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We apply a constituent quark equal-velocity combination (EVC) model to study the elliptic flow (v,) and
triangular flow (v3) of light-flavor and single-charmed hadrons in Pb4-Pb collisions at ,/syy = 2.76 and 5.02
TeV. v, 3 of hadrons in the EVC model can be expressed as a linear superposition of the v, 3 of quarks at the
same velocity as that of the hadrons. We find that available experimental data for v, and v; of p, A, E, and 2
as a function of transverse momentum (pr) can be consistently explained by the EVC formula using the v, of
up/down quarks and the v, of strange quarks. In comparison with v, data of ¢ at /syy = 2.76 TeV, which can
be naturally explained by the v, of strange quarks, explanation of the data of ¢ mesons at \/syy = 5.02 TeV
requires an additional contribution of two-kaon coalescence, which indicates approximately 20% influence of
final-state hadronic rescattering on v, of ¢ at \/syy = 5.02 TeV. Using v, and v; of light-flavor quarks obtained
in studying light-flavor hadrons and v, and v; of charm quarks determined from D° meson data, we apply
the EVC model to predict the anisotropic flows of D, A¥, E?, and Q0 and compare them with the available

experimental data. The preliminary data for v, of D%, D}, and A} at

described by the EVC model.

DOI: 10.1103/9zxp-frbf

I. INTRODUCTION

In ultrarelativistic heavy-ion collisions, a state of decon-
fined quarks and gluons is formed, known as the quark-gluon
plasma (QGP) [1,2]. In noncentral collisions, the initial
anisotropic collision geometry causes anisotropic expansion
of the QGP in the transverse momentum plane, which in
turn leads to anisotropic emission of particles in transverse
momentum space [3,4]. This anisotropic property is mea-
sured in experiments by the harmonic flow coefficients v, =
(cos[n(¢p — ¥,)]) in the Fourier expansion of the transverse
momentum distribution of hadrons [4,5].

There have already been many measurements of the
anisotropic flow of particles produced in relativistic heavy-
ion collisions at the Relativistic Heavy Ion Collider (RHIC)
and Large Hadron Collider (LHC). These measurements
provide rich and precise data for v,, vs, and higher-order
flows of light-flavor and heavy-flavor hadrons. These data
and the relevant theoretical studies reveal lots of important
physical properties of the QGP created in ultrarelativistic
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syy = 5.36 TeV are found to be naturally

heavy-ion collisions [6—10]. An interesting phenomenon re-
lated to the hadronization of the QGP is that v, data of
light-flavor hadrons (e.g., m, K, p, A) exhibit a remarkable
number-of-constituent-quark (NCQ) scaling [10-14]. This
scaling behavior is an indication of the quark recombination
mechanism at QGP hadronization. The NCQ effect is partic-
ularly pronounced in the intermediate transverse momentum
region (2 < pr < 6GeV/c), where the enhanced baryon-to-
meson ratio is also observed and can be naturally explained by
the quark combination models [15-21]. Recent measurements
of charmed hadrons (such as D°, DY, and A}) in Pb+Pb
collisions by CMS and ALICE Collaborations have shown
that their anisotropic flow exhibits similar behavior to that
of light-flavor hadrons [22-28], suggesting that charm quarks
may undergo partial thermalization and participate in the col-
lective expansion of the QGP.

The ALICE and CMS Collaborations have reported the
precise measurement of the v, and v; of light-flavor and
single-charmed hadrons in Pb+Pb Collisions at the LHC ener-
gies [13,14,22-25,29,30]. These experimental data have been
studied in various theoretical models and event generators
such as the AMPT model [31,32], the viscous hydrodynamic
model [33,34], the VISHNU hybrid model [35], the Boltz-
mann transport equation [36], the blast-wave-Tsallis-power
model (BWTPM) [37], and the HYDJET + + model [38,39].
In this paper, we apply an equal-velocity quark combination
model [40-44] to systematically study v, and vz of light-
flavor and single-charmed hadrons in Pb4-Pb Collisions at
A/Syv = 2.76 and 5.02 TeV, and we put particular emphasis
on the self-consistency of the quark combination mechanism

Published by the American Physical Society
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in explaining the experimental data of v, and v3 of different
hadrons measured by the CMS and ALICE collaborations.
The equal-velocity combination of constituent quarks gives
simple formulas for hadronic flow by the linear superposi-
tion of flow of quarks, which are convenient for testing by
experimental data and meanwhile are also quite visible in
explaining/exhibiting the correlations among flow of different
hadrons.

The paper is organized as follows. In Sec. II, we present
the analytical formulas of the anisotropic flow hadrons in a
constituent quark equal-velocity combination model and show
the v, and vz of hadrons as the linear superposition of quark
flows. In Sec. III, we apply the EVC model to study the v,
and vs of light-flavor hadrons ¢, A, E, €2, and p in different
centralities at ,/syy =2.76 and 5.02 TeV. In Sec. IV, we study
the v, and v3 of single-charmed hadrons D°, Df, A}, EO,
and 0, and discuss the scaling property of v; 3 of light-flavor
quarks and charm quarks. Finally, the summary is given in
Sec. V.

