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Bremsstrahlung photon contributions to parton energy loss at high virtuality Q2:
A perturbative calculation at O(αsαem)
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In this work, real photon production scattering kernels from jet-medium interactions in the QCD medium are
perturbatively calculated using the higher-twist (HT) formalism. Focus is given towards real photon production
from a highly virtual (and highly energetic) quark, taking into account heavy-quark mass scales [Phys. Rev. C
94, 054902 (2016)], fermion-boson conversion processes [Nucl. Phys. A 793, 128 (2007)], as well as coherence
effects [Phys. Rev. C 105, 024908 (2022)]. A generalized factorization procedure, such as that used in e-A
deep-inelastic scattering, is employed to derive an improved single-scattering medium-induced photon emission
kernels that go beyond the traditional in-medium gluon exchange approximation. Diagrams with real-photon
emission from the hard quark are classified based on the final-state particles, and include two types of scattering
kernels at O(αemαs ) giving the following final states: (i) real photon and real quark, (ii) real photon and
real gluon. The collisional kernels, thus derived, include full phase factors from all nonvanishing diagrams
and complete second-order derivative terms in the transverse momentum gradient expansion. Moreover, the
calculation includes heavy-quark mass effects, thus exploring heavy-quark energy loss. The in-medium parton
distribution functions and the related jet transport coefficients have a hard transverse momentum dependence
(of the emitted gluon or photon) present within the phase factor. It is observed that the jet transport coefficients
resemble the transverse-momentum-dependent parton distribution functions.

DOI: 10.1103/bmmf-9zv5

I. INTRODUCTION

Ultrarelativistic heavy-ions collisions performed at the
Relativistic Heavy-Ion Collider (RHIC) and the Large Hadron
Collider (LHC) produce a deconfined state of quarks and
gluons, called quark-gluon plasma (QGP). One of the primary
goals of these collisions is to constrain properties of QGP,
through, e.g., the modifications it imparts on high-energy
jets and photons. In past decades, many observables have
been proposed to constrain the patron energy loss, including
high-pT hadrons [1–5], single-inclusive jets [6–9], γ -triggered
jets [10–12], γ -hadron correlation [13,14], flow observables
[15–17], and so on. The challenge is to describe multiple ob-
servables simultaneously. The JETSCAPE framework [18,19]
has emerged as a unified and modular framework compre-
hensively and simultaneously studying multiple observables,
allowing one to obtain novel constraints on parton energy
loss. Parton energy-loss models, such as MATTER [20], LBT
[20], and MARTINI [21] are based on the medium-induced
gluon bremsstrahlung kernel and have been implemented
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in the JETSCAPE framework. However, a comprehensive
implementation of the multiscale dynamics responsible for
medium-induced photon bremsstrahlung computed in parton
energy loss simulations is still lacking. This paper focuses on
providing a comprehensive calculation of photon production
from highly virtual quarks of all flavors.

As the electromagnetic coupling is much smaller than the
strong coupling, electromagnetic radiation can leave the QGP
as soon as it is produced and with negligible rescattering,
thus carrying detailed information on the QGP state at pro-
duction time. So far, two approaches have been considered
for the real-photon production. Perturbative calculations at
low virtualities require extensive resummations, to account for
infrared behavior composed of hard thermal loops [22] as well
as the Landau-Pomeranchuck-Migdal effect [23,24]. Electro-
magnetic radiation from the QGP has shown a remarkable
convergence when going from leading [24] to next-to-leading
order in perturbative QCD (pQCD) corrections [25], an obser-
vation that is not universal across all QGP-related observables.
Indeed, perturbative calculations of the transport coefficient q̂
[26], encapsulating transverse momentum broadening of the
high-energy partons traversing the QGP, show significant cor-
rections when comparing leading order and next-to-leading
order pQCD calculations, at typical QGP temperature scales
reached in heavy-ion collisions. A recent comparison of
the electromagnetic spectral function in perturbative, i.e.,
next-to-leading order (NLO) pQCD calculations [27], and
nonperturbative [28] approaches shows remarkable reliability
of thermal photon perturbative calculations, especially when
higher temperatures are considered.
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(a) (b)

FIG. 1. Single-scattering-induced photon emission processes in
a DIS between a highly virtual photon and the nucleus at next-to-
leading order (NLO). (a) A photon and quark in the final state. (b) A
photon and gluon in the final state.

Given this behavior of perturbative calculations of electro-
magnetic radiation, this work focuses on extending photon
production rates by including additional sources of jet-
medium real photon production. To date, phenomenological
calculations of jet-medium photons [29,30] only include
electromagnetic production from nearly on-shell light mass
partons. Of course, other photon sources, such as prompt pho-
tons [31], photons from the hydrodynamical evolution [32],
and hadronic transport emissions [33] have been considered.
In this contribution, focus is given towards calculating real
photon production rates from highly virtual partons, specifi-
cally obtaining a photon production rate from highly virtual
quarks of light and heavy flavors, through the higher-twist
formalism, thus giving an in-medium correction to prompt
photon production.1

Schematically, photon production investigated herein
stems from processes illustrated in Fig. 1. These will be
studied using the higher-twist (HT) formalism in the single-
scattering-induced radiation limit. The processes depicted in
the blob diagram Fig. 1(a) are referred to as kernel-1 and
involve Glauber gluon exchange with the nuclear medium,
whereas processes in Fig. 1(b) involve quark-to-gluon con-
version processes [37,38]. In addition to including photon
emissions from light and heavy quarks, attention will also
be given towards phase coherence effects [39] that were re-
cently included in the context of gluon emissions from highly
virtual quarks. The calculation herein will extend the results
in Refs. [39,40] by including additional interactions with in-
medium partons depicted in Fig. 1(b). These will be referred
to as Kumar-Vujanovic (KV) kernels.

II. HADRONIC TENSOR IN-DEEP
INELASTIC SCATTERING

The goal of this paper is to study the propagation of a
hard quark through QCD nuclear matter and derive a medium-
modified scattering kernel for single photon emission from
the jet. It is studied in terms of the hadronic tensor (W μν)

1Note that the Arnold-Moore-Yaffe (AMY) formalism [23,34,35],
upon which jet-medium photon simulations [29,30] were devised,
has yet to be extended to include the mass scales of heavy quark
flavors. A similar statement holds true for the next-to-leading order
extension of the AMY formalism [25]. In the higher-twist formalism,
heavy-quark mass scales have been taken into account only in the
context of gluon radiation from a massive quark [36].

FIG. 2. A schematic diagram of deep-inelastic scattering be-
tween an electron and a nucleon inside the nucleus. The virtual
photon carries momentum q, whereas the struck quark carries mo-
mentum p. The nucleus momentum is P = AP, where P is the
momentum of the nucleon.

in the context of deep-inelastic scattering (DIS) between the
energetic electron and the nucleus carrying mass number A.
In general, the DIS between the electron and a large nucleus
results in the production of a scattered electron and a remnant
X containing hadronic states. Its equation is given below:

e−(�in ) + A(P ) → e−(�out ) + X. (1)

The difference of the outgoing (�out ) and incoming (�in ) elec-
tron momenta allows to define the virtual photon momentum
qμ, as illustrated in Fig. 2, which is both highly energetic (i.e,.
a hard photon) and highly virtual. The study presented herein
is carried out in the Breit frame, where the momentum of the
virtual photon has the following form:

qμ ≡ �
μ
out − �

μ
in

= [q+, q−, q⊥ = 0⊥]

=
[−Q2

2q− , q−, 0, 0

]
, (2)

where −Q2 = q2 = qμqμ defines the virtuality of the photon.
The connection between the light-cone coordinates and Carte-
sian coordinates is

[q+, q−, q⊥] =
[

q0 + qz

√
2

,
q0 − qz

√
2

, q⊥

]
, (3)

thus giving the expected q2 = 2q+q− − q⊥ · q⊥.
In Fig. 2, the incoming virtual photon can strike light-

and heavy-quark flavors alike, both of which are considered
herein. The nucleus momentum is labeled by Pμ, the average
momentum of the nucleon momentum is Pμ such that Pμ =
APμ, while the quark momentum is pμ. The cross section for
the process in Eq. (1) can be separated into a QED portion of
the scattering and a QCD portion as

�0
out

d3σ

d3�out
= α2

em

2πs

LμνW μν
had

Q4
, (4)

where the fine-structure constant is αem = e2/(4π ). In Eq. (4),
the interesting QCD portion is encoded in the hadronic tensor
W μν

had . The label “had” indicates that the final state consists
of hadronic states. The rest of the expression consists of
QED interaction and kinematics. More specifically, �0

out is the
energy of the outgoing electron, s = (P+�in )2 is the usual
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Mandelstam variable, the QED leptonic tensor is given by
Lμν = 1

2 Tr[/�inγ
μ/�outγ

ν], while /� = �μγ μ with γ μ are the
usual Dirac matrices. The hadronic tensor in Eq. (4) is defined
as a complete matrix element given as [41]

W μν
had =

∑
X

δ(4)(pX −P−q)〈AP, S| jμ(0)|X 〉〈X | jν (0)|AP, S〉,

(5)

where the sum over X denotes the usual Lorentz-invariant
sum and integral over all hadronic states. The QCD electro-
magnetic current is defined as jμ(x) = ∑

f e f ψ̄ f (x)γ μψ f (x)
and S is the spin state of the target. The fractional charge
e f = 2/3 for up, charm, and top quarks, while it is e f = −1/3
for down, strange, and bottom quarks. The factors of the
electric unit charge e have been collected, both from Lμν

and W μν
had , giving α2

em in Eq. (4). The hard scale is given by
Q =

√
−q2 � 
QCD such that the q+ and q− components of

the incoming virtual momentum are large, i.e., O(1), giving
qμ ∼ [O(1), O(1), 0⊥]Q. In this setup, the struck nucleon is
traveling in the positive-direction and hence the struck quark
has a very small p− ∼ λ2Q momentum, where the dimen-
sionless parameter λ is a small quantity λ2 ≪ 1, while the
large component is p+ ∼ Q, thus pμ ∼ [O(1), O(λ2), 0⊥]Q.
The momentum components of the quark after the scattering
are organized as pμ

1 ∼ [O(λ2), O(1), 0⊥]Q.2 Thus, λ is used
to establish a perturbation series expansion.

In Fig. 2, we depict the DIS process where the virtual
photon strikes a quark inside a nucleon and flips the parton’s
direction. We consider the next-to-leading-order (NLO) pro-
cess consisting of a photon emission from the struck quark.
We also consider processes where the struck quark undergoes
single rescattering with the nuclear medium in addition to
photon emission from the quark. To incorporate the real pho-
ton emission processes from the hard quark, we decompose
the hadronic tensor (W μν) as follows:

dW μν

dy
= dW μν

0

dy
+

∑
i=1,2

dW μν
i

dy

=
∑

f

∫
dxF A

f
(x)Hμν

0 K0

+
∑
i=1,2

∑
f

∫
dxF A

f
(x)Hμν

0 Ki, (6)

where dW μν
0

dy is the vacuum contribution to photon radiation
from the jet, while the in-medium correction is encapsulated

by
∑

i
dW μν

i
dy and is depicted in Fig. 13 The radiated photon

(�2) is traveling in the negative z direction and is collinear to
the direction of the final state quark; its momentum fraction
is y = �−

2 /q−. In Eq. (6), the first common factor for both

2Note that pμ

1 = [
M2−Q2+2(p+q−− M2

2p+
Q2

2q− )

2p−
1

, p−
1 , 0⊥], where M is the

mass of the quark, which is not neglected herein as M
Q ∼ O(λ).

3Virtual corrections at O(αemαs ) are included in Appendixes D
and E.

vacuum and in-medium contributions is the parton distribution
function (PDF)

F A
f (x) = A

∫
dy−

2π

e−ixP+y−

2
〈P|ψ̄ f (y−)γ +ψ f (0)|P〉, (7)

giving the probability of finding a quark of given flavor ( f )
with momentum fraction x in the nucleus A with which the
virtual photon can collide. The momentum fraction x carried
by the struck quark is x = p+/P+, where p+ is the first
component of its momentum in light-cone coordinates, with
P+ being the corresponding momentum of the nucleon in
the nucleus. 〈P|ψ̄ f (y−)γ +ψ f (0)|P〉 is a two-point fermionic
correlator with a light-cone separation y− along the negative
z direction. The partonic hard part with no emission and no
in-medium scattering is encoded in the function Hμν

0 given by

Hμν
0 = e2

f

2
(2π )δ[(q + xP)2]Tr[/Pγ μ(/q + x/P)γ ν]. (8)

The goal of the subsequent sections is to explore the func-
tions Ki, where K0 describes vacuum contributions, while
Ki=1,2 correspond to the in-medium interactions described
in Figs. 1(a) and 1(b), respectively. Many possible diagrams
can affect photon radiation from the final state quark in a
strongly interacting nuclear medium, each explored in a dedi-
cated section. Therefore, our discussion is separated into two
categories: hadronic tensor for the vacuum photon radiation
and medium-modified photon emission.

A. Single photon emission from the hard quark without
in-medium scattering: The vacuum contribution

For the case of single photon emission without in-medium
scattering, there are a total of four diagrams. However, in the
light-cone gauge (A− = 0), the dominant contribution comes
from the diagram in Fig. 3(a), i.e., the emission of the pho-
ton from the final-state quark. The hadronic tensor for the
diagrams shown in Figs. 3(b), 3(c), and 3(d) does not give
a leading log contribution; it is a subleading correction shown
in Appendix A. The hadronic tensor for the diagram shown in
Fig. 3(a) is given as

W μν
0,a =

∑
f

2[−gμν

⊥⊥]e2e4
f

∫
d (�X −)eiq+�X −

× 〈AP|ψ̄ f (�X −)
γ +

4
ψ f (0)|AP〉

∫
dy

2π

d2�2⊥
(2π )2

× e−i
{

���2
2⊥+yM2

2y(1−y)q−
}

�X −
[

1 + (1 − y)2

y

][
���2

2⊥ + M2y4κ
]

[
���2

2⊥ + y2M2
]2 ,

(9)

where M is the mass of the struck quark, while

κ = 1

1 + (1 − y)2
. (10)

The emitted photon (�2) is traveling in the negative z direction,
having momentum fraction y = �−

2 /q−. Note, in Eq. (4) and
(9), one factor of e2 has already been taken out from the
hadronic tensor.

Any calculation of W μν proceeds by first obtaining the full
T -matrix amplitude T μν of a given process before extracting
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FIG. 3. Forward scattering diagrams of leading order photon production from the quark. The cut line (i.e., dashed line) represents the final
state.

the forward scattering limit using

W μν = 1

2π
Disc[T μν]. (11)

The various components of the momentum �
μ
2 =

[ �2
2⊥

2yq− , yq−, ���2⊥] have different powers of the small scale

λ, specifically �
μ
2 ∼ [O(λ2), O(1), O(λ), O(λ)]Q.4 The

outgoing quark pμ
2 = [ �2

2⊥+M2

2(1−y)q− , (1 − y)q−,−���2⊥] scales as

pμ
2 ∼ [O(λ2), O(1), O(λ), O(λ)]Q and takes into account

that p2
2 = M2. Having established the result in the vacuum,

4The �2 photon is on-shell �2
2 = 0 after the imaginary part of the

T -matrix amplitude has been taken via Eq. (11).

along with providing details about the size of different
contributions relative to the scale λ, the manner in which the
nuclear environment affects the vacuum result is considered
next.

B. Classification of single-scattering-induced
photon emission diagrams

In this section, we consider DIS between the virtual pho-
ton and the nucleus in which the struck quark, after hard
scattering, undergoes Bremsstrahlung photon radiation and
in-medium scattering with the remainder of the nucleus. The
in-medium scattering kernels for real photon emission from
the quark that contribute at O (αsαem) are classified based
on the identity of the particles in the final state. The first
kind of kernel (K1) contains a real photon and a quark in the

FIG. 4. Forward scattering diagrams for single photon emission with a single Glauber gluon scattering, giving a final state consisting of a
real photon and a quark. These diagrams contribute to kernel-1. The cut lines L, C, R represent the left cut, the center cut, and the right cut,
respectively.
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FIG. 5. A single-scattering-induced photon emission process at
next-to-leading order for kernel-1.

final state shown in Fig. 1(a). In this kernel, the hard quark
undergoes real photon emission and in-medium Glauber gluon
scattering. There are a total of eight possible diagrams for this
process, and these are shown in Fig. 4. Their calculation is
discussed in Sec. III.

