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Compositeness and wave function of shallow bound states in relation to scattering observables
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We study the internal structure of exotic hadrons, especially focusing on the relation between the compos-
iteness and physical observables. Defined as the probability of finding hadronic molecular components in the
wave function, compositeness serves as a quantitative measure of the internal structure of exotic hadrons. We
utilize the coupled-channel potential model incorporating both quark and hadron degrees of freedom, which
naturally generate the “bare state” responsible for the elementary component as the bound state in the quark
channel. The behavior of the compositeness under the variation of the model parameters is investigated by using
the X (3872) as an example. In particular, we analyze the associated scattering phase shifts and the bound-state
wave functions to discuss the relation between the compositeness and the scattering observables for a shallow
bound state. As a phenomenological application of the present framework, the compositeness of the X (3872),

T..(3875), Dy, (2317), and D,;(2460) is discussed.

DOI: 10.1103/9yk7-11rc

I. INTRODUCTION

The recent discoveries of exotic hadrons in the heavy-
quark sector, such as the X (3872) [1], the pentaquark states
P, [2,3], and the tetraquark candidate 7. [4,5], suggest that
the structure of hadrons extends beyond the conventional
mesons and baryons [6-9]. Indeed, a variety of internal
structures have been proposed, including multiquark states,
hadronic molecules, and gluonic hybrids. Studies of such ex-
otic hadrons are expected to provide crucial insights into how
hadrons are formed through the strong interaction.

Among recent approaches to unveiling the internal struc-
ture of exotic hadrons, the concept of compositeness has
attracted considerable attention [10-18]. The compositeness
is defined as the probability of finding a hadronic molecular
component in the wave function of an exotic hadron, and it
serves as a useful and quantitative indicator of the internal
structure.

The internal structure of exotic hadrons is expected to
be ultimately tested through experiments. To achieve this,
it is essential to relate the compositeness to experimentally
accessible observables. Although the compositeness is not an
observable in a strict sense and hence generally exhibits model
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dependence [18], it is known that, for s-wave bound states
near the threshold, the compositeness can be related to the
scattering length and effective range in a model-independent
manner via the weak-binding relations [10,14,15,19-21]. In
addition, various relations between the compositeness of
weakly bound states and quantities such as the coupling con-
stant and binding energy have been investigated [22-25].

In Ref. [26], we have constructed a potential model in
which the quark degrees of freedom are coupled with the
hadronic degrees of freedom, and have analyzed the structure
of the X (3872) as a case study. This model has the advantage
of naturally incorporating quark-originated components while
also enabling the investigation of the spatial dependence of
the wave function through the use of the potential.

In this study, we apply the model proposed in Ref. [26]
to investigate the compositeness of the X (3872), which is an
s-wave weakly bound state. We analyze its dependence on the
binding energy, the bare-state energy, the momentum cutoff,
and the strength of the interaction in the hadronic channel.
Furthermore, we examine the corresponding scattering phase
shifts and wave-function behaviors to discuss how differences
in compositeness affect various physical quantities. We also
assess the validity of the local approximation to the effective
potential, which becomes nonlocal upon integrating out the
quark degrees of freedom.

The structure of this paper is as follows. In Sec. II,
we present the formulation of the coupled-channel model,
deriving the bound-state wave function, expression for the
compositeness of the bound state, and the scattering ampli-
tude. Section III is devoted to numerical results. We examine
how the compositeness, bound-state wave function, and scat-
tering phase shift depend on the model parameters. Finally, we
discuss the validity of the local approximation for the effective
potential and its relation to the compositeness. The summary
of this work is presented in Sec. V. Preliminary results on the
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compositeness can be found in a conribution to conference
proceedings [27].

II. FORMULATION

A. Hamiltonian and wave function

In this section, we consider the coupled-channel problem
of quark and hadronic degrees of freedom within the frame-
work of nonrelativistic quantum mechanics. In addition to
the formulation presented in Ref. [26], we explicitly intro-
duce direct interactions between hadrons. By applying the
Feshbach method [28,29], we analytically derive the effective
interaction between hadrons, in which the quark degrees of
freedom are implicitly embedded.

The Hamiltonian H, wave function |i), and Schrodinger
equation are given by

T4 0 ve oy
[12:(0 z*)*'(vf vm)’ M
_(la
'“—(w) @
H|Y) = E|V), 3)

where |q) is the wave function in the quark channel and |h)
is that in the hadron channel, which are coupled to each other
through the transition potential V’. V¢ is the confining poten-
tial in the quark channel, while V" is the scattering potential in
the hadron channel. 79 and T" are the kinetic energy operators
in the quark and hadron channels, respectively. We set the
threshold energy of the hadron channel at E = 0.

Following Ref. [26], we derive the coordinate representa-
tion of the effective hadron-hadron potential by the Feshbach
method as

'V @n)(PnlV' Ir)
E—-E,

wﬂnE)=vwﬂﬂ+§:< , @

where |¢,) and E,, are the eigenstates and eigenenergies of the
quark channel Hamiltonian,

(T4 VD)pn) = Eyln), &)

representing compact states composed purely of quark de-
grees of freedom. Owing to the confinement, there are only
discrete eigenstates in this channel. |r) is the eigenstate of the
position operator r in the hadron channel.! It can be seen from
the second term that the effective potential is nonlocal and en-
ergy dependent, as a consequence of the channel elimination.

Near the threshold of the hadron channel, which is of our
interest in this study, we assume that the effective hadron in-
teraction is dominated by the contribution from the n = 0O state
¢o and contributions from other states can be neglected. We
adopt the Yukawa-type form factor for the transition matrix

'In this paper, we adopt the convention of the position eigenstate
|r) and the momentum eigenstate |k) as (r'|r) = 8@ —r), (K'|k) =
)8k’ — k), and (r|k) = ™*".

element between the quark and hadron channels as

e 1

Vi) =—. (6)

(golV'Ir) = goV (),

with go being the coupling constant between the quark and
hadron degrees of freedom. p is the momentum cutoff of the
form factor, as it can be seen from the momentum representa-
tion:
4

MZ + k2 :
Namely, this corresponds to the Yamaguchi-type form factor
[30,31]. The direct hadron interaction is assumed to be a
separable form with the same form factor as Eq. (7):

ViR = "V IV ), ®)

V) = / Br e kY () = 7

where " is the coupling strength of the interaction. From this
definition, we find that w; has mass dimension +2. Under
these assumptions, the effective potential takes the form

—ur’ e
V(' ,r,E)=w(E) > , 9
w(E) = o' + 0!(E), (10)
&
cﬂD—E_%, (11)

where " is the direct interaction in the hadron channel and
w(E) is the interaction generated by the coupling to the quark
channel.