II. THE ANISOTROPIC FLOWS OF HADRONS IN QCM
WITHEVC

In this section, we employ a constituent quark combination
model (QCM) under the equal-velocity combination (EVC)
approximation [16,40,44-46] to describe the production of
single-charmed hadrons and derive their elliptic flow (v,) and
triangular flow (v3) at midrapidity in heavy-ion collisions. In
the EVC approximation, the hadron is formed by the com-
bination of constituent quarks and antiquarks with the same
velocity as that of the hadron. In this ideal case, the momen-
tum vectors of quarks are parallel to those of hadrons they
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form, and we have p, = x,p,,, where x, is momentum fraction
of quark ¢ in the hadron A. For the production of hadrons at
midrapidity, we define the distribution function f(pr, ¢) =
dN/dprde, where pr is transverse momentum and ¢ is the
azimuthal angle. EVC mechanism constrains pr, = X,pr.»
and ¢, = @;. Following the spirit of EVC model, the momen-
tum distribution function of single-charmed hadrons can be
expressed as

I, (pr, ©) =k, fo, 1 pr, ©)f3, (2pr, @), (D
I8;(prs @) = kB, fo,(1p1, @) fg, 2T, 9V f4s 3T, ). (2)

Here, the coefficients «y;, and «p, are independent of the
transverse momentum p7y. The momentum fractions are
defined as x5 = m »/(m; + my) for mesons M;(q14>), un-
der the momentum conservation condition x; +x, = 1, and
X1,2,3 = my23/(my +my + m3) for baryons B;(q14293), un-
der the momentum conservation condition x; + x; +x3 = 1.
The constituent masses of quarks are adopted as m, = my =
0.3 GeV, my = 0.5 GeV, and m. = 1.5 GeV.

The azimuthal dependence of particle distribution function
is expressed through the Fourier series expansion

flpr. o) = f(pr)[l +2) vn(pT)COS(nw)], 3

n=1
where f,(pr) is independent of the azimuthal angle ¢. The
anisotropic coefficient v, is calculated by

[ f(pr, @) cos(ng)de
[ f(pr,@)de

Using Egs. (1)—(3), we can obtain the v,(pr) for the meson
M;(q14>) and baryon B;(q192.q3), and the expressions up to
order v} are
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In the above formulas, we use the abbreviation v, 4, for v, 4, (x;pr) withi =1, 2, 3 and v, g, for v, g, (x2pr).

From Egs. (5) and (6), we see that v, of hadrons have a general structure of the summation of v, of quarks and the product
of lower-order quark flows. There is a modification factor before v, , which contains complex contributions of flows of quarks
at various orders, even for low order flows of hadrons. In order to obtain simple formulas for hadronic flow at midrapidity, we
should consider some approximations based on the properties of hadronic flow measured in relativistic heavy-ion collisions.

First, the experimental measurements show a very small value of vy ; < 10~3 at midrapidity in heavy-ion collisions at both
RHIC and LHC energies, [47,48], which indicates v, , ~ (%—%)vlyh < 1073 and can be neglected in our analysis. Second, the

rough estimation for vy_5 , ~ (%—%)Uz_s, » 1S approximately 102 according to experimental data of v,_s ; [10-14]. Higher-power

terms such as (v, ,)*> become negligible (< 107%) and can be safely omitted from the calculations. Furthermore, we adopt a
n/2
2,9
Using this relation, we can estimate that the ratio vy+1,4, Vnt1.4,/Vn.gi Ung» ~ 1072 is very small. Consequently, correction terms

with harmonic indices k,m > 2 in the modification factor of v, , can be safely neglected. The detailed derivation of these

scaling relation v, 4 = a,v,’; at the quark level, which has been indicated by both experimental and theoretical studies [49-55].

approximations is given in Ref. [45].

Based on the above considerations, the v, and v; of hadrons can be significantly simplified as follows:

Q
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Finally, we obtain formulas of hadronic v, and v that have
the property of a relatively simple sum rule, although there
are some nonlinear correction terms. In the following text, we
can properly treat them according to the practical situation in
relativistic heavy-ion collisions and obtain more simple forms
of hadronic v, and v3. These simple formulas for v, and v3 of
hadrons can enable us to test the relationship between flows
of different hadrons in a direct manner. In order to test the
self-consistency of the model, we will extract quark flows
from data of several hadrons and use them to calculate flows of
other hadrons and compare results with experimental data in
relativistic heavy-ion collisions at LHC energies. In addition,
because the EVC model in the current version is suitable for
describing the production of light-flavor hadrons in the low
and intermediate pr range by the combination of soft light-
flavor quarks and that of charm hadrons by the combination
of charm quarks and soft light-flavor quarks, we will compare
model results with experimental data for light-flavor hadrons

(

in the range pr < 7GeV/c and for single-charm hadrons in
the range pr < 8 GeV/c in Pb+Pb collisions at LHC ener-
gies according to our previous study of pr spectra of these
hadrons [16].

In popular combination models using the Wigner wave
function method [18,19,56], v, and v; of hadrons are not of
such simple form due to the superposition of contributions
from quarks with relative momentum intervals. The current
EVC model does not explicitly consider such a momentum
smearing effect. With the given quark anisotropic flows, v,
and v; of hadrons under EVC model will be slightly higher
than those considering the momentum smearing effect. Taking
¢ as an example, given a strange quark v, such as that in
30%—-40% centrality in Pb+-Pb collisions at \/syy = 2.76 TeV
shown in Fig. 1, our numerical calculations show that v, of ¢
under the EVC model is higher than that under a Gaussian
momentum smearing function by about 3%—8% in the range
2 < pry <5GeV/c if we adopt a Gaussian combination
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FIG. 1. v, of quarks as a function of pr in different centralities
in Pb+Pb collisions at ./syy = 2.76 and 5.02 TeV.

radius of 0.3-0.4 GeV/c suggested in Ref. [56]. However, in
our practical studies quark flows are extracted from experi-
mental data of some hadrons and then are applied to other
hadrons. This approach essentially simplifies the backward
and forward propagation of the momentum smearing effect
by effective v, and v3 of quarks under the EVC model and
brings the advantage that flows of hadrons can be written as
simple analytic expressions and therefore can be conveniently
and visibly tested by experimental data.

