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Magnetized charged boson gas and two-step condensation in neutron-star matter
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We study the thermodynamic properties of a noninteracting, relativistic gas of charged scalar bosons in
a uniform magnetic field, including both statistical and vacuum contributions at arbitrary field strengths.
Focusing on the low-temperature regime and separating the lowest Landau level (LLL) from excited states
provides a clearer view of the magnetic field’s impact on thermodynamic quantities. We revisit Bose-Einstein
condensation (BEC), specific heat, magnetization, and the equation of state (EoS). A central result is the diffuse
character of BEC induced by the magnetic field, reflected in the specific heat, which exhibits two plateaus:
the first appears when the system becomes effectively one-dimensional through magnetic confinement, while
the second—associated with the true one-particle ground state—is suppressed by the field. Consequently, no
critical condensation temperature arises. For magnetization, the LLL contribution shifts from diamagnetic to
paramagnetic. As the field strengthens with the inclusion of the excited states, the statistical magnetization
remains negative. In contrast, the vacuum contribution dominates at strong fields, driving paramagnetism. We
also show that antiparticles increase specific heat, magnetization, and total pressure. These effects are illustrated
for a pion gas under neutron star conditions and compared with previous results for a neutral vector boson system.
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I. INTRODUCTION

Alongside luminous stars, the Universe is also home to
stellar remnants—what we might call “stellar corpses”—
whose nature depends on the characteristics of the stars they
originated from. When a star reaches the end of its life, it often
ends in a dramatic collapse followed by a bright supernova ex-
plosion. Stars with intermediate masses (8M� � M � 20M�)
typically become neutron stars (NS). The name has historical
origins: the first explanation for the stability of these incred-
ibly dense objects suggested that they were supported by the
pressure of a degenerate gas of massive fermions. At the time,
scientists proposed that these fermions were neutrons, which
had just been discovered [1].

However, it is already known that the observational data
cannot be fully explained by this composition alone. Instead,
a wide range of possible constituents has been proposed,
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ranging from neutrons to quarks in different phases and sub-
jected to different interactions. In addition, phase transitions
to a condensate or a superfluid of bosons are also considered
in some models [2–4].

The high density is one of the most important features of
NS: with masses on the order of that of our Sun enclosed in
a region of roughly 10 km, the density of these objects can
reach that of atomic nuclei (∼1014 g/cm3). No less important
is their precise and rapid rotation, which led to their discovery
[5]. If they possess a magnetic field misaligned with their
rotation axis, NS can emit significant amounts of energy as
electromagnetic waves due to the precession of the magnetic
field. Most of this radiation falls within the range of radio
waves, x-rays, and gamma rays, with only a very small frac-
tion in the visible range of the electromagnetic spectrum.

Observations of NS have revealed several remarkable fea-
tures. According to observational data, these stars possess
ultrahigh magnetic fields at their surfaces, around 1012–1013 G
in radio pulsars and reaching 1015 G in magnetars [6]. Never-
theless, there are still many uncertainties about these magnetic
fields, including their origin and the intensities allowed in the
stars’ inner regions.

Matter subjected to these extreme conditions of density,
temperature, and magnetic field has not been recreated in
terrestrial laboratories yet, leaving the validation of the true
composition of NS to astronomical observations. Research
in this field evolves in two directions: the construction of
theoretical models to compare with observations and the
imposition of astrophysical constraints on these models,
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shedding light on high-energy physics. In the “sea” of the-
oretical models, the possibility of condensates of pions or
superfluid states of protons, neutrons, or pions is not excluded,
and we are interested in exploring them in the presence of
magnetic fields.

Although our primary motivation for this study arises from
astrophysical applications, the results may also provide in-
sight into Bose-Einstein condensates (BECs) of neutral atoms
and molecules [7]. In particular, recent experiments with dipo-
lar bosonic molecules—such as NaCs—featuring long-range
dipole-dipole interactions, have demonstrated tunability from
weak to strong coupling regimes. This level of control has
opened the door to the exploration of exotic quantum phases,
including supersolids, dipolar crystals, and Mott insulators
with fractional fillings [8,9].

The magnetized ideal charged scalar boson gas (MCSBG)
has previously been studied in both relativistic and nonrela-
tivistic regimes, and remains an active topic in the literature.
Among the most relevant works are [7–16] and references
therein, which focus on understanding whether a critical tem-
perature for Bose-Einstein condensation exists in the presence
of a magnetic field.

Summarizing the main findings, in the relativistic case,
condensation and magnetization have been analyzed sepa-
rately in the weak-field (WF) and strong-field (SF) regimes
[10,12,14,15]. In the WF limit, it was argued that the gas
undergoes a conventional BEC transition, with the critical
temperature depending on the magnetic field. In the SF
regime, however, all particles are confined to the lowest
Landau level (LLL), making the system effectively one-
dimensional. In this case, a critical temperature cannot be
defined, but there exists an interval of temperatures at which
the bosons concentrate around the ground state, indicating
the occurrence of a diffuse phase transition [10,11]. In [13],
a precise analysis of magnetization, in both relativistic and
nonrelativistic regimes, was performed, and the existence of
conventional condensation in arbitrary dimensions was ex-
amined. In [16], exact expressions for the specific heat and
magnetization, in the nonrelativistic case, were obtained, and
the possibility of conventional condensation by introducing
a definition of a critical temperature based on the maximum
of the specific heat was discussed. On the other hand, in
Ref. [7], the two-step condensation through the behavior of
the specific heat and particle clustering was investigated for a
non-relativistic system. For the ideal MCSBG, in Ref. [17],
by introducing self-interactions in the charged boson gas,
a well-defined critical temperature and a conventional BEC
were obtained. The authors further argue that the magnetic
field catalyzes the condensate.

Related to Bose-Einstein condensate but for the case of a
magnetized neutral vector boson gas (MNVBG) are the works
[18–22] where the thermodynamic behavior was investigated
at arbitrary temperatures, and the corresponding equation of
state (EoS) was derived to model Bose-Einstein condensate
stars as alternatives to conventional neutron stars. The analysis
revealed two distinct regimes depending on the temperature.
At low temperatures, magnetic field effects dominate, giving
rise to spontaneous magnetization, pressure anisotropy, and
the possibility of transverse magnetic collapse. At high

temperatures, however, the system is governed by pair
production, which restores pressure isotropy and significantly
enhances both magnetization and total pressure. These results
highlight the importance of relativistic and thermal effects
in extreme astrophysical environments, where even neutral
bosonic systems can exhibit nontrivial magnetic responses.

In this paper, within the scalar-QED framework, we extend
this line of research by analyzing the MCSBG, aiming to
explore its thermodynamic properties and EoS in the context
of our ongoing research on BEC stars. Our initial attempts
in this direction are presented in [23], where some thermo-
dynamic properties are discussed, and more recently in [24],
where neutron stars with charged magnetized pions in their
core are studied. We start from the relativistic charged boson
propagator in the one-loop approximation at finite tempera-
ture and density and in the presence of a magnetic field to
derive the thermodynamic potential. From it, we compute the
thermodynamic properties of the system under an arbitrary
magnetic field by separating the contribution from particles
in the lowest Landau level (LLL) from those in higher Landau
levels, following the approach inspired by [17], where BEC
with self-interactions was analyzed. Separating the LLL con-
tribution allows us to properly deal with the strong infrared
divergences in the particle density.

The novelty of our work, compared to the studies men-
tioned above, lies in three key aspects: first, in the approach
itself, which, through the calculation of a relativistic and exact
analytical expression for the thermodynamic potential, allows
for the investigation of the low-temperature regime at arbitrary
values of the magnetic field, enabling a systematic exploration
of the interplay between temperature and magnetic field in
the system; second, in the new results and physical insights
that emerge as a direct consequence of this approach, ranging
from the analysis of the two-step Bose-Einstein condensa-
tion to the derivation of the thermodynamic properties of the
system, such as the anisotropic equations of state and the
system transition from diamagnetic to paramagnetic states;
and third, in the explicit inclusion of vacuum contributions
and antiparticles, which are often neglected in previous stud-
ies. In particular, we confirm that condensation effectively
occurs as a two-step process, consistent with the findings of
[7] in the nonrelativistic case. Furthermore, we uncover the
dual role of the magnetic field in this two-step condensation:
on the one hand, it catalyzes the first step by reducing the
dimensionality of the system, while on the other hand, it
inhibits the second step, which corresponds to reaching the
ground state. With this comprehensive study, we establish the
groundwork for the subsequent investigation of Bose-Einstein
condensate stars.