The second kind of kernel (K2) of interest consists of a real
photon and real gluon emission with an in-medium Glauber
quark exchange with the medium, as depicted in Fig. 1(b).
There are a total of six possible central cut diagrams, shown
in Fig. 6 contributing to this kernel, which are discussed in
Sec. IV.

III. SINGLE-SCATTERING-INDUCED EMISSION: THE
SINGLE-PHOTON SINGLE-QUARK FINAL STATE

Considered below are solely cases where the hard quark
produced in the primary hard scattering undergoes a single
photon emission and single Glauber gluon scattering with
the nuclear medium, as depicted in Fig. 4. The (dashed) cut
line represents the final state and gives rise to a total of
eight diagrams. The full analytic calculation considering all
possible diagrams is now presented, including complete phase
factors and quark-mass effects. We performed the calculation
in light-cone gauge n · A = A− = 0, where light-cone vector
n = [1, 0, 0⊥], and the photon with four-momentum X has a
polarization tensor

d (X )
μν = −gμν + Xμnν + nμXν

n · X
. (12)

To illustrate the manner in which our results are obtained, we
will present one calculation in great detail corresponding to
the top left diagram in Fig. 4. All other diagrams are calculated
in Appendix B.

The process shown in Fig. 5, where the hard quark under-
goes bremsstrahlung photon radiation followed by in-medium
Glauber gluon scattering, is now considered. The ampli-
tude (T μν

1,c ) of the central-cut forward scattering diagram in
Fig. 5 is

T μν
1,c =

∑
f

e2e4
f g2

s

∫
d4yd4xd4z1d4z2d4z3d4z4eiq(y−x)〈AP|ψ̄ f (y)γ μ

∫
d4 p′

1

(2π )4

i(/p′
1 + M )

[(p′
1)2 − M2 + iε]

e−ip′
1(y−z4 )iγ σ4

×
∫

d4�′

(2π )4

i(/�′ + M )

[(�′)2 − M2 + iε]
e−i�′(z4−z3 )iγ σ3 Aσ3 (z3)

∫
d4 p2

(2π )4

i(/p2 + M )(
p2

2 − M2 + iε
)e−ip2(z3−z2 )iγ σ2 Aσ2 (z2)

×
∫

d4�

(2π )4

i(/� + M )

(�2 − M2 + iε)
e−i�(z2−z1 )iγ σ1

∫
d4 p1

(2π )4

i(/p1 + M )(
p2

1 − M2 + iε
)e−ip1(z1−x)γ νψ f (x)|AP〉

×
∫

d4�2

(2π )4

id (�2 )
σ1σ4(

�2
2 + iε

)e−i�2(z4−z1 ), (13)

where Aσ = t aAa
σ represents the gluonic gauge field with t a being the Gell-Mann SU(3) matrix. The above equation is rearranged

below to better highlight the operator structure. That is,

T μν
1,c =

∑
f

e2e4
f g2

s

∫
d4x d4y d4z1 d4z2d4z3d4z4

∫
d4 p1

(2π )4

d4 p′
1

(2π )4

d4�

(2π )4

d4�′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4

× eiy(q−p′
1 )e−ix(q−p1 )eiz1(�−p1+�2 )eiz2(−�+p2 )eiz3(�′−p2 )eiz4(p′

1−�′−�2 )

× 〈AP|Tr

[
ψ f (x)ψ̄ f (y)γ μ

i(/p′
1 + M )

[(p′
1)2 − M2 + iε]

iγ σ4
i(/�′ + M )

[(�′)2 − M2 + iε]
iγ σ3 Aσ3 (z3)

× i(/p2 + M )(
p2

2 − M2 + iε
) iγ σ2 Aσ2 (z2)

i(/� + M )

(�2 − M2 + iε)
iγ σ1

i(/p1 + M )(
p2

1 − M2 + iε
)γ ν

]
|AP〉 × id (�2 )

σ4σ1(
�2

2 + iε
) . (14)

The trace Tr[· · · ] in Eq. (14) sums over the Dirac matrices and the Gell-Mann SU(3) color matrices. The notation
∑

f represents
the sum over quark flavors. To obtain the hadronic tensor, we apply Cutkosky’s [42,43] procedure and evaluate the discontinuity
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FIG. 6. Diagrams in kernel-2 giving a real photon and a gluon final states. The second scattering with the nuclear medium is mediated by
the exchange of a Glauber quark.

along the cut line, i.e., in the photon and quark propagators, namely

Disc

[
1

�2
2 + iε

]
= −2π iδ

(
�2

2

)
,

Disc

[
1

p2
2 − M2 + iε

]
= −2π iδ

(
p2

2 − M2). (15)

The resulting hadronic tensor has the following form:

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d4x d4y d4z1 d4z2d4z3d4z4

∫
d4 p1

(2π )4

d4 p′
1

(2π )4

d4�

(2π )4

d4�′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4

× eiy(q−p′
1 )e−ix(q−p1 )eiz1(�−p1+�2 )eiz2(−�+p2 )eiz3(�′−p2 )eiz4(p′

1−�′−�2 )

× 〈AP|Tr

[
ψ f (x)ψ̄ f (y)γ μ

(−i)(/p′
1 + M )

[(p′
1)2 − M2 − iε]

(−i)γ σ4
(−i)(/�′ + M )

[(�′)2 − M2 − iε]
(−i)γ σ3 Aσ3 (z3)

× (/p2 + M )iγ σ2 Aσ2 (z2)
i(/� + M )

(�2 − M2 + iε)
iγ σ1

i(/p1 + M )(
p2

1 − M2 + iε
)γ ν

]
|AP〉d (�2 )

σ4σ1
(2π )δ

(
p2

2 − M2
)
(2π )δ

(
�2

2

)
. (16)

In order to separate out the perturbative and nonperturbative portions of this calculation, a power-counting scheme is
established. The incoming quark before primary scattering is moving in the positive direction, i.e., p = [p+, M2/2p+,000⊥],
and thus pμ ∼ [O(1), O(λ),000⊥]Q. The same λ scales also hold for p′ since p′+/Q ∼ 1 and p′ = [p′+, M2/2p′+,000⊥]. Isolating
the leading nonperturbative component, which is ψ (x)ψ̄ (y) for the first scattering correlator herein, allows to write ψ (x)ψ̄ (y) in
terms of a scalar function T (x, y):

ψ (x)ψ̄ (y) = /pT (x, y) = p+γ −T (x, y) �⇒ Tr[γ +ψ (x)ψ̄ (y)] = p+Tr[γ +γ −]T (x, y) �⇒ ψ (x)ψ̄ (y) = γ −Tr

[
ψ̄ (y)

γ +

4
ψ (x)

]
.

(17)

In the light-cone gauge A− = 0, the Glauber gluon emanating from the medium has A+ ≫ A⊥, and thus γ σ3 Aσ3 (z3) ≈ γ −A+(z3)
and γ σ2 Aσ2 (z2) ≈ γ −A+(z2). In addition, we assume that the hard quark produced from the primary hard scattering with the
nucleon struck by the virtual photon will undergo further rescatterings while traversing the remaining A − 1 nucleons. As Q ≫
1, any scatterings following the first one are assumed independent, and thus the correlators are factorized:

〈AP|Tr

[
ψ̄ f (y)

γ +

4
ψ f (x)

]
A+(z3)A+(z2)|AP〉 ≈ 〈P|Tr

[
ψ̄ f (y)

γ +

4
ψ f (x)

]
|P〉〈PA−1|A+(z3)A+(z2)|PA−1〉, (18)
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where the first term will be absorbed in the definition of the nuclear parton distribution function, while the second term will be
included in the scattering kernel. The resulting W μν is

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d4x d4y d4z1 d4z2d4z3d4z4

∫
d4 p1

(2π )4

d4 p′
1

(2π )4

d4�

(2π )4

d4�′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
eiy(q−p′

1 )e−ix(q−p1 )

× 〈P|ψ̄ f (y)
γ +

4
ψ f (x)|P〉eiz1(�−p1+�2 )eiz2(−�+p2 )eiz3(�′−p2 )〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉eiz4(p′

1−�′−�2 )

× Tr

[
γ −γ μ

(/p′
1 + M )

[(p′
1)2 − M2 − iε]

γ σ4
(/�′ + M )

[(�′)2 − M2 − iε]
γ −(/p2 + M )γ − (/� + M )

(�2 − M2 + iε)
γ σ1

(/p1 + M )(
p2

1 − M2 + iε
)γ ν

]

× d (�2 )
σ4σ1

(2π )δ
(
p2

2 − M2
)
(2π )δ

(
�2

2

)
. (19)

In Eq. (19), the first trace Tr[A+(z3)A+(z2)] is over the Gell-Mann matrices, whereas the second trace (cf. third line) is over the
Dirac matrices. After performing the change of variable p′

1 = q+p′ and p1 = q+p in Eq. (19) (see also Fig. 5), which stems from
energy and momentum conservation, the integration measure d4 p′

1 transforms as d4 p′
1 → d4 p′, while d4 p1 → d4 p. Combining

these results yields

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d4x d4y d4z1 d4z2 d4z3 d4z4

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�

(2π )4

d4�′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−iyp′

eixp

× 〈P|ψ̄ f (y)
γ +

4
ψ f (x)|P〉eiz1(�−q−p+�2 )eiz2(−�+p2 )eiz3(�′−p2 )〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉eiz4(p′+q−�′−�2 )

× Tr

[
γ −γ μ(/q + /p′ + M )

[(q + p′)2 − M2 − iε]
γ σ4

(/�′ + M )

[(�′)2 − M2 − iε]
γ −(/p2 + M )

γ −(/� + M )

(�2 − M2 + iε)
γ σ1

(/q + /p + M )

[(q + p)2 − M2 + iε]
γ ν

]

× d (�2 )
σ4σ1

(2π )δ
(
p2

2 − M2)(2π )δ
(
�2

2

)
. (20)

Performing the integrals over d4z1 and d4z4 gives (2π )4δ(4)(−q − p+�+�2)(2π )4δ(4)(q+p′ − �′ − �2), which allows for the
d4� and d4�′ integration in Eq. (20) to be performed, generating

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
eip′(z3−y)eip(x−z2 )〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× eiz3(q−p2−�2 )eiz2(�2+p2−q)〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉(2π )δ
(
�2

2

)
(2π )δ

(
p2

2 − M2
)
d (�2 )

σ1σ4

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]

[(q + p′)2 − M2 − iε][(q + p′ − �2)2 − M2 − iε][(q + p − �2)2 − M2 + iε][(q + p)2 − M2 + iε]
. (21)

The expression in Eq. (21) becomes singular when the denominator of the quark propagator for p1, �, �′, and p′
1 vanishes.

Computing this integral is easiest in the complex plane of p+ and p′+, where both p+ and p′+ have two simple poles.5 The
contour integration for p+ can be carried out as

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 − M2 + iε][(q + p − �2)2 − M2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[
q+ + p+ − M2

2q− + iε
]
2
(
q− − �−

2

)[
q+ + p+ − �+

2 − ���2
2⊥+M2

2(q−−�−
2 ) + iε

]

5One of the propagators takes the form

[(q + p)2 − M2 + iε]−1 = [2(q+ + p+)(q− + p−) − |qqq⊥ + ppp⊥|2 − M2 + iε]−1 ≈ [2(q+ + p+)q−[1 + O(λ2)] − M2 + iε]−1

⇒ [(q + p)2 − M2 + iε]−1 ≈ 2q−
[

q+ + p+ − M2

2q− + iε

]−1

, (22)

where the established power counting p−/q− ∼ λ2 together with ppp⊥ = 000⊥ was used to simplify the full propagator to the expression above. A
similar procedure is used for [(q+p − �2)2 − M2+iε].
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= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

⎡
⎢⎣ ei(−q++ M2

2q− )(x−−z−
2 ){

M2

2q− − �+
2 − ���2

2⊥+M2

2(q−−�−
2 )

} + e
i(−q++�+

2 + ���2
2⊥+M2

2(q−−�−2 )
)(x−−z−

2 )

{
�+

2 + ���2
2⊥+M2

2(q−−�−
2 ) − M2

2q−
}

⎤
⎥⎦

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

ei(−q++ M2

2q− )(x−−z−
2 )

[
−1 + eiG (�2 )

M (x−−z−
2 )

G (�2 )
M

]
, (23)

where

G (�2 )
M = �+

2 + ���2
2⊥ + M2

2(q− − �−
2 )

− M2

2q− . (24)

The contour integration for p′+ proceeds analogously, giving

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − M2 − iε][(q + p′ − �2)2 − M2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[
q+ + p′+ − M2

2q− − iε
]
2(q− − �−

2 )
[
q+ + p′+ − �+

2 − ���2
2⊥+M2

2(q−−�−
2 ) − iε

]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

e−i(−q++ M2

2q− )(y−−z−
3 )

[
−1 + e−iG (�2 )

M (y−−z−
3 )

G (�2 )
M

]
. (25)

As the final expression for C1 and C2 is independent of p and p′, respectively, the dependence on these variables in Eq. (21)
remains within eip(x−z2 ) and eip′(z3−y) as well as the trace over γ matrices. While our λ-power-counting scheme constrains the
size of momentum variables, the same cannot be said about position variables. Thus, the eip(x−z2 ) and eip′(z3−y) phase factors must
remain intact. As the trace in Eq. (21) only contributes at O(λ2) in p and p′, the only nontrivial contribution remaining to the p and
p′ integrals stems solely from eip(x−z2 ) and eip′(z3−y) phase factors. To perform the remaining integrals for p and p′, the following
substitutions are used: p = [p+, p−,000⊥] = [p+, M2

2p+ +δp−,000⊥] and p′ = [p′+, p′−,000⊥] = [p′+, M2

2p′+ +δp′−,000⊥], where δp− ∼
O(λ2) and δp′− ∼ O(λ2). Thus, the integrals over d p−d2 p⊥d p′−d2 p′

⊥ simply become integrals over d (δp−)d2 p⊥d (δp′−)d2 p′
⊥,

yielding

(2π )3δ(x+ − z+
2 )δ2(xxx⊥ − zzz2⊥)(2π )3δ(−y+ + z+

3 )δ2(−yyy⊥ + zzz3⊥). (26)

Performing the integral over spacetime variables (x+,xxx⊥) and (y+,yyy⊥) using δ functions in Eq. (26) yields

W μν
1,c =

∑
f

e2e4
f g2

s

∫
dx− dy− d4z2 d4z3

∫
d4�2

(2π )4

d4 p2

(2π )4
〈P|ψ̄ f (z+

3 , y−, zzz3⊥)
γ +

4
ψ f (z+

2 , x−, zzz2⊥)|P〉

× θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2(q− − �−
2 )]2

[G (�2 )
M

]−2
ei(q+− M2

2q− )(y−−x−−z−
3 +z−

2 )[ − 1 + eiG (�2 )
M (x−−z−

2 )
][ − 1 + e−iG (�2 )

M (y−−z−
3 )

]
× eiz3(q−p2−�2 )eiz2(�2+p2−q)〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉(2π )δ

(
�2

2

)
(2π )δ

(
p2

2 − M2
)
d (�2 )

σ1σ4

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν], (27)

where x+ = z+
2 , y+ = z+

3 , xxx⊥ = zzz2⊥, and yyy⊥ = zzz3⊥ were used to simplify the expression for W μν . Note that the trace inside W μν

has been left intact owing to power counting. The next step is to perform the d�+
2 as well as the d p+

2 d p−
2 integrals aided by the

presence of the δ functions δ(�2
2) and δ(p2

2 − M2) and λ-power counting. Indeed,

δ
(
�2

2

) = δ
(
2�+

2 �−
2 − ���2

2⊥
) = 1

2�−
2

δ

(
�+

2 − ���2
2⊥

2�−
2

)
,

δ
(
p2

2 − M2
) = δ

(
2p+

2 p−
2 − ppp2

2⊥ − M2
) = 1

2p−
2

δ

(
p+

2 − ppp2
2⊥ + M2

2p−
2

)
, (28)
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which, when inserted in W μν , gives

W μν
1,c =

∑
f

e2e4
f g2

s

∫
dx− dy− d4z2 d4z3

∫
d4�2

(2π )3

d4 p2

(2π )3
〈P|ψ̄ f (z+

3 , y−, zzz3⊥)
γ +

4
ψ f (z+

2 , x−, zzz2⊥)|P〉

× θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2(q− − �−
2 )]2

[G (�2 )
M

]−2
ei(q+− M2

2q− )(y−−x−−z−
3 +z−

2 )[ − 1 + eiG (�2 )
M (x−−z−

2 )
][ − 1 + e−iG (�2 )

M (y−−z−
3 )

]

× ei(p2+�2 )(z2−z3 )eiq(z3−z2 ) 1

2�−
2

δ

(
�+

2 − ���2
2⊥

2�−
2

)
1

2p−
2

δ

(
p+

2 − ppp2
2⊥ + M2

2p−
2

)
〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉d (�2 )

σ1σ4

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]. (29)

Defining the momentum fraction y as �−
2 = yq− allows one to rewrite d�−

2 = q−dy. Furthermore, energy and momentum
conservation in Fig. 5 implies that

q + p = p1 = �2 + � = �2 + (p2 − k) ⇐⇒ q + p − �2 − p2 + k = 0. (30)

While the δ functions can be used to perform the �+
2 and p+

2 integrals, p−
2 can also be performed using λ-power counting.