By solving the effective single-channel Schrodinger equa-
tion for Y (r) = (r|h) at energy E,

1
—%VZI/fE(r)+/d3r’V(r, v EWe (@) =Eyep), (12)

we obtain the bound (E < 0) and scattering (E > 0) solutions.
Thanks to the separable form of the potential, the wave func-
tions can be obtained analytically. The explicit form of the
bound-state wave function with binding energy E = —B is
given by [26,32]

Ke_Kr Ke—ll.r
IﬁB(r)=Nb<— " + ), (13)

r

where « = +/2mB. Here, N, is the normalization constant,
which will be determined in the next section when we discuss
the normalization of the wave function of the bound state by
the energy-dependent potentials. It is worth noting that the
wave function has a cutoff-dependent tail e™*"/r in addition
to the one determined by the binding energy, e™*"/r. This
u-dependent tail reflects the nonlocal nature of the interaction.
Furthermore, since this model has an artificial pole at k =
[see Eq. (14) below], deeply bound states with x > u are
considered unphysical.

B. T matrix

For the convenience of the later discission on the compos-
iteness, we now solve the same problem using the momentum
representation. In this case, the model possesses the same
properties as the one proposed in Ref. [33]. The on-shell
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T matrix T(E) is obtained from the Lippmann-Schwinger
equation as [18]

T(E) =

1 ( 4t >2 a0
w5 — GE)\ > +2mE )~

where the interaction v(E) and the loop function G(E) are
given by

v(E) = w(E), as)

d’k _
V (k). 16
e E e 19

With the form factor [Eq. (7)], the integration of the loop
function is also analytically performed as

G(E) =

4
G(E) = — 7 . (17)
w(v/—2mE — ie + )?
If a bound state exists, the T matrix has a pole at E = —B.

Therefore, the condition for the existence of a bound state is
given by

— G(—-B) =0, 18
TR (18)
and the binding energy B can be determined by solving this
equation. We note that Eq. (14) also possesses a pole at E =
—B;, with

(2

Z:Z;'

This pole arises from the form factor and exists independently
of the interaction; it does not represent a physical bound
state but rather an artificial pole. Therefore, the present model
cannot be extended to the region E < —Bj, and the physical
bound states determined by the condition in Eq. (18) must
exist within the range 0 < B < By. In fact, B, corresponds
to the typical energy scale determined by the cutoff u, and it
sets the ultraviolet scale where the effective description breaks
down in the perspective of the effective field theory [24].
When a bound state exists at E = —B, the potential
strength of the hadronic degrees of freedom, ", is bounded
from below by the Hermiticity of the Hamiltonian, g3 > 0.

B, 19)

To see this, we first note that the loop function at £ = —B is
negative:
4
G(—B) = _&2 <0, (20)
e + p)

which essentially corresponds to the fact that the second-order
perturbative correction to the ground-state energy is negative
[34]. From bound-state condition (18), the coupling constant
is expressed as

&%= (B—i—Eo)(— +a)h). 1)

G(—B)
In the case of @" = 0, the condition g% > 0 for a Hermitian
Hamiltonian requires that Ey > —B. This condition is natural,
because a bare state with Ey < —B < 0 gains only negative
self-energy from the coupling to the scattering states above,

preventing the pole from reaching £ = —B. Under the condi-
tion Ey > —B, we always have B + E, < 0, and therefore, the
condition to have positive gJ becomes?

1
h h h
w' 2w, ,= G B) (22)
From Eq. (20), we also see that the lower bound is nega-
tive, ]! < 0. In the case of w" = w}!, the coupling constant
vanishes [g% = 0 from Eq. (21)], which implies that there is
no contribution from the quark degrees of freedom and the
bound state is formed purely by the hadronic interaction. In
other words, the bound state in this case is expected to be a
purely hadronic molecule, which will be examined in the next
section using the compositeness.

C. Compositeness

In this section, we analytically derive expressions for the
compositeness, which serves as a quantitative measure of
the internal structure of hadrons. The compositeness X and
the elementarity Z are defined as the probabilities of finding
the scattering states |p) and the bare state |¢y), respectively,
within the bound state |B) [13,16—18]:

[ &p 2 _ 2
X_/Wupwn, Z=|lB).  (23)

where |p) denotes the free scattering state in the hadron chan-
nel with momentum p, which is an eigenstate of Th:

p2

T"|p) = > \p). (24)

It follows from the normalization of the bound state (B|B) = 1
and the completeness relation that

X+7Z=1, (25)

which ensures the normalization of the probabilities [13,18].
There are two approaches to derive the explicit form of
the compositeness: one based on the normalization of the
wave function [35], and the other based on the Lippmann-
Schwinger equation [14,15]. After deriving the compositeness
using each method, we confirm that the obtained results are
consistent with each other.

First, we derive the compositeness from the bound-state
wave function. The normalization condition for a bound state
with an energy-dependent and nonlocal potential is obtained
from the requirement of the continuity equation as [35-37]

ov(,r, E)

1= / d3r’d3r¢;§(r’)[5(r’—r) 5

:|1/fE(")

E=-B
(26)

By substituting the explicit forms of the potential [Eq. (9)] and
the wave function [Eq. (13)] into the normalization condition,

In principle, one can satisfy g3 > 0 by simultaneously taking
Ey < —B and o" < o!!, but such a scenario requires an unnatural
cancellation in the interaction strength and is therefore not consid-
ered here [24].
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we obtain
1 = N2 (x +2), (27)
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Thus, the normalization constant is determined as

k(e x0) g 2K :|_]/2
Nb_V27T(M—K)2|:1+(B+E0)2M(M+K) - G0

In the present framework, the definition of the compositeness
X and the elementarity Z in Eq. (23) can be expressed as [35]

X = / &rly_p(r)* = Nix, 31)

Z=N}z=1-X. (32)

From the above result, we obtain the analytic expression of
the compositeness:

_ g 27k :|_1
=l i) @

The bound-state wave function can then be expressed by using
the compositeness as

Yoa(r) = VX | L8O (e_w - e_”) (34)
r

2w — )2\ r

Since this wave function represents the scattering component
of the hadron channel, it is clear that the magnitude of the
wave function decreases as the compositeness X becomes
smaller.

