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Effects of a Brueckner-Hartree-Fock–corrected effective mass on speed of sound,
conformality, and observables of dark matter–admixed neutron stars
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We construct an equation of state describing cold and dense matter in the core of neutron stars which
includes an admixture of fermionic dark matter and incorporates nucleon effective masses derived from the
relativistic Brueckner-Hartree-Fock (BHF) many-body approach within a relativistic mean-field model. Such a
BHF-informed mixed-model approach increases stellar compactness, with mass-radius configurations that are
consistent with smaller, lighter pulsars. The model displays the expected nonmonotonic behavior of sound speed
hinted at by neutron-star data and is closer to the conformal bound at maximum mass. We find that the model
displays tension with bounds on heavier pulsars, suggesting that the hypothesis of an aggregated dark component
in neutron stars needs further critical study.

DOI: 10.1103/9qlh-w64b

I. INTRODUCTION

Neutron stars (NSs) serve as natural astrophysical labora-
tories for studying strongly interacting matter at supernuclear
densities. Observational data—such as that gathered from
gravitational wave (GW) events, pulsars, and other ultracom-
pact objects (refer to Table I for a list of such experimental
data)—help constrain the NS equation of state (EoS). Neither
perturbative QCD (pQCD) [1] nor lattice QCD [2] can be
reliably applied to describe strongly interacting matter at the
intermediate densities found in the inner core of a NS. In this
density regime, a useful approach is to extrapolate relativis-
tic mean-field (RMF) models—fitted to empirical properties
of finite nuclei and nuclear matter at saturation—with
subsequent refinements, such as cross-couplings, density-
dependent couplings, short-range correlations, or constraints
from chiral effective-field theory (ChEFT) [3].

Studies within the frameworks of density-dependent rela-
tivistic mean-field theory [27], density-dependent relativistic
Hartree-Fock theory [28], and density-dependent quark mean-
field theory [29] have demonstrated that the density depen-
dence of the nucleon’s effective mass [30] impacts both the
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static and dynamic properties of NSs. Hence, it is important
to account for density-dependent nucleon masses when mak-
ing precise predictions of NS observables. Within the RMF
framework, such density-dependent mass ratios are typically
obtained by self-consistently solving the equations of motion
(EoMs) of the underlying model. However, in the poorly
understood intermediate baryon density range of 2ρ0–5ρ0

(where ρ0 is the nuclear saturation density), many-body forces
become increasingly important and may lead to structural
changes in NS matter [31]. These effects have been shown
to influence core-collapse supernovae and binary NS mergers
[32], the cooling of NSs [33,34], and neutrino emissivity from
NSs via the Urca process [35–37].

Given the pervasive importance of many-body effects,
it is instructive to explore different ways of incorporat-
ing them into the RMF framework, albeit with a partial
relaxation of the requirement for a fully self-consistent so-
lution of the mean-field EoM. One way to implement this
idea is to replace the (Dirac) effective nucleon mass in
the RMF approach with an effective-mass ratio obtained
from realistic microscopic considerations. This represents an
attempt to reconcile the RMF framework with more real-
istic in-medium nucleon interactions. For cold and dense
matter, we adopt values of the nucleon effective mass cal-
culated within the relativistic Brueckner-Hartree-Fock (BHF)
framework [38], which includes microscopic two-body and
three-body forces [39,40]. These results have also been used
in studies of mass-radius relationships for purely hadronic
NSs [41–43]. Moreover, as noted in Ref. [44], a key
limitation of many RMF models is their inability to sup-
port ≈2M� NSs, mainly due to the absence of three-body
interactions in standard RMF frameworks. Introducing realis-
tic, density-dependent meson-nucleon couplings that capture
the effects of these three-body forces has been proposed
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TABLE I. Summary of masses (M/M�), radii (R), tidal deformabilities (�), and inferred moments of inertia (I) of various pulsars, GW
events, and other compact objects. The M-R constraints for 4U 1724-207, 4U 1608-52, and EXO 1745-248 are taken from Ref. [4]. Similar
constraints for HESS J1731-347 and PSR J1824-2452I (M28I) are taken from Refs. [5] and [6] respectively. In our comparison with theoretical
predictions, we have projected the moment of inertia (MoI) of PSR J0030+0451 [7], estimated at a mass of M = 1.4 M�, across the full range
of mass and radius estimates [8,9].