Indeed, as kμ ∼ [O(λ2), O(λ2), O(λ), O(λ)]Q, while �
μ
2 ∼ [O(λ2), O(1), O(λ), O(λ)]Q and pμ

2 ∼ [O(λ2), O(1), O(λ), O(λ)]Q,
using energy and momentum conservation implies

0 = q− + p− − �−
2 − p−

2 + k−,

0 = q− + O(λ2) − �−
2 − p−

2 + O(λ), (31)

and thus the change of variable p−
2 = q− − �−

2 +k−+δp−
2 , where δp−

2 ∼ O(λ2) is a small quantity, induces a change in the
integration measure d p−

2 = d (δp−
2 ). Thus, the integration over d p−

2 yields a δ(z+
2 − z+

3 ), as the only function in Eq. (29) that is
not small is eip−

2 (z+
3 −z+

2 ), since (z+
3 − z+

2 ) is not subjet to the power counting in λ. Any other dependence on p−
2 seen in Eq. (29)

can simply be set to q− − �−
2 +k−. Thus,

W μν
1,c =

∑
f

e2e4
f g2

s

∫
dx− dy− d4z2 d4z3

∫
dyd2�2⊥

(2π )3

d2 p2⊥
(2π )2

δ(z+
2 − z+

3 )〈P|ψ̄ f (z+
3 , y−, zzz3⊥)

γ +

4
ψ f (z+

2 , x−, zzz2⊥)|P〉

× θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2q−(1 − y)]2

[G (�2 )
M

]−2
ei(q+− M2

2q− )(y−−x− )[−1 + eiG (�2 )
M (x−−z−

2 )
][−1 + e−iG (�2 )

M (y−−z−
3 )

]

× ei(z−
2 −z−

3 )H(�2 ,p2 )
M e−i(ppp2⊥+���2⊥ )·(zzz2⊥−zzz3⊥ )e−ik−(z+

3 −z+
2 ) 1

2y

1

2q−(1 − y + ηy)
〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉

× d (�2 )
σ1σ4

Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν], (32)

where

η = k−

�−
2

= k−

yq− , (33)

and

G (�2 )
M = ���2

2⊥ + y2M2

2y(1 − y)q− , (34)

H(�2,p2 )
M = �+

2 + p+
2 − M2

2q− = ���2
2⊥

2yq− + ppp2
2⊥ + M2

2q−(1 − y + ηy)
− M2

2q− . (35)

Applying the following transformation ppp2⊥+���2⊥ = kkk⊥ allows to express d2 p2⊥ → d2k2⊥, for a fixed �2. Furthermore, the
following transformation of coordinates is useful

z = z3 + z2

2
,

�z = z3 − z2, (36)
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as the integration measure remains unchanged, i.e., d4z3d4z2 = d4zd4(�z). The resulting hadronic tensor has the following
form:

W μν
1,c =

∑
f

e2e4
f g2

s

∫
dx− dy− d4z d4(�z)

∫
dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

δ(�z+)e−i�z+k−〈PA−1|Tr

[
A+

(
z + �z

2

)
A+

(
z − �z

2

)]
|PA−1〉

× ei(q+− M2

2q− )(y−−x− )〈P|ψ̄ f

(
z+ + �z+

2
, y−, zzz⊥ + �z�z�z⊥

2

)
γ +

4
ψ f

(
z+ − �z+

2
, x−, zzz⊥ − �z�z�z⊥

2

)
|P〉

× [ − 1 + eiG (�2 )
M (x−−z−

2 )
][ − 1 + e−iG (�2 )

M (y−−z−
3 )

]
e−i�z−H(�2 ,p2 )

M eikkk⊥·�z�z�z⊥ θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2(1 − y)q−]2

[G (�2 )
M

]−2 1

2y

1

2(1 − y + ηy)q−

× d (�2 )
σ1σ4

Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]. (37)

Note that the two-point gauge field operator 〈PA−1|Tr[A+(z+�z/2)A+(z − �z/2)]|PA−1〉 is invariant under translation by
four-vector z. This is primarily true owing to the fact that the incoming state |PA−1〉 and the outgoing state 〈PA−1| are
identical. Therefore, any dependence on z seen in that operator expectation value is not physical6 The phases that depend

on the relative distances �X − = y− − x− such as ei(q+− M2

2q− )(y−−x− ) are absorbed in the definition of the quark PDF, and phases

e−i�z−H(�2 ,p2 )
M eikkk⊥·�z�z�z⊥ are included within the nuclear medium’s distribution function.

While translational invariance was helpful for dealing with expectation values of operator products, quantum coherence

(or interference) effects are more sensitive to positional information, as seen in the phase factor [−1+eiG (�2 )
M (x−−z−

2 )] and

[−1+e−iG (�2 )
M (y−−z−

3 )]. Since the process (Fig. 5) in the amplitude is identical to the process on the complex conjugate, the W μν is
required to be a real number. Therefore, the remaining phase factors must be real-valued:

R = [ − 1 + eiG (�2 )
M (x−−z−

2 )
][ − 1 + e−iG (�2 )

M (y−−z−
3 )

]
,

R = [
1 − eiG (�2 )

M (x−−z−
2 ) − e−iG (�2 )

M (y−−z−
3 ) + eiG (�2 )

M (x−−z−
2 −y−+z−

3 )
] ∈ R,

�⇒ G (�2 )
M (x− − z−

2 − y− + z−
3 ) = 2nπ, where n ∈ Z,

�⇒ G (�2 )
M (x− − z−

2 ) = G (�2 )
M (y− − z−

3 ) + 2nπ,

�⇒ R = [
2 − 2 cos

{G (�2 )
M (y− − z−

3 )
}] = [

2 − 2 cos
{G (�2 )

M (x− − z−
2 )

}]
. (38)

The above derivation entails that y− − z−
3 = x− − z−

2 , which is expected as x− − z−
2 represents the distance between first

scattering and second scattering on the amplitude side, while y− − z−
3 is the same distance on the complex conjugate side.

As θ (x− − z−
2 ) suggests that x− − z−

2 > 0, while θ (y− − z−
3 ) implies y− − z−

3 > 0, a new length integration variable ζ− =
y− − z−

3 = x− − z−
2 is defined to encapsulate that spacetime distance, and ensure that the scattering probability is real-valued.

Introducing new variables for distance,

�X − = y− − x−,

X − = y− + x−

2
,

ζ− = y− − z−
3 = x− − z−

2 = X − − z−, (39)

and incorporating them in W μν , allows one to perform the integrals over d4z,7 �z+, and X −,8 giving

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d (�X −)dζ−d (�z−)d2�z⊥

∫
dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

ei�X −(q+− M2

2q− )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× [
2 − 2 cos

{G (�2 )
M ζ−}]

e−i�z−H(�2 ,p2 )
M eikkk⊥·�zzz⊥

× θ (ζ−)

(2q−)2[2(1 − y)q−]2

[G (�2 )
M

]−2
[

1

2y

1

2(1 − y + ηy)q−

]
〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

× d (�2 )
σ1σ4

Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]. (40)

6A similar statement can be made to hold true for the z+ and zzz⊥ dependence within the 〈ψ̄γ +ψ〉 operator in Eq. (37), by undoing the
spacetime integrals associated with the δ functions in Eq. (26).

7The integral over d4z just gives an overall normalization factor, which is absorbed in the redefinition of the operator product expectation
value.

8In Eq. (42), the expectation value 〈ψ̄γ +ψ〉 was translated by a different amount than 〈A+A+〉.
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FIG. 7. A forward scattering diagram in kernel-2. It consists of a fermion-to-boson conversion process, giving real photon and gluon final
states.

The trace in the above equation can be simplified to get

Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]d (�2 )
σ1σ4

= Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]

×
[
−gσ1σ4 + nσ1�2σ4 + nσ4�2σ1

n · �2

]

= 32(q−)3[−gμν

⊥⊥]

[
1 − y + ηy

y

][
1 + (1 − y)2

y

][
���2

2⊥ + M2y4κ
]
, (41)

where κ is defined in Eq. (10). Using the expression in Eq. (41), the hadronic tensor becomes

W μν
1,c =

∑
f

2[−gμν

⊥⊥]e2e4
f g2

s

∫
d (�X −)ei�X −(q+− M2

2q− )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

×
∫

d (�z−)d2�z⊥
dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 + (1 − y)2

y

]
e−i�z−H(�2 ,p2 )

M eikkk⊥·�zzz⊥

×
∫

dζ−θ (ζ−)
[
2 − 2 cos

{G (�2 )
M ζ−}] [���2

2⊥ + M2y4κ][
���2

2⊥ + y2M2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉, (42)

where κ is defined in Eq. (10), while, for completeness,

G (�2 )
M = �+

2 + ���2
2⊥ + M2

2(q− − �−
2 )

− M2

2q− = ���2
2⊥ + y2M2

2y(1 − y)q− ,

H(�2,p2 )
M = �+

2 + p+
2 − M2

2q− = ���2
2⊥ − yM2

2yq− + (���2⊥ − kkk⊥)2 + M2

2q−(1 − y + ηy)
. (43)

There are seven other diagrams, including non-central-cut diagrams, present in kernel-1, whose contributions to the hadronic
tensor W μν

1 are in Appendix B.

IV. SINGLE-SCATTERING-INDUCED EMISSION: ONE PHOTON AND ONE GLUON IN THE FINAL STATE

The possible diagrams that give rise to the photon-gluon final state are illustrated in Fig. 6. There are a total of six central-cut
diagrams. These diagrams are referred to as kernel-2 in the remainder of the paper. As in the previous section, the calculation of
the central cut with the most salient information is given before the final hadronic tensor W μν

2 is quoted.
The diagram under consideration is shown in Fig. 7. In that diagram, the hard quark produced from the initial-state hard

scattering undergoes collinear emission followed by in-medium fermion-to-boson conversion. The forward scattering amplitude
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of this process is given as

T μν
2,c =

∑
f

e2e4
f g2

s

∫
d4x d4y d4z1 d4z2 d4z3 d4z4

∫
d4 p1

(2π )4

d4 p′
1

(2π )4

d4�

(2π )4

d4�′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4

× eiy(q−p′
1 )e−ix(q−p1 )eiz1(�−p1+�2 )eiz2(−�+p2 )eiz3(�′−p2 )eiz4(p′

1−�′−�2 )

× 〈AP|Tr

[
ψ f (x)ψ̄ f (y)γ μ

i/p′
1

[(p′
1)2 + iε]

iγ σ4
i/�′

[(�′)2 + iε]
iγ σ3ψ f (z3)ψ̄ f (z2)iγ σ2

i/�

(�2 + iε)
iγ σ1

i/p1(
p2

1 + iε
)γ ν

]
|AP〉

× id (�2 )
σ4σ1

�2
2 + iε

id (p2 )
σ3σ2

p2
2 + iε

Tr[t at b]δab, (44)

where d (�2 )
σ4σ1

and d (p2 )
σ3σ2 are defined as in Eq. (12), while the color algebra can be simplified to

Tr[t at b]δab = δab

2
δab = 1

2

8∑
i=1

δii = N2
c − 1

2
= CF Nc. (45)

The integral over d4z1 and d4z4 can be carried out to yield (2π )(4)δ4(� − p1+�2)(2π )4δ(4)(p′
1 − �′ − �2), allowing the integration

over d4� and d4�′ to be performed. Moreover, instituting the change of variable p′
1 = q+p′ and p1 = q+p in Eq. (44) modifies

the integration d4 p′
1 → d4 p′, while d4 p1 → d4 p. Applying Cutkosky’s rule [42,43], the hadronic tensor for the central-cut

diagram is

W μν
2,c =

∑
f

e2e4
f g2

sCF Nc

∫
d4x d4y d4z2 d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−iyp′

eipx〈P|ψ̄ f (y)
γ +

4
ψ f (x)|P〉

× (2π )δ
(
�2

2

)
(2π )δ

(
p2

2

) × eiz2(p2+�2−q−p)eiz3(q+p′−�2−p2 )〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉

× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p′ − �2)2 − iε][(q + p − �2)2 + iε][(q + p)2 + iε]
d (�2 )

σ4σ1
d (p2 )

σ3σ2
, (46)

where the discontinuity in the final state photon and gluon propagators has been applied, namely

Disc

[
1

�2
2 + iε

]
= −2π iδ

(
�2

2

)
,

Disc

[
1

p2
2 + iε

]
= −2π iδ

(
p2

2

)
. (47)

Equation (46) exhibits a singularity when the quark propagator for p1, �, �′, and p′
1 becomes on-shell. There are two simple poles

for p+ and p′+, respectively. The contour integration for p+ in the complex plane gives

C̃1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − �2)2 + iε]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (�2 )

0 (x−−z−
2 )

G (�2 )
0

]
, (48)

where

G (�2 )
0 = �+

2 + ���2
2⊥

2(q− − �−
2 )

= ���2
2⊥

2y(1 − y)q− . (49)

On the other hand, the contour integration over p′+ yields

C̃2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − �2)2 − iε]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (�2 )

0 (y−−z−
3 )

G (�2 )
0

]
. (50)

To perform the remaining integrals for p and p′, the same procedure as in Eq. (26) was followed, yielding (2π )3δ(x+ −
z+

2 )δ2(xxx⊥ − zzz2⊥)(2π )3δ(−y++z+
3 )δ2(−yyy⊥+zzz3⊥). Using these δ functions allows to performing the integral over spacetime
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variables (x+,xxx⊥) and (y+,yyy⊥) to give

W μν
2,c =

∑
f

e2e4
f g2

s[CF Nc]
∫

dx− dy− d4z2 d4z3

∫
d4�2

(2π )4

d4 p2

(2π )4
〈P|ψ̄ f (z+

3 , y−, zzz3⊥)
γ +

4
ψ f (z+

2 , x−, zzz2⊥)|P〉

× θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2(q− − �−
2 )]2

[G (�2 )
0

]−2
eiq+(y−−x−−z−

3 +z−
2 )

[ − 1 + eiG (�2 )
0 (x−−z−

2 )
][ − 1 + e−iG (�2 )

0 (y−−z−
3 )

]

× eiz3(q−p2−�2 )eiz2(�2+p2−q)〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
d (�2 )

σ1σ4
d (p2 )

σ3σ2

× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]. (51)

Applying a similar algebraic manipulation to those presented in Eqs. (30) through (36), along with the momentum fraction y as
�−

2 = yq−, allows one to reduce the hadronic tensor W μν
2,c to

W μν
2,c =

∑
f

e2e4
f g2

s[CF Nc]
∫

dx−dy−d4z2 d4z3

∫
dyd2�2⊥

(2π )3

d2 p2⊥
(2π )2

δ(z+
2 − z+

3 )〈P|ψ̄ f (z+
3 , y−, zzz3⊥)

γ +

4
ψ f (z+

2 , x−, zzz2⊥)|P〉

× θ (x− − z−
2 )θ (y− − z−

3 )

(2q−)2[2(q− − �−
2 )]2

[G (�2 )
0

]−2
eiq+(y−−x− )[−1 + eiG (�2 )

0 (x−−z−
2 )

][−1 + e−iG (�2 )
0 (y−−z−

3 )
]

× ei(z−
2 −z−

3 )H(�2 ,p2 )
M e−i(ppp2⊥+���2⊥ )·(zzz2⊥−zzz3⊥ )e−ik−(z+

3 −z+
2 )〈PA−1|ψ̄ f (z2)