The article is organized as follows. In Sec. II we compute
the thermodynamic potential of the relativistic MCSBG. In
Sec. III we derive the low-temperature limit, and Sec. IV is de-
voted to the Bose-Einstein condensation. The magnetization
of the gas is obtained and discussed in Sec. V, and in Sec. VI
we study the EoS. In Sec. VII we summarize the results and
present our conclusions. In addition, we present Appendixes
that complement our discussions.

Although we have astrophysical motivations and illustrate
our results with pions of mass mπ ≈ 140 MeV, we use

015802-2



MAGNETIZED CHARGED BOSON GAS AND TWO-STEP … PHYSICAL REVIEW C 113, 015802 (2026)

dimensionless units, so that our conclusions can be applied to
any charged scalar boson gas in other contexts such as heavy
ion colliders or condensed matter physics. Throughout this
paper, we use natural units, where kB = c = h̄ = 1

4πε0
= 1.

We would like to point out that the data that support the
findings of this article are openly available at Ref. [25].

II. THERMODYNAMIC POTENTIAL

We consider the thermodynamic potential of a charged
boson gas in the presence of a uniform and constant magnetic
field B, in the z direction, in the one-loop approximation.
In the framework of the imaginary-time formalism, the ex-
pression for the thermodynamic potential (analogous to the
one obtained for QED [26]) has been worked out in detail in
Appendix A, and reads

�(T, μ, B) = eBT

4π2

∑
n,l

∫
d p3 ln D−1

l (p∗), (1)

where the integral is over the third component of momentum
p3, p∗ = (iωn − μ, 0,

√
(2l + 1)eB, p3), with ωn the Matsub-

ara frequencies, T the temperature, and μ and e, the bosons’
chemical potential and charge, respectively. l stands for the
Landau levels quantization of the transverse momentum to the
magnetic field, and

D−1
l (p∗) = [(iωn − μ)2 + p2

3 + (2l + 1)eB + m2] (2)

is the inverse boson Green’s function in the presence of a
magnetic field.

Once the sum over the Matsubara frequencies is per-
formed, the thermodynamic potential can be split into two
contributions: the well-known vacuum contribution �V (B)
that depends solely on the magnetic field intensity and
requires renormalization; and the so-called statistical con-
tribution �st(T, μ, B), that depends on the temperature,
chemical potential and magnetic field intensity. This last term
can, in turn, be split into the LLL and the contribution of the
excited states, yielding

�(T, μ, B) = �V (B) + �st (T, μ, B)

= eB

4π2

∞∑
l=0

∫ ∞

−∞
El (p3)d p3

+ eB

4π2β

∫ ∞

−∞
d p3[ln(1 − e−β[E0(p3 )−μ] )

+ ln(1 − e−β[E0(p3 )+μ] )]

+
∞∑

l=1

∫ ∞

−∞
d p3[ln(1 − e−β[El (p3 )−μ] )

+ ln(1 − e−β[El (p3 )+μ] )], (3)

where β = 1/T is the inverse of the absolute temperature.
The particle energy spectrum is El (p3) =

√
p2

3 + m2
B + 2eBl ,

with mB = √
m2 + eB being the boson effective mass, which

includes a magnetic field contribution. In particular, for the
LLL, E0(p3) =

√
p2

3 + m2
B .

In the last equation, we have separated the LLL term from
the rest of the thermal contribution, as is commonly done for

fermions [26]. For charged fermions, in the strong magnetic
field regime, the confinement of particles in the LLL leads
to a dimensional reduction—referred to as magnetic catalysis
[27]—of the system and gives rise to various interesting phe-
nomena. One such phenomenon occurs in vacuum, where the
magnetic field catalyzes the formation of a fermion conden-
sate [27]. As we will see later, a similar dimensional reduction
takes place for charged bosons in a magnetic field, also known
as magnetic catalysis [17], with important implications for the
collective behavior that drives Bose-Einstein condensation.
The phenomena under discussion, occurring in both fermionic
and bosonic systems, ultimately stem from the breaking of the
SO(3) symmetry due to the presence of a magnetic field [28].

By using a standard procedure [29], the sum over Landau
levels and the integral over p3 in the vacuum contribution can
be straightforwardly performed, giving

�V(B) = − eB

16π2

∫ ∞

0

ds

s2

e−m2s

sinh(eBs)
. (4)

Since the expression above contains the vacuum contribution
and the vacuum polarization, both need to be isolated and reg-
ularized [29], as shown in Appendix B. The finite contribution
to the vacuum thermodynamic potential reads

�R
V (B) = − 1

16π2

∫ ∞

0

ds

s3
e−m2s

×
(

eBs

sinh(eBs)
− 1 + (eBs)2

6

)
(5)

= − (eB)2

16π2

[
− γE − ln b

6
+ −3 + 2γE − ln b2

4b2

+ 4(−1 + γE + ln 2)ζ

(
−1,

b + 1

2b

)

− 4ζ (1,0)

(
−1,

b + 1

2b

)]
, (6)

where ζ is the Hurwitz zeta function and the dimensionless
magnetic field variable b ≡ B/Bc, with Bc = m2/e, was in-
troduced. In the last line in Eq. (6), the ε technique was
used [30]. In thermodynamic studies of particle properties, the
regularized vacuum is typically neglected. However, this term
contributes to the vacuum energy �R

V (B) as zero-point energy,
which plays a crucial role in the magnetic properties of the gas
(as we will see in Sec. V), and consequently in the equation of
state.

Any-temperature thermodynamic potential

Let us start by considering the statistical part of the ther-
modynamic potential for the MCSBG in Eq. (3) for arbitrary
values of the magnetic field, at finite temperature and density,
given by

�st (T, μ, B) = eB

4π2β

∞∑
l=0

∫ ∞

−∞
d p3

× ln[(1 − eβ[μ−El (p3 )] )(1 − e−β[μ+El (p3 )] )].
(7)
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In the above equation, by using a Taylor series for the
logarithm,1 together with the identity

e−βn
√

p2
3+2eB(l+1/2)+m2

= βn

2

∫ ∞

0

ds√
πs3/2

e− β2n2

4s −s[2
3+2eB(l+1/2)+m2], (8)

the integral over p3 and the sum over Landau levels can be
straightforwardly performed, yielding [17]

�st (T, μ, B) = − eB

4π2

∫ ∞

0

ds

s2
e−m2

Bs

×
(

1 + 1

e2eBs − 1

) ∞∑
n=1

e− n2β2

4s cosh(μβn),

(9)

where the parameter s can be related to Schwinger’s proper
time.

The first term inside the parentheses is the contribution
of the LLL, and the second one corresponds to the excited
Landau levels contributions, denoted as �LLL and �l 	=0, re-
spectively, namely

�st (T, μ, B) = �LLL(T, μ, B) + �l 	=0(T, μ, B),

(10a)

�LLL(T, μ, B) = − eB

4π2

∫ ∞

0

ds

s2
e−m2

Bs

×
( ∞∑

n=1

e− n2β2

4s cosh(μβn)

)
, (10b)

�l 	=0(T, μ, B) = − eB

4π2

∫ ∞

0

ds

s2
e−m2

Bs

× 1

e2eBs − 1

( ∞∑
n=1

e− n2β2

4s cosh(μβn)

)
.

(10c)

These expressions are valid for arbitrary values of the mag-
netic field and temperature.

The contribution of the LLL to the dimensionless thermo-
dynamic potential, �̂ ≡ �/m4, can be rewritten as

�̂LLL = −btmb

π2

∞∑
n=1

1

n
cosh

(nx

t

)
K1

(nmb

t

)
, (11)

where the dimensionless ground-state energy mb ≡ mB/m =√
1 + b, temperature t ≡ T/m, and chemical potential x ≡

μ/m have been introduced, together with the integral repre-
sentation of the modified Bessel functions of the second kind,
given by [31]

Kν (z) = 1

2

( z

2

)ν
∫ ∞

0
e−t− z2

4t
dt

tν+1
,

1ln(1 − x) = −∑∞
k=1

xk

k for |x| < 1. This is valid for the MCSBG
since eβ(μ−El (p3 )) < 1 for every energy level and finite temperature,
as proved in [10] and by us in Sec. IV.

for |arg(z)| < π/4. It is worth noting that this result was also
obtained in Ref. [23]. The key difference lies in the summation
over Landau levels, where we explicitly separate the LLL in
Eq. (10a) from the sum over the excited Landau levels.