III. THE ANISOTROPY FLOW
OF LIGHT-FLAVOR HADRONS

In this section, we employ the formulas of anisotropic flow
of hadrons in EVC model presented above to study the pr
dependence of the v, and v3 for light-flavor hadrons ¢, A(A +
A), B(E- 4+ E), Q(Q™ 4+ 1), and p(p + p) at midrapidity
in different centralities in Pb+-Pb collisions at ,/syy = 2.76
and 5.02 TeV, and compare results with available experimental
data of the ALICE Collaboration. Except for ¢ and €2, exper-
imental data for p, A, and E usually contain certain decay
contributions from heavier resonances. Considering that the
main decay channel of baryon resonances is B — B’ + m,
where pion mass is very small in comparison with that of the
daughter and mother baryons, the decay kinematics leads to
the result that v, and v3 of the daughter baryon are very close
to those of the mother baryon, and thus slight deviation of the
flow information occurs during the decay process. Therefore,
we neglect this decay influence and directly apply our formu-
las to these hadrons.

A. The elliptic flow of light-flavor hadrons

In the v, of light-flavor hadrons in Egs. (7) and (8), there
is the contribution from the quadratic term of quark v,. In
a previous study [45], we estimated a4 =~ 2 using the ex-
perimental data of v, of hadrons in Au+Au collisions at

sy =200 GeV [10-14]. The magnitude of (as — 2)v§,q in
the modification term is therefore very small, and its contribu-
tion can be safely neglected. Consequently, the expression for
the v, of light-flavor hadrons can be simplified as follows:

Vo.M, (PT) X V24, (X1pT) + V2,4, (X2PT)s (1D
V2,8,(P1) & V2,4, (X1P7) + V2,4, (X2PT) + V2,4, (3 pr). (12)

Using the simplified expressions from Egs. (11) and (12),
we obtain the following analytic formulas for the v, of the
various hadrons:

v p(pr) = 3v2.4(pr/3), (13)
v2,0(pr) = 3v25(pr/3), (14)
v2,4(pr) = 202 5(pr/2), (15)

1 Fsu
=2vy, s ’ 16
v, A(prT) vy, <2+ mpr) + vy, (2 n rmpT) (16)

Tsu —l
- =2 s| — u :
UZ,;..(pT) U2, (1 + 2r_mpT> + Y2, (1 + erupT>
(17)

Here, we assume approximate isospin symmetry between up
and down quarks, i.e., v2, = vy 4, and strangeness neutral-
ity, i.e., V25 = V25, in the midrapidity region. The relative
momentum ratio ry, = mg/m, represents the constituent mass
ratio between strange and up quarks. Considering uncertain-
ties in constituent quark masses, e.g., m; = 0.5-0.55 GeV
and m, = 0.3-0.33 GeV, the derived ratio ry, retains an ap-
proximate value of 5/3, with an estimated uncertainty of
approximately 10%. Our numerical results show that the v,
of hadrons is not sensitive to such variations in ry, see the Ap-
pendix for an example calculation. Consequently, this study
focuses exclusively on presenting calculated v, for hadrons
using a fixed value of ry, = 1.67, which serves as a represen-
tative benchmark for our model predictions.

In Egs. (13)—(17), we have only two inputs, vy, and vy s,
which can be fixed by fitting the experimental data for v, of
A and E [13,29] by Egs. (16) and (17), respectively. If data of
2 are unavailable, such as those in the 0%—5% and 5%—-10%
centralities at ,/syy = 5.02 TeV, the values of v, and vy
are extracted using the available data for A and p in these
centralities. v, of quarks is parametrized as

v2,4(pr) = a4 exp |:—p—T — Cq€Xp (—l£>:|, (18)
by dy

where a,, by, ¢4, and d, are parameters that control the shape
of v, of quarks. The extracted results for the v, of quarks in
central 0%—5% to semicentral 40%—-50% centrality in Pb+-Pb
collisions at /syy = 2.76 and 5.02 TeV are shown in Fig. 1.
The shadow areas show the statistical uncertainties, which are
passed from the statistical uncertainties of the experimental
data for A,E or A,p.

In Figs. 2 and 3, we show the results for the v, of
light-flavor hadrons ¢, A, E, Q, and p at midrapidity in
different centralities (0%—-5%, 5%—-10%, 10%—-20%, 20%—
30%, 30%—40%, and 40%-50%) and compare them with
the experimental data in Pb+Pb collisions at ,/syx = 2.76
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FIG. 2. The v, of (a) p, (b) A, (c) &, (d) L2, and (e) ¢ in different centralities in Pb+Pb collisions at ./syy = 2.76 TeV. Symbols are the

experimental data [13] and lines are model results.

and 5.02 TeV. The QCM results are lines and experimental
data [13,29,30] are symbols. The experimental data of A and
E in the 10%-20%, 20%-30%, 30%—40%, and 40%—-50%
centralities at ,/syy = 2.76 and 5.02 TeV are used to con-
strain the quark v,, while in 0%—5% and 5%—10% centralities
at ./syny = 5.02 TeV the data for A and p are used. The v, of
other hadrons are theoretical predictions.