γ +

4
ψ f (z3)|PA−1〉 1

2y

1

2(1 − y + ηy)q−

× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (�2 )
σ1σ4

d (p2 )
σ3σ2

, (52)

where k− = η�−
2 = ηyq− and

G (�2 )
0 = ���2

2⊥
2y(1 − y)q− , (53)

H(�2,p2 )
0 = �+

2 + p+
2 = ���2

2⊥
2yq− + ppp2

2⊥
2q−(1 − y + ηy)

. (54)

In Eq. (52), all phases that depend on the relative distances y− − x− (i.e., eiq+(y−−x− ) herein) are absorbed in the definition

of the quark parton distribution function (PDF), while all phases that depend on z−
3 − z−

2 (specifically e−i(z−
3 −z−

2 )H(�2 ,p2 )
0 and

eikkk⊥·(zzz3⊥−zzz2⊥ )) are part of the in-medium distribution function. Since the process (Fig. 7) in the amplitude and the complex
conjugate are identical, the associated W μν or the amplitude square should be a real number, therefore, the remaining phase

factors [−1+eiG (�2 )
0 (x−−z−

2 )][−1+e−iG (�2 )
0 (y−−z−

3 )] must be real-valued. Thus, using the same arguments as in Eq. (38) yields

R = [
2 − 2 cos

{G (�2 )
0 (y− − z−

3 )
}] = [

2 − 2 cos
{G (�2 )

0 (x− − z−
2 )

}]
. (55)

Of course, as in Eq. (38), ζ− = y− − z−
3 = x− − z−

2 , given that x− − z−
2 represents the distance between the primary and

secondary scattering vertex in the amplitude, while y− − z−
3 is that same distance in the complex conjugate. Furthermore, using

the same variables change in Eqs. (36) and (39), as well as ppp2⊥+���2⊥ = kkk⊥, allows one to express the hadronic tensor as

W μν
2,c =

∑
f

e2e4
f g2

s[CF Nc]
∫

d (�X −)dζ−d (�z−)d2�z⊥
∫

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

eiq+�X −〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× θ (ζ−)

(2q−)2[2(q− − �−
2 )]2

[G (�2 )
0

]−2[
2 − 2 cos

{G (�2 )
0 ζ−}] 1

2y

1

2(1 − y + ηy)q−

× e−i�z−H(�2 ,p2 )
0 eikkk⊥·�zzz⊥〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�z⊥)|PA−1〉

× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (�2 )
σ1σ4

d (p2 )
σ3σ2

. (56)

The trace in the equation above Eq. (56) is now evaluated, giving

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (�2 )
σ4σ1

d (p2 )
σ3σ2

= (q−)2[−gμν

⊥⊥]Tr[γ −γ +γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1γ +]d (�2 )
σ4σ1

d (p2 )
σ3σ2

. (57)
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The first nonvanishing term in d (�2 )
σ4σ1

d (p2 )
σ3σ2 comes from gσ4σ1 gσ3σ2 , giving

(q−)2[−gμν

⊥⊥]Tr[γ −γ +γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1γ +]gσ4σ1 gσ3σ2

= 32[−gμν

⊥⊥](q−)2���2
2⊥, (58)

while the second stems from
nσ4 �2σ1

�−
2

gσ3σ2 , yielding9

(q−)2[−gμν

⊥⊥]Tr[γ −γ +γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1γ +]

(
nσ4�2σ1 + nσ1�2σ4

)
n+�−

2

(−gσ3σ2 )

= 2(q−)2[−gμν

⊥⊥]Tr[γ −γ +γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1γ +]
nσ4�2σ1

�−
2

(−gσ3σ2 )

= 64[−gμν

⊥⊥](q−)2���2
2⊥

[
(1 − y)2

y2
+ 1 − y

y

]
. (59)

Combining terms together, the trace is expressed as

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (�2 )
σ4σ1

d (p2 )
σ3σ2

= 32[−gμν

⊥⊥](q−)2���2
2⊥

[
1 + (1 − y)2

y2

]
. (60)

The final expression for the hadronic tensor (see Fig. 7) is

W μν
2,c =

∑
f

2e2e4
f g2

sCF Nc[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

×
∫

d (�z−)d2(�z⊥)
dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 + (1 − y)2

y

]
e−i�z−H(�2 ,p2 )

0 eikkk⊥·�z⊥�z⊥�z⊥

×
∫

dζ− θ (ζ−)

(1 − y + ηy)q−
1

���2
2⊥

[
2 − 2 cos

{G (�2 )
0 ζ−}]〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉, (61)

where

H(�2,p2 )
0 = �+

2 + p+
2 = ���2

2⊥
2yq− + (���2⊥ − kkk⊥)2

2q−(1 − y + yη)
. (62)

The above expression of the hadronic tensor Eq. (61) when compared to the diagram in kernel-1, differs through the appearance of
a two-point fermionic correlator 〈ψ̄ f (ζ−, 0) γ +

4 ψ f (ζ−,�z−,�zzz⊥)〉, along with the factor of (1 − y+ηy)q− in the denominator.
This indicates that the quark-to-gluon conversion processes are suppressed by the incoming energy of the quark, i.e., (1 −
y+ηy)q−. The five other diagrams contributing to kernel-2 are presented in Appendix C.

V. MEDIUM MODIFIED KV KERNELS FOR PHOTON PRODUCTION

In the preceding sections, we discussed in detail the steps involved in the derivation of the hadronic tensor for each kernel.
In this section, we add contributions from all diagrams for each kernel and provide a full scattering kernel for photon emission
from the jet parton for each category.

A. Full KV scattering kernel without collinear expansion

In this section, the full algebraic form of the hadronic tensor is presented for each kernel. For kernel-1, a total of eight
diagrams were identified, including the left-cut and right-cut diagrams. These are presented in Appendix B. In order to add these
diagrams, we institute �X − = y− − x−, �z− = z−

3 − z−
2 , and ζ− = y− − z3 = x− − z2. The exponentials that depend on �X −

are absorbed in the definition of the nucleon parton distribution function, whereas the exponentials that depend on the relative
distance �z− = z−

3 − z−
2 are absorbed in the definition of the gluon/quark distribution in the medium. Under these algebraic

9Any term in d (�2 )
σ4σ1

d (p2 )
σ3σ2

that is proportional to nσ3�2σ2 will contract with the γ σ3γ −γ σ2 term in Eq. (58) to give (n · γ )γ −(�2 · γ ) =
n+(γ −)2(�2 · γ ) ≡ 0.
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transformations, diagrams within each kernel can be summed. Including all diagrams for kernel type-1 (Fig. 4), the full hadronic
tensor is given as

W μν
1,full =

∑
f

2[−gμν

⊥⊥]e2
f

∫
d (�X −)ei�X −(q+− M2

2q− )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉 × Keff

1 , (63)

where we define Keff
1 as a effective medium-modified scattering kernel for type-1 process (Fig. 4) as

Keff
1 = e2e2

f g2
s

∫
d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
M eikkk⊥·�zzz⊥

×
∫

dζ−θ (ζ−)Seff
1 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉, (64)

where Seff
1 denotes the perturbative part in the integrand of the medium-modified kernel given as

Seff
1 =

[
1 + (1 − y)2

y

][
���2

2⊥ + M2y4κ[
���2

2⊥ + y2M2
]2

][
1− cos

{G (�2 )
M ζ−}]

+
[

(1 + ηy)2 + (1 − y + ηy)2

y

][
{(1 + ηy)���2⊥ − ykkk⊥}2 + M2y4κ

J2
1

]

−
[

1 + (1 − y)2 + ηy(2 − y)

y

][
(1 + ηy)���2

2⊥ − ykkk⊥ · ���2⊥ + M2y4κ{
���2

2⊥ + M2y2
}
J1

][
2 − 2 cos

{G (�2 )
M ζ−}]

, (65)

where

J1 = {(1 + ηy)���2⊥ − ykkk⊥}2 + y2M2. (66)

The quantity η is defined in Eq. (33) while κ is in Eq. (10). The functions G (�2 )
M and H(�2,p2 )

M in Eq. (65) are provided in Eq. (43). We
notice similarities between our calculation and those presented in Ref. [36]. The first line in Eq. (65) represents the contribution
from central-cut (Fig. 5) and non-central-cut (Fig. 12) diagrams and contains identical formulas for the splitting function and
the perturbative part of the scattering kernel when compared with the expression given in Eq. (26) of Ref. [36]. The first line
in Eq. (65), which contains an ���2⊥-dependent phase factor, is not present in Ref. [36] as this term has been absorbed in the
definition of the initial-state PDF used by Ref. [36]. We decided to keep this ���2⊥-dependent phase factor within the scattering
kernel herein as it contains ζ− path length dependence between the first and second scatterings. On the other hand, the modified
splitting function and perturbative part in the second and third lines in Eq. (65) are identical to Eqs. (30) and (32), respectively,
in Ref. [36].

Next, kernel-2 diagrams are considered, of which six are central-cut diagrams. The hadronic tensor associated with each
diagram is presented in Appendix C. Adding all diagrams for kernel-2 depicted in Fig. 6 yields the full hadronic tensor

W μν
2,full =

∑
f

2[−gμν

⊥⊥]e2
f

∫
d (�X −)ei�X −q+〈P|ψ̄ f (�X −)

γ +

4
ψ f (0)|P〉 × Keff

2 , (67)

where we define Keff
2 as a effective medium-modified scattering kernel for type-2 processes via

Keff
2 = e2e2

f g2
s[CF Nc]

∫
d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
0 eikkk⊥·�zzz⊥

×
∫

dζ−θ (ζ−)Seff
2 〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉. (68)

Seff
2 denotes the perturbative part of the medium modified kernel given by

Seff
2 =

[
1 + (1 − y)2

y

][
2 − 2 cos

{G (�2 )
0 ζ−}

���2
2⊥(1 − y + ηy)q−

]
+

[
1 + y2(1 − η)2

1 − y(1 + η)

][
2 − 2 cos

{G (p2 )
0 ζ−}

(���2⊥ − kkk⊥)2yq−

]

−
[

1 − y(1 − 2η)

y

][
���2

2⊥ − ���2⊥ · kkk⊥
(���2⊥ − kkk⊥)2���2

2⊥(1 − y + ηy)q−

][
2 − 2 cos

{G (p2 )
0 ζ−} − 2 cos

{G (�2 )
0 ζ−} + 2 cos{�G0ζ

−}], (69)
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where �G0 = (G (p2 )
0 − G (�2 )

0 ), η is defined as in Eq. (33), while G (�2 )
0 and H(�2,p2 )

0 are provided in Eqs. (49) and (62), respectively.
Also, G (p2 )

0 is given as

G (p2 )
0 = p+

2 + ppp2
2⊥

2(q− − p−
2 )

= (���2⊥ − kkk⊥)2

2y(1 − y + ηy)(1 − η)q− . (70)

The first line in Eq. (69) represents the contribution from the diagram in Fig. 15(a), the second corresponds to diagram in
Fig. 15(b), while the third line corresponds to diagrams in Figs. 16(a) and 16(b). Each term in Eq. (69) carries a suppression
factor of 1/q− compared to the scattering processes in kernel-1. These terms indicate that the medium-induced quark-to-gluon
or quark-to-photon conversion is suppressed by a power of the incoming energy of the quark, i.e., yq− or (1 − y+ηy)q− in this
case.

B. Collinear expansion and jet transport coefficients at next-to-leading order (NLO) and next-to-leading twist (NLT)

In the previous section, we presented a full scattering kernel for the hard quark traversing the nuclear medium without invoking
any collinear expansion for the soft in-medium Glauber gluon/quark. In this section, we carry out the gradient expansion in kkk⊥
and k− of the perturbative function Seff

i within the integrand of the scattering kernel. As in previous higher-twist calculations,
such as [36,39], a Taylor expansion of Seff

i in kkk⊥ and k−, around kkk⊥ = 000⊥ and k− = 0, is performed, giving

Seff
i (kkk⊥, k−) = Seff

i (kkk⊥ = 0, k− = 0) + ∂Seff
i

∂kρ

⊥

∣∣∣∣
k=0

kρ

⊥ + ∂2Seff
i

∂kρ

⊥∂kσ
⊥

∣∣∣∣
k=0

kρ

⊥kσ
⊥ + · · · + ∂Seff

i

∂k−

∣∣∣∣
k=0

k− + ∂2Seff
i

∂k−2

∣∣∣∣
k=0

(k−)2 + · · · ,

(71)

where |k=0 is shorthand notation for all components of k being evaluated to zero. In Eq. (71), the second term in the expansion
will give a vanishing contribution to the scattering kernel (after integration over k⊥ is performed), if the nuclear medium is
assumed to be homogenous and isotropic. This homogeneity and isotropy assumption also ensures that the third term in Eq. (71)
is nontrivial solely when ρ and σ are identical.

Applying collinear expansion, the effective medium-modified scattering kernel (Keff
1 ) for type-1 processes can be written as

Keff
1 = e2e2

f

∫
dy

2π

d2�2⊥
(2π )2

dζ−[R(1)
0 Â0 + (R(1)

T 2ÂT 2 + R(1)
T 4ÂT 4 + · · · ) + (R(1)

L1 ÂL1 + R(1)
L2 ÂL2 + · · · )], (72)

where R(1)
0 is the zeroth-order term in the Taylor expansion of Seff

1 , R(1)
L,i represents the ith-order derivative of Seff

1 along the k−

direction, and R(1)
T,i denotes the ith-order derivative of Seff

1 along the k⊥ direction. The operators Â0, ÂT,i, and ÂL,i represent
two-point gluonic jet-medium correlation functions (also called jet-medium transport coefficients), where the factors of k⊥
and k− in the Taylor series expansion are converted into derivatives acting on the A+ field, and are thereby absorbed in the
definition of jet-medium transport coefficients. The operator ÂT,2 represents the gluonic contributions to the jet-medium transport
coefficient known as q̂, characterizing the stochastic momentum broadening in the transverse direction. However, ÂL,1 represents
longitudinal momentum drag imparted by the nuclear medium on the jet parton; in other words, it affects the median expectation
of the longitudinal momentum. Note that R(1),

i s are independent of the momentum k (and therefore independent of η), thus they
only depend on the momentum fraction y, ζ−, ���2

2⊥, and quark mass M. The functions R(1)
i for kernel-1 are given as

R(1)
0 = Seff

1 (k⊥ = 0, k− = 0) = 1

���2
2⊥

[
1 + (1 − y)2

y

][
1 + χy2κ

[1 + χ ]2

]
cos

{G (�2 )
M ζ−}

, (73)

R(1)
T,2 = ∂2Seff

1

∂k2
x

∣∣∣∣
k=0

+ ∂2Seff
1

∂k2
y

∣∣∣∣∣
k=0

= 4y2

���4
2⊥[1 + χ ]4

[
1 + (1 − y)2

y

][
9 + 12χy2κ + χ2 − 2 cos

{G (�2 )
M ζ−}

(3 + χ{1 + 4y2κ} + y2χ2κ )
]
, (74)

where χ = y2M2

�2
⊥

and κ is defined in Eq. (10), while

R(1)
L,1 = ∂Seff

1

∂k−

∣∣∣∣
k=0

=
[

2 − y

y

][
1

q−���2
2⊥

][
−2 + 2 cos

{G (�2 )
M ζ−}

1 + χ
+ 2

(
1 + χy2κ

(1 + χ )2

)]

+
[

1 + (1 − y)2

y

][
−1 + χ (1 − 2y2κ )

q−���2
2⊥(1 + χ )3

][
2 cos

{G (�2 )
M ζ−}]

. (75)
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The jet transport coefficients for kernel-1 are also the moments in k momentum space of the in-medium gluon distribution,
which, formally, are given by

Â0 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
M eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉, (76)

ÂL,1 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
M eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|Tr[i∂−A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉, (77)

ÂT,2 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
M eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|Tr[∂⊥A+(ζ−,�z−,�z⊥)∂⊥A+(ζ−, 0)]|PA−1〉. (78)

In the above equations, the function H(�2,p2 )
M is defined as Eq. (43), while ÂT,2 is similar to q̂ [36], which characterizes transverse

momentum diffusion of the hard parton traversing the nuclear medium.10 On the other hand, ÂL,1 is the jet transport coefficient
characterizing longitudinal momentum drag, which is similar to ê [36]. Both ÂL,1 and ÂT,2 involve gluon correlators. Note
that Â0, ÂL,1, and ÂT,2 depend explicitly on ���2⊥ via the function H(�2,p2 )

M , thus these are transverse-momentum-dependent gluon
parton distribution functions (TMD-gPDFs) [44]. We note in Eq. (72) that the function Â0 gives rise to a gauge correction term
to the nuclear PDF in the limit ���⊥,kkk⊥ → 0 [45].