The contribution of the excited Landau Levels to the ther-
modynamic potential, Eq. (10c), can be written in terms of
a modified Bessel function only in the case b 
 t , where it
takes the form

�̂l 	=0 ≈ m2
bt2

∞∑
n=1

1

n2
K2

(nmb

t

)
cosh

(nx

t

)
. (12)

This result was also obtained in Ref. [15] for the weak-field
limit, which manifests the equivalence between the weak-field
and high-temperature limits.

As we will discuss later, the LLL is the leading term in the
thermodynamic quantities at low temperatures (as compared
to the magnetic field), and its infrared divergences are respon-
sible for the diffuse condensation of MCSBGs, as pointed
out in [7,10]. Therefore, isolating this term from the rest
is convenient for an analytical and numerical treatment of
those divergences, contributing to a better understanding of
the thermodynamic properties of the MCSBG.

III. LOW TEMPERATURE REGIME:
THERMODYNAMIC PROPERTIES

In this section, we derive several thermodynamic quantities
of interest in the low-temperature regime, characterized by
temperatures well below the ground-state energy (t 
 mb),
and we work with dimensionless quantities.2

To explore the thermodynamic properties of the MCSBG
in the low temperature regime, we shall resort to the Laplace
method, which allows us to approximate the integral over s in
Eqs. (10a)–(10c), in the limit mb/t → ∞, as follows [31]:∫ ∞

0
ds g(s)e

mb
t f (s) ≈

√
2πt g(s0)

| mb f ′′(s0) |1/2
e

mb
t f (s0 ). (13a)

where s0 is a maximum point of the function f (s), which
in our case is f (s) = −s − n2

4s and s0 = n/2. With this ap-
proximation, one finds that the dimensionless thermodynamic
potential, in the low temperature (LT) regime, behaves as

�̂LT
st = �̂+,LT

st + �̂−,LT
st (14a)

�̂±,LT
st = �̂±,LT

LLL (t, x, b) + �±,LT
l 	=0 (t, x, b), (14b)

�̂±,LT
LLL (t, x, b) = −bm1/2

b

(
t

2π

)3/2

Li3/2(z±), (14c)

�̂±,LT
l 	=0 (t, x, b) = −bm1/2

b

(
t

2π

)3/2 ∞∑
n=1

zn
±

n3/2

1

enγ − 1
.

(14d)

The notation ± indicates that antiparticles are included in
the calculations: the (+) refers to the particle contribution,

2We use the notation X̂ ≡ X/ma, with a a number such that X̂
becomes a dimensionless thermodynamic quantity.
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and the (−) to the antiparticle contribution. We define z± ≡
e(±x−mb)/t , where z+ the gas fugacity, and γ ≡ b/(tmb) as the
scaled magnetic field. The thermodynamic potential �̂LT is
valid for arbitrary values of the magnetic field,3 and from now
on we refer to it as the exact result.

The LLL term coincides with �̂st in the strong-field ap-
proximation [14], whereas, for the l 	= 0 terms, a weak-field
approximation b 
 t 
 mb can be considered, yielding

�̂±
l 	=0(t, x, b) ≈ −t

(
mbt

2π

)3/2

Li5/2(z±). (15)

Particle number and energy density

With the thermodynamic potential, we can compute all
the thermodynamic properties. In particular, the gas density,
defined as

N̂ = −
(

∂�̂

∂x

)
t,b

, (16)

is the difference between the particle density N̂+ and the
antiparticle density N̂−,

N̂ (t, x, b) = N̂+(t, x, b) − N̂−(t, x, b), (17)

where

N̂±(t, x, b) = N̂±
LLL(t, x, b) + N̂±

l 	=0(t, x, b), (18a)

N̂±
LLL(t, x, b) = b(mbt )1/2

(2π )3/2
Li1/2(z±), (18b)

N̂±
l 	=0(t, x, b) = b(mbt )1/2

(2π )3/2

∞∑
n=1

zn
±

n1/2

1

enγ − 1
. (18c)

The direct proportionality between N̂+
LLL and

Li1/2(z+) leads to significant consequences. Indeed, since
limz→1− Li1/2(z) = +∞, the fugacity must satisfy z+ < 1 at
any finite temperature to allow N̂ to remain bounded. As we
discuss in the next section, this condition determines the type
of Bose-Einstein condensation exhibited by MCSBGs [10,12–
17]. Moreover, by fixing the density N̂ to a specific value ρ,
one obtains the dependence of the dimensionless chemical
potential x on the density, temperature, and magnetic field
through the implicit equation N̂ (t, x(t, ρ, b), b) = ρ.

As before, in the regime mb 
 t 
 b, the l 	= 0 contribu-
tion can be approximated as

N̂±
l 	=0(t, x, b) ≈

(
mbt

2π

)3/2

Li3/2(z±). (19)

The dimensionless statistical energy density, defined as
Êst = �̂st + t Ŝ + xN̂ , with the dimensionless entropy density
Ŝ = −(∂�̂/∂t )x,b, receives contributions from both particles
and antiparticles,

Êst = Ê+
st + Ê−

st , (20)

3From now on, t 
 mb and the “LT” label will be dropped in the
thermodynamic magnitudes.

FIG. 1. Relative fraction of particles N̂+ and antiparticles
N̂− in the system as a function of temperature t for two values of
the magnetic field b and fixed density N̂ = 0.012. In the figure, all
variables are dimensionless.

with

Ê±
st (t, x, b) = Ê±

LLL(t, x, b) + Ê±
l 	=0(t, x, b), (21a)

Ê±
LLL(t, x, b) = b(mbt )1/2

2(2π )3/2

[
2mbLi1/2(z±) + tLi3/2(z±)

]
(21b)

Ê±
l 	=0(t, x, b) = b

(2π )3/2

(
t

mb

)1/2 ∞∑
n=1

zn
±

n3/2(enγ − 1)2

×
[
−nm2

b + (1 + 2b)nenγ + 1

2
mbt (enγ − 1)

]
.

(21c)

In the regime b 
 t 
 mb, the contributions of the excited
Landau levels can be approximated by

Ê±
l 	=0(t, x, b) ≈

(
mbt

2π

)3/2(3

2
t Li5/2(z) + mb Li3/2(z)

)
.

(22)

In order to assess the role of antiparticles in the thermo-
dynamic properties of the gas, let us analyze the particle
and antiparticle densities as functions of temperature at fixed
magnetic field values and a fixed density N̂ = 0.012.4 At the
same time, this density allows the LT approximation to be
used in the temperature range in which the transition to the
BEC is observed.

In Fig. 1, we show the system’s behavior for a weak and a
strong field intensity. The antiparticle density starts to rapidly
increase around t ≈ 0.4–0.6, and, at temperatures around t ≈
0.6–0.7, the antiparticle fraction reaches nearly half of the
density, with N̂− � N̂

2 . Furthermore, the figure shows that
higher magnetic fields increase the antiparticle fraction. As a
result, even in the low-temperature regime, antiparticles must
be taken into account when analyzing the thermodynamic
properties of the boson gas. They could only be neglected

4For a pion gas, this density corresponds to ∼1012 g/cm3, which
can be found inside neutron stars, where densities can be as high as
∼1014 g/cm3 [32].
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in the study of Bose-Einstein condensation, since this phe-
nomenon occurs at even lower temperatures, as t → 0.

Note that in Fig. 1 and the following ones we plot dimen-
sionless variables.

IV. BOSE-EINSTEIN CONDENSATION

Having obtained the relevant thermodynamic quantities of
the MCSBG, we now turn to one of the central goals of this
work: the analysis of its Bose-Einstein condensation. Follow-
ing the approach of [10], we employ two different criteria to
classify the type of BEC that occurs: strong and weak.

The strong criterion posits the existence of a critical tem-
perature tc such that, if the gas is cooled at fixed density,
the fugacity reaches z = 1 for t = tc and remains the same at
lower temperatures. As a consequence, a macroscopic fraction
of bosons accumulates in the ground state of the system at
t < tc and, as t → 0, every boson falls into the ground state. In
contrast, the weak criterion applies when z < 1 for all t > 0,
implying that no finite critical temperature can be defined. In
this scenario, a macroscopic fraction of the particles accumu-
lates not only in the ground state but also in its immediate
vicinity as t → 0.

When the strong criterion holds, the condensation is re-
ferred to as usual and a phase transition into the Bose-Einstein
condensate is observed as the system temperature decreases at
fixed particle density [10]. For a nonmagnetized boson gas in
three dimensions, the phase transition to the BEC is of second
order [10] and it manifests as a peak in the plot of the specific
heat per particle at t = tc [33]. In Appendix C, we include
more details about the usual BEC.