Next, we derive the compositeness using the Lippmann-
Schwinger equation. When the on-shell scattering amplitude
can be expressed in terms of v(E) and G(E) as in Eq. (14),
the compositeness and elementarity are calculated as [14,15]

_ —G'(E) (35)
W EN =G E) |y

B CR ()4 G6)
[ EN — G By

Substituting the explicit forms given in Egs. (10) and (17), we
obtain

Rl + )’ 1
X=|1+ EETEL L 6
8rm?(g§ — (B + Eg)w'")

Although this result appears different from Eq. (33), they must
agree because both are based on the same definition given in
Eq. (23). Indeed, by using bound-state condition (18),

G(—B)w(—B) = 1, (38)

to eliminate wy,, one can analytically show that the two expres-
sions are identical.

D. Scattering observables

In this model, the T matrix is analytically obtained as
shown in Eq. (14), which allows for analytical expressions of
various scattering observables. The scattering amplitude f(k)
is given by [18]

m
fk) = 5 TE), (39
14
with k = ~/2mE. From the scattering amplitude, the phase
shift §(k) can be defined through
1
ky=———"7"7——. 40
Q) kcoté(k) — ik (40)

Substituting Eq. (14) into Eq. (39), we obtain the explicit
expression

kcots(k) = , 4D

1 [+
8am w(E)
which reproduces Eq. (48) of Ref. [26].
By substituting w(E) in Eq. (10), and comparing with the
effective range expansion,

dam(pu® — k2):|

1 r
keots() = —— + %kz +OGY), (42)
0

we obtain the scattering length a( and the effective range r, as

. l 8mrm (43)
O drm+ 13/ (" — & /Eo) |
Yo = l — 'uz - M4g%) :
T 2nm(w’ — g/ Eo) 8Tm2E} (o' — g%)/EO)Z
(44)

Here, the first term of the effective range, 1/ > 0, represents
the typical length scale of the interaction determined by the
form factor, while the second and third terms provide cor-
rections to this reference scale 1/.. The quantity " — g%) /Eo
corresponds to the value of the interaction v(E) at the thresh-
old E =0, and it is negative (i.e., attractive) in the absence
of fine tuning. Therefore, the second term in Eq. (44) gives
a positive contribution, while the third term gives a negative
oneto 1/u.

E. Local approximation

Although the potential in Eq. (8) is nonlocal, for practical
applications such as few-body calculations, a local approxi-
mation of the potential is often more useful. By substituting
V@ ,r,E)=V(r, E)S(r —r) into the normalization condi-
tion in Eq. (26), the normalization condition for a local
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energy-dependent potential V (r, E) is given by

1= [arzo) - 25 e

oE ’ “5)

E=-B

as shown in Refs. [36,37]. Just as in the nonlocal case, it is
evident that the energy dependence of the potential modifies
the normalization condition.

There are several methods for the local approximation of
a nonlocal potential. In this study, we adopt the derivative
expansion by the HAL QCD method, which has been shown
to be effective in previous studies [26,32]. The HAL QCD
method provides a systematic approach to constructing a lo-
cal potential that reproduces the scattering wave functions at
given momenta k; (i =0, 1, ..., n) obtained from the nonlo-
cal potential. The accuracy of the approximation improves
as the order of the derivative expansion increases. Since the
scattering wave functions are reproduced, the phase shifts at
each momentum k; are exactly reproduced.

As pointed out in Ref. [26], the local potential approxi-
mated by the HAL QCD method depends on the choice of
k; used to define it, but it does not possess explicit energy
dependence. That is, the local potential by the HAL QCD
method satisfies

vV, E)
9E

and thus, from Eqgs. (45) and (31), the compositeness is given
by

=0 (HAL QCD method), (46)

X =1 (HAL QCD method), 47

indicating that it is always unity.

In this study, we construct a local potential using the
leading-order (n = 0) derivative expansion with the momen-
tum chosen at the threshold (ky = 0), which has been shown in
Refs. [26,32] to accurately describe the scattering observables
near the threshold. In this case, since the wave function and
the phase shift at k = 0 coincide with those by the nonlocal
one, the scattering length reproduces Eq. (43). However, the
phase shifts at finite momenta must be obtained numerically
by solving the Schrodinger equation. The effective range can
also be determined numerically from the relation

d[k cot §(k)]
. =2 e (HAL QCD method). (48)
k—0

III. NUMERICAL RESULTS

A. Reference model

In this section, we take the X (3872), a typical weakly
bound state, as an example and investigate the relationship
between the compositeness and observable quantities such as
the scattering phase shift. First, we construct a model that
reproduces the X (3872) using the parameter values shown in
Table I, following Ref. [26]. The binding energy B is taken
from the central value reported by the Particle Data Group
(PDG) [38]. The bare energy Ej of the c¢ state is adopted from
the constituent quark model prediction [39] for the x.;(2P)
mass. The cutoff w is chosen to correspond to the pion mass,
as estimated by the one-pion exchange picture. The strength

TABLE I. Binding energy and parameters of the reference model.

Parameter Reference value
Binding energy B 0.04 MeV
Bare energy Ey 78 MeV
Cutoff 140 MeV
Direct interaction o 0 MeV?

of the direct interaction w" is taken to be @ = 0 as a reference
value, as in Ref. [26]. The coupling constant g is determined
so that the bound-state condition in Eq. (18) is satisfied for the
given binding energy B and the other parameters.

With this reference model, the compositeness is calculated
as

X =0.99, (49)

indicating that the state is predominantly composite due to its
weak binding. The scattering length and effective range are
found to be

ap = 24.5fm, r, = 3.74 fm. (50)

The effective range is of the order of the typical length scale
1/u =~ 1.41 fm, while the much larger scattering length is also
a characteristic feature of weakly bound states, reflecting the
consequence of the low-energy universality [21,40,41].