Collinear expansion to kernel-2 is examined next. The effective medium-modified kernel for type-2 processes (Keff
2 ) is

Keff
2 = e2e2

f [CF Nc]
∫

dy

2π

d2�2⊥
(2π )2

dζ−[R(2)
0 F̂0 + (R(2)

T 2F̂T 2 + R(2)
T 4F̂T 4 + · · · ) + (R(2)

L1 F̂L1 + R(2)
L2 F̂L2 + · · · )], (79)

where R(2)
0 is the zeroth-order term in the Taylor expansion of Seff

2 , R(2)
L,i represents ith-order derivative of Seff

2 alon the k−

direction, and R(2)
T,i denotes the ith-order derivative of Seff

2 along the k⊥ direction, as before. The operators F̂0, F̂T,i, and F̂L,i

represent two-point fermionic jet-medium correlation functions (or transport coefficients), where the factors of k⊥ and k− in the
Taylor series expansion are converted into derivatives acting on Glauber fermionic ψ fields, and are thereby absorbed in the
definition of the jet-medium transport coefficients. The operator F̂T,2 represents a subleading, transverse-momentum-dependent
correction from the conversion process to the zeroth-order term in Eq. (79). As before, R(2),

i s solely depend on the momentum
fraction y, ζ−, and ���2

2⊥. The Taylor expansion above allows one to decouple ���⊥ and kkk⊥ integrals.
The function R(2)

i for kernel-2 are given as

R(2)
0 = Seff

2 (k⊥, k−)|k=0 =
[

1 + (1 − y)2

y

][
2 − 2 cos

{G (�2 )
0 ζ−}

���2
2⊥(1 − y)q−

]
+

[
1 + y2

1 − y

][
2 − 2 cos

{G (�2 )
0 ζ−}

���2
2⊥yq−

]

−
[

1 − y

y

][
4 − 4 cos

{G (�2 )
0 ζ−}

���2
2⊥(1 − y)q−

]
, (80)

R(2)
T,2 = ∂2Seff

2

∂k2
x

∣∣∣∣
k=0

+ ∂2Seff
2

∂k2
y

∣∣∣∣∣
k=0

=
[

1 + y2

1 − y

][
1

yq−

][
8 − 8 cos

{G (�2 )
0 ζ−}

���4
2⊥

− 8β sin
{G (�2 )

0 ζ−}
���2

2⊥
+ 8β2 cos

{G (�2 )
0 ζ−}]

(81)

+ 1

yq−

[
8β2[1 − cos

{G (�2 )
0 ζ−}] − 16β

���2
2⊥

sin
{G (�2 )

0 ζ−}]
, (82)

R(2)
L,1 = ∂Seff

2

∂k−

∣∣∣∣
k=0

=
[
2 − 2 cos

{G (�2 )
0 ζ−}]

(2y − 5)

y(1 − y)2���2
2⊥(q−)2 − sin

{G (�2 )
0 ζ−}

ζ−(3 + y)

y(1 − y)3(q−)3
, (83)

where

β = ζ−

2y(1 − y)q− . (84)

10The relative importance of the bosonic and fermionic contribution to q̂ depends on the composition of the plasma. At very early times, the
plasma in heavy-ion collisions is gluon dominated as the gluonic PDF is much larger than quark PDFs. As the plasma evolves, quark population
densities will increase to reach near thermal equilibrium in the QGP. So, at hydrodynamization time both quarks and gluons contribute to q̂,
while at early times the gluonic contribution to q̂ is the only relevant one.
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The jet-medium transport coefficients for kernel-2 at NLO and NLT are in-medium two-point fermionic field distributions given
by

F̂0 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
0 eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉, (85)

F̂L,1 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
0 eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|i∂−ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉, (86)

F̂T,2 = g2
s

∫
d (�z−)d2�z⊥

d2k⊥
(2π )2

e−i�z−H(�2 ,p2 )
0 eikkk⊥·�zzz⊥θ (ζ−)〈PA−1|∂⊥ψ̄ f (ζ−, 0)

γ +

4
∂⊥ψ f (ζ−,�z−,�zzz⊥)|PA−1〉. (87)

where H(�2,p2 )
0 is given in Eq. (62). The F̂0, F̂L,1, and F̂T,2 dis-

tribution functions depend explicitly on ���2⊥ via the function
H(�2,p2 )

0 as before; hence, these are transverse-momentum-
dependent quark parton distribution functions (TMD-qPDFs).
Note that the zeroth-order term R(1)

0 Â0 in Eq. (72) represents
a gauge correction term that makes the nuclear PDF gauge
invariant and therefore does not contribute to parton energy
loss. Unlike this, the zeroth order term in Eq. (79) does not
represent a gauge term and hence cannot be absorbed in the
nuclear PDF. Indeed, this zeroth-order term is a genuine first
nonvanishing leading term that contributes to the parton en-
ergy loss.

Recent progress [46–49] shows that hydrodynamic attrac-
tors can provide a reasonable description of the transition of
the energy-momentum tensor of the nuclear medium from
highly off-equilibrium glasmalike dynamics at early times
to a hydrodynamical evolution at later times. More studies
are needed to understand the mechanisms responsible for the
hydrodynamical behavior of quark flavors in the QGP, i.e.,
for flavor hydrodynamization. The photons from short-lived
(highly virtual) partons explored herein are uniquely posi-
tioned to discern the intricate dynamics involved in flavor
hydrodynamization transitioning from glasmalike dynamics
to hydrodynamics. In contrast, conversion processes giving
photon production from on-shell (and nearly on-shell) par-
tons, such as those studied in [25,38], probe not only the
prehydrodynamical evolution, but also parts of the hydrody-
namical evolution as well, owing to their longer lifetimes.
If glasmalike dynamics are present at very early times, then
operators F̂0, F̂T,i, and F̂L,i will play a key role in studying
possible flavor hydrodynamization mechanisms: ÂT,i and ÂL,i

are not enough.
The first phenomenological study of photon’s sensitivity

to flavor hydrodynamization [31] used suppressed ther-
mal photons rates in the prehydrodynamical stage using
KøMPøST.11 The limited study in Ref. [31] did not see large
flavor hydordynamization effects. A more realistic calculation
of photon production from early-time dynamics also included
jet-medium photons from long-lived partons [30]. However,
no flavor hydrodynamization effects on jet-medium photons
were shown in Ref. [30]. Combining jet-medium photons

11Prompt photons were included in Ref. [31] that are only sensitive
to nuclear-modified PDFs and not to the dynamical evolution of the
nuclear medium.

from highly virtual partons, discussed here, together with
photons from long-lived partons, as well thermal photons
explored in [30], all within a dynamical model that includes
flavor hydrodynamization effects, promises to provide greater
discriminating power to possible mechanisms involved in
flavor hydrodynamization dynamics. The next section will
quantify the importance of jet-medium photons from highly
virtual partons.

C. Length dependence of energy loss

A numerical evaluation of the zeroth-order, first-order, and
second-order coefficients R(i)

0 , R(i)
L,1, and R(i)

T,2 that arise in the
Taylor expansion of the full scattering kernel is carried out for
each kernel. The collinear expansion outlined in the preceding
subsection allowed us to decouple k⊥ and k− dependence and
absorb it in the definition of the jet transport coefficients. First,
we consider the perturbative functions R(1)

0 , R(1)
L,1, and R(1)

T,2
in kernel-1. We note that the length integration variable ζ−

only appears in the [2 − 2 cos{G (�2 )
0 ζ−}] term and the two-

point correlator 〈PA−1|A+(ζ−,�z−)A+(ζ−, 0)|PA−1〉. Under
translational invariance around ζ−, the two-point correlator
does not depend on the mean location ζ−, thus allowing one
to decouple the dζ− and d�z− integrations. Using this result,
Fig. 8 depicts the length-integrated R(1)

0 , R(1)
L,1 and R(1)

T,2 for
kernel-1, evaluated at three different momentum fractions:
y = 0.25, 0.5, and 0.75. Figure 8(a) depicts the length de-
pendence of the zeroth-order coefficient, R(1)

0 . As mentioned
in the previous section Eq. (72), R(1)

0 Â0 term represents the
gauge correction to the nuclear PDF and does not contribute to
parton energy loss [45]. Figures 8(b) and 8(c) depict the length
dependence of the first-order and second-order perturbative
coefficients in kernel-1, respectively, which are responsible
for parton drag and diffusion as a function of path length
(ζ−). Overall, the coefficient of longitudinal momentum drag
(R(1)

L,1) is an order of magnitude smaller than the coefficient

of transverse momentum broadening (R(1)
T,2), akin to Brown-

ian diffusion. In these calculations, the quark mass is set to
M = 0.

Next, we consider the perturbative coefficients R(2)
0 , R(2)

L,1,

and R(2)
T,2 in kernel-2. This kernel represents contributions

from fermion-to-boson conversion processes. To understand
the physics implications of the relative magnitude of R(2)

0 ,
R(2)

L,1, and R(2)
T,2 coefficients on the parton energy loss, it is im-

portant to have a lattice estimates of the transport coefficients
F̂0, F̂L,1, and F̂T,2. Although there exist lattice determinations

025204-18



BREMSSTRAHLUNG PHOTON CONTRIBUTIONS TO … PHYSICAL REVIEW C 112, 025204 (2025)

FIG. 8. Path length dependence of zeroth-order (R(1)
0 ), first-order

(R(1)
L,1), and second-order (R(1)

T,2) perturbative coefficients in the gradi-
ent expansion of Seff

1 as a function of ζ−/τ f , where τ f is a formation
time given as τ f = 2y(1 − y)q−/�2

2⊥. Here, y is the momentum frac-
tion carried away by the radiated photon. Other parameters are set to
q− = 100 GeV, �x = 10 GeV, �y = 0 GeV, M = 0 GeV. (a) Zeroth-
order coefficient (R(1)

0 ) in Kernel-1. (b) First-order coefficient (R(1)
L,1)

in Kernel-1. (c) Second-order coefficient (R(1)
T,2) in Kernel-1.

of the gluonic q̂ [50], the estimates of transport coefficients
F̂0, F̂L,1, and F̂T,2 are unknown. Therefore, we refrain from
making concrete statements about the impact of these coef-
ficients on the parton energy loss. In Fig. 9(a), zeroth-order
perturbative function R(2)

0 is shown, whereas Figures 9(b) and
9(c) represents the length dependence of first-order R(2)

L,1 and

second-order R(2)
T,2, respectively. Note that in Eq. (79) the term

R(2)
0 F̂0 represents the first nonvanishing contribution to parton

energy loss for kernel-2. It is observed that both R(2)
L,1 and R(2)

T,2
are an order of magnitude smaller compared to the zeroth-
order coefficient R(2)

0 . Comparing R(2)
0 with coefficients in

kernel-1, we observe that it is suppressed by a factor of 100
compared to R(1)

0 and is a factor of 4 smaller compared to R(1)
T,2

of kernel-1. Qualitatively, this signifies that the processes in
kernel-2 are suppressed by an order of magnitude relative to
R(1)

L,1 and R(1)
T,2.

In Fig. 10, we present the quark mass dependence of
the length-integrated second-order gradient R(1)

T,2 for kernel-
1. Each panel represents a different momentum fraction,
while containing three different quark masses. In the MS
scheme [51], heavy-quark masses are set to: M = 1.27 GeV
(charm-quark) and M = 4.18 GeV (bottom-quark). The re-
sults indicate no noticeable differences for the charm quark
when compared to lighter quarks; however, a significant effect
can be seen for the bottom quark for y > 0.25. In Fig. 11,
we present quark masses’ effects in the length-integrated first-
order coefficient R(1)

L,1. Here as well, we observe a noticeable
difference for the bottom quark compared to lighter quark
flavors. Since the coefficient of longitudinal momentum drag
(R(1)

L,1) is smaller than the coefficient of transverse momentum

broadening (R(1)
T,2), Fig. 10 shows that bottom quarks en-

counter smaller transverse momentum broadening compared
to lighter flavors. For the case of kernel-2, the six possible
central-cut diagrams do not contribute to heavy-quark energy
loss, as typical temperatures reached in the QGP are insuffi-
cient to thermally pair-produce heavy quarks.

Note that the calculations presented above are based on
the collinear expansion approximation. A realistic numerical
calculation of the full scattering kernel requires estimates of
the nonperturbative correlators and will be carried out in the
future. Given that the medium’s contribution to all scattering
kernels is encoded in the two-point correlation functions Â
and F̂ , our calculations are equally valid in cold nuclear
matter or within hot QGP.

VI. SUMMARY AND OUTLOOK

In this paper, a first calculation of the Bremsstrahlung
photon emission kernel is presented for a highly energetic
and highly virtual quark traversing through a nuclear medium.
At the perturbative scale O(αsαem ), two kernels have been
identified. This classification is organized using the identity
of particles in the final state. The first kernel represents the
production of a real photon and a quark in a DIS between the
highly off-shell virtual photon and the nucleus, whereas the
second kernel consists of a real photon and a gluon in the final
state with the fermion-to-boson conversion processes.
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FIG. 9. Path length dependence of zeroth-order (R(2)
0 ), first-order

(R(2)
L,1), and second-order (R(2)

T,2) coefficients in the gradient expan-
sion of Seff

2 as a function of ζ−/τ f , where τ f is a formation time
given as τ f = 2y(1 − y)q−/�2

2⊥. Here, y is the momentum fraction
carried away by the radiated photon. Other parameters are set to
q− = 100 GeV, �x = 10 GeV, �y = 0 GeV, M = 0 GeV. (a) Zeroth-
order coefficient in Kernel-2. (b) First-order coefficient in Kernel-2.
(c) Second-order coefficient in Kernel-2.

FIG. 10. Path length dependence of second-order gradient term
R(1)

T,2 (transverse direction) as a function of ζ−/τ f , where τ f is
a formation time given as τ f = 2y(1 − y)q−/(�2

2⊥+y2M2). This is
for kernel-1, and y is the momentum fraction carried away by the
radiated photon. Other parameters: q− = 100 GeV, �x = 10 GeV,
and �y = 0 GeV. (a) Length integrated R(1)

T,2 for y = 0.25. (b) Length
integrated R(1)

T,2 for y = 0.5. (c) Length integrated R(1)
T,2 for y = 0.75.
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FIG. 11. Path length dependence of first-order gradient term
R(1)

L,1 (k− direction) as a function of ζ−/τ f , where τ f is a formation
time given as τ f = 2y(1 − y)q−/(�2

2⊥+y2M2). This is for kernel-1,
and y is the momentum fraction carried away by the radiated photon.
Other parameters: q− = 100 GeV, �x = 10 GeV, and �y = 0 GeV. (a)
Length integrated R(1)

L,1 for y = 0.25. (b) Length integrated R(1)
L,1 for

y = 0.5. (c) Length integrated R(1)
L,1 for y = 0.75.

The calculation is carried out within the framework of per-
turbative QCD and by computing the hadronic tensor (W μν)
for the case of deep-inelastic scattering between the virtual
photon and the nucleus A. The calculation is performed in
the Breit frame with a light-cone gauge A− = 0. The parton
struck by the virtual photon coming off from the incom-
ing electron is referred to as the primary hard parton, and
the associated scattering is the primary hard scattering. It is
assumed that the subsequent scatterings of this hard parton
traversing the remainder of the nucleus are uncorrelated with
the scattering from the first-struck nucleon, and therefore
these can be factorized from the initial state nucleon parton
distribution function. In the calculation of the hadronic tensor,
the phase-space exponentials that contain relative distances
(�x− = y− − x−) between the primary (hard) scattering in
the amplitude (x−) and its complex conjugate (y−) are ab-
sorbed in the definition of the parton distribution function of
the struck nucleon. Similarly, the phase-space exponentials
that contain the relative distance (�z− = z−

3 − z−
2 ) between

the second scattering in the amplitude (z−
2 ) and the complex

conjugate (z−
3 ) are absorbed in the definition of nonpertur-

bative jet-medium transport coefficients. It is argued that the
remainder of the phase-space exponentials should be a real
number. This led us to define the path length integration
variable ζ− representing the relative distance (x− − z−

2 and
y− − z−

3 ) between the first scattering and second scattering in
the amplitude (and also its complex conjugate). In this calcu-

lation, the phase factors [2 − 2 cos{G (�2 )
0 ζ−}] and e−iH(�,p2 )

0 �z−

contain explicit �2⊥ dependence and have been kept in the
definition of the scattering kernel.