We see that the agreement between QCM results for light-
flavor hadrons and experimental data is generally well. An
exception is ¢ mesons at ,/syy = 5.02 TeV, where theoretical

¢ meson production in heavy-ion collisions at ,/syy = 5.02
TeV. Here, we consider the coalescence of two kaons (KK —
¢) at the hadronic rescattering stage [48,57,58] as a new
channel of ¢ meson production besides the normal quark com-
bination at hadronization. Accordingly, the final distribution
of ¢ mesons is modeled by incorporating both production
mechanisms:

£ (pr.9) = fous5(pr. @) + foxx(Pr. @).

results are below the experimental data to a certain extent. The elliptic flow is
This indicates other production channels may contribute to ’
P Y ™D (pr) = (1 = Dvrs(pr) + 2v2kx(pr). (19)
O4E (b) A+A 04 (o) 4T
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FIG. 3. The v, of (a) p, (b) A, (c) &, (d) L2, and (e) ¢ in different centralities in Pb+Pb collisions at ./syy = 5.02 TeV. Symbols are the

experimental data [29,30] and lines are model results.
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FIG. 4. The v, of ¢ mesons as a function of py in Pb+Pb collisions at ,/syy = 5.02 TeV. Experimental data (symbols) are from
Refs. [29,30]. Theoretical results including only the s5 combination are shown as dashed lines and those incorporating both ss combination

and two-kaon coalescence are shown as solid lines.

where the parameter z denotes the fractional contribution
of the two-kaon coalescence channel. Because v, data of
kaon [30] are rich and precise, we carry out a functional fit
to kaon v, and apply it in Eq. (19) to provide a smoothing
evaluation of v, of ¢.

In Fig. 4, we apply Eq. (19) to study v, of ¢ mesons
and compare theoretical calculations with experimental
data [29,30]. The results for the pure ss quark combina-
tion mechanism, labeled as ss, are shown as dashed curves
in Fig. 4. We see that this mechanism can describe the v,
of the ¢ mesons in the low transverse momentum region
(pr < 2.5GeV/c) but underestimates the data in the interme-
diate transverse momentum region (pr = 2.5GeV/c). If we
introduce the contribution of two-kaon coalescence (KK —
¢), the final results of ¢ can be improved. For example,
we consider a contribution fraction z = 0.2 and will find in
Fig. 4(b) that the final results (the solid lines) can be in
good agreement with experimental data for ¢ in 5%-10%
centrality in Pb+Pb collisions at ,/syy = 5.02 TeV. This
indicates that approximately 20% of ¢ meson come from
the two-kaon coalescence at the hadronic rescattering state
in this centrality. Results with fractions z about 0.20, 0.19,
0.14, and 0.10 in Figs. 4(c)—4(f) can well describe v, data of
¢ in 10%-20%, 20%-30%, 30%—40%, and 40%—-50% cen-
tralities, respectively. The decrease of z with the increased
centrality is related to the decrease of the hadronic rescattering
effect from central collisions to semicentral collisions. The
uncertainty of z can be estimated by Eq. (19) according to
those of ¢, kaon, and strange quarks. The relative uncertainty
of z is about 20%, 19%, and 14% in 5%-10%, 10%—-20%,
and 30%-40% centralities with most abundant data points
for ¢, respectively. In Fig. 4(a), we predict v, of ¢ with z =
0.20 in most-central (0%—5% centrality) collisions for future
testing.

B. The triangular flow of light-flavor hadrons

We further study the v of light-flavor hadrons ¢, A, E, €2,
and p at midrapidity in different centralities in Pb+Pb colli-
sions at \/syy = 5.02 TeV [14,30]. v3 of light-flavor hadrons
in Egs. (9) and (10) contains the contribution of the quadratic
term of quark v,. According to the NCQ estimation of the sec-
ond to fifth flow of hadrons [10-14], the as/a3 ratio is about
2.5 [49-52,59]. Therefore, the magnitude of (as/az — 2)1)%’ p
is about 1073 and its influence can be neglected in the formula,
and we finally obtain

v, (Pr) A 03,4, (X1pT) + 3,4, (X2PT)s (20
v3,8,(P1) = V3.4, (X1P1) + V3,4,02p7) + V3,4, (x3p7).  (21)
Applying Egs. (20) and (21), we obtain

v3,,(pr) = 3v3.4(p1/3), (22)
v3.0(pr) = 3vs,4(pr/3), (23)
v3,4(pr) = V35(pr/2) + v35(pr/2), (24)

1 Tsu
=2 u\ s 5 25
v3,A(Pr) 3, <2+ rsupT> + v3, <2+rpr) (25)

Fsu 1
= =2 ul ——— .
vz (o) v“(l + 2rmpT> +v3’ <1 +2rsupT)

(26)

Here, we also assume the approximate isospin symmetry
(vs,, = v34 ) and strangeness neutrality (v3 ; = v3 ;) at midra-
pidity in Pb+4-Pb collisions at LHC energies.