Based on the above setup, we investigate how the com-
positeness and observable quantities change by varying the
binding energy B or other model parameters from the values
listed in Table I. When varying B, we fix Ey, u, and " to
the values in Table I, and adjust the coupling constant gy so
as to reproduce the new value of B. When varying one of the
parameters Ey, u, or ", we fix the remaining parameters to
their values in Table I, and tune gy such that the binding energy
B remains the same as in Table I.

B. Variation of binding energy B

Figure 1 shows the compositeness X as a function of the
binding energy B. Starting from the weakly bound state char-
acterized by the reference value in Table I, we vary B up to
By/4 >~ 2.53 MeV, where By, is the upper limit of the binding
energy given by Eq. (19). The result at the binding energy
in Table I is marked with a diamond in the figure. As shown
in the figure, the compositeness X decreases as the binding
energy B increases. This behavior is consistent with the known
result that X approaches 1 as B becomes small [22-25], and
that X — 1 in the strict limit B — 0 [42]. It is also worth
noting that, even at B = B, /4, the compositeness remains as
large as X = 0.91, indicating only a moderate deviation from
the reference value given in Eq. (49). As we will see later,
this is due to the fact that the bare energy Ej is sufficiently
large, which suppresses the contribution from the elementary
component to the bound state.

Figure 2 shows the bound-state wave functions given by
Eq. (34) for B = 0.04 MeV (reference value, solid line), B =
0.32 MeV (dashed line), and B = B,/4 ~ 2.53 MeV (dot-
dashed line). Since the wave function asymptotically behaves
as ryr(r) ~ exp{—+~/2mBr} for r — o0, the spatial extent of
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o o o
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o
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0.0 | | | | |
0.0 0.5 1.0 1.5 2.0 2.5

B [MeV]

FIG. 1. Compositeness X as a function of the binding energy B.
Reference value in Table I is indicated by the diamond.

the wave function becomes narrower as the binding energy
increases. According to Eq. (31), when there is a coupling to
the elementary component, the volume integral of the squared
scattering wave function becomes the compositeness X in-
stead of unity. Therefore, if X deviates from unity, the norm of
the wave function is reduced accordingly. As shown in Fig. 1,
the compositeness does not significantly change even when B
is increased up to B,/4 >~ 2.53 MeV. Thus, as B increases and
the wave function becomes more localized near the origin, its
amplitude also becomes larger, as seen in Fig. 2.

To investigate how the difference in the compositeness and
wave function affects observable quantities, we show in Fig. 3
the phase shifts as functions of k/u for three binding ener-
gies: B = 0.04 MeV (reference value, solid line), B = 0.32
MeV (dashed line), and B = B;,/4 ~ 2.53 MeV (dot-dashed
line). As B increases, the slope of the phase shift near k ~ 0
decreases, indicating a weaker momentum dependence of the
phase shift. This behavior can be understood as follows: the

0.20- L B =0.04 MeV
—_ i.l ceesses B=0.32 MeV
" 0.15 = —+=— B=2.53MeV
gk
~_0.10- N
S
20.05-

0.00¢:" S ————

L L L |
0 25 50 75 100
r [fm]
FIG. 2. Bound-state wave functions |7y (r)|? for B = 0.04 MeV
(reference value, solid line), B = 0.32 MeV (dashed line), and B =
B,/4 >~ 2.53 MeV (dot-dashed line).

TN B =0.04 MeV
W\ = === B=0.32 MeV
3nF AN == B=2.53MeV
4
o
o
— ml
g 2
IS
me
7
07\ | | | | |
0.0 0.25 050 0.75 1.00 1.25

k/u [dimensionless]

FIG. 3. Phase shifts § as functions of k/u for B = 0.04 MeV
(reference value, solid line), B = 0.32 MeV (dashed line), and B =
B,/4 >~ 2.53 MeV (dot-dashed line).

steep decrease in the phase shift at k =~ 0 in the B = 0.04
MeV case reflects the presence of a weakly bound state
close to the threshold. As the binding energy increases and
the bound-state pole moves away from the threshold, the
influence of the bound state on the low-energy phase shift
becomes milder, resulting in a more gradual variation of the
phase shift.

To quantitatively characterize the variation of the phase
shifts, we show the scattering length @y and effective range
r. as functions of the binding energy B in Figs. 4 and 5,
respectively. The scattering length a( rapidly decreases from
the large value given by Eq. (50) as B increases, and asymp-
totically approaches approximately 5 fm around B ~ 2.53
MeV. This behavior is consistent with the universal relation
ap ~ 1/+/2mB when X ~ 1. Since the slope of the phase shift
at k = 0 is determined by the scattering length, the rapid

25?

N
o
I

=
o
I

S | | \

| |
0.0 0.5 1.0 1.5 2.0 2.5
B [MeV]

FIG. 4. Scattering length a, as a function of the binding energy
B. Reference value in Table I is indicated by the diamond.
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3.8

| |
0.0 0.5 1.0 1.5 2.0 2.5
B [MeV]

FIG. 5. Effective range r, as a function of the binding energy B.
Reference value in Table I is indicated by the diamond.

decrease in ag explains the behavior of the phase shift ob-
served in Fig. 3. The effective range r, also decreases as
B increases, but its variation in the plotted range is about
1.2 fm, showing a relatively smaller change compared to the
scattering length. This is because the reference value of r,
is 3.74 fm, which is not particularly large, so the degree of
variation is relatively modest.

C. Variation of bare energy E,

Next, we investigate the relationship between the compos-
iteness and the scattering observables when the bare energy
Ey is varied. Figure 6 shows the result of the compositeness
as a function of Ey when it is varied from the reference value
down to —B. As E; decreases from the reference value, the

1.0 <

o o o
& [e)) [00)
\ \ \

X [dimensionless]

o
N
\

0.0 ! ! ! !
0 20 40 60 80

Ey [MeV]

FIG. 6. Compositeness X as a function of the bare energy Ej.
Reference value in Table I is indicated by the diamond.