For all the calculations presented herein, it has been as-
sumed that the second scattering occurs via an exchange
of the Glauber gluon (or quark), which has a transverse
momentum (kkk⊥ � k−, k+) larger than its (plus and minus)
light-cone components. The hadronic tensor for kernel-2 in-
volves an additional factor of yq− or (1 − y+ηy)q− in the
denominator [37,38] when compared to the kernel-1 diagram,
indicating that the fermion-to-boson conversion processes are
suppressed by the hard quark energy scale. For each kernel, a
full scattering kernel was presented first before a systematic
(Taylor) expansion was employed. These kernels are planned
to be implemented within a comprehensive Monte Carlo simu-
lation. Such a simulation will enable more precise constraints
on parton energy-loss transport coefficients to be obtained. In
addition to this, a Monte Carlo implementation of kernel-2
with the fermion-to-boson conversion processes would pro-
vide insight into the possible mechanism for dynamical quark
flavor generation in the nuclear medium. In hot nuclear matter,
photons are uniquely positioned to probe the attractorlike dy-
namics leading to hydrodynamical evolution at later times, for
both the energy-momentum tensor of the QGP and its quark
flavor content. The Â and F̂ operators in the scattering kernles
for photon production should be used together to constrain
the dynamics connecting early, glasmalike evolution to later
fluid evolution: i.e., the flavor-dependent hydrodynamization
dynamics.

Furthermore, the effects of quark masses have been studied
for the first time at O(αemαs). We have shown the sensitivity
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of kernel-1 to quark masses, and our findings indicate that the
bottom quarks demonstrate a large effect on the second-order
gradient terms (R(1)HQ

T,2 ). Thus, the heavy-quark mass scale
plays an important role in the parton energy loss at high
virtuality.

One of the striking outcomes of this study has been
the derivation of the nonperturbative (NP) function at NLO
(and NLT), along with the appearance of the universal func-

tion H(�,p2 )
0 in phase space as e−iH(�,p2 )

0 �z−
. We have shown

that these NP correlators (Â0, ÂT,2, . . . , F̂0, F̂T,2, . . . and
so on) depend on the semihard scale �2⊥ � 
QCD mo-
mentum, i.e., on the transverse momentum generated in
the radiative splitting. We also linked the NLO jet-medium
transport coefficients to transverse-momentum-dependent
PDFs (TMD-PDFs). In future, it would be interesting to study
the transverse momentum dependence and the temperature

dependence of these correlators using finite-temperature field
theory and lattice gauge theory.
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APPENDIX A: REAL PHOTON EMISSION FROM THE QUARK: NO IN-MEDIUM SCATTERING

This section presents the hadronic tensors associated with a single photon emission from a quark in a DIS between the virtual
photon and the nucleus. There are a total of four diagrams (Fig. 3). The radiated photon (�2) is traveling in the negative z
direction, i.e., along the direction of the final state quark, having momentum fraction y = �−

2 /q−. We present the hadronic tensor
in light-cone gauge A− = 0, with light-cone vector n = [1, 0,0⊥0⊥0⊥].

The hadronic tensor for the diagram shown in Fig. 3(a) is given as

W μν
0,a =

∑
f

2[−gμν

⊥⊥]e2e4
f

∫
d (�X −)eiq+�X −〈AP|ψ̄ f (�X −)

γ +

4
ψ f (0)|AP〉

×
∫

dy

2π

d2�2⊥
(2π )2

e−i{ ���2
2⊥+yM2

2y(1−y)q− }�X −
[

1 + (1 − y)2

y

][
���2

2⊥ + M2y4κ
]

[
���2

2⊥ + y2M2
]2 , (A1)

where

κ = 1

1 + (1 − y)2
. (A2)

In Eq. (A1) the quantity 1+(1−y)2

y represents the splitting function characterizing the probability of a photon emission off from
the quark carrying momentum fraction y of the parent quark.

The hadronic tensor for the diagram shown in Fig. 3(b) has the following form:

W μν

0,b =
∑

f

2[−gμν

⊥⊥]e2e4
f

∫
d (�X −)eiq+�X −〈AP|ψ̄ f (�X −)

γ +

4
ψ f (0)|AP〉

×
∫

dy

2π

d2�2⊥
(2π )2

e−i{ ���2
2⊥+yM2

2y(1−y)q− }�X −
[
���2

2⊥ + M2(1 − 2y)2
]

y3(1 − y)2Q4
. (A3)

The hadronic tensor for the diagrams shown in Figs. 3(c) and 3(d) is identical and has the following form:

W μν

0,c(d ) = −
∑

f

2[−gμν

⊥⊥]e2e4
f

∫
d (�X −)eiq+�X −〈AP|ψ̄ f (�X −)

γ +

4
ψ f (0)|AP〉

×
∫

dy

2π

d2�2⊥
(2π )2

e−i{ ���2
2⊥+yM2

2y(1−y)q− }�X −
[

1

y2(1 − y)

][
���2

2⊥ − M2(1 − 2y)y2
]

Q2
[
���2

2⊥ + M2y2
] . (A4)

In leading-log approximation (�2⊥ → 0), the dominant contribution comes from the final state radiation diagram [Fig. 3(a)].
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FIG. 12. A forward scattering diagram contributing to kernel-1 at NLO. The left-cut line corresponds to an interference between the
single-emission no-scattering process and the single-emission double-scattering process. The right-cut line generates a process that is the
complex conjugate of the process generated by the left cut.

APPENDIX B: THE KERNEL FOR SINGLE-SCATTERING-INDUCED EMISSION: ONE PHOTON AND ONE QUARK
IN THE FINAL STATE

In this section, we summarize the calculation of all possible diagrams at next-leading-order (NLO) and next-leading-twist
(NLT) contributing to kernel-1 with a photon and a quark in the final state. We discuss singularity structure, contour integrations,
and involved traces in the final calculation of the hadronic tensor. Figure 12 represents a forward scattering diagram contributing
to the type-1 kernel at NLO and NLT. The left cut gives rise to an interference between the single-photon emission with no
scattering process and single photon preemission with double in-medium gluon scattering. The hadronic tensor for the left-cut
diagram (Fig. 12) is given as

W μν

1,� =
∑

f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4�

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yei(−q+�+�2 )x〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× ei(q+p′−p2−�2 )z3 ei(p2−�)z2〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉d (�2 )
σ1σ4

(2π )δ
(
�2

2

)
(2π )δ(�2 − M2)

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/� + M )γ σ1 (/�2 + /� + M )γ ν]

[(q + p′)2 − M2 − iε][(q + p′ − �2)2 − M2 − iε]
[
p2

2 − M2 − iε
]
[(�2 + �)2 − M2 + iε]

. (B1)

The above expression admits singularities owing to the presence of two simple poles for momentum variable p′+ and one
simple pole for p+

2 . The contour integration for momentum p+
2 gives

C1 =
∮

d p+
2

(2π )

e−ip+
2 (z−

3 −z−
2 )[

p2
2 − M2 − iε

] =
∮

d p+
2

(2π )

e−ip+
2 (z−

3 −z−
2 )

2p−
2

[
p+

2 − ppp2
2⊥+M2

2p−
2

− iε
] = (−2π i)

2π

θ (z−
3 − z−

2 )

2p−
2

e
−i(

ppp2
2⊥+M2

2p−2
)(z−

3 −z−
2 )

. (B2)

Similarly, the contour integration for p′+ can be done as

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − M2 − iε][(q + p′ − �2)2 − M2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[
q+ + p′+ − M2

2q− − iε
]
2(q− − �−

2 )
[
q+ + p′+ − �+

2 − ���2
2⊥+M2

2(q−−�−
2 )

− iε
]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

ei(q+− M2

2q− )(y−−z−
3 )

[
−1 + e−iG (�2 )

M (y−−z−
3 )

G (�2 )
M

]
, (B3)

where

G (�2 )
M = �+

2 + ���2
2⊥ + M2

2(q− − �−
2 )

− M2

2q− = ���2
2⊥ + y2M2

2y(1 − y)q− . (B4)
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The trace in the numerator of the third line of Eq. (B1) yields

Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/q + /p′ − /�2 + M )γ −(/p2 + M )γ −(/� + M )γ σ1 (/�2 + /� + M )γ ν]d (�2 )
σ1σ4

= 32(q−)3[−gμν

⊥⊥]

[
1 − y + ηy

y

][
1 + (1 − y)2

y

][
���2

2⊥ + M2y4κ
]
, (B5)

where κ is defined in Eq. (A2). The final expression of the hadronic tensor for the left-cut diagram (Fig. 12) is given by

W μν

1,� =
∑

f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 − e−iG (�2 )

M (y−−z−
3 )

]
e−ip+

2 (�z− )eikkk⊥·�zzz⊥

× θ (z−
3 − z−

2 )θ (y− − z−
3 )

[
���2

2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2

y

]
ei(�+

2 +�+ )x−
e−i�+

2 z−
3 e−i�+z−

2 e−i[M2/(2q− )](y−−z−
3 ), (B6)

where G (�2 )
M is defined in Eq. (B4), and

�+
2 = ���2

2⊥
2yq− ; �+ = ���2

2⊥ + M2

2(1 − y)q− ; p+
2 = [(���2⊥ − kkk⊥)2 + M2]

2(1 − y + ηy)q− . (B7)

However, Eq. (B6) can be recast into the form

W μν

1,� =
∑

f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 − e−iG (�2 )

M (y−−z−
3 )]e−i(�+

2 +p+
2 )(�z− )eikkk⊥·�zzz⊥

× θ (z−
3 − z−

2 )θ (y− − z−
3 )

[
���2

2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2

y

]
ei(�+

2 +�+ )(x−−z−
2 )e−i[M2/(2q− )](y−−z−

3 ), (B8)

by using the change of variables �z− = z−
3 − z−

2 .
The right-cut diagram shown in Fig. 12 is a complex conjugate of the left-cut diagram. The final expression of the hadronic

tensor for the right-cut diagram reduces to the following form:

W μν
1,r =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 − eiG (�2 )

M (x−−z−
2 )

]
e−ip+

2 (�z− )eikkk⊥·�zzz⊥

× θ (−z−
3 + z−

2 )θ (x− − z−
2 )

[
���2

2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2

y

]
e−i(�+

2 +�′+ )y−
ei�′+z−

3 ei�+
2 z−

2 ei[M2/(2q− )](x−−z−
2 ), (B9)

where G (�2 )
M is defined in Eq. (B4), κ is in Eq. (A2) and

�+
2 = ���2

2⊥
2yq− , �′+ = ���2

2⊥ + M2

2(1 − y)q− , p+
2 = [(���2⊥ − kkk⊥)2 + M2]

2(1 − y + ηy)q− . (B10)
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FIG. 13. A forward scattering diagram contributing to kernel-1.

The above expression can be recast, by instituting �z− = z−
3 − z−

2 , into the following form:

W μν
1,r =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
1 − eiG (�2 )

M (x−−z−
2 )

]
e−i(�+

2 +p+
2 )(�z− )eikkk⊥·�zzz⊥

× θ (−z−
3 + z−

2 )θ (x− − z−
2 )

[
���2

2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2

y

]
e−i(�+

2 +�′+ )(y−−z−
3 )ei[M2/(2q− )](x−−z−

2 ). (B11)

Next, the hadronic tensor for the central-cut diagram shown in Fig. 13 can be written as

W μν
1,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉d (�2 )
σ1σ4

(2π )δ
(
�2

2

)
(2π )δ

(
p2

2 − M2
)

× Tr[γ −γ μ(/q + /p′ + M )γ −(/�2 + /p2 + M )γ σ4 (/p2 + M )γ σ1 (/�2 + /p2 + M )γ −(/q + /p + M )γ ν]

[(q + p′)2 − M2 − iε][(�2 + p2)2 − M2 − iε][(�2 + p2)2 − M2 + iε][(q + p)2 − M2 + iε]
. (B12)

Equation (B12) has a singularity arising from the denominator of the quark propagator with momentap1 and p′
1. We identify one

pole for each momentum variable p+ and p′+. The contour integration for p+ in the complex plane is given by

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 − M2 + iε]
=

∮
d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ − [M2/(2q−)] + iε]
= (2π i)

2π

θ (x− − z−
2 )

2q− ei(−q++ M2

2q− )(x−−z−
2 )

.

(B13)

Similarly, the contour integration for momentum p′+ is carried out as

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − M2 − iε]
=

∮
d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − [M2/(2q−)] − iε]
= (−2π i)

2π

θ (y− − z−
3 )

2q− ei(q+− M2

2q− )(y−−z−
3 )

.

(B14)

Including mass correction up to O(M2), the trace yields

Tr[γ −γ μ(/q + /p′ + M )γ −(/�2 + /p2 + M )γ σ4 (/p2 + M )γ σ1 (/�2 + /p2 + M )γ −(/q + /p + M )γ ν]d (�2 )
σ1σ4

= 32[−gμν

⊥⊥](q−)3

y(1 − y + ηy)

[
(1 + ηy)2 + (1 − y + ηy)2

y

]
[{(1 + ηy)���2⊥ − ykkk⊥}2 + κy4M2]. (B15)
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FIG. 14. A forward scattering diagram contributing to kernel-1. (a) Interference diagram. There are two possible cuts leading to a photon
and a quark as final state. (b) Complex conjugate of the diagram on the left panel. There are two possible cuts leading to a photon and a quark
as final state.

The final expression of the hadronic tensor for the central cut (Fig. 13) is

W μν
1,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )e−i[M2/(2q− )](�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

e−iH(�2 ,p2 )
M (�z− )eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )[{(1 + ηy)���2⊥ − ykkk⊥}2 + κy4M2][
(���2⊥ − ykkk⊥)2 + 2yη

(
���2

2⊥ − y���2⊥ · kkk⊥
) + η2y2���2

2⊥ + y2M2
]2 〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

(1 + ηy)2 + (1 − y + ηy)2

y

]
, (B16)

where

H(�2,p2 )
M = �+

2 + p+
2 − M2

2q− = ���2
2⊥ − yM2

2yq− + (���2⊥ − kkk⊥)2 + M2

2q−(1 − y + ηy)
, (B17)

and κ is defined in Eq. (A2).
The hadronic tensor for the right-cut diagram shown in Fig. 14(a) is

W μν
1,r =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉d (�2 )
σ1σ4

(2π )δ
(
�2

2

)
(2π )δ

(
p2

2 − M2
)

× Tr[γ −γ μ(/q + /p′ + M )γ −(/�2 + /p2 + M )γ σ4 (/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]

[(q + p′)2 − M2 − iε][(�2 + p2)2 − M2 − iε][(q + p − �2)2 − M2 + iε][(q + p)2 − M2 + iε]
. (B18)

The above expression [Eq. (B18)] has a singularity arising from the denominator of the quark propagator with momenta p1, � and
p′

1. It has two simple poles for the momentum variable p+ and one simple pole for p′+. The contour integration for momentum
p+ in the complex plane gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 − M2 + iε][(q + p − �2)2 − M2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[
q+ + p+ − M2

2q− + iε
]
2(q− − �−

2 )
[
q+ + p+ − �+

2 − ���2
2⊥+M2

2(q−−�−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

ei(−q++ M2

2q− )(x−−z−
2 )

[
−1 + eiG (�2 )

M (x−−z−
2 )

G (�2 )
M

]
, (B19)

where G (�2 )
M is defined in Eq. (B4).