Stellar object M/M� R (km) � I (1045 gm cm2)

PSR J0030+0451 1.34+0.15
−0.16 [8,9] 12.71+1.14

−1.19 [8,9] 370+360
−130 [7] 1.43+0.30

−0.13 [7]
PSR J0348+0432 1.97–2.05 [10] 12.16–12.948 [11] – 1.594–1.9073 [12]
PSR J0740+6620 2.08 ± 0.07 [13] 12.39+1.30

−0.98 [14] – 4.65+1.16
−0.82 [15]

PSR J1614-2230 1.97 ± 0.04 [16] 8.6–13.8 [17] – –
PSR J0437–4715 1.418 ± 0.037 [18] 11.36+0.95

−0.63 [18] – –
PSR J1231-1411 1.12 ± 0.07 [19] 9.91+0.88

−0.86 [19] – –
PSR J0737-3039 A 1.377 ± 0.005 [20] 8.14–25.74 [21] – 1.15+0.38

−0.24 [22]
PSR J0737-3039 B 1.250 ± 0.005 [20] – – –
GW170817 1.17–1.60 [23] 11.9 ± 1.4 [24] 70–580 [23] 1.43+0.30

−0.13 [7]
GW190425 1.12–2.52 [25] – 1.4+3.8

−1.2 × 103 [26] –

as a solution to this issue. In a similar manner, a valid
motivation for studying the impact of incorporating BHF-
informed, density-dependent nucleon effective masses into
RMF frameworks is to investigate their effect on the maxi-
mum mass of NSs.

Many-body interactions can leave their imprints on the
speed of sound (CS) profile, which, in turn, influences the
stiffness of the EoS and thereby influences the maximum mass
and radius of NS. The sound speed also provides insight into
the microscopic composition of matter at supernuclear densi-
ties. Unfortunately, the limitations of theoretical approaches
based on first principles result in large uncertainties in the
sound speed profile at intermediate densities. At very low
baryon densities, C2

S � 1 [45], while at asymptotically high
densities, pQCD calculations predict a gradual approach to
the conformal limit, C2

S → 1/3. Moreover, studies have shown
that, contrary to the holographic hypothesis of C2

S � 1/3 [46]
at intermediate densities, this value is not a strict upper bound,
and the profile may become nonmonotonic [31,47–50]. The
holographic bound is in tension with observations of the most
massive NSs [51], as well as with predictions from quarkyonic
matter [52], high-density QCD models [53], and frameworks
based on gauge-gravity duality [54]. The constraint C2

S � 1/3
significantly reduces the predicted NS mass below 2M� for
a class of nonrelativistic and relativistic models, rendering
them inconsistent with astrophysical observations [55]. Fur-
thermore, in Ref. [56] it has been shown that imposing the
upper bound C2

S = 1/3 significantly decreases the maximum
mass, Kerr parameter, and moment of inertia (MoI) of NSs,
preventing these quantities from reaching values derived us-
ing realistic EoSs or constrained by observations. Relativistic
kinetic theory also provides additional density-dependent con-
straints on the speed of sound [57]. Given these uncertainties
and constraints, it is instructive to ask whether the inclusion of
many-body interactions in RMF models can shed further light
on the behavior of CS .

An additional motivation for pursuing a more microscopic
approach lies in the study of conformality in NS matter.
Threshold values of parameters such as the polytropic index
[58], conformal distance [59], trace anomaly [60], and the

curvature of the energy per particle [61], which characterize
the onset of conformality, have already been determined. In
contrast with model-agnostic frameworks—which emphasize
using state-of-the-art theoretical and multimessenger con-
straints to provide confidence intervals for these parameters
[61]—we adopt a more microscopic approach by employing a
BHF-informed model to study the emergence of conformality
in NSs.

We also go beyond conventional NSs by examining the
accumulation of dark matter (DM) in their cores. Large
amounts of accreted DM may produce observable effects on
NS properties. In Ref. [62], a study of dark matter–admixed
neutron stars (DMANS) was conducted within the BHF
framework, starting from two-body and three-body nuclear
interactions derived from ChEFT. However, since ChEFT
is applicable only within a limited density range (1ρ0–2ρ0)
[45], it is reasonable to adopt an RMF model, informed by
microscopic BHF results, to study the resulting properties
of DMANS.

This paper is organized as follows: In Sec. II, we describe
the model under consideration, present parameter sets and the
EoS for hadronic and DMANS, compare the effective-mass
ratios obtained from the RMF and BHF-informed models
and discuss the crust-matching technique used to elimi-
nate problematic regions of negative pressure in the EoS.
Section III presents numerical results for static and slowly
rotating NSs and compares the predictions of the RMF and
BHF-informed models for both hadronic NSs and DMANS.
These results are also compared with experimental observa-
tions. In Sec. IV, we examine the speed of sound profile and
the relative degrees of conformality in the RMF and BHF-
informed scenarios. Finally, Sec. V provides a summary and
conclusions.