We adopt an approach similar to that used for the hadronic
v, in the previous section to test EVC model. First, we adopt
the formula in Eq. (18) to parametrize the v; of (anti)quarks,
and then extract the up/down quark vs , and strange quark vs ¢
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FIG. 5. v; of quarks as a function of pr in different centralities
in Pb+Pb collisions at ,/syy = 5.02 TeV.

by fitting experimental data of p and A measured in Pb+Pb
collisions at LHC energies. Results are shown in Fig. 5, where
data from different centralities are scaled by different factors
for clarity. We further use the obtained v3 4 to calculate the v3
of other hadrons (such as &, €2, and ¢) and compare them with
corresponding experimental data. Figure 6 shows the results
for the v; of ¢, A, E, 2, and p in 0%—5%, 5%—10%, 10%—
20%, 20%-30%, 30%—-40%, 40%—-50% centralities in Pb+Pb
collisions at ,/syy = 5.02 TeV. Experimental data of the v3
of these hadrons are shown as symbols in Fig. 6 and are taken
from Refs. [14,30]. In the calculation of ¢ mesons, we also
consider the contribution of two-kaon coalescence to v3 of ¢
and set z = 0.2 in the final prediction.

Compared with the data points of v, for hadrons, the data
points of vs for hadrons are relatively fewer. By comparing
between the theoretical results and those limited experimental
data, we see that theoretical calculations of v3 of E and ¢ are
generally in agreement with the available experimental data in
the studied collision centralities.

IV. THE ANISOTROPY FLOW
OF SINGLE-CHARMED HADRONS

In this section, we apply the EVC model in Sec. II to study
the v and vs of single-charmed hadrons D°, D}, Af, E?,
Q0 at midrapidity in different centralities (0%—10%, 10%—
30%, 30%—-50%) in Pb+Pb collisions at /syy = 2.76 and
5.02 TeV. Here, the application of the same equal-velocity
combination rule to charm quark does not imply the same
thermalization and same flows for charm and light-flavor
quarks. We determine v, and v3 of charm quarks just before
hadronization by data of the D° meson. Similarly to light-
flavor hadrons, we also neglect the decay influence on v, and
v3 of these hadrons from heavier resonances such as D*, D},
¥, BF, and ¥ due to decay kinematics.

A. The elliptic flow of single-charmed hadrons

The v, of single-charmed hadrons is also given by Eqgs. (7)
and (8). For the light-flavor quarks, the scaling coefficient ay4
is approximated as 2 according to our previous analysis [45].
For charm quarks, although the exact value of a4 is not de-
termined, the magnitude of the (a4 — 2)v§q is estimated to be
less than 0.4%. Therefore, we neglect the small contribution
of quadratic terms of quark v, and simplify the v, of single-
charmed hadrons as

Vom,; (PT) & V2,4, (X1PT) + V24,027 ), 27
V2,8, (PT) = V2,4.(x197) + V2,4, (x2pT) + V2,4, (X3P7).

(28)

We observe a simple sum rule for the v, of charmed hadrons,

which is convenient for experimental testing. Under the as-

sumption of approximate isospin symmetry between up and
down quarks (i.e., v2, = v24), and strangeness neutrality

= 2of (a) p+p 2

op—
SRR 1 P 1
0 2 4 6 8
= ol (e) 0 Pb+Pb 5.02 TeV
: Expt. QCM
I n 2 05%

- B o X 510%x2
I o B 10-20% x4
- v 20-30% x6

oL A 2 30-40% x8

I I S — 40-50% x10

[ (GeV/c)

FIG. 6. The v; of (a) p, (b) A, (c) &, (d) 2, and (e) ¢ in different centralities in Pb+Pb collisions at ./syy = 5.02 TeV. Symbols are the

experimental data [14,30] and lines are model results.
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FIG. 7. v, of ¢ quarks as a function of pr in different centralities
in Pb+Pb collisions at ./syy = 2.76 and 5.02 TeV.

(i.e., v2; = v25), the formulas for D°, DF, AT, B, and Q°
can be further simplified using Eqs. (27) and (28) as follows:

vp(pr) = Uz.c(l - pT) + vz,u(l _’_lrcupr) (29)
Tes 1

v2.p,(pr) = Uu(rrcslﬁ) + v2,s<1 e PT), (30)
Feu 1

v2.A (pr) = vz,c(2 T PT) + 2U2,u<mPT>, (31

Teu !
V2 g L e Er— V\ T
2,uL(pT) 2, <1+ Feu rcupT>+ 2. (1+rsu+rcupT>

rSM
s| —— , 32
+ vy, (1 ¥, _I_rmPT> (32)

Tes 1
— s, 20 (——pr). 33
v2.0.(pr) = V2, (2+rcspr> + 20, <2+rmpr) (33)

Here, the relative momentum ratios are r., = m./m, =5
and r.; = m./mg; = 3. It can be seen that the v, of charmed
hadrons at p7 is the summation of the v, of the charm quark,
whose pr is close to that of the charmed hadron, and the v,
of a light-flavor quark, whose pr is much smaller. This com-
position pattern is different from that of light-flavor hadrons,
where quarks have relatively close momentum.