As discussed previously, the MCSBG exhibits a divergence
in the particle density and, as a consequence, z < 1 at any fi-
nite temperature, and a critical temperature cannot be defined.
The weak criterion thus applies in this case, and the phase
transition to the BEC is referred to as diffuse. In particular,
there is no peak in the specific heat [10–12,17].

We examine the signatures and characteristics of the
condensation process within the MCSBG using two comple-
mentary approaches. First, in Sec. IV A, we derive the specific
heat at constant volume and analyze its dependence on the
temperature, keeping the particle density and magnetic field
fixed. Its behavior allows us to contrast the diffuse BEC found
in the MCSBG with the usual BEC observed in nonmagne-
tized systems. Then, in Sec. IV B, we study the accumulation
of particles in the lowest Landau level and in the vicinity
of the ground state and how this connects with the specific
heat behavior, gaining further insight into the condensation
mechanism. In both approaches, we highlight the two-step
condensation process and the magnetic field’s influence on
the crossover temperatures related to each step. Also, because
BEC is an ultra-low-temperature phenomenon, we neglect
the presence of antiparticles throughout the remainder of this
section.

A. Specific heat of the MCSBG

Let us now analyze the temperature dependence of the spe-
cific heat at constant volume (from now on, specific heat) and

the imprints of the diffuse BEC. The specific heat is defined
as

ĈV ≡
(

∂Ê

∂t

)
N̂,b

=
(

∂Ê

∂t

)
x,b︸ ︷︷ ︸

ĈT
V

+
(

∂x

∂t

)
N̂,b

(
∂Ê

∂x

)
t,b︸ ︷︷ ︸

Ĉμ
V

, (23)

with (
∂x

∂t

)
N̂,b

= −
(

∂N̂

∂t

)
x,b

(
∂N̂

∂x

)−1

t,b

, (24)

where the three magnitudes ĈT
V , Ĉμ

V , and ( ∂x
∂t )

N̂,b
depend on t ,

x, and b. In our calculation of ĈV , we consider a constant N̂
and we fix b. The explicit forms of ĈT

V and Ĉμ
V are given by5

ĈT
V ≡ ĈT,LLL

V + ĈT,l 	=0
V ,

ĈT,LLL
V = b(mbt )1/2

4(2π )3/2

[−2Li1/2(z) ln z + 3Li3/2(z)
]
, (25)

ĈT,l 	=0
V = b

4(2πtmb)3/2

∞∑
n=1

zn

n3/2(eγ n − 1)3

[
8b2n2e2γ n

− 2nmb(eγ n − 1)
(
m2

bt − eγ n(−2bnx + 3bt + t )
)
,

+ b(eγ n − 1)(eγ n(4n2 − 2ntx + 3t2)

+t (2nx − 3t )) + t (eγ n − 1)2(3t − 2nx)
]
, (26)

Ĉμ
V ≡ Ĉμ,LLL

V + Ĉμ,l 	=0
V , (27)

Ĉμ,LLL
V = b(mbt )1/2

2(2π )3/2
Li1/2(z), (28)

Ĉμ,l 	=0
V = b(mbt )1/2

2(2π )3/2

∞∑
n=1

zn

n1/2

enγ (1 + 2γ n) − 1

(enγ − 1)2
. (29)

and, for (∂x/∂t )N̂,b, we have(
∂x

∂t

)
N̂,b

= −
(

2Li−1/2(z) +
∞∑

n=1

zn√n

enγ − 1

)−1

×
[

Li1/2(z) − 2Li−1/2(z) ln z

+
∞∑

n=1

zn

n1/2

2nγ enγ + (enγ − 1)(1 − 2n ln z)

(enγ − 1)2

]
.

(30)

Note that, although we are able to separate the LLL contribu-
tion in ĈT

V and Ĉμ
V , we cannot do so in (∂x/∂t )N̂,b, since this

derivative receives contributions from every Landau level in
both numerator and denominator.

The specific heat given by Eq. (23), once Eq. (27) together
with Eq. (30) are used, provides us with an expression valid
for an arbitrary magnetic field intensity, which from now on

5Given that here we only have particles, the fugacity is denoted as
z ≡ z+ to simplify the notation.
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(a) (b)

(d)(c)

FIG. 2. The specific heat ĈV /N̂ is plotted as a function of the temperature t for a constant density N̂ = 0.012. In panel (a), this behavior is
displayed for four finite values of the magnetic field b. Panel (b) includes the b = 0 case [Eq. (C4)], to show the second-order phase transition
peak, as compared to the smoothed maxima arising for a finite magnetic field strength. Panel (c) shows the dominance of the LLL in the
specific heat, in the presence of a strong magnetic field, computed using Eq. (31). Panel (d) compares ĈV /N̂ , computed exactly with Eq. (23)
(solid line), with its low magnetic field approximation, given by Eq. (33) (dotted line).

we refer to as exact, to distinguish it from the approximations
we also present.

In strong magnetic field regimes, it is meaningful to main-
tain only the LLL contribution and drop the contributions
from the higher levels since they are exponentially suppressed.
In such cases, the specific heat and the specific heat per parti-
cle are reduced to

ĈLLL
V = b(mbt )1/2

4(2π )3/2

[
− Li2

1/2(z)

Li−1/2(z)
+ 3Li3/2(z)

]
, (31)

and

ĈLLL
V

N̂LLL
= 3

4

Li3/2(z)

Li1/2(z)
− 1

4

Li1/2(z)

Li−1/2(z)
, (32)

resembling the behavior of a one-dimensional gas with mass
m → mb (see Eqs. (2.7) and (2.8) in Ref. [16] for the case
D = 1).

On the other hand, in the regime mb 
 t 
 b, we
can use the energy and particle densities, Eqs. (17) and
(20), along with the approximate expressions in Eqs. (19)
and (22), respectively. In this regime, the specific heat

behaves like

ĈV

N̂
≈ (mbt )5/2

4(2π )3/2

× [−9Li2
3/2(z) + 15Li1/2(z)Li5/2(z)] + bA1 + b2A2

[tmbLi1/2(z) + bLi−1/2(z)]
,

(33)

where

A1(t, z, b) = (mbt )3/2[− 3Li1/2(z)Li3/2(z)

+ 15Li−1/2(z)Li5/2(z)
]
,

A2(t, z, b) = (mbt )1/2
[
3Li−1/2(z)Li3/2(z) − Li2

1/2(z)
]
.

One can expand Eq. (33) in a Taylor series around b = 0
obtaining, to first order,

ĈV

N̂
≈ ĈV

N̂

∣∣∣∣∣
b=0

+ b

t

×
(

3

4
− 15Li1/2(z)Li5/2(z)

8Li3/2(z)2
+ 9Li3/2(z)Li−1/2(z)

8Li1/2(z)2

)
.

(34)
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Expression (34) allows one to make the limit b → 0 and
recover the well-known expression for the free ideal nonmag-
netized bosonic gas at t > tc (see Appendix C) [33].

In Fig. 2, we have plotted the specific heat as a function of
temperature for a fixed particle density at different magnetic
field intensities. In particular, in panel (a), ĈV /N̂ is plotted
using Eq. (23). The curves reveal the existence of a local max-
imum in ĈV /N̂ for b = 10−2 and b = 10−1. Also, for b = 100

and b = 101, the emergence of two plateaus or noticeable
shoulders in the behavior of ĈV /N̂ is observed.

In Fig. 2(b), we have included the zero magnetic field
curve, given by Eq. (C4), to show the existence of the second-
order phase transition to the BEC, signaled by the peak at the
critical temperature. At N̂ = 0.012, the critical temperature
is approximately 0.17, which is ∼1011 K for a pion gas. As
shown in the plots, this peak softens and disappears when a
magnetic field is applied, becoming a local differentiable max-
imum. For b = 100 and b = 101, there are no local maxima
in ĈV /N̂ , which is always below 3/2, as shown in Fig. 2(a).
The smoothness of the specific heat curves corroborates the
absence of a second-order phase transition, as expected from
a diffuse phase transition.

In turn, Fig. 2(c) is focused on the plateaus at low temper-
atures for b = 100 and b = 101. We have included the curves
of the LLL contribution to the specific heat given by Eq. (32).
The superposition of the curves of ĈV /N̂ and ĈLLL

V /N̂ in the
temperature range where the plateaus and shoulders emerge
indicates that the leading contribution to the specific heat in
this temperature range comes from the LLL, that is, ĈLLL

V . The
0 plateau corresponds to the accumulation of a macroscopical
amount of particles into the ground state and its neighborhood,
and ĈV /N̂ → 0 when t → 0; while the 1/2 plateaus show
the accumulation of particles in the LLL with thermal motion
maintained along the magnetic field direction. In this regime,
the gas behaves as an effective one-dimensional system with
ĈV /N̂ ≈ 1/2. As the magnetic field increases, the 0 plateau
spans over a narrower temperature range, whereas the width of
the 1/2 plateau increases. As highlighted in [7], two crossover
temperatures appear: one when ĈV /N̂ leaves the 0 plateaus,
and the other when ĈV /N̂ leaves the 1/2 plateaus (moving
from left to right).