II. THEORETICAL FRAMEWORK

Among the many models proposed to describe NSs, we
adopt the DM admixed SU(2) chiral sigma model [63–65] for
simplicity of illustration. Following Ref. [66], we present the
relevant details of the model below.
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A. Model Lagrangian

The hadronic part of the model is given as follows [64]:

LH = ψ /Dψ + 1
2 (∂μ �π ∂μ �π + ∂μσ∂μσ ) − 1

4�μν�
μν

+ 1
2 g2

ωx2ωμωμ − 1
4

�Rμν �Rμν + 1
2 m2

ρ �ρμ �ρμ − U (x̄). (1)

Here, ψ is the SU(2) nucleon isospin doublet. The operator /D
is defined as

/D = iγμ∂μ − gσ (σ + iγ5�τ �π ) − gωγμωμ − 1
2 gργμ�τ �ρμ,

(2)

with π , σ , ω, and ρ are the mesonic fields, and �μν =
∂μων − ∂νωμ and �Rμν = ∂μ�ρν − ∂ν �ρμ + gρ (�ρμ × �ρν ) are the
field strength tensors for ω and ρ mesons, respectively. The
mass of ρ is denoted mρ , and gσ , gω, and gρ are the coupling
constants. The scalar potential U (x̄) is defined as

U (x̄) = λ

4
x̄4 + B

6
x̄6 + C

8
x̄8, (3)

where x̄2 = x2 − x2
0 with x2 = σ 2 + �π2, and x0 being the vac-

uum expectation value (vev) of σ . Here, λ, B, and C are some
constants in the potential.

The fermionic dark sector Lagrangian is given by

LDM = χ (iγμ∂μ − mχ )χ. (4)

Here, χ is the DM spinor and mχ is its mass.
The new scalar mediator φ and the new vector mediator

ξ connect the hadronic sector and the dark sector via the
following interactions,

LI = −gφψψφ − gξψγμψξμ − yφχχφ − yξχγμχξμ. (5)

Here, gφ , gξ , yφ , and yξ are the interaction couplings. The
kinetic and mass terms for the new mediators φ and ξ are
represented in the following Lagrangian:

LM = − 1
4�μν�

μν + 1
2 m2

ξ ξμξμ + 1
2∂μφ∂μφ − 1

2 m2
φφ2, (6)

where the masses for ξ and φ are denoted by mξ and mφ , re-
spectively, and �μν = ∂μξν − ∂νξμ is the field strength tensor
for ξμ.

The leptonic sector is completely decoupled from other
sectors of the model and given by

L� =
∑

�

�(iγμ∂μ − m�)�. (7)

Here, � (= e, μ) is the spinor field for the charge lepton of
flavor � of mass m�.

Collecting all the terms, the total model is given by

L = LH + LDM + LI + LM + L�. (8)

The masses of the nucleons (mN where N = p, n), ω meson
(mω), and σ meson (mσ ) arise from chiral symmetry breaking.
If φ0 denotes the vev of the scalar field φ, then the masses are
given by

mN = gσ x0 + gφφ0, mω = gωx0, mσ =
√

2λx0. (9)

Due to the presence of the scalar mediator φ, the nucleon mass
now receives an additional contribution from φ0.

B. Equation of state

In the RMF approximation, one replaces the meson fields
by their RMF expectation values and, hence, all the corre-
sponding kinetic terms drop out of the RMF-approximated
model. The effective masses of nucleons and the DM are then
given by

m∗
N = gσ σ + gφφ, m∗

χ = mχ + yφφ, (10)

where in the above two expressions, φ and σ are now RMF
values of those fields. In all the following discussions, except
that for fermions, all other fields will be assumed to have their
RMF values. Before presenting the EoS, we provide the reader
with some necessary relations. The scalar density for a generic
fermion ( f = N, χ, �) is given by

ρS
f = 〈 f f 〉 = γ f

2π2

∫ k f

0
dk

m∗
f k2√

k2 + m∗2
f

= γ f m∗3
f

4π2

[
x f

√
1 + x2

f − sinh−1 x f

]
. (11)

Here, γ f = 2 is the spin degeneracy factor and x f = k f /m∗
f

where k f is the Fermi momentum. The vector densities
[67] are given by

ρV
f = 〈 f † f 〉 = 〈 f γ 0 f 〉 = γ f

2π2

∫ k f

0
dkk2 = γ f

6π2
k3

f . (12)