Given the v, , and v, ; obtained in the previous Sec. IIT A,
the v, of charm quarks can be extracted from the experimental
data of D° mesons,

147 1
va.c(pr) = U2,D< PT) — Uy (—PT>- (34

cu cu

For the charm quark, the parametrization form also adopts
Eq. (18). In Fig. 7, we show the extracted v, as a func-
tion of pr in different centralities in Pb+Pb collisions at
J/Svv = 2.76 and 5.02 TeV. The shadow areas show the
statistical uncertainties, which are passed from the statistical
uncertainties of the experimental data for D° [23,26,60]. It
should be noted that this extraction method is only valid
in the low and intermediate py region, where the combina-
tion mechanism dominates D meson production. In previous
studies [16,41,61,62], we found that the experimental data
for pr spectra of single-charmed hadrons in the pr < 7.5
GeV/c range from pp, p+Pb, and Pb+Pb collisions at LHC
energies are well described by the EVC model. Therefore, the

experimental data of v, for D mesons with pr < 7.5 GeV/c
can be used to extract the v, of charm quarks with pr <
6 GeV/c within the EVC model. In the higher pr region
(pr 2 7.5 GeV/c), the fragmentation mechanism becomes
significant [63,64], and Eq. (34) is no longer applicable. In
addition, v, data of D° mesons may contain a certain contribu-
tion from the hadronic rescattering stage [65]. This hadronic
rescattering effect will affect the extraction of charm quarks
vy in Eq. (34) and will propagate to other charm hadrons via
charm quark content.

In Figs. 8 and 9, we present the results for the v, of DY,
D, AF, B%, and Q0 at 0%-10%, 10%-30%, and 30%-50%
centralities in Pb+-Pb collisions at ,/syy = 2.76 and 5.02
TeV. The symbols are the experimental data [22-26] from the
CMS and ALICE Collaborations and lines are the calculated
results. The results are in good agreement with the experimen-
tal data for D] in Fig. 8(b). Predictions from QCM for other
charmed baryons, A, Eg, SZ?, are presented in Figs. 8(c)-8(e)
and 9(c)-9(e), which can be tested in future experimental
measurements.

Recently, the ALICE collaboration report the preliminary
data for v, of single-charmed hadrons D°, D}, and A in
Pb+-Pb collisions at /syy = 5.36 TeV. Because of quite close
collision energy, these data can be used as the first test of
our prediction. In Fig. 10 we show these data in 30%-50%
centrality as well as v, of D° and D at \/syy = 5.02 TeV.
We see that v, of D° at the two collision energies are quite
close to each other, and v, of D:F has a slight difference but
the error bar at 5.02 TeV is large.

In order to clearly show the individual contributions of
charm quarks and light-flavor quarks in the composition of v,
of charmed hadrons, we plot the contribution of charm quarks
as the dot-dashed lines and that of light-flavor quarks as the
dotted lines. The solid lines represent v, of charmed hadrons
in Figs. 10(a)-10(c). From Fig. 10(a), we see that v, of D°
in the range pr < 2GeV/c is dominated by the contribution
of charm quarks, and at large p7 the contribution of light-
flavor quarks continuously strengthens and is even dominant
at pr 2 5GeV/c. v, of D} and A in Figs. 10(b)-10(c) also
exhibit a similar property. A difference between A and D° is
that A} contains a double contribution from the v, of light-
flavor quarks. Therefore, as shown in Fig. 10(d), the v, of
A is larger than that of D° in the range 3 < pr < 8 GeV/c.
In addition, the peak position of the v, of Al is at about 5
GeV /c, while that of D is at about 3.5 GeV /c. This is because
the double contribution from light-flavor quarks in the A} for-
mation will push the peak position for v of A" to larger pr in
comparison with that of D°. Furthermore, v, of A} and D° do
not follow the NCQ scaling exhibited in light-flavor hadrons
because the v, of involved light-flavor quarks is quite different
from the v, of charm quarks; see the crossing feature be-
tween the dash-dotted and dash-dot-dotted lines in Figs. 10(a)
and 10(c). The model result for v, of D° has a certain dif-
ference from that of D:T; see the dashed, dash-dotted, and
dash-dot-dotted lines in Figs. 10(a) and 10(b). We see that the
vy result of D is slightly smaller than that of D° in the low pr
range (pr < 3 GeV/c) and is larger than the latter to a certain
extent. Experimental data for v, of Dj in Fig. 10(d) also show
a smaller tendency in comparison with v, data of D°, although
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FIG. 8. The v, of (a) D°, (b) DY, (c) AL, (d) ES, and (e) 528 in different centralities in Pb+-Pb collisions at ,/syy = 5.02 TeV. Symbols

are the experimental data [22-25] and lines are model results.

the experimental data have large uncertainties. We note that a
sequential coalescence hadronization can generate a smaller
vy of DY [66].

B. The triangular flow of single-charmed hadrons

In this subsection, we study the vs of single-charmed
hadrons D°, DY, AF, EY, and Q0 in different centralities
in Pb+Pb collisions at ./syy = 5.02 TeV, and make com-
parisons with the available experimental data [25,60,67]. vs

of single-charmed hadrons in Egs. (9) and (10) includes the

small contribution from the quadratic terms of quark v,. By
NCQ scaling estimation for the second to fifth harmonic flows
of light-flavor hadrons [10—-14], the relating coefficient Z—: is
approximately 2.5 [49-52,59]. Consequently, the magnitude
of (Z—z — 2)v§’ q is on the order of 1073, and its influence is
negligible in the formula. We therefore finally obtain

V3, (Pr) & 3,4, (01PT) + 03,4, (x2P7), (35)
V3.8, (P1) R 3,4, (X1p7) + V3,4, (2p7) + V3,4, (X3P7),
(36)