The existence of these plateaus illustrates the two-step
BEC of the MCSBG: first, as the temperature is decreased,
i.e., moving from right to left in the plots, the gas experiences
a dimensional reduction from three dimensions to effectively
just one and reaches the 1/2 plateaus (or shoulder). Since
the onset of this plateau occurs at higher temperatures for a
stronger magnetic field, we could say that the magnetic field
stimulates the first step of the BEC. Conceptually, we may
explain this observation in terms of the proportionality of the
first Landau excitation energy and the magnetic field strength.
As the field increases, the energy gap between the LLL and
higher Landau levels widens, making thermal excitation into
these excited levels increasingly unlikely. Second, as the tem-
perature is further reduced, the diffuse BEC is completely
reached at the 0 plateau, although this step is now inhibited
by the magnetic field. This inhibition occurs because the mag-
netic field disfavors the occupation of energy levels near the
ground state, as we will prove in detail in Sec. IV B.

FIG. 3. The figure shows the specific heat ĈV /N̂ as a function of
the temperature t for a fixed density N̂ = 0.012 and four magnetic
field strengths b, considering the presence of antiparticles.

Finally, Fig. 2(d) compares the specific heat in the limit
t 
 b, Eq. (33), with the exact result, Eq. (23), for a weak
magnetic field. The approximation is generally acceptable,
since it reproduces the qualitative behavior of the specific
heat, including the limits ĈV /N̂ → 0 when t → 0 and the
classical limit ĈV /N̂ → 3/2 when z → 0. However, for t ∼ b,
it slightly overestimates the maximum value of ĈV /N̂ .

Last, in order to assess the relevance of antiparticles in
the thermodynamic properties even at low temperatures, in
Fig. 3 we have plotted the specific heat, taking into account
the presence of antiparticles. The figure highlights how, at
temperatures above ≈0.1, all curves rise well above 3/2,
indicating the relativistic behavior of the gas.

B. Particles population and diffuse BEC

Let us now delve deeper into the mechanism underlying
the diffuse BEC by analyzing the particle density in the vicin-
ity of the system’s ground state, given by |p3| � p0, l = 0,
being p0 an arbitrarily chosen constant with dimensions of
momentum.6 We write the N̂LLL, Eq. (18b), as the sum of two
contributions:

N̂LLL = N̂gs + N̂k, (35)

where N̂gs accounts for the particles in such a neighborhood
and N̂k for the rest of the particles in the LLL, namely those
with l = 0, |p3| > p0.

Let us calculate N̂gs, from the thermodynamic potential
in Eq. (7), restricting the integral over p3 to the interval
−p0 � p3 � p0 with l = 0. Using the identity in Eq. (8) and
performing the integral over s, we obtain the contribution to
the thermodynamic potential of the particles in such a neigh-
borhood of the ground state as

�̂gs = − b m1/2
b√

2(πβ )3/2

∞∑
n=1

cosh(nx/t )

n3/2
erf(α

√
n)e−nβmb,

6In the following plots, we take the dimensionless momentum p̂0 ≡
p0/m = 10−3.
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(a) (b)

(c)

FIG. 4. Particle population behavior as a function of temperature for a fixed density N̂ = 0.012 and different strengths of the magnetic
field. In panel (a) b = 10−1, and in (b) b = 100. Panel (c) shows only the population in the LLL, N̂LLL, and in the ground state, N̂gs, for different
values of the magnetic field.

where erf(x) is the Gaussian error function [31] and α =
p̂0/(2mbt )1/2. Then, neglecting the antiparticles, we get

N̂gs = b (mbt )1/2

(2π )3/2

∞∑
n=1

zn

n1/2
erf(α

√
n). (36)

In the limit t → 0, at fixed b (α → ∞), the error func-
tion approaches unity, turning the summation in N̂gs into a
polylogarithmic function of order 1/2, independently of the
specific value of p̂0. Consequently, N̂gs becomes equivalent
to N̂LLL, as given by Eq. (18b), and Nk = 0. Moreover, in
this same limit, the total particle density given in Eq. (18a)
also reduces to NLLL, implying that N̂gs → N̂ as t → 0. This
means that, for any arbitrarily small neighborhood of the
ground state, there exists a temperature range in which all
the particles are contained in that neighborhood. This be-
havior is characteristic of the diffuse BEC and was already
demonstrated in [10–12] for MCSBGs and one-dimensional
gases.

On the other hand, at a very low fixed temperature, since α

is inversely proportional to m1/2
b , the increase of the magnetic

field decreases N̂gs. In this sense, the magnetic field inhibits
the condensation. Physically, this means that the population

of particles near the true ground state increases as the gas
is cooled, but decreases as the magnetic field strength in-
creases. To illustrate the previous analysis on the particle
populations and how the crossover temperatures depend on
the magnetic field strength, we have depicted in Fig. 4 the
relative populations N̂gs/N̂ , N̂k/N̂ , and N̂l 	=0/N̂ [with Nl 	=0

given in Eq. (18c)], vs temperature for two values of the
magnetic field. As the temperature decreases (moving from
right to left along the horizontal axis), we observe two key
transitions: the first occurs when most particles occupy states
with l = 0, within N̂k , marking the initial stage of conden-
sation; the second occurs when most particles concentrate
near the ground state (N̂gs), indicating the final stage of
the process.

For b = 0.1 [Fig. 4(a)], the crossover temperatures are
approximately tc f ≈ 0.07 and tcs ≈ 6 × 10−6. In contrast, for
b = 1 [Fig. 4(b)], the first crossover temperature increases to
tc f ≈ 0.25, while the second decreases to tcs ≈ 10−6. In both
cases, in the limit t → 0, we find that N̂gs/N̂ → 1. Figure 4(c)
was depicted to highlight the behavior of N̂gs and N̂LLL as
functions of the magnetic field, supporting our previous anal-
ysis that the field catalyzes the first condensation step, while
it suppresses the second one.

015802-9



AMANDA CASTILLO AYÓN et al. PHYSICAL REVIEW C 113, 015802 (2026)

These transition temperatures are also reflected in the spe-
cific heat curves shown in Fig. 2, and reproduce the two-step
BEC described in Ref. [7] for the nonrelativistic MCSBG in
a finite volume. Note that the first crossover temperature for
b = 0.1 and b = 1 exactly matches the corresponding one in
Fig. 2. In contrast, the second crossover temperature obtained
from the particle population analysis does not exactly coincide
with that in the specific heat plot. This is because, in the par-
ticle population analysis, the width p0 of the vicinity around
the ground state is arbitrarily chosen.

From this analysis, one concludes that magnetic fields play
a dual role in the two-step condensation of the MCSBG. On
one hand, it enhances the accumulation of particles in the
LLL (because tc f increases with the magnetic field inten-
sity), effectively reducing the dimensionality of the system
and promoting magnetic catalysis. Nevertheless, it simultane-
ously inhibits the accumulation of particles in the immediate
vicinity of the ground state (because tcs decreases with the
magnetic field intensity), acting against the second step of
the condensation. Besides, the smoothness of the specific heat
as a function of the temperature indicates the absence of a
second-order phase transition, contrary to the nonmagnetized
case. However, the changes of the slope of the specific heat
per particle curves (manifested as plateaus or shoulders) indi-
cate a two-step phase transition engined by the accumulation
of particles in the LLL and around the ground state as the
temperature is decreased.

V. MAGNETIC PROPERTIES
OF THE CHARGED BOSON GAS

This section is devoted to studying the magnetic proper-
ties of the MCSBG, considering the contributions from both
medium (particles and antiparticles) and vacuum. We start
from the thermodynamic potential given by Eq. (7), defining
the dimensionless magnetization as7

M̂ = −
(

∂�̂

∂b

)
t,x

. (37)

Since the thermodynamic potential has contributions com-
ing from the medium and vacuum, the magnetization can also
be decomposed into statistical and vacuum contributions as

M̂(t, x, b) = M̂st (t, x, b) + M̂vac(b), (38)

where the vacuum contribution, using Eq. (6) in Eq. (37), is
given by

M̂vac(b) = − b

2π2
ζ (1,0)

(
−1,

b + 1

2b

)

+ 1

8π2
ζ (1,1)

(
−1,

b + 1

2b

)

− b

96π2
− 1

32π2b
+ b ln(4)

96π2
+ b ln(b)

48π2
(39)

7To recover the physical dimensions in natural units, this must be
multiplied by the factor em2.

and is always positive, indicating that the vacuum exhibits
a paramagnetic behavior. Additionally, it is a monotonically
increasing function of the magnetic field strength.