-xsreass Eo=0.04MeV
H_0.100* — = FEy=0.78MeV
|E 0.075. Eo =78.00MeV
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FIG. 7. Bound-state wave functions |y (r)|*> for E, = 78 MeV
(reference value, solid line), Ey = 0.78 MeV (dashed line), and Ey =
0.04 MeV (dot-dashed line).

compositeness gradually decreases, then rapidly drops in the
vicinity of Ey ~ —B, and reaches X = 0 at Ey = —B. This
behavior can be interpreted as follows. The bare state located
at £ = Ej is composed of the quark channel, and thus has
a compositeness of X = 0. When Ey = —B, the bare state
becomes the physical bound state without acquiring any loop
correction which induces the hadronic molecular component,
so the compositeness is X = 0. However, for Ey > —B, the
bare state acquires a self-energy through the coupling with
the hadronic scattering channel and evolves into the physical
bound state at E = —B, which gives rise to a finite composite-
ness. The fact that the compositeness is X & 1 in most of the
parameter range shown in Fig. 6 is a characteristic feature of
weakly bound states with small binding energy B. It indicates
that, in order to realize a shallow bound state with X ~ 0, one
must fine-tune the bare energy Ej to be within a narrow range
near £y ~ —B [24].

Figure 7 shows the bound-state wave functions for Ey =
78 MeV (X = 0.99), Ey = 0.78 MeV (X = 0.55), and Ey =
+B = 0.04 MeV (X = 0.11). Unlike Fig. 2, the binding en-
ergy B is fixed in this case, and therefore the asymptotic
behavior of the wave functions at large r remains unchanged.
However, as Ej decreases, the compositeness X also becomes
smaller, leading to a visible reduction in the magnitude of the
wave function. This indicates that the change in composite-
ness manifests as a change in the norm of the bound-state
wave function.

Next, we calculate the phase shifts for the three choices of
Ey, and plot the results in Fig. 8 as functions of the dimen-
sionless momentum k/u. As the value of E, decreases, the
phase shift becomes closer to § = . This tendency is similar
to the case in Fig. 3, where the binding energy B is increased,
but the variation of the phase shift is more pronounced when
Ey ~ —B is chosen. This stronger dependence can be under-
stood from the comparison between Figs. 1 and 6, which
shows that the corresponding change in the compositeness
X is larger in the case of varying Ej. In particular, since the
present calculation fixes the binding energy B while changing
the compositeness, Fig. 8 reveals the effect of the internal
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FIG. 8. Phase shifts § as functions of k/u for Ey =78 MeV
(reference value, solid line), Ey = 1.77 MeV (dashed line), and E;, =
0.04 MeV (dot-dashed line).

structure of a weakly bound state on the scattering behavior
above the threshold.

The dependence of the scattering length @y and the ef-
fective range r, on the bare energy Ey is shown in Figs. 9
and 10, respectively. It is evident that both ay and r, exhibit
significant variations in the region where the compositeness
X changes rapidly, particularly near X ~ 0 around Ey — —B.
This is because the binding energy is sufficiently small, mak-
ing the compositeness strongly correlated with the scattering
parameters. In general, for a weakly bound state, the following
relations are known to hold with R = 1/+/2mB:

= 2X R+ OR 51
aO_X——i—l + ORyp), (5D
X -1
Fe = TR+O(Rtyp)s (52)
25F —>
20+ '
'§15*
=
< 10+
5,
07\ \ \ \ \
0 20 40 60 80
Eq [MeV]

FIG. 9. Scattering length a, as a function of the bare energy Ej.
Reference value in Table I is indicated by the diamond.

o= >
_25
5
_50"
= e O
e _75- <
@ & -5
—100-
~10 |
—125- 0 5 10
Eo [MeV]
_1507 | | | |
0 20 40 60 80
Eo [MeV]

FIG. 10. Effective range r, as a function of the bare energy Ejy.
Reference value in Table I is indicated by the diamond.

where Ry, denotes the typical length scale of the system
[10,13,18,21]. When B is sufficiently small such that R >
Riyp, the O(Ryy,) corrections can be neglected, and the scat-
tering length and effective range are directly related to the
compositeness X. In the present case, Ry, ~ 1/u ~ 1.4 fm
and R ~ 22 fm, so the condition for a weakly bound state is
satisfied. Taking the limits X — 1 and X — 0 in Egs. (51)

and (52), we find
a — R, r.— O(Rtyp)

ap — O(Rtyp)v

X — 1), (53)
X = 0). (54)

re — —00

Therefore, in Figs. 9 and 10, except for the small-E region,
ap is comparable with R ~ 22 fm and r, with Ry, ~ 1.4 fm,
because X ~ 1.In the limit £y, — —B where X — 0, the scat-
tering length approaches zero, and the effective range diverges
negatively.

D. Variation of cutoff u

The dependence of the compositeness X on the cutoff
parameter w is shown in Fig. 11. The cutoff is varied from
the reference value u = m, given in Table I up to a typical
hadronic energy scale, © = 1000 MeV. As in the discussion
of the binding energy B dependence, the change in X is
modest for the reference value of the bare energy, Ey = 78
MeV, where the contribution from the bare state is small.
To illustrate the effect of a more significant bare-state com-
ponent, we also show the result for £y = 0.78 MeV as the
dotted line in the figure. In both cases, the compositeness
decreases as the cutoff p increases. The decrease is more
pronounced for Ey = 0.78 MeV, where the bare-state con-
tribution is enhanced. This behavior is qualitatively different
from the results in Refs. [24,43], where an increase in com-
positeness was observed with increasing cutoff when using a
sharp cutoff scheme. Thus, we find that the use of a monopole
form factor leads to qualitatively different behavior.

Figure 12 shows the phase shifts as functions of the
momentum k for u =m, = 140 MeV, u =370 MeV, and
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FIG. 11. Compositeness X as a function of the cutoff . Solid
(dotted) line corresponds to Ey = 78 MeV (Ey, = 0.78 MeV). Refer-
ence value in Table I is indicated by the diamond.

© = 1000 MeV. Here we plot § as functions of & up to the
cutoff scale p. We take the reference value Ey = 78 MeV for
the bare energy, and for each u, the phase shift is plotted up
to k = . We observe that the phase shifts near the threshold,
where k is small, are relatively insensitive to the variation
of w. However, as the momentum increases, the differences
in the phase shifts become more pronounced. This can be
understood as follows: since the coupling constant is adjusted
to reproduce the same binding energy for each u, the low-
energy behavior of the phase shift near the threshold remains
unchanged. At higher momenta, however, the difference in

nf
u —
‘/"
o~
3L
ZT[
f‘i’ — ] =140 MeV
= =sss =370 MeV
—~ 2
=3 = 1 =1000 MeV
(o]
m
4
07\ | | | | |
0 200 400 600 800 1000
k [MeV]

FIG. 12. Phase shifts § as functions of k for © = 140 MeV (ref-
erence value, solid line), © = 370 MeV (dashed line), and © = 1000
MeV (dot-dashed line). The result is plotted up to k = u for each u.
The bare energy is set at the reference value, £y = 78 MeV.