0.4F 0 0.4F N 0.4F
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0.3F 0.3F 0.3F
02f o 02F 02F
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FIG. 9. The v, of (a) D°, (b) DY, (c) AL, (d) E?, and (e) Qg in different centralities in Pb+Pb collisions at ,/syy = 2.76 TeV. Symbols

are the experimental data [26] and lines are model results.
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centrality in Pb4-Pb collisions at /syy = 5.02 and 5.36 TeV. Panel
(d) shows the comparison of v, of D°, DY, and A at \/syy = 5.36
TeV. Symbols are the experimental data [22-25] and lines are model
results.

and

Teu 1
= c u ) 37
v3p(pPr) = V3, T rcuPT> + v3, (1 T PT) 37

Tes 1
- 5 , 38
I rﬂl’r) + v3, <1 n rﬂpr) (38)
" ) 1 (39)
2+ rcupT V3 y 2% o )2 B

(pr) Teu 1
V3 = =V |\ + V3yl ————————
EPT > I+ rg rcupT > 1 Tsu rcupT

rSu
s| —— , 40
+ v3, (1 r, +rmPT> (40)

Tes 1
Y (. 2upy( ——pr ). @l
v3,0.(pr) = V3, <2+rmpr> + 2v3, <2+rmpr> (41)

Here, we also adopt approximate isospin symmetry between
up and down quarks, as well as strangeness neutrality between
strange quarks and strange antiquarks at midrapidity in heavy-
ion collisions at LHC energies.

We employ a procedure similar to that used in testing v, of
the single-charmed hadrons in the previous section to examine
the v; of the single-charmed hadrons. First, we again adopt
Eq. (18) to parametrize the vs of charm quarks. By fitting ex-
perimental data from D° in Pb+-Pb collisions at ASvy = 5.02
TeV, the values of the parameters vs . are extracted. Figure 11
shows the extracted vs,. in the three centralities, where data
from different centralities are scaled by different factors for
clarity. Second, we use the resulting vs . and v3 of light-flavor

. C - o,
> E 5.02 TeV x> ?01_(;(;2/0 x2
0.3F - 30-50% x4
0.2
0.1} /\
0= =
| |
0 2 4 6
p, (GeV/c)

FIG. 11. v; of ¢ quarks as a function of p7 in different centralities
in Pb+Pb collisions at ,/syy = 5.02 TeV.

quarks (i.e., v3,, v3 ) obtained in Sec. III B to calculate the
v3 of other single-charmed hadrons, DY, A}, E?, and 7, by
Egs. (38)—-(41), and compare them with experimental data.

Figure 12 shows the results of the v of D%, D, AF,
€Y, and ©¥ in Pb+Pb collisions at /syy = 5.02 TeV in the
0%-10%, 10%-30%, and 30%—-50% centralities. Comparing
Egs. (37)—(41) for v; and Egs. (29)-(33) for v, of charmed
hadrons, we see that the composition patterns of charm quarks
and light-flavor quarks are very similar in v, and v3 of
charmed hadrons. Therefore, as shown in Fig. 10 for hadronic
v2, v3 of charmed hadrons in the range pr < 4GeV/c is
dominated by v of charm quarks and, in the intermediate
pr region (4 < pr < 7.5GeV/c¢), the contribution from light-
flavor quarks gradually increases. Taking results in 30%—50%
centrality as an example, we see that the peak position for
v3 of DY and Dj is located at about 4.0 GeV/c, while that
of baryons A}, EY, and Q¥ is located at about 5.5 GeV/c.
The maximum v3 value of A7 at peak position is higher than
that of D° by about 0.07 because of an extra contribution of
light-flavor quark v;. The maximum v; of strange charmed
hadrons D], E?, and Q¥ are higher than those of D° and
A7 because the involved strange quarks have larger transverse
momentum and thus larger vs at charm quark hadronization.
These properties of v of charmed hadrons are left for future
test.

C. The properties of v, and v3 of quarks

In this subsection, we utilize the previously obtained v, and
v3 of up/down quarks, strange quarks, and charm quarks just
before hadronization to further investigate their properties,
with a particular focus on the scaling behavior of anisotropic
flow at different orders.

In Sec. II, we assumed a scaling relation v, , = anv;{; at
quark level to estimate the contribution of higher-order quark
flows to the lower-order anisotropic flow of single-charmed
hadrons. Here, we test this relation using the obtained v,
and vz of up/down, strange, and charm quarks. The results
of a3 = v3/v§/2 as a function of pr are shown in Fig. 13.
We observe that the values of a3 for up, strange, and charm
quarks all exhibit a weak dependence on pr, clustering around
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FIG. 12. The v; of (a) D% (b) D}, (¢) A, (d) E?, and (e) 2° in different centralities in Pb+Pb collisions at \/syy = 5.02 TeV. Symbols

are the experimental data [25,60,67] and lines are model results.

a value of approximately 2—4. The same behavior is also
seen at RHIC. Moreover, the value of a3 for charm quarks is
observed to be significantly smaller than those for light-flavor
quarks in the three centralities. This may be explained by the
observation that heavier quarks exhibit a more pronounced
centrality dependence in their elliptic flow, whereas triangular
flow shows relatively little sensitivity to centrality variations.
These results validate the consistency of the scaling rela-
tion v, 4 = ay, v;l/ ? as used in the current model for analyzing
the anisotropic ﬁow v, of single-charmed hadrons. The ob-
served scaling behavior of quark flows can be qualitatively
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FIG. 13. The ratio v3/ vg’/ % of quarks as a function of py in differ-
ent centralities in Pb+Pb collisions at ./syy = 5.02 TeV.

understood within the framework of hydrodynamic evolution
of hot quark matter [54,68].

