10, best visible
in the highest-lying sequence which appears to be converging
before changing to an almost linear increase. This effect is
particularly pronounced in 6Li because of its cluster structure,
which allows us to investigate if and how such deficiencies in
the radius extrapolation translate to E2 moments.

Next, we assess the performance of the OTNs on the train-
ing data shown by the dashed black lines in the bottom left
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FIG. 8. Input data and FSPN predictions (blue) for the ground-
state energy (top panels) and point-proton rms radius (center panels)
of 6Li with the EMN[500] interaction. The bottom panels show a
comparison of the NCSM results for the E2 moment and the OTN
predictions (green) obtained from the FSPN predictions at the respec-
tiveNmax. The dashed black lines in the bottom left panel additionally
show the OTNs’ performance on the depicted NCSM training data.

panel. We find that the description of the data is very accurate
across all aHO and Nmax. The OTN slightly smooths out the
alternating behavior of some sequences in Nmax = 4, 6. This
indicates that the networks capture the dominant correlations
without overfitting all artifacts in the data. With this additional
quality assessment, we can turn to extractions of the E2 mo-
ments obtained from the FSPN predictions at different Nmax.
Note that the Nmax truncation affects both the FSPN predic-
tions of energy and radius and the OTN training data. We find
that the predictions are very precise compared to the spread
of the NCSM data given in the bottom left panel and feature
slightly smaller uncertainties than the direct FSPN predictions
in Fig. 4. This is a result of the precise radius predictions along
with the strong and accurately modeled correlations. Upon
closer inspection we find that the linear trend in the radius
predictions does, in fact, translate to the predictions of the E2
moments but on a reduced scale.

From this discussion of the particularly challenging 6Li we
can conclude that, besides a nontrivial convergence pattern
and a significant trend in the radius predictions, the OTNs
provide precise and robust predictions for the E2 moment.
Hence, we expect them to perform as well or even better on
other nuclei that show a more regular behavior.

The ground states of 7Be and 8B and the first 2+ excited
state in 12C are examples of nuclei with a more regular
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FIG. 9. Comparison of the NCSM training data for EMN[500]
along with OTN predictions as black dashed lines (left-hand panels)
with the OTN predictions from FSPN predictions of energy and
point-proton radius (right-hand panels) for the ground states of 7Be
and 8B and for the first 2+ excited state in 12C.

convergence of radius and E2 moment. The respective OTN
predictions for the E2 moments are given in Fig. 9. Again,
the left-hand panels show the NCSM training data along with
the OTN predictions based on the actual NCSM energy and
radius for the respective model space. The OTN predictions
based on the FSPN results for the converged energy and
radius at different Nmax are given in the right-hand panels.
We first notice that the OTNs describe the training data very
accurately. Further, we find precise predictions in all nuclei
that are consistent across different Nmax, which is a result of
consistent predictions for the respective radii. Once more, we
highlight the precision of the predictions compared to the wide
spread of the converging sequences in the NCSM data.

In order to assess the accuracy of the OTN approach we
would ideally compare the predictions to the exact results. Un-
fortunately, a fully converged E2 moment is only accessible in
2H, which exhibits an atypical staggering in the convergence
pattern as demonstrated in Fig. 1. This translates to a compli-
cated structure in the correlation surface that is to be modeled
by the OTNs. Thus, an application to 2H is not representative
for the p-shell nuclei discussed here. However, we can assess
the accuracy of the OTN approach indirectly. On one hand,
the FSPNs account for the model-space extrapolation and
the accuracy of the FSPN approach is discussed in detail in
Refs. [21,41]. On the other hand, as already discussed, we
find that the OTNs accurately model the smooth correlation
surfaces for p-shell nuclei and the spread of predictions from
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+ χ uncert.
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FIG. 10. OTN predictions for 8B at different chiral orders (green)
and at the highest order with included chiral uncertainties (violet)
for the EMN[500] (top panel) and SMS[450] (bottom panel) in-
teractions. The experimental result from [42] is given in grey for
comparison.

different OTNs is very small compared to the radius uncer-
tainties. All these arguments speak to the accuracy of the OTN
approach.