24.5F

22.0=

| | |
600 800 1000
u [MeV]

\ \
200 400

FIG. 13. Scattering length a, as a function of the cutoff u. Ref-
erence value in Table I is indicated by the diamond.

the cutoff scale affects the momentum dependence of the
interaction, leading to visible deviations in the phase shift.
Figures 13 and 14 show the scattering length ay and the
effective range r,, respectively, as functions of the cutoff
parameter p varied within the range 140 < u < 1000 MeV.
Again, the bare energy is set as Ey = 78 MeV. Both a( and
r. decrease with increasing u, but the changes are limited to
a few femtometers in magnitude. This mild variation can be
attributed to the facts that the binding energy is held fixed and
the associated change in compositeness X remains small in
this range. From the weak-binding relations (51) and (52), it
is evident that a¢ and r, are not significantly modified unless
either X or the length scale R = 1/+/2mB is largely changed.
The insensitivity of the phase shift near the threshold to the

3,
— 2=
E
Oql
O,
| | | | |
200 400 600 800 1000
u [MeV]

FIG. 14. Effective range r, as a function of the cutoff u. Refer-
ence value in Table I is indicated by the diamond.
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FIG. 15. Compositeness X as a function of the normalized direct
interaction "/ |a),’,‘|. Solid (dotted) line corresponds to Ey = 78 MeV
(Ep = 0.78 MeV). Reference value in Table I is indicated by the
diamond.

cutoff variation, as shown in Fig. 11, is thus also consistent
with the behavior of g and r, under changes in u.

E. Variation of direct interaction »"

Finally, we investigate the dependence on the strength of
the direct interaction, w”. As shown in Eq. (22), there exists
a lower bound a)Z for attractive interactions (" < 0), below
which a bound state is formed by the direct interaction alone.
While there is no strict upper bound for repulsive interactions
in principle, we take the same absolute value as the lower
bound to define the upper limit. Thus, we vary " within the
range o] < o" < |w}!| in this analysis.

In Fig. 15, the results for the reference value of E; are
shown as the solid line, where the compositeness exhibits
only a minor variation. As in the case of the cutoff u, we
also show the results for £y, = 0.78 MeV with a dashed line
to enhance the variation in the compositeness. As seen in
the figure, increasing o, i.e., shifting the direct interaction
toward the repulsive side, leads to a decrease in the compos-
iteness. When the binding energy is fixed, the total interaction
strength at E = —B is given by w(—B) = 0" + w(—B) and
remains constant. Therefore, increasing " implies a decrease
in w?(—B), which is realized through a change in the coupling
strength g3. Since the hadronic component of the interaction
is induced by ", while the quark-originated elementary com-
ponent is induced by w?, the repulsive shift in " enhances the
elementary contribution and thus reduces the compositeness.
It is also seen that in the limit w" — ] (left edge of the
figure), the coupling strength vanishes as g%] — 0, leading
to X = 1. Note that this also happens for Ey = 0.78 MeV
where X = 0.55 at " = 0. This result confirms the analysis
in Ref. [24] by an effective field theory model.

Figure 16 shows the phase shifts for three representative
values of the direct interaction strength: w" = 0 (reference

I'[* —_——— =]
w'=0
_am —— wh=wf
©
o
— E,
g 2
(o]
m
4
O’\ I I I I I
0.00 0.25 050 0.75 1.00 1.25

k/u [dimensionless]

FIG. 16. Phase shifts § as functions of k/ . for " = 0 (reference
value, solid line), " = ' (dashed line), and 0" = |o}!| (dot-dashed
line). The bare energy is set at the reference value, £y = 78 MeV.

value), o" = w! (maximal attraction), and 0" = |o/!| (max-
imal repulsion). Within the plotted range, the phase shifts
exhibit negligible variation. This behavior corresponds to the
almost flat compositeness X in Fig. 15, independently of the
direct interaction .

The same results can be observed in the scattering length
ap (Fig. 17) and the effective range r, (Fig. 18). Both ag and r,
decrease as " increases; however, the variations of less than 1
fm are much smaller compared to the cases with other model
parameters. This behavior is consistent with the negligible
changes observed in the phase shifts.

F. Effect of local approximation

In the following, we investigate the effect of the local ap-
proximation by computing the phase shifts and wave functions

24.55

24.50

ao [fm]

24.45

24.40-

| | | |
-0.5 0.0 0.5 1.0
w"/|wf| [dimensionless]

!
-1.0

FIG. 17. Scattering length ay as a function of the normalized
direct interaction ®"/|w}!|. Reference value in Table I is indicated
by the diamond.
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FIG. 18. Effective range r, as a function of the normalized direct
interaction "/|w!!|. Reference value in Table I is indicated by the
diamond.

using the local potential obtained via the derivative expansion
employed in the HAL QCD method with the choice of Ky = 0
(see Sec. IIE). Specifically, we consider two representative
cases: the composite-dominant case with X = 0.99, based on
the reference parameters listed in Table I, and the case with a
sizable elementary component, X = 0.55, realized by choos-
ing Ey = 0.78 MeV. For each case, we analyze the results
to assess the validity of the local approximation. As pointed
out in Sec. ITE, the local potential by the HAL QCD method
always gives X = 1 as shown in Eq. (47). In addition, since
the HAL QCD potential is constrained only at kK = 0, the
binding energy of the system can deviate from the exact value
under the local approximation.