V. SUMMARY

In this paper, we have applied the constituent quark equal-
velocity combination model to study v, and v3 of light-flavor
hadrons and single-charmed hadrons in different centralities
(0%—-10%, 10%-30%, and 30%—-50%) in Pb+Pb collisions at
/Svv = 2.76 and 5.02 TeV. In the equal-velocity combina-
tion mechanism, the v, 3 of hadrons can be finally expressed
as the linear superposition of v 3 of constituent quarks and
antiquarks after neglecting the higher order flows of quarks.
These simplified analytical expressions for hadronic flows are
conveniently tested by experimental data.

Using these analytical expressions for hadronic flows, we
first systematically study the v, and v3 of p, A, E, 2, and ¢
in different centralities in Pb+4-Pb collisions at /syy = 2.76
and 5.02 TeV. v, and v3 of quarks are obtained by combination
fitting to experimental data of A and E, and we used them to
calculate flows of other hadrons and compare them with the
available experimental data. We found good agreement with
data at ,/syy = 2.76. In Pb+Pb collisions at /syy = 5.02
TeV, we found that v, data of ¢ are higher than our predic-
tions using the s5 quark combination. We therefore considered
the possible contribution of final-state hadronic rescattering
by including the production of ¢ via two-kaon coalescence.
We found that the two-kaon coalescence channel contributes
about 20% of ¢ production at ,/syy = 5.02 TeV. With this
contribution estimation, we further predict v of ¢ as a func-
tion of pr for future testing.

Using the obtained v, and v; of light-flavor quarks in
studying light-flavor hadrons, we further studied the v, and
v3 of single-charmed hadrons in Pb-+Pb collisions at ,/syy =
2.76 and 5.02 TeV. We used the experimental data of D° to
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fix the v, and v3 of charm quarks and then applied the EVC
model to predict flows of D, AF, EY, and Q0 at two collision
energies. We also took the preliminary data of D°, D", and A
in 30%-50% centrality in Pb+Pb collisions at /syy = 5.36
TeV to compare with our predictions to show some features of
vy of charmed hadrons; see Fig. 10. An interesting feature is
that v, of A is only slightly higher than those of D° and D
in small and intermediate pr ranges, which is different from
the NCQ scaling property for light-flavor hadrons. This is be-
cause in the EVC model charm quark hadronizes by capturing
a light-flavor antiquark or two light-flavor quarks with much
smaller momentum pr , = my/mepr . ~ (0.2-0.3)p7 . v2 of
charmed hadrons at pr is therefore the summation of v, of
charm quarks at a slightly smaller p7 and that of light-flavor
quarks at a much smaller pr, which has quite small value
at low pr. Another property is that the pr position for the
maximum v, of AT is larger than that of D mesons about 1
GeV/c. This is because in A} formation a charm quark will
capture two light-flavor quarks and v, of light-flavor quarks
involving A formation is ascending function with pr.

In deriving v, and v3 of hadrons, we assumed a scaling
relation v, ; = a,(v2,4)"/* for quark flows. Using the obtained
vy and v; of light-flavor quarks and charm quarks, we found
that this relation holds well for v; of light-flavor quarks and
charm quarks at the two LHC energies. This was consistent
with our previous results at RHIC energies [45]. The origin of
this scaling relation for quark flows is related to hydrodynamic
expansion evolution of QGP created in relativistic heavy-ion
collisions.
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APPENDIX: INFLUENCE OF QUARK MASS
UNCERTAINTIES ON HADRONIC FLOWS

In this appendix, we show the influence of the uncertainties
of constituent quark masses on the anisotropic flows hadrons

— re=1.67
- rg=1.51
o rg=1.83

04 (@) A Pb+Pb2.76 TeV || (b) =

30-40%

Deviation

Deviation

FIG. 14. v, of A (a), E (b), D (c), and A} (d) at different
Tow = Mg/My, ¥oy = m./my,, and r.,;, = m./mg in Pb+Pb collisions at
/SNN = 2.76 TeV.

in our model. In the light-flavor sector, we take v, of hadrons
in 30%—40% centrality in Pb+Pb collisions at \/syy = 2.76
TeV as an example. For simplicity, we extract v, of the up
quark and that of the strange quark from data of the proton and
¢ [13], respectively. In Figs. 14(a) and 14(b), we show v, of A
and E with ry, = m;/m, = 1.67, 1.51, and 1.83 which corre-
spond to 10% uncertainties of quark masses m;, = 0.50-0.55
GeV and m,, = 0.30-0.33 GeV. We see that v, of two hadrons
are only changed about £2% under +10% change of r,
around 1.67. In Figs. 14(c) and 14(d), we further show v, of
DY and A} at different constituent quark masses in 30%—-50%
centrality in Pb+Pb collisions at ,/syy = 2.76 TeV. Here, v,
of charm quarks are extracted from data of D° [26]. We see
that v, of Al at three values, r, = m./m, = 5.0, 4.5, 5.5,
changes only slightly. The maximum relative change is about
2% in the range 2.0 < pr < 8.0 GeV/c for £10% change of
Feu around 5.0. vy of DY at three values, r., = m./m; = 3.0,
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