Similarly, the contour integration for momentum p′+ is carried out as

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − M2 − iε]
= (−2π i)

2π

θ (y− − z−
3 )

2q− ei(q+− M2

2q− )(y−−z−
3 )

. (B20)
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Including mass correction up to O(M2), the trace yields

Tr[γ −γ μ(/q + /p′ + M )γ −(/�2 + /p2 + M )γ σ4 (/p2 + M )γ −(/q + /p − /�2 + M )γ σ1 (/q + /p + M )γ ν]d (�2 )
σ1σ4

= 32[−gμν

⊥⊥](q−)3

y

[
1 + (1 − y)2 + ηy(2 − y)

y

][
(1 + ηy)���2

2⊥ − ykkk⊥ · ���2⊥ + κy4M2], (B21)

where κ is defined in Eq. (A2). The final expression of the hadronic tensor for the right-cut [Fig. 14(a)] is given as

W μν
1,r =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )e−i[M2/(2q− )](�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[ − 1 + eiG (�2 )
M (x−−z−

2 )
]
e−iH(�2 ,p2 )

M (�z− )eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )
[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
, (B22)

where G (�2 )
M is defined in Eq. (B4), H(�2,p2 )

M defined in Eq. (B17), and

J1 = [(1 + ηy)���2⊥ − ykkk⊥]2 + y2M2. (B23)

Next, we consider the left-cut diagram shown in Fig. 14(a). Its hadronic tensor can be written as

W μν

1,� =
∑

f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4�

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yei(�2+�−q)x〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× ei(q+p′−p2−�2 )z3 ei(p2−�)z2〈PA−1|Tr[A+(z3)A+(z2)]|PA−1〉d (�2 )
σ1σ4

(2π )δ
(
�2

2

)
(2π )δ(�2 − M2)

× Tr[γ −γ μ(/q + /p′ + M )γ −(/�2 + /p2 + M )γ σ4 (/p2 + M )γ −(/� + M )γ σ1 (/�2 + /� + M )γ ν]

[(q + p′)2 − M2 − iε][(�2 + p2)2 − M2 − iε]
[
p2

2 − M2 − iε
]
[(�2 + �)2 − M2 + iε]

. (B24)

The above expression [Eq. (B24)] has a singularity arising from the denominator of the quark propagator with momenta p′
1, �′

and p2. We identify two simple poles for the momentum variable p+
2 and one simple pole for p′+. We compute the integral in the

complex plane of p+
2 and p′+. The contour integration for momentum p′+ is carried out as

C1 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − M2 − iε]
= (−2π i)

2π

θ (y− − z−
3 )

2q− ei(q+− M2

2q− )(y−−z−
3 )

. (B25)

Similarly, the contour integration for momentum p+
2 is carried out as

C2 =
∮

d p+
2

(2π )

e−ip+
2 (z−

3 −z−
2 )

[p2
2 − M2 − iε][(�2 + p2)2 − M2 − iε]

=
∮

d p+
2

(2π )

e−ip+
2 (z−

3 −z−
2 )

[2p−
2 p+

2 − (ppp2
2⊥ + M2) − iε][2(1 + ηy)q−(�+

2 + p+
2 ) − (kkk2

⊥ + M2) − iε]

= (−2π i)

2π

θ (z−
3 − z−

2 )

4p−
2 (1 + ηy)q− e−i( (���2⊥−kkk⊥ )2+M2

2(1−y+ηy)q− )(z−
3 −z−

2 )

[
1 − eiG (�2 ,p2 ,k)

M (z−
3 −z−

2 )

G (�2,p2,k)
M

]
, (B26)
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where

G (�2,p2,k)
M = �+

2 + ppp2
2⊥ + M2

2p−
2

− kkk2
⊥ + M2

2(1 + ηy)q− = J1

2(1 + ηy)y(1 − y + ηy)q− , (B27)

where J1 is given in Eq. (B23). The trace in the numerator of the third line of Eq. (B24) is the same as the trace for the right-cut
diagram given in Eq. (B21). The final expression of the hadronic tensor for the left-cut diagram [Fig. 14(a)] is given by

W μν

1,� =
∑

f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (�2 ,p2 ,k)
M (z−

3 −z−
2 )

]
e−ip+

2 (�z− )eikkk⊥·�zzz⊥

× θ (z−
3 − z−

2 )θ (y− − z−
3 )

[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
ei(�+

2 +�+ )x−
e−i�+

2 z−
3 e−i�+z−

2 e−i[M2/(2q− )](y−−z−
3 ), (B28)

where G (�2,p2,k)
M is defined in Eq. (B27), κ is in Eq. (A2), and

�+
2 = ���2

2⊥
2yq− , �+ = ���2

2⊥ + M2

2(1 − y)q− , p+
2 = [(���2⊥ − kkk⊥)2 + M2]

2(1 − y + ηy)q− . (B29)

The above expression (Eq. (B28)) of the hadronic tensor can be recast, by instituting �z− = z−
3 − z−

2 , into the following form:

W μν

1,� =
∑

f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (�2 ,p2 ,k)
M (z−

3 −z−
2 )

]
e−i(�+

2 +p+
2 )�z−

eikkk⊥·�zzz⊥

× θ (z−
3 − z−

2 )θ (y− − z−
3 )

[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
ei(�+

2 +�+ )(x−−z−
2 )e−i[M2/(2q− )](y−−z−

3 ). (B30)

Next, we consider the diagram shown in the right panel of Fig. 14(b). The topology of the diagram is the same as the diagram
on the left panel. Moreover, they are complex conjugates of each other. The hadronic tensor for the left-cut diagram shown in
Fig. 14(b) can be written as

W μν

1,� =
∑

f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )e−i[M2/(2q− )](�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + e−iG (�2 )
M (y−−z−

3 )
]
e−iH(�2 ,p2 )

M (�z− )eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )
[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
, (B31)

where G (�2 )
M is defined in Eq. (B4), H(�2,p2 )

M is defined in Eq. (B17), and J1 is defined in Eq. (B23). Similarly, the final expression
of the hadronic tensor for the right-cut diagram [Fig. 14(b)] is given as

W μν
1,r =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (�2 ,p2 ,k)
M (z−

3 −z−
2 )

]
e−ip+

2 (�z− )eikkk⊥·�zzz⊥
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FIG. 15. A forward scattering diagram contributing to kernel-2. (a) The final state contains a gluon generated from the conversion process
and a bremsstrahlung photon. (b) The final state contains a photon generated from the conversion process and a bremsstrahlung gluon.

× θ (−z−
3 + z−

2 )θ (x− − z−
2 )

[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
e−i(�+

2 +�′+ )y−
ei�+

2 z−
2 ei�′+z−

3 ei[M2/(2q− )](x−−z−
2 ), (B32)

where G (�2,p2,k)
M is defined in Eq. (B27), and

�+
2 = ���2

2⊥
2yq− , �′+ = ���2

2⊥ + M2

2(1 − y)q− , p+
2 = [(���2⊥ − kkk⊥)2 + M2]

2(1 − y + ηy)q− . (B33)

The above expression [Eq. (B32)] of the hadronic tensor can be recast, by instituting �z− = z−
3 − z−

2 , into the following form:

W μν
1,r =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (�2 ,p2 ,k)
M (z−

3 −z−
2 )

]
e−i(�+

2 +p+
2 )(�z− )eikkk⊥·�zzz⊥

× θ (−z−
3 + z−

2 )θ (x− − z−
2 )

[
(1 + ηy)���2

2⊥ − ykkk⊥���2⊥ + κy4M2
]

[
���2

2⊥ + M2y2
]
J1

〈PA−1|Tr[A+(ζ−,�z−,�z⊥)A+(ζ−, 0)]|PA−1〉

×
[

1 + (1 − y)2 + ηy(2 − y)

y

]
e−i(�+

2 +�′+ )(y−−z−
3 )ei[M2/(2q− )](x−−z−

2 ). (B34)

APPENDIX C: SINGLE-EMISSION SINGLE-SCATTERING KERNEL: ONE PHOTON AND ONE GLUON
IN THE FINAL STATE

This section summarizes the calculation of all possible diagrams contributing to kernel-2 in a DIS between the highly virtual
photon and the nucleus. The final state consists of a photon and a gluon with an in-medium quark exchange from the medium.

The hadronic tensor for Fig. 15(a) has the following form:

W μν
2,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δbcTr[t bt c]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉d (�2 )

σ1σ4
d (p2 )

σ3σ2
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε][(q + p′ − �2)2 − iε][(q + p − �2)2 + iε]
. (C1)
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The above expression of the hadonic tensor has singularity when the denominator of the propagator for p1, �, �′, and p′
1

becomes on-shell. It contains two simple poles for p+ and p′+. The contour integration for p+ gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − �2)2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ + iε]2(q− − �−
2 )

[
q+ + p+ − �+

2 − ���2
2⊥

2(q−−�−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (�2 )

0 (x−−z−
2 )

G (�2 )
0

]
, (C2)

where

G (�2 )
0 = �+

2 + ���2
2⊥

2(q− − �−
2 )

= ���2
2⊥

2y(1 − y)q− . (C3)

Similarly, the contour integration for p′+ gives

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − �2)2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − iε]2(q− − �−
2 )

[
q+ + p′+ − �+

2 − ���2
2⊥

2(q−−�−
2 )

− iε
]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (�2 )

0 (y−−z−
3 )

G (�2 )
0

]
. (C4)

The trace in the third line of Eq. (C1) simplifies to

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (�2 )
σ1σ4

d (p2 )
σ3σ2

= 32[−gμν

⊥⊥](q−)2

[
1 + (1 − y)2

y2

]
���2

2⊥. (C5)

Finally, the hadronic tensor [Fig. 15(a)] reduces to the following form:

W μν
2,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
2 − 2 cos

{G (�2 )
0 ζ−}]

e−i(�z− )H(�2 ,p2 )
0 eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )

���2
2⊥

1

(1 − y + ηy)q− 〈PA−1|ψ̄ f (ζ−, 0)
γ +

4
ψ f (ζ−,�z−,�z⊥)|PA−1〉

[
1 + (1 − y)2

y

]
[CF Nc], (C6)

where G (�2 )
0 is given in Eq. (C3) and

H(�2,p2 )
0 = �+

2 + p+
2 = ���2

2⊥
2yq− + (���2⊥ − kkk⊥)2

2(1 − y + ηy)q− . (C7)

Next, we consider a forward scattering diagram [Fig. 15(b)] where the final state contains a photon generated from the
conversion process and a bremsstrahlung gluon. The associated hadronic tensor is given as

W μν
2,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δad Tr[t at d ]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉d (�2 )

σ3σ2
d (p2 )

σ4σ1
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /p2)γ σ3γ −γ σ2 (/q + /p − /p2)γ σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε][(q + p′ − p2)2 − iε][(q + p − p2)2 + iε]
. (C8)
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The above expression of the hadonic tensor has singularity when the denominator of the propagator for p1, �, �′, and p′
1 becomes

on-shell. It contains two simple poles for p+ and p′+. The contour integration for p+ gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − p2)2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ + iε]2(q− − p−
2 )

[
q+ + p+ − p+

2 − ppp2
2⊥

2(q−−p−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − p−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (p2 )

0 (x−−z−
2 )

G (p2 )
0

]
, (C9)

where

G (p2 )
0 = p+

2 + ppp2
2⊥

2(q− − p−
2 )

= ppp2
2⊥

2y(1 − y + ηy)(1 − η)q− . (C10)

Similarly, the contour integration for p′+ gives

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − p2)2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − iε]2(q− − p−
2 )

[
q+ + p′+ − p+

2 − ppp2
2⊥

2(q−−p−
2 )

− iε
]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − p−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (p2 )

0 (y−−z−
3 )

G (p2 )
0

]
. (C11)

The trace in the third line of Eq. (C8) simplifies to

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /p2)γ σ3γ −γ σ2 (/q + /p − /p2)γ σ1 (/q + /p)γ ν]d (p2 )
σ1σ4

d (�2 )
σ3σ2

= 32[−gμν

⊥⊥](q−)2

[
1 + y2 + ηy2(η − 2)

(1 − y + ηy)2

]
ppp2

2⊥. (C12)

Finally, the hadronic tensor [Fig. 15(b)] reduces to the following form:

W μν
2,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[
2 − 2 cos

{G (p2 )
0 ζ−}]

e−i(�z− )H(�2 ,p2 )
0 eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )

(���2⊥ − kkk⊥)2

1

yq− 〈PA−1|ψ̄ f (ζ−, 0)
γ +

4
ψ f (ζ−,�z−,�z⊥)|PA−1〉

×
[

1 + y2 + ηy2(η − 2)

(1 − y + ηy)

]
[CF Nc], (C13)

where H(�2,p2 )
0 is defined in Eq. (C7), and

G (p2 )
0 = p+

2 + ppp2
2⊥

2(q− − p−
2 )

= (���2⊥ − kkk⊥)2

2y(1 − y + ηy)(1 − η)q− . (C14)

Next, we consider a forward scattering diagram as shown in Fig. 16. The hadronic tensor for Fig. 16(a) is

W μν
2,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δacTr[t at c]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉d (�2 )

σ2σ4
d (p2 )

σ3σ1
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /p2)γ σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε][(q + p′ − �2)2 − iε][(q + p − p2)2 + iε]
. (C15)
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FIG. 16. A forward scattering diagram contributing to kernel-2. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

The above expression has singularity when the denominator of the propagator for p1, �, �′, and p′
1 becomes on-shell. It contains

two simple poles for p+ and p′+. The contour integration for p+ gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − p2)2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ + iε]2(q− − p−
2 )

[
q+ + p+ − p+

2 − ppp2
2⊥

2(q−−p−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − p−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (p2 )

0 (x−−z−
2 )

G (p2 )
0

]
, (C16)

where G (p2 )
0 is defined in Eq. (C14).

Similarly, the contour integration for p′+ gives

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − �2)2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − iε]2(q− − �−
2 )

[
q+ + p′+ − �+

2 − ���2
2⊥

2(q−−�−
2 ) − iε

]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (�2 )

0 (y−−z−
3 )

G (�2 )
0

]
, (C17)

where G (�2 )
0 is defined in Eq. (C3).

The trace in the third line of Eq. (C15) simplifies to

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /�2)γ σ3γ −γ σ2 (/q + /p − /p2)γ σ1 (/q + /p)γ ν]d (�2 )
σ2σ4

d (p2 )
σ3σ1

= 32(q−)2[−gμν

⊥⊥](1 − y + 2ηy)

(1 − y + ηy)y

[−���2
2⊥ + ���2⊥ · kkk⊥

]
. (C18)

The final expression of the hadronic tensor for Fig. 16(a) is given by

W μν
2,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (p2 )
0 (x−−z−

2 )
][−1 + e−iG (�2 )

0 (y−−z−
3 )

]
e−i(�z− )H(�2 ,p2 )

0

× θ (x− − z−
2 )θ (y− − z−

3 )

(1 − y + ηy)q−

[−���2
2⊥ + ���2⊥ · kkk⊥

]
(���2⊥ − kkk⊥)2���2

2⊥
eikkk⊥·�zzz⊥〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�z⊥)|PA−1〉

×
[

(1 − y + 2ηy)

y

]
[CF Nc], (C19)

where G (�2 )
0 is given in Eq. (C3), G (p2 )

0 is given in Eq. (C14), and H(�2,p2 )
0 is defined in Eq. (C7).
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The forward scattering diagram shown in Fig. 16(b) is a complex conjugate of the diagram in Fig. 16(a). The hadronic tensor
of the diagram in Fig. 16(b) is given as

W μν
2,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δacTr[t at c]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉d (p2 )

σ2σ4
d (�2 )

σ3σ1
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
× Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /p2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε][(q + p′ − p2)2 − iε][(q + p − �2)2 + iε]
. (C20)

The above expression of the hadonic tensor has singularity when the denominator of the propagator for p1, �, �′, and p′
1

becomes on-shell. It contains two simple poles for p+ and p′+. The contour integration for p+ gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − �2)2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ + iε]2(q− − �−
2 )

[
q+ + p+ − �+

2 − ���2
2⊥

2(q−−�−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − �−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (�2 )

0 (x−−z−
2 )

G (�2 )
0

]
, (C21)

where G (�2 )
0 is given in Eq. (C3).