D. Interaction uncertainties

For a meaningful comparison with experiment, we also
need to address the interaction uncertainties that arise from
the truncation of the chiral expansion. For this we employ
the Bayesian pointwise model for interaction uncertainties in
chiral EFT developed by the BUQEYE Collaboration [24].
Hence, we need to perform NCSM calculations for energy,
radius, and E2 moment as well as the ANN evaluations at
the different chiral orders. The ensemble predictions at the
different orders are used as input to the BUQEYE model
that provides a student-t distribution for the highest order that
encapsulates the interaction uncertainty. In order to combine
many-body and interaction uncertainties, we compute the con-
volution of the student’s t distribution with the histogram of
OTN predictions at the highest order accessible. This yields
a final distribution around a similar nominal value but with a
wider spread that now resembles a full uncertainty (see [43]
for details).

Figure 10 illustrates this procedure and shows the results
for 8B for the EMN[500] interaction at NLO, N2LO, and
N3LO and additionally for the semilocal NN + 3N interac-
tion from [28,44,45] with cutoff � = 450 MeV labeled as
SMS[450] at NLO, N2LO, and N4LO+. All Hamiltonians
have been SRG evolved to α = 0.08 fm4. We find that both
interactions share the same systematics, in particular a shift
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FIG. 11. OTN predictions for the E2 moment with combined
many-body and chiral interaction uncertainties for various p-shell
nuclei and the EMN and SMS interactions at N3LO and N4LO+,
respectively, for cutoffs � = 450 and 500 MeV. Experimental data
from [42] are shown for comparison.

to smaller values in N2LO that is remedied in the next order.
Note that the chiral uncertainties are larger for the SMS[450]
interaction as 3N forces are only included up to N2LO, and
thus we choose to treat N4LO+ as another third-order result
in the BUQEYE model. The final predictions for EMN[500]
overestimate the experimental value, and SMS[450] also tends
to result in larger E2 moments, but they are in agreement with
experiment within uncertainties.

We now extend our investigations to a wide range of p-shell
nuclei, i.e., 6,7,8Li, 7Be, 8,10,11,12B, and 12C. The final results
with complete uncertainty quantification for four different
interactions, in particular the EMN and SMS families with
two cutoffs � = 450 and 500 MeV each, are depicted in
Fig. 11 along with E2 moments from experiment. All results
and experimental values are further given in Table I. For all
nuclei except 6Li and 12B the results are in good agreement
with experiment within uncertainties for at least one of the in-
teractions. Considering that our uncertainties are constructed
to resemble a 1σ interval, the results for 6Li and 12B fall within
a 2σ interval and are, thus, also within the range of the respec-
tive distributions of predictions. Overall the SMS interactions
yield slightly more accurate results. However, we find some
variations with cutoff in both families that corresponds to the
change in the respective radii. This effect is more pronounced
for the EMN interactions, while the SMS interactions are in
agreement within uncertainties. Due to the small E2 moment
in 6Li this results in a large relative deviation; still, all predic-
tions remain in qualitative agreement with experiment.

E. Towards cross-method applications

The OTNs offer an interesting perspective for extensions
to heavier nuclei. Being designed to capture the correlations
between observables, they do not rely on method-specific
parameters and are, therefore, agnostic to the source of their
input. Hence, the energy and radius used to evaluate the OTNs
can, in principle, be obtained through any many-body method
as long as the same Hamiltonian is employed. In particular,

TABLE I. OTN predictions for the E2 moment with included
chiral uncertainties for various p-shell nuclei and the EMN and
SMS interactions at N3LO and N4LO+, respectively, for cutoffs
� = 450 and 500 MeV. The second column indicates the highest
Nmax available for the respective nucleus. Experimental data from
[42] are given for comparison.

Q (e fm2)

Nucleus Nmax Int. � = 450 MeV 500 MeV Expt.

6Li 12 EMN −0.402+0.044
−0.046 −0.384+0.044

−0.046 −0.0806(6)

SMS −0.121+0.023
−0.031 −0.124+0.018

−0.022

7Li 10 EMN −3.700+0.139
−0.299 −3.816+0.122

−0.191 −4.06(8)

SMS −3.756+0.157
−0.198 −3.649+0.188

−0.215

7Be 10 EMN −6.130+0.129
−0.205 −6.369+0.145

−0.163 n.a.