The statistical magnetization receives contributions from
particles (+) and antiparticles (−) as M̂st (t, x, b) =
M̂+

st (t, x, b) + M̂−
st (t, x, b). As before, it can be split into the

lowest and excited Landau levels contributions, as

M̂±
st (t, x, b) = M̂±

LLL(t, x, b) + M̂±
l 	=0(t, x, b)

We must point out that we first took the derivative with
respect to the magnetic field, and only afterwards performed
the sum over Landau levels and the low temperature approxi-
mation with the Laplace method. We then obtained

M̂±
LLL(t, x, b) = −1

b
�̂LLL(t, x, b) − 1

2mb
N̂LLL(t, x, b),

= t1/2

4(2πmb)3/2

×(−2bmbLi1/2(z±) + 4tm2
bLi3/2(z±)

)
(40)

and

M̂±
l 	=0(t, x, b) = −m1/2

b

(
t

2π

)3/2 ∞∑
n=1

zn
±

n3/2
G(nγ ), (41)

with

G(nγ ) = 1 − nγ /2 − enγ (1 − 3/2γ n)

(enγ − 1)2
.

Additionally, in the regime mb 
 t 
 b, the l 	= 0 contri-
bution can be approximated as

M̂±
l 	=0(t, x, b) ≈ − m1/2

b

(
t

2π

)3/2

×
(

Li3/2(z±) − 5

12

b

mbt
Li1/2(z±)

)
. (42)

For t → 0, keeping a constant density in the magnetization
expressions (40) and (41), one gets

M̂st (t → 0+, x → m−
b , b) = lim

t→0
M̂LLL(t, x, b)

= − N̂

2
√

1 + b
. (43)

Since in the limit t → 0 all particles are in the conden-
sate (N̂gs = N̂), the above result indicates that the magnetized
scalar condensate exhibits negative statistical magnetization,
indicating a diamagnetic behavior. Moreover, even in the limit
b → 0 the magnetization in dimensional natural units is

Mst (B → 0+, T → 0+) = − e

2m
N, (44)

where e/2m is the corresponding Bohr magneton. This
feature, previously discussed in [10], is referred to as
ferrodiamagnetism. In contrast, the magnetized vector boson
gas exhibits a ferroparamagnetic behavior [18] because, for
B → 0, the magnetization M remains nonzero but positive
[18,20].

Figure 5 shows contributions to the magnetization at con-
stant density from the lowest and the highest Landau levels, in

015802-10



MAGNETIZED CHARGED BOSON GAS AND TWO-STEP … PHYSICAL REVIEW C 113, 015802 (2026)

(a) (b)

FIG. 5. Contributions to the statistical magnetization M̂ at fixed density N̂ = 0.012, for four values of the magnetic field, coming from
(a) the lowest Landau level (LLL) and (b) the excited states l 	= 0. The behavior of M̂ is shown as a function of temperature.

panels (a) and (b), respectively, as a function of temperature.
We observe that M̂LLL transitions from negative to positive
values as the temperature increases, with the transition tem-
perature rising with the strength of the magnetic field. For
example, at b = 0.1 and b = 10, the transition temperatures
are approximately 0.12 (0.12mb) and 1.5 (0.45mb), respec-
tively. In contrast, Ml 	=0 always remains negative because
G(γ n) is always positive. Additionally, it shows that the mag-
netization strength increases with temperature and decreases
with the magnetic field.

Let us analyze the statistical magnetization as a function
of temperature, displayed in Fig. 6(a). The statistical magne-
tization starts at its zero-temperature value given by Eq. (43),
and, as the temperature increases, it grows until it reaches a
maximum, and then diminishes. This maximum flattens for
low magnetic fields and lowers in absolute value. In fact,
for b = 0.01, it nearly disappears, and the statistical mag-
netization is of the order of 10−3 times the corresponding
zero-temperature magnetization. At very low temperatures,
the magnetization is higher for stronger magnetic fields and,
for weak magnetic fields, it grows faster with temperature.
In contrast, at the highest temperatures, the magnetization is
lower and diminishes faster for higher magnetic fields.

We emphasize that separating the LLL from the states
with l 	= 0 allows for a better understanding of the system’s
magnetization at low temperatures, particularly how the LLL
changes the behavior from diamagnetic to paramagnetic. In

contrast, the excited states, which always contribute nega-
tively, cause the total magnetization to tend towards zero in
weak magnetic fields when the temperature is greater than
the zero-magnetic-field critical temperature, as pointed out
in [13,34].

Figure 6(b) displays the total magnetization, which in-
cludes both the statistical and vacuum contributions. For
magnetic fields higher than the critical field (e.g., b = 10) the
total magnetization is dominated by the vacuum contribution
at low temperatures, while for magnetic fields b � 1 the sta-
tistical contribution is the leading one.

The interplay between M̂st (negative) and M̂V (positive)
gives rise to paramagnetic-diamagnetic transitions, character-
ized by a threshold magnetic field intensity bT below which
the gas remains diamagnetic at any temperature. In Fig. 7,
we illustrate the magnetization phase transition in the t-b
plane at N̂ = 0.012, for bT ≈ 2. The region below the curve
represents the temperatures and magnetic fields where the
magnetization is negative, indicating diamagnetic states of
the gas. Conversely, the region above the curve corresponds
to temperatures and magnetic fields where the gas exhibits
paramagnetic behavior.

Finally, we emphasize the role of antiparticles in the
magnetic properties of the system. To illustrate this, we
have separately plotted the contributions of particles and
antiparticles to the statistical magnetization in Fig. 8. We can
see that the particle contribution is dominant, especially at

(a)
(b)

FIG. 6. The magnetization behavior as a function of temperature t , at fixed N̂ = 0.012, for four different magnetic field strengths is
displayed. In panel (a), only the statistical contribution, and in panel (b), the total magnetization: statistical plus vacuum contribution.
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FIG. 7. Contour plot for the total magnetization at fixed density
N̂ = 0.012, in the phase diagram b vs t . The curve reaches a mini-
mum at b ≈ 2, marking the magnetic field at which paramagnetism
appears in the total magnetization.

very low temperatures. However, both contributions reach the
same order of magnitude at temperatures around t = 0.8. Al-
though neglecting the antiparticle contribution would not alter
the qualitative behavior of the magnetization, it would lead to
an underestimated value and modify the threshold magnetic
field. Therefore, antiparticles play a crucial role in the mag-
netic properties of the system, even in the low-temperature
regime of MCSBGs.

VI. EQUATION OF STATE OF THE MCSBG

As the magnetic field breaks the rotational symmetry, the
spatial components of the statistical average of the energy-
momentum tensor become anisotropic, as also occurs in
fermion gases [28]. Consequently, the equation of state be-
comes anisotropic, with the pressure splitting into parallel

FIG. 8. Separated contributions of particles and antiparticles to
the magnetization, M̂+

st and M̂−
st , respectively, as a function of tem-

perature at fixed density N̂ = 0.012, for two values of the magnetic
field. This plot is analogous to Fig. 6(a) but separates the particle and
antiparticle contributions.

(P̂‖) and perpendicular (P̂⊥) components, corresponding to
the directions parallel and perpendicular to the magnetic field
lines. These pressures are

P̂‖ = −�̂, (45a)

P̂⊥ = −�̂ − M̂b, (45b)

where �̂ and M̂ are the thermodynamic potential and mag-
netization (including the vacuum and statistical contributions
and including particles and antiparticles). The anisotropy
arises from the term −M̂b, which causes the perpendicular
pressure to become higher than the parallel one in the dia-
magnetic regime, and lower in the paramagnetic regime.

To illustrate the behavior of the pressures at finite density
(N̂ = 0.012), Fig. 9(a) shows the pressures as functions of
the temperature for two magnetic field strengths. For a weak
magnetic field (b = 0.1), the pressures remain nearly indis-
tinguishable throughout the temperature range. In contrast,
for a strong magnetic field (b = 3), an observable difference
is found at all temperatures. For b = 0.1 < bT the gas is
always diamagnetic and P̂‖ < P̂⊥. In contrast, for b = 3 > bT ,
the diamagnetic-paramagnetic regime transition occurs at t =
0.74 and, at higher temperatures, P̂‖ > P̂⊥.