Similarly, the contour integration for p′+ gives

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − p2)2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − iε]2(q− − p−
2 )

[
q+ + p′+ − p+

2 − ppp2
2⊥

2(q−−p−
2 )

− iε
]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − p−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (p2 )

0 (y−−z−
3 )

G (p2 )
0

]
, (C22)

where G (p2 )
0 is given in Eq. (C14). The trace in the third line of Eq. (C20) simplifies to

Tr[γ −γ μ(/q + /p′)γ σ4 (/q + /p′ − /p2)γ σ3γ −γ σ2 (/q + /p − /�2)γ σ1 (/q + /p)γ ν]d (p2 )
σ2σ4

d (�2 )
σ3σ1

= 32(q−)2[−gμν

⊥⊥](1 − y + 2ηy)

(1 − y + ηy)y

[−���2
2⊥ + ���2⊥ · kkk⊥

]
. (C23)

The final expression of the hadronic tensor for Fig. 16(b) is given by

W μν
2,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (�2 )
0 (x−−z−

2 )][−1 + e−iG (p2 )
0 (y−−z−

3 )]e−i(�z− )H(�2 ,p2 )
0

× θ (x− − z−
2 )θ (y− − z−

3 )

(1 − y + ηy)q−

[−���2
2⊥ + ���2⊥ · kkk⊥

]
(���2⊥ − kkk⊥)2���2

2⊥
eikkk⊥·�zzz⊥〈PA−1|ψ̄ f (ζ−, 0)

γ +

4
ψ f (ζ−,�z−,�z⊥)|PA−1〉

×
[

(1 − y + 2ηy)

y

]
[CF Nc], (C24)

where G (�2 )
0 , G (p2 )

0 , and H(�2,p2 )
0 are given in Eqs. (C3), (C14), and (C7), respectively.

The diagram presented in Fig. 17(a) is identical to the diagram shown in Fig. 16(b); therefore, the hadronic tensors are
identical. Similarly, The diagram presented in Fig. 17(b) is identical to the diagram shown in Fig. 16(a); thus, the corresponding
hadronic tensor is the same. We do not include the contributions to kernel-2 from Figs. 17(a) and 17(b), because doing so leads
to double counting.
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FIG. 17. A forward scattering diagram contributing to kernel-2. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

APPENDIX D: SINGLE-EMISSION SINGLE-SCATTERING KERNEL: VIRTUAL PHOTON CORRECTIONS
WITH A QUARK AND ANTIQUARK IN THE FINAL STATE

This section summarizes the calculation of all possible diagrams at O(αsαem ) involving a virtual photon and producing a
quark-antiquark final state. The diagrams are presented in Fig. 18, all of which contribute to kernel-3. Graphically, there are eight
central-cut diagrams, each containing a photon propagator and a gluon propagator. Although these diagrams lead to correction
O(αemαs), they do not contribute to real photon emission scattering rates and therefore will only be presented for completeness.

In Fig. 18, the diagrams in the first and second row have vanishing contributions to the hadronic tensor due to the appearance
of the trace over a single Gell-Mann matrix. The matrices in SU(3) group are traceless.

The hadronic tensor for Fig. 19(a) has the following form:

W μν
3,c =

∑
f

∑
f ′

e2e3
f e f ′g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δcd Tr[t c]Tr[t d ]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f ′ (z2)
γ +

4
ψ

f ′ (z3)|PA−1〉d (q+p−p2 )
σ1σ2

d (q+p′−p2 )
σ3σ4

(2π )δ
(
�2

2

)
(2π )δ

(
p2

2 − M2
)

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/p2 + M )γ σ1 (/q + /p + M )γ ν]Tr[γ −γ σ2/�2γ
σ3 ]

[(q + p′)2 − M2 − iε][(q + p)2 − M2 + iε][(q + p′ − p2)2 − iε][(q + p − p2)2 + iε]
. (D1)

The above expression of the hadonic tensor vanishes due to the color traces Tr[t c] and Tr[t d ] being zero.

FIG. 18. Diagrams for single emission and single scattering kernel (kernel-3) giving quark and antiquark final states through a virtual
photon.
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FIG. 19. A forward scattering diagram contributing to kernel-3. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

Note that the hadronic tensor for the central-cut diagram in Fig. 19(b) is identical to the diagram in Fig. 19(a) and yields
a vanishing contribution due to the color trace being zero. Now, we consider a central-cut diagram shown in Fig. 20(a). The
hadronic tensor has the following form:

W μν
3,c =

∑
f

∑
f ′

e2e3
f e f ′g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δabTr[t a]Tr[t b]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉d (�2+p2 )

σ1σ2
d (�2+p2 )

σ3σ4
(2π )δ

(
�2

2 − M2
)
(2π )δ

(
p2

2 − M2
)

× Tr[γ −γ μ(/q + /p′)γ σ3γ −γ σ2 (/q + /p)γ ν]Tr[(/�2 + M )γ σ4 (/p2 + M )γ σ1 ]

[(q + p′)2 − iε][(�2 + p2)2 − iε][(�2 + p2)2 + iε][(q + p)2 + iε]
. (D2)

The expression in Eq. (D2) vanishes since the color traces Tr[t a] = Tr[t b] = 0. The diagram shown in Fig. 20(b) is identical to
Fig. 20(a), and also gives zero contribution since the color traces vanish.

Next, we consider an interference diagram shown in Fig. 21(a).
The hadronic tensor is given as

W μν
3,c =

∑
f

e2e4
f g2

s

∫
d4xd4y

∫
d4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉

× eiz2(�2+p2−q−p)eiz3(−p2−�2+q+p′ )〈PA−1|ψ̄ f (z2)
γ +

4
ψ f (z3)|PA−1〉

× Tr[γ −γ μ(/q + /p′)γ σ3γ −γ σ2/�2γ
σ4 /p2γ

σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε]

× d (�2+p2 )
σ4σ3

[(�2 + p2)2 − iε]

d (q+p−p2 )
σ1σ2

[(q + p − p2)2 + iε]
Tr[t ct d ]δcd (2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
. (D3)

The above expression has singularity when the denominator of the parton propagator for p1, �, and p′
1 becomes zero. We identify

two poles for the momentum variable p and one pole for p′. We compute the integral in the complex plane of p+ and p′+.

FIG. 20. A forward scattering diagram contributing to kernel-3. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.
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FIG. 21. A forward scattering diagram contributing to kernel-3. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

In this central-cut diagram, the momenta for the final state partons are �−
2 = yq− and p−

2 = (1 − y+ηy)q−. The contour
integration for p+ is given as

C1 =
∮

d p+

2π

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − p2)2 + iε]

=
(

2π i

2π

)
θ (x− − z−

2 )

4q−(1 − η)yq− e−iq+(x−−z−
2 )

[
−1 + eiG(x−−z−

2 )

G (p2 )
0

]
, (D4)

where G (p2 )
0 is given in Eq. (C14).

Similarly, the contour integration for p′+ is

C2 =
∮

d p′+

2π

eip′+(−y−+z−
3 )

[(q + p′)2 − iε]
=

(−2π i

2π

)
θ (y− − z−

3 )

2q− e−iq+(−y−+z−
3 ). (D5)

Simplifying the trace yields the following expression:

Tr[γ −γ μ(/q + /p′)γ σ3γ −γ σ2/�2γ
σ4 /p2γ

σ1 (/q + /p)γ ν] ×
[
−gσ4σ3 + nσ4�

′
σ3

+ nσ3�
′
σ4

�′−

][
−gσ1σ2 + nσ1�σ2 + nσ2�σ1

�−

]

= 32(q−)2[−gμν

⊥⊥]

[
1 − y

y

][
J2

y(1 − η)(1 + ηy)

]
, (D6)

where

J2 = ���2
2⊥{−1 + y − ηy(1 − y + ηy)} + ykkk2

⊥{−1 + y − ηy} + kkk⊥ · ���2⊥{1 − y2 + 2ηy + η2y2}. (D7)

The final expression for the hadronic tensor [Fig. 21(a)] is

W μν
3,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (p2 )
0 (x−−z−

2 )]e−iH(�2 ,p2 )
0 (�z− )eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )

yq−
J2

[���2⊥ − kkk⊥]2[(1 + ηy)���2⊥ − ykkk⊥]2 〈PA−1|ψ̄ f (ζ−, 0)
γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉

×
[

1 − y + ηy

(1 + ηy)(1 − η)

]
[CF Nc], (D8)

where G (p2 )
0 is given in Eq. (C14) and H(�2,p2 )

0 is given in Eq. (C7).
Note that the diagram in Figs. 21(b) and 21(a) are complex conjugates of each other. They differ only in contour integration

over variables p+ and p′+. The calculation of the hadronic tensor for Fig. 21(b) involves the contour integration for p+ and is
given as

C1 =
∮

d p+

2π

eip+(x−−z−
2 )

[(q + p)2 + iε]
=

(
2π i

2π

)
θ (x− − z−

2 )

2q− e−iq+(x−−z−
2 ), (D9)
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FIG. 22. A forward scattering diagram contributing to kernel-3. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

and the contour integration for p′+ is given as

C2 =
∮

d p′+

2π

eip′+(−y−+z−
3 )

[(q + p′)2 − iε][(q + p′ − p2)2 − iε]

=
(−2π i

2π

)
θ (y− − z−

3 )

4q−(q− − p−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (p2 )

0 (y−−z−
3 )

G (p2 )
0

]
, (D10)

where G (p2 )
0 is given in Eq. (C14). The final expression for the hadronic tensor [Fig. 21(b)] yields

W μν
3,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + e−iG (p2 )
0 (y−−z−

3 )
]
e−iH(�2 ,p2 )

0 (�z− )eikkk⊥·�zzz⊥

× θ (x− − z−
2 )θ (y− − z−

3 )

yq−
J2

[���2⊥ − kkk⊥]2[(1 + ηy)���2⊥ − ykkk⊥]2 〈PA−1|ψ̄ f (ζ−, 0)
γ +

4
ψ f (ζ−,�z−,�zzz⊥)|PA−1〉

×
[

1 − y + ηy

(1 + ηy)(1 − η)

]
[CF Nc], (D11)

where G (p2 )
0 is given in Eq. (C14) and H(�2,p2 )

0 is given in Eq. (C7).
Next, we consider the interference diagram with virtual photon as shown in Fig. 22(a). The diagram is identical to Fig. 21(a),

except that the photon propagator and the gluon propagator are interchanged between the amplitude side and the complex
conjugate side; therefore, the hadronic tensor is the same as that given in Eq. (D8).

Similarly, the interference diagram shown in Fig. 22(b) is identical to Fig. 21(b), except that the photon propagator and the
gluon propagator are interchanged between the amplitude side and the complex conjugate side; therefore, the hadronic tensor is
the same as given in Eq. (D11).

APPENDIX E: SINGLE-EMISSION SINGLE-SCATTERING KERNEL: VIRTUAL PHOTON CORRECTIONS WITH TWO
QUARKS IN THE FINAL STATE

The possible diagrams at O(αsαem ) involving a virtual photon with two quarks in the final state are given in Fig. 23 below.
There are a total of four possible diagrams leading to photon correction at O(αemαs). The in-medium quark exchanged with
the medium is considered to be a Glauber quark. Each forward scattering diagram consists of a photon propagator and a gluon
propagator leading to correction O(αemαs).

The hadronic tensor associated with the forward scattering diagram [Fig. 24(a)] is given as

W μν
4,c =

∑
f

∑
f ′

e2e3
f e f ′g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δcd Tr[t c]Tr[t d ]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f ′ (z3)
γ +

4
ψ f ′ (z2)|PA−1〉d (q+p−p2 )

σ1σ2
d (q+p′−p2 )

σ3σ4
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2 − M2
)

× Tr[γ −γ μ(/q + /p′ + M )γ σ4 (/p2 + M )γ σ1 (/q + /p + M )γ ν]Tr[γ −γ σ3/�2γ
σ2 ]

[(q + p′)2 − M2 − iε][(q + p)2 − M2 + iε][(q + p′ − p2)2 − iε][(q + p − p2)2 + iε]
. (E1)

The above expression of the hadronic tensor vanishes since the color traces Tr[t c] and Tr[t d ] become zero. Note that the
diagram shown in Fig. 24(a) is identical to Fig. 24(b) and has vanishing contribution since the color traces yield zero.
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FIG. 23. All diagrams with quark-quark final states contributing to kernel-4.

Next, we consider a forward scattering diagram shown in Fig. 25.
The hadronic tensor for Fig. 25(a) is given as

W μν
4,c =

∑
f

e2e4
f g2

s

∫
d4xd4yd4z2d4z3

∫
d4 p

(2π )4

d4 p′

(2π )4

d4�2

(2π )4

d4 p2

(2π )4
e−ip′yeipx〈P|ψ̄ f (y)

γ +

4
ψ f (x)|P〉δcd Tr[t ct d ]

× ei(q+p′−p2−�2 )z3 ei(�2+p2−q−p)z2〈PA−1|ψ̄ f (z3)
γ +

4
ψ f (z2)|PA−1〉d (q+p−p2 )

σ1σ2
d (q+p′−�2 )

σ3σ4
(2π )δ

(
�2

2

)
(2π )δ

(
p2

2

)
× Tr[γ −γ μ(/q + /p′)γ σ4/�2γ

σ2γ −γ σ3 /p2γ
σ1 (/q + /p)γ ν]

[(q + p′)2 − iε][(q + p)2 + iε][(q + p′ − �2)2 − iε][(q + p − p2)2 + iε]
. (E2)

The above expression of the hadronic tensor has singularity when the denominator of the propagator for p1, �, �′, and p′
1

becomes on-shell. It contains two simple poles for p+ and p′+. The contour integration for p+ gives

C1 =
∮

d p+

(2π )

eip+(x−−z−
2 )

[(q + p)2 + iε][(q + p − p2)2 + iε]

=
∮

d p+

(2π )

eip+(x−−z−
2 )

2q−[q+ + p+ + iε]2(q− − p−
2 )

[
q+ + p+ − p+

2 − ppp2
2⊥

2(q−−p−
2 )

+ iε
]

= (2π i)

2π

θ (x− − z−
2 )

4q−(q− − p−
2 )

e−iq+(x−−z−
2 )

[
−1 + eiG (p2 )

0 (x−−z−
2 )

G (p2 )
0

]
, (E3)

where G (p2 )
0 is defined in Eq. (C14).

FIG. 24. A forward scattering diagram contributing to kernel-4. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.
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FIG. 25. A forward scattering diagram contributing to kernel-4. (a) Interference diagram. (b) Complex conjugate of the diagram on the left
panel.

Similarly, the contour integration for p′+ gives

C2 =
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

[(q + p′)2 − iε][(q + p′ − �2)2 − iε]

=
∮

d p′+

(2π )

e−ip′+(y−−z−
3 )

2q−[q+ + p′+ − iε]2(q− − �−
2 )

[
q+ + p′+ − �+

2 − ���2
2⊥

2(q−−�−
2 )

− iε
]

= (−2π i)

2π

θ (y− − z−
3 )

4q−(q− − �−
2 )

eiq+(y−−z−
3 )

[
−1 + e−iG (�2 )

0 (y−−z−
3 )

G (�2 )
0

]
, (E4)

where G (�2 )
0 is defined in Eq. (C3).

The trace in the third line of Eq. (E2) simplifies as

Tr[γ −γ μ(/q + /p′)γ σ4/�2γ
σ2γ −γ σ3 /p2γ

σ1 (/q + /p)γ ν]d (q+p−p2 )
σ2σ1

d (q+p′−�2 )
σ4σ3

= 32(q−)2[−gμν

⊥⊥]

(1 − η)y(1 − y)q−
[−���2

2⊥ + ���2⊥ · kkk⊥
]
. (E5)

The final expression of the hadronic tensor for Fig. 25(a) is given by

W μν
4,c =

∑
f

2[−gμν

⊥⊥]
∫

d (�X −)eiq+(�X − )〈P|ψ̄ f (�X −)
γ +

4
ψ f (0)|P〉

× e2e4
f g2

s

∫
dζ−d (�z−)d2�z⊥

dy

2π

d2�2⊥
(2π )2

d2k⊥
(2π )2

[−1 + eiG (p2 )
0 (x−−z−

2 )
][−1 + e−iG (�2 )

0 (y−−z−
3 )

]

× θ (x− − z−
2 )θ (y− − z−

3 )

(1 − η)(1 − y)yq−

[−���2
2⊥ + ���2⊥ · kkk⊥

]
(���2⊥ − kkk2⊥)2���2

2⊥
e−i(�z− )H(�2 ,p2 )

0 eikkk⊥·�zzz⊥〈PA−1|ψ̄ f (ζ−,�z−,�z⊥)
γ +

4
ψ f (ζ−, 0)|PA−1〉

× [CF Nc], (E6)

where G (�2 )
0 is defined in Eq. (C3), G (p2 )

0 is given in Eq. (C14), and H(�2,p2 )
0 is given in Eq. (C7).

Note that the diagram shown in Fig. 25(a) is identical to Fig. 25(b) except the photon propagator and gluon propagator
are interchanged between the amplitude side and complex-conjugate side. Hence, the corresponding hadronic tensors are
identical.
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