SMS −6.262+0.227
−0.253 −6.190+0.173

−0.139

8Li 10 EMN 3.443+0.060
−0.053 3.374+0.046

−0.034 3.14(2)

SMS 3.193+0.082
−0.081 3.107+0.105

−0.102

8B 10 EMN 6.827+0.192
−0.167 7.124+0.203

−0.196 6.43(14)

SMS 6.814+0.314
−0.306 6.367+0.400

−0.393

10B 8 EMN 7.930+0.315
−0.216 8.637+0.246

−0.211 8.45(2)

SMS 8.136+0.353
−0.348 7.805+0.467

−0.451

11B 8 EMN 3.742+0.122
−0.113 4.091+0.105

−0.089 4.059(10)

SMS 3.704+0.127
−0.122 3.564+0.130

−0.127

12B 8 EMN 0.350+0.089
−0.105 0.590+0.063

−0.053 1.32(3)

SMS 1.095+0.101
−0.099 0.981+0.133

−0.133

12C (2+) 8 EMN 5.910+0.215
−0.188 6.380+0.194

−0.177 6(3)

SMS 5.615+0.319
−0.310 5.281+0.445

−0.442

this allows us to train OTNs based on NCSM data and eval-
uate them with energies and radii obtained from many-body
methods that can access heavier nuclei. It further eliminates
the need to directly compute EM observables in these models.

Eventually, the availability of training data from the NCSM
becomes the bottleneck of this kind of cross-method appli-
cations as only very small Nmax can be reached for, e.g.,
sd-shell nuclei. Thus, we investigate how much training data is
actually required in order to reliably construct a set of OTNs.
We simulate this shortage of data by artificially truncating the
training set for the OTNs to smaller Nmax. Figure 12 shows
predictions for the E2 moment of the first excited 2+ state in
12C obtained with different OTNs that have been trained on
NCSM data truncated to Nmax � 2, 4, 6, and 8, respectively.
We find that, besides the extremely limited Nmax = 2 case, the
predictions are remarkably consistent and very little training
data is sufficient to capture the correlations. This aligns with
the rapid convergence of the E2 moment and radius corre-
lation found in Fig. 5. Hence, reliable OTNs can likely be
constructed up into the mid sd shell.

V. CONCLUSIONS

In this work, we have extended our previous FSPN ap-
proach for the extrapolation of NCSM calculations to E2

034306-9



KNÖLL, AGEL, WOLFGRUBER, MARIS, AND ROTH PHYSICAL REVIEW C 112, 034306 (2025)

2 4 6 8
Nmax

2

4

6

8

10

Q
[e

fm
2
]

12C
training data truncated

to Nmax ≤ 2, 4, 6, 8

FIG. 12. NCSM data (left-hand panel) along with OTN predic-
tions (right-hand panel) for the first 2+ excited state in 12C based
on OTNs trained with different sets of training data truncated to
Nmax = 2, 4, 6, and 8, where the latter corresponds to the full training
data available.

moments and developed a new OTN framework that predicts
E2 moments from energies and radii based on correlations
learned from ab initio calculations. While both approaches
yield compatible results for the selected p-shell nuclei, the
FSPNs are more prone to unwanted biases due to the lack
of training data, and this limitation will ultimately prevent
the extension to other EM observables. The OTNs, however,
exploit the strong correlation between the E2 moment and
the radius resulting in robust and precise predictions of E2
moments based on FSPN predictions for energies and radii.
These correlations can be modeled to such a degree that the
precision of the OTN approach is only limited by the precision
of the radius extrapolation.

In addition to a many-body uncertainty, we have demon-
strated how interaction uncertainties from the truncation of the
chiral expansion can be incorporated in the many-body pre-
dictions, thus allowing for a complete statistical uncertainty
quantification. This enables a precision study of E2 moments

in p-shell nuclei that yields important insight into details of
the nuclear Hamiltonian.

Finally, the OTN approach is directly applicable to other
EM observables and can naturally be extended to other many-
body methods. It even shows high potential for cross-method
applications, which can increase the reach towards sd-shell
nuclei and eliminate the need to compute EM observables in
medium-mass methods. Work along these lines is in progress.
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