Additionally, in Fig. 9(b), we represent the behavior of the
pressures as functions of the magnetic field for two differ-
ent temperatures. At t = 0.1, the pressure splitting becomes
evident around b � 10−1. Moving from left to right (that is, in-
creasing the magnetic field), the perpendicular pressure is the
largest at b < 2.12, indicating a diamagnetic phase. Initially,
it increases, reaching a maximum around b ≈ 1.7. Similarly,
at t = 0.5, the pressures separate at a higher magnetic field
intensity, also in the order of b ∼ 10−1–1. The perpendicular
pressure is the highest one for b < 1.7 and reaches the maxi-
mum at b = 1.38. In both cases, the gas eventually undergoes
a transversal collapse (P̂⊥ < 0) as the magnetic field increases.

In order to evaluate the role of antiparticles, we reproduce
in Figs. 9(c) and 9(d) the same plots but taking only the
contributions from particles and vacuum. Despite this, the
qualitative behavior of the curves remains unchanged. Nev-
ertheless, in the pressure vs temperature plots, we observe
that the pressures decrease in magnitude at t � 0.7, as this
is the temperature range in which the number of antiparticles
becomes non-negligible.

The EoS obtained in this section, in its zero-temperature
limit, was used in [24], to describe magnetized spheroidal
npe− stars with charged pion condensates. In that prelimi-
nary work, some particular ingredients were considered: the
classical contribution B2

8π
was added to the energy density

and perpendicular pressure P⊥ and subtracted from the par-
allel pressure P‖, and interactions between charged bosons
were accounted for. In this scenario, the magnetic field pro-
duced oblate stars, with a nonzero mass quadrupole moment
and maximum masses dependent on the boson interaction.
A more realistic scenario will be examined in a forthcom-
ing work, using temperature- and field-dependent EoSs (45),
which emerge from the hadron phase transition, under typ-
ical conditions of hybrid stars. In this context, the two-step
BEC phase transition, pressure anisotropy, and diamagnetic
magnetization discussed here could play a significant role
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(a) (b)

(c) (d)

FIG. 9. Parallel and perpendicular pressures with vacuum and statistical contributions, including particles and antiparticles: in panel (a),
as a function of temperature, for two magnetic field strengths, and in panel (b), as a function of magnetic field strength, for two values of the
temperature. Total pressures: statistical (P̂+

‖ and P̂+
⊥ ) plus vacuum pressures (P̂V

‖ and P̂V
⊥ ) are plotted in panel (c), as a function of temperature

at fixed magnetic field, and in panel (d), as a function of the magnetic field at fixed temperature. In these plots, the antiparticle contribution to
the statistical pressure is neglected.

in neutron star observables, as masses, radii, and mass
quadrupole moments.

VII. CONCLUSIONS

We studied the thermodynamic properties of a relativistic
MCSBG in the presence of a uniform and constant magnetic
field. We focused on the low-temperature regime, for arbi-
trary values of the magnetic field and taking into account
both particles and antiparticles within Schwinger’s proper-
time formalism. This approach allowed us to separate the
LLL from the excited Landau levels in the low-temperature
regime.

The contribution of the LLL to the particle density is diver-
gent when the fugacity z → 1, making the contribution of the
LLL dominant in every thermodynamic quantity as the tem-
perature is decreased at constant particle density and magnetic
field. The confinement of the bosons in the LLL renders the
gas effectively one-dimensional. This dimensional reduction
from 3D to 1D has been referred to as magnetic catalysis
and is manifested as a plateau in the specific heat curve
around 1/2 in the temperature range in which most particles
populate the LLL.

This dimensional reduction eliminates the second-order
transition to the BEC displayed by nonmagnetized boson
gases, and a diffuse two-step condensation is observed, man-
ifested by the accumulation of a macroscopic number of
particles in the LLL (first step) and the vicinity of the ground
state of the system (second step). Remarkably, although the
magnetic field stimulates the first step of the magnetized
Bose-Einstein condensation, it disfavors the second step be-
cause the higher the magnetic field strength, the lower the
temperature required to reach the final stage of the condensa-
tion. Unlike in the non-magnetized case, a critical temperature
cannot be defined for the onset of the Bose-Einstein condensa-
tion; instead, crossover temperatures are found related to each
step.

We found a transition from diamagnetism to paramag-
netism when the vacuum contribution becomes the dominant
term in the total magnetization. This transition is charac-
terized by a threshold magnetic field, below which the gas
remains diamagnetic at all temperatures.

For a pion gas at 1012 g/cm3 the associated threshold mag-
netic field is BT ≈ 2.2 × 1019 G, which is higher than the
upper bound of ∼1018 G estimated from the virial theorem
for the interior of neutron stars [35]. Therefore, if pions are
present inside magnetized neutron stars, the gas would behave
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as a diamagnetic material. In [36], a treatment of pions in the
presence of a magnetic field within the SU(2) NJL model also
yields diamagnetism from charged pions.

The EoS is anisotropic, similar to what is observed in
fermion gases, and the gas eventually undergoes a magnetic
collapse at high magnetic fields. In contrast, at high tem-
peratures, compared to the magnetic field, the anisotropy is
negligible.

Finally, we demonstrated that antiparticles, often neglected
in similar studies, contribute significantly even at moderate
temperatures. Their inclusion increases the specific heat be-
yond the classical limit of 3/2, the total magnetization, and
both pressure components. These findings emphasize the im-
portance of relativistic and quantum effects in magnetized
bosonic systems, with potential applications not only in neu-
tron star physics but also in laboratory studies of strongly
correlated bosonic matter under external fields.
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APPENDIX A: ONE-LOOP EFFECTIVE ACTION
FOR A CHARGED SCALAR BOSON

In order to show some details to obtain Eq. (1), the ther-
modynamic potential in the presence of an external magnetic
field, let us start by writing the generating functional of con-
nected Feynman diagrams in vacuum, W [A], defined as [37]

eiWeff [A] =
∫

[D
†][D
]eiS[{
†(x)},{
(x)},Aμ], (A1)

where

S[{
}, {
†}, Aμ]

=
∫

d4x

[
− 1

4
FμνFμν + (�̂μ
(x))†(�̂μ
(x))

− m2
†(x)
(x)

]
(A2)

is the Scalar-QED action, with �̂μ ≡ i(∂μ + ieAμ) the covari-
ant derivative and Fμν ≡ ∂μAν − ∂νAμ the electromagnetic
strength tensor.

In order to obtain the one-loop contribution to the effective
action, we expand Eq. (A1) up to the linear term in h̄; it is

eiWeff [A] = ei(W 0[A]+W 1[A]) (A3)

with

W 0[A] = −
∫

d4x
1

4
FμνFμν (A4)

and

eiW 1[A] = ei
∫

d4xL(1)

=
∫

[D
†][D
]ei
∫

d4x[(�̂μ
(x))†(�̂μ
(x))−m2
†(x)
(x)]

=
∫

[D
†][D
]ei
∫

d4x 
†(x)[�̂2−m2]
(x), (A5)

where L(1) is the one-loop effective Lagrangian, and in the
third line we have integrated by parts.

Since we are dealing with a charged boson in the presence
of an external magnetic field, to transform the above equa-
tion into the momentum space, we use the Ritus eigenfunction
method to represent the boson fields,


(x) =
∑∫ d4 p

(2π )4
E p̄(x)φ( p̄), (A6)

with E p̄(x) the Ritus eigenfunction, which is obtained by
solving the Klein-Gordon equation

(�̂2 − m2)
(xμ) = 0. (A7)

The discrete sum is over the Landau levels, and the explicit
forms of E p̄(x) and p̄ depend on the gauge chosen to describe
the external magnetic field.

Thus, using Eq. (A6) in Eq. (A5), we get

eiW 1[A] =
∫

[Dφ†][Dφ]

× exp

{
i
∫

d4x
∑∫ d4 p

(2π )4

d4 p′

(2π )4

× E†
p̄(x)φ†( p̄)[�̂2 − m2]E p̄′ (x)φ( p̄′)

}
, (A8)

which can be reduced by taking into account the following
properties for the E p̄(x) functions [38,39]:

(1) They diagonalize the canonical momentum �̂μ:

�̂μEp(x) = p̄μEp(x). (A9)

(2) They are orthogonal:∫
d4x E p̄(x)E†

p̄′ (x) = (2π )4δ̂(4)( p̄ − p̄′). (A10)

(3) They satisfy the completeness relation

∑∫ d4 p

(2π )4
E p̄(x)E†

p̄(y) = δ4(x − y). (A11)

For a magnetic field that defines the z direction, in
the asymmetric gauge Aμ = (0, 0, Bx, 0), the eigen-
value p̄μ is given by p̄μ = (p0, 0,

√
(2l + 1)eB, p3)

with l = 0, 1, 2, . . . denoting the Landau levels;
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δ̂(4)( p̄ − p̄′) = δll ′δ(p0 − p′0)δ(p2 − p′2)δ(p3 − p′3) and

∑∫ d4 p

(2π )4
≡

∞∑
l=0

∫
d p0d p2d p3

(2π )4
.