1. Composite-dominant case

First, we show the results for the composite-dominant case
with X = 0.99. Figure 19 compares the exact phase shift cal-
culated from the nonlocal potential using Eq. (41) (solid line)
with the phase shift obtained numerically from the local po-
tential constructed via the derivative expansion (dashed line).
The result shows that the local approximation reproduces the
exact phase shift very well, with small deviation in the high-
energy region. As the energy increases, small discrepancies
gradually appear, as expected from the nature of the local
approximation. In the HAL QCD method, the potential is
constructed to reproduce the exact phase shift at k = ky = 0,
and thus agreement is guaranteed at low energy. In fact, the
scattering length ag is exactly reproduced, and the effective

-
exact
=sununs |ocal
3.
ZIT
e
©
= ol
Q 2
\6 ..'..
27 .............
7 |
0

C ! ! ! ! !
0.00 0.25 050 0.75 1.00 1.25
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FIG. 19. Effect of the local approximation on the phase shift §
for the composite-dominant case (X = 0.99). The solid (dotted) line
represents the result of the exact model (local approximation).

range shows only a small deviation, as summarized in Table II.
In this way, the HAL QCD method gives a reasonable local
potential which reproduces the exact result, as discussed in
Ref. [26].

Next, we examine the bound-state wave function. As
shown in Table II, the binding energy obtained from the local
potential derived via the derivative expansion is B = 0.040
MeV, which is found to be identical to the exact value at this
accuracy. This agreement can be understood by noting that
the binding energy lies close to k = kg = 0, where the local
approximation reproduces the interaction accurately. Further-
more, the wave function shown in Fig. 20 is also found to
closely match the exact result, indicating that the local approx-
imation captures the spatial structure of the bound state well.
These observations suggest that the HAL QCD method not
only reproduces scattering observables above the threshold
but also provides a good description of the properties of bound
states below the threshold.

2. Sizable elementary component

Next, we investigate the local approximation in the case
where Ey = 0.78 MeV, corresponding to X = 0.55. By con-
struction, the local potential derived from the derivative
expansion yields X = 1, indicating that the compositeness
deviates from the exact value in this case. The comparison of
phase shifts is shown in Fig. 21. In contrast to the composite-
dominant case, we observe a significant deviation in the phase
shifts. This discrepancy can be attributed to the failure of
the local approximation to reproduce the correct value of the
compositeness. It is also seen in Table II that the effective

TABLE II. Effect of the local approximation on the compositeness X, binding energy B, scattering length a,, and effective range ..

Ey (MeV) X X local B (MeV) Bl (MeV) ap (fm) al°<! (fm) r, (fm) plocal ()
78 0.99 1 0.040 0.040 24.5 245 3.74 3.86
0.78 0.55 1 0.040 0.083 17.9 17.9 ~116 3.73
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FIG. 20. Effect of the local approximation on the wave func-
tion |ry(r)|* for the composite-dominant case (X = 0.99). The
solid (dotted) line represents the result of the exact model (local
approximation).

range deviates notably from the exact result. Owing to the
deviation of X from unity, the exact result follows the weak-
binding relation [Eq. (52)], leading to a large negative value of
the effective range. However, the local approximation is con-
strained as X = 1, resulting in an effective-range value nearly
unchanged from the composite-dominant case. Consequently,
while the slope of the phase shift at the threshold is reproduced
due to the agreement in the scattering length, the deviation in
the effective range becomes pronounced at higher energies,
leading to a mismatch in the phase shifts.

Finally, we show the comparison of the wave functions
in Fig. 22. For E; = 0.78 MeV, the binding energy obtained
from the local potential is 0.083 MeV, which is approximately

-
3 L )
AL I
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\6 ..-.....
- llllll....-
4
(0] ! ! ! ! !
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FIG. 21. Effect of the local approximation on the phase shift §
for the case with a sizable elementary component (X = 0.55). The
solid (dotted) line represents the result of the exact model (local
approximation).
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FIG. 22. Effect of the local approximation on the wave function
|r(r)|* for the case with a sizable elementary component (X =
0.55). The solid (dotted) line represents the result of the exact model
(local approximation).

twice the exact value. As a result, the wave function in Fig. 22
becomes more localized near the origin. Furthermore, since
the compositeness increases from the exact value X = 0.55 to
X =1 under the local approximation, the overall magnitude
of the wave function also increases from the exact one.

IV. APPLICATION

In this section, we consider the application of the present
model to realistic systems. Since our model contains four
parameters (go, Eo, i, and ™), the parameter set can be de-
termined by imposing three conditions in addition to the fixed
binding energy. Among them, the bare energy Ej is estimated
based on constituent quark model calculations. The remaining
two parameters are fixed by using the scattering length and
effective range determined from lattice QCD calculations and
experimental analyses. Because the present model does not
take into account the decay effects of the obtained bound
states, we focus on exotic hadrons with narrow decay widths.
In this section, we examine the compositeness of the X (3872),
T..(3875)%, D¥,(2317)*, and Dy (2460)*.

The binding energies B and bare energies E of the exotic
hadrons considered in this study are summarized in Table III.
The “Channel” column lists the nearest threshold scattering
channels corresponding to each exotic hadron. The binding
energy B is evaluated using the central values of the hadron
masses reported by the PDG [38]. For the bare energies
Ey, we adopt the masses of the corresponding gg states
with the same quantum numbers from the constituent quark
model in Ref. [39] for the X (3872) and D;‘O(2317)i. For the
D41 (2460)*, we take the lower of the two states predicted in
Ref. [39] at 2530 MeV, which lies closer to the threshold. For
the T..(3875)™, the value of Ej is taken from the calculation
of the cciid state in Ref. [44].
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TABLEIII. Binding energy B and mass of the quark core state E,
for exotic hadrons, together with the closest hadron-hadron channel
which contributes to the molecule component. The binding energy
B is determined by the PDG values [38] for the exotic hadron and
threshold energy.

TABLE V. Results of the compositeness X of exotic hadrons,

together with the optimal values of the cutoff © and strength of the

contact interaction o”.

X (dimensionless) u (MeV) o /|a)ﬁ| (dimensionless)

X(3872) 0.96+08 319 0.07
T..(3875)* 1.00+59% 726 —0.84
D (2317)* 0.621012 843 —0.76
D, (2460)* 0367050 449 —0.44

Channel B MeV) Ey (MeV)
X (3872) D°D*0 0.04 78 [39]
T..(3875)" DD+ 0.36 6.9 [39]
D7 (2317)* DK 45 117 [39]
D, (2460)* D*K 45 25.8 [44]

The scattering lengths and effective ranges are summarized
in Table IV. For the D°D° channel relevant to the X (3872), we
adopt the values compiled in Ref. [25], which are based on the
analysis of Ref. [45]. Although Ref. [25] does not provide the
uncertainty of the scattering length, we assign a conservative
theoretical uncertainty of 20% for the following analysis. For
the D°D* channel associated with the T,.(3875)%, we use
the results obtained from the experimental analysis reported
by the LHCb Collaboration in Ref. [5]. Here, the real part
of the complex scattering length extracted from the data is
employed. For the DK and D*K channels, corresponding to
the D*)(2317)* and Dy (2460)* states, respectively, we take
the scattering parameters determined from the lattice QCD
analysis in Ref. [46].