In this way, we obtain

eiW 1[A] =
∫

[Dφ†][Dφ]

× exp

{
i
∑∫ d4 p

(2π )4
φ†( p̄)[ p̄2 − m2]φ( p̄)

}
,

(A12)

which has a Gaussian form that can be directly computed,
yielding [37]

eiW 1[A] = (det [ p̄2 − m2])−1, (A13)

where det denotes a functional determinant.
Thus, the one-loop generating functional of connected

Feynman diagrams reads

W 1[A] = i ln(det [ p̄2 − m2])

= iV
eB

2π

∞∑
l=0

∫
d p0d p3

(2π )2
ln( p̄2 − m2), (A14)

where V is a four-dimensional space-time volume.
Finally, once we take into account the relation between the

generating functional W 1[A] and the effective potential, we
arrive at [40]

�1[A] = −V −1W 1[A]. (A15)

In the case where one deals with a thermodynamic system,
which does not evolve in time, in the framework of imaginary
time formalism, the effective potential at finite temperature
(T ) and chemical potential (μ), which we call along this
manuscript thermodynamic potential, can be obtained by do-
ing the replacements

p0 − μ → i(ωn + iμ), (A16)∫ ∞

−∞

d p0

2π
→ 1

β

∑
ωn

, (A17)

where n = 0,±1,±2, . . . and ωn ≡ 2nπT are the Matsubara
frequencies. Then

�1[A] = eB

β

∫ ∞

−∞

d p3

4π2

∞∑
l=0

∑
ωn

ln
[
(ωn + iμ)2 + E2

l

]
,

(A18)

where

E2
l = p2

3 + 2|eB|(l + 1/2) + m2, (A19)

is the particle spectrum. Notice that, in this approach, the
sum over the ωn term, which is obtained in (A18), is
formally similar to that appearing in the free-particle ther-
modynamic potential (i.e., at B = 0 and μ 	= 0) [41]. Thus,
once the sum over Matsubara frequencies is performed,

we get

�(T, μ, B) = �1[A]

=
∫ ∞

−∞
d p3

∞∑
l=0

eB

4π2

×
[

El + 1

β
ln(1 − e−β(El −μ) )(1 − e−β(El +μ) )

]
,

(A20)

where the factor eB
4π2 accounts for the Landau level’s

degeneracy.

APPENDIX B: REGULARIZATION

In order to perform the regularization of the vacuum part
of the thermodynamic potential, we shall follow the ideas
developed in Ref. [29]. Let us start by rewriting Eq. (4) as

�V(B) = �vac + �vac.pol. + �R
V (B), (B1)

where

�vac ≡ − 1

16π2

∫ ∞

0

ds

s3
e−m2s, (B2)

�vac.pol. ≡ − (eB)2

16π2

∫ ∞

0

ds

s
e−m2s, (B3)

�R
V (B) = − 1

16π2

∫ ∞

0

ds

s3
e−m2s

×
(

eBs

sinh(eBs)
− 1 + (eBs)2

6

)
(B4)

are the different vacuum contributions to the thermodynamic
potential: the first and second terms are identified with vac-
uum and vacuum polarization, respectively, where both are
divergent, while the latter is finite [29].

To carry out the integration over the proper time on each
contribution, we use the identities∫ ∞

0
ds sa−1e−2hs = (2h)−a�(a),

∫ ∞

0
ds sa−1 e−2hs

sinh s
= 21−a�(a)ζ

(
a, h + 1

2

)
, (B5)

by making a proper selection of the parameters a and 2h.
� and ζ are the gamma and Hurwitz zeta functions, respec-
tively. For example, the integral over s for vacuum contribu-
tion can be obtained by replacing a → −2 + ε, with ε → 0,
and 2h = m2:∫ ∞

0

ds

s3
e−m2s = 1

ε
− γE − ln(m2), (B6)

which gives, as expected, a divergent contribution.
In particular, the regularized vacuum contribution to the

thermodynamic potential has the form

�R
V (B) = − (eB)2

16π2

∫ ∞

0
ds sa−1e−2hs

(
s

sinh s
− 1 + s2

6

)
,

= − (eB)2

16π2
(2h)−a�(a)
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×
[
−1 + a(a + 1)

24h2
+ a haζ

(
1 + a,

1

2
+ h

)]
,

a→−2+ε= − (eB)2

16π2

[
−γE + ln 2h

6

+ h2(−3 + 2γE + ln(4h2)

+ 4(−1 + γE + ln 2)ζ

(
−1,

1

2
+ h

)

− 4ζ (1,0)

(
−1,

1

2
+ h

)]
, (B7)

where 2h ≡ Bc/B, with Bc = m2/e. The technique we have
employed is known as the ε technique, developed in Ref. [30].

APPENDIX C: BOSE-EINSTEIN CONDENSATION AT b = 0

In this section, we review some key aspects of the usual
Bose-Einstein condensation to complete our discussion and
facilitate the interpretation of our analysis in the magne-
tized case. For free noninteracting bosons, the Klein-Gordon
equation yields the particle spectrum E (p) =

√
m2 + p2 that

can be used to compute the thermodynamic potential of the
boson gas:

�st (T, μ) = −T
∫

d3 p

(2π )3
ln[1 − eβ(μ−E (p))],

where we exclude the antiparticle contribution to remain
consistent with Sec. IV. Making a low-temperature approxi-
mation8 (T 
 m), the thermodynamic potential reads [33]

�̂st (t, x) = −t

(
t

2π

)3/2

Li5/2(z), (C1)

and the corresponding particle and energy densities are

N̂ =
(

t

2π

)3/2

Li3/2(z), (C2)

Ê =
(

t

2π

)3/2[
Li3/2(z) + 3

2
tLi5/2(z)

]
, (C3)

where z = eβ(x−1) is the fugacity. Here we start using dimen-
sionless magnitudes for the sake of generality.

8In the absence of a magnetic field, a low-temperature approxi-
mation is equivalent to using the nonrelativistic spectrum E (p) =
p2/2m as in [33].

Due to the behavior of the polylogarithmic function Li3/2,
the particle density N̂ has a temperature-dependent maximum
at z = 1 (x = 1):

N̂ (t, 1) =
(

t

2π

)3/2

ζ (3/2),

where ζ is the Riemann zeta function.
If we fix the particle density of the system to a given

value ρ̂, we can define a critical temperature tc such that
ρ̂ = N̂ (tc, 1) and, explicitly,

tc = 2π

[
ρ̂

ζ (3/2)

]2/3

.

At any temperature t � tc, there exists a value of the chemical
potential x � 1 such that ρ̂ = N̂ (t, x). However, if t < tc, then
N̂ (t, 1) < ρ̂ and the gas cannot assimilate all the particles.
In this situation, the excess of particles accumulates in the
system’s ground state (p = 0) and the chemical potential be-
comes equal to the ground-state energy (the boson rest mass),
that is x = 1 and z = 1, ∀t � tc.

This macroscopic population of the ground state, given by

N̂gs = ρ̂ − N̂ (t, 1) = ρ̂

[
1 −

(
t

tc

)3/2
]
,

is known as the Bose-Einstein condensate. Below the critical
temperature, two phases coexist in the system: the BEC with
N̂gs particle density, and the gas with N̂ particle density. The
condensation begins at t = tc and the population of the ground
state increases as the temperature decreases; in particular, at
t = 0 every particle will be in the BEC, namely N̂gs = ρ̂.

The specific heat can be computed by differentiating the
energy density with respect to the temperature at fixed ρ̂ [33]:

ĈV

ρ̂

∣∣∣∣
b=0

=

⎧⎪⎪⎨
⎪⎪⎩

15Li5/2(z)
4Li3/2(z) − 9Li3/2(z)

4Li1/2(z) , t � tc,

15
4

ζ (5/2)
ζ (3/2)

(
t
tc

)3/2
, t � tc.

(C4)

This function has a nondifferentiable maximum at t = tc.
Because of this singularity, displayed as a peak in the plots
of the specific heat per particle, the phase transition to the
Bose-Einstein condensate is classified as a second-order or
continuous phase transition.
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