Now we are in a position to evaluate the compositeness
of exotic hadrons. For each exotic hadron, we fix the binding
energy B and bare energy E as in Table III, vary the cutoff
w and the strength of the contact interaction " within the
reasonable ranges as in Sec. 111,

140 < p < 1000 MeV, (55)
<

o] < o < [of]. (56)
and calculate the corresponding scattering length ay and ef-
fective range r,. By comparing the obtained values with the
empirical ones summarized in Table IV, we determine the op-
timal parameters  and o that give the closest results with the
central values of ay and r,, with which we evaluate the central
value of the compositeness X. We then identify the range of
w and o” that reproduces aq and r, within their uncertainties,
and use the corresponding maximum and minimum values of
X to estimate its uncertainty. The resulting compositeness X
with errors, together with the corresponding & and " values,
are summarized in Table V. The results of the compositeness
are also plotted in Fig. 23.

TABLE IV. Scattering length ay and effective range r, of the
scattering channel near the exotic hadrons.

ap (fm) r, (fm)
X (3872) [25,45] 28.6 £5.7 278 <r, <1
T..(3875)" [5] 7.16 4 0.51 —119<r, <0
D:,‘O(2317)i [46] 1.3£0.5+0.1 —0.1 £0.3+0.1
Dy, (2460)* [46] 1.1£05+0.2 —0.2+0.3+0.1

From Table V, the compositeness of the X (3872) is found
to be 0.96 < X < 1, indicating that it is almost purely com-
posite dominant. This result is consistent with the analysis
of Ref. [25], which shows that the X (3872) is dominantly
molecular when the scattering length and effective range are
constrained, as well as with other independent evaluations of
the compositeness [18,21,45,47]. For T,..(3875)%, the result
also suggests a dominantly composite nature even when un-
certainties are taken into account, though the compositeness X
exhibits a larger uncertainty than that of the X (3872). Similar
tendencies have been reported in other analyses [24,48,49].
Comparing the X (3872) and T,.(3875)", we find that while
their threshold and binding energies are almost identical, the
bare energy Ey differs by an order of magnitude. As discussed
in Sec. IIIC, a smaller E; closer to the threshold generally
leads to a larger admixture of the elementary component.
Therefore, in the present analysis, the smaller value of E
for T,.(3875)" can be interpreted as the source of the wider
uncertainty toward smaller X. A similar trend can also be
observed when comparing D;‘o(2317)i and Dy (2460)*. As
shown in Table III, their binding energies are of the same
order, while the bare energy of Dy;(2460)* is significantly
smaller. Consequently, the compositeness of Dj;(2460)F is
evaluated to be smaller than that of D%;(2317)*, reflecting the
stronger admixture of the elementary component.
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FIG. 23. Results of compositeness X of exotic hadrons.
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V. SUMMARY

In this study, we have investigated the relationship between
the compositeness and physical observables by employing a
coupled-channel model that includes both quark and hadronic
degrees of freedom. Starting from a coupled-channel Hamil-
tonian, we naturally describe the bare state appearing in the
discussion of compositeness as a bound state in the quark
channel. By adopting a Yukawa-type form factor for the
transition interaction, we derive analytic expressions for the
bound-state condition, compositeness, phase shift, scattering
length, and effective range. We also show that the local po-
tential obtained via the derivative expansion in the HAL QCD
method always yields a fully composite bound state, since it
lacks explicit energy dependence.

In the numerical analysis, we use the model that describes
the X (3872) resonance [26] as a reference, and investigate
how the compositeness changes under variations of the bind-
ing energy and model parameters. Since the reference value
of the X (3872) binding energy is very small, representing
a weakly bound state, we find that a hadronic molecular
state with compositeness close to unity is realized over a
wide range of parameters, leading to only minor changes in
the corresponding phase shifts. However, by finely tuning
the bare energy to be comparable to the binding energy, an
elementary-dominant state with compositeness close to zero
can be realized. In this case, we have shown that the scattering
length becomes small and the effective range becomes large
and negative, as expected from the weak-binding relation,
resulting in significantly different phase shifts even when the
binding energy remains the same.

We show that the local approximation based on the HAL
QCD method, applied to the nonlocal potential that includes
contributions from quark degrees of freedom, successfully
reproduces not only the scattering phase shifts but also the
bound-state wave function and compositeness for typical
weakly bound states. However, when the contribution from
the bare state becomes sizable, we find that the validity of the
local approximation is limited to the near-threshold energy
region. However, realizing a weakly bound state that is not
predominantly composite requires fine tuning of the model
parameters, and such a situation is generally considered to be
unlikely in nature [24].

Finally, as an application of the present framework, we
evaluate the compositeness of the X(3872), T..(3875)%,

D*,(2317)%, and D, (2460)* by taking into account the
scattering length and effective range extracted from exper-
imental analyses and lattice QCD calculations. It is found
that the present constraints on these quantities allow us to
determine the compositeness with reasonable uncertainties.
In particular, the result for the X(3872) indicates that the
elementary-dominant solutions, which appear only under fine-
tuned parameter conditions, are excluded once the constraints
on the scattering length and effective range are imposed.
These results demonstrate that the estimation of the bare en-
ergy position, together with the constraints on observables
such as the scattering length and effective range, plays a
crucial role in determining the degree of compositeness.
While this study has clarified the relationship between the
compositeness of a near-threshold bound state and the scat-
tering phase shift, in realistic studies of exotic hadrons, direct
measurements of two-body scattering phase shifts are rarely
available. Instead, experimental information often comes indi-
rectly through observables such as invariant mass distributions
in decay processes. Therefore, a natural future direction is
to investigate how the compositeness and wave function of
bound states affect such observables in high-energy experi-
ments, using the present findings as a theoretical foundation.
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