The general expressions (for a generic fermion f = n, p, �, χ )
for the pressure (P) and energy density (E) can be obtained as
follows:

P f = γ f

6π2

∫ k f

0
dk

k4√
k2 + m∗2

f

= γ f m∗4
f

48π2

[( − 3x f + 2x3
f

)√
1 + x2

f + 3 sinh−1 x f
]
, (13)

E f = γ f

2π2

∫ k f

0
dkk2

√
k2 + m∗2

f

= γ f m∗4
f

16π2

[(
x f + 2x3

f

)√
1 + x2

f − sinh−1 x f

]
. (14)

The expressions for the total pressure and energy density
of DMANS matter are given as follows:

P =
∑

f =N,χ,�

P f − � + �−, E =
∑

f =N,χ,�

E f + � + �+.

(15)

The expressions for the quantities � and �± can be found
from Eqs. (A1) and (A5) in Appendix A. In the above expres-
sions, the density-dependent RMF fields σ (ρV ) and φ(ρV )
(ρV = ρV

n + ρV
p ) obtained from self-consistent solutions of

Eqs. (A6) and (A10) (refer to Appendix A for discussions
on the complete set of EoMs) should be used in order to
numerically evaluate the EoS.
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TABLE II. Parameter set for hadronic sector [66,68].

Hadronic sector

Parameter Cσ Cω Cρ B C mσ fπ = x0 K EBE/A J L0 ρ0 Y (ρ0)
Units (fm2) (fm2) (fm2) (fm2) (fm4) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (fm−3)
Value 7.325 1.642 5.324 −6.586 0.571 444.614 153.984 231 −16.3 32 88 0.153 0.87

C. Parameter sets and simplified EoS

There are five free parameters in the hadronic part of
the model i.e., Cσ = g2

σ /m2
σ , Cω = g2

ω/m2
ω, Cρ = g2

ρ/m2
ρ , B,

and C. These parameters of the hadronic sector are determined
by fitting to symmetric nuclear matter (SNM) properties, as
shown in Table II [66,68]. The tabulated values of SNM prop-
erties, e.g., saturation density (ρ0 = 0.153 fm−3), nucleon
effective mass at satuartion [Y (ρ0) = 0.87], nuclear incom-
pressibility (K ≈ 231 MeV), binding energy per nucleon
(EBE/A = −16.3 MeV) and symmetry energy coefficient
(J = 32 MeV), calculated using the specified parameter set,
agree well with already-existing constraints. The value of the
slope parameter at saturation (L0 = 88) also falls well within
already established constraints [69]. We use the parameter set
for the DM sector presented in Table III. These values fall very
well in agreement with the self-interaction cross-section con-
straints from the Bullet Cluster and the present thermal relic
abundance of DM [70]. The couplings of the new mediators
with the nucleons, gφ and gξ , are much smaller than the
corresponding couplings with the DM, yφ and yξ . Therefore,
the DM-nucleon scattering cross section agrees well with the
available constraints [71]. In all our further considerations,
we only consider NS composed solely of neutrons and DM
[i.e., in Eq. (15), f will run over n and χ only]. We also
assume the following benchmark values to present our results:
Mχ = 5 and 15 GeV and kχ = 80 MeV. We will call these
DM sector parameter sets BPI and BPII, respectively. The
EoS P = P (E ) can be obtained by numerically eliminating
kn from the expressions of P and E .

D. RMF vs BHF: Effective masses

As pointed out earlier, in the purely RMF-based approach
to the DMANS model, Eqs. (A6) and (A10) must be solved
self-consistently over a realistic range of kn, with a fixed kχ , to
obtain φ = φ(ρV ) and σ = σ (ρV ) as functions of baryon den-
sity. Consequently, the effective neutron mass m∗

n and the DM
effective mass m∗

χ both become functions of ρV
n . In all numeri-

cal calculations that follow in the RMF scenario, the functions
φ(ρV ), m∗

n (ρV ), and m∗
χ (ρV ) must be used. In contrast, in the

BHF scenario, we adopt the following approximate analytical
fitting function for the effective-mass ratio at zero temperature

from Ref. [73]:

YBHF = a1 + b1β + c1β
2 + (a2 + b2β + c2β

2)ρV

+ d1

ρV
+ d4 ln ρV . (16)

The values of the fitting parameters ai, bi, ci, and di are pre-
sented in Table IV. The asymmetry parameter is β = 1 in our
case, since it is defined as β = (ρV

n − ρV
p )/(ρV

n + ρV
p ). This

fitting function is valid within the range ρV
n ∈ [0.1, 0.8] fm−3.

In the BHF scenario, we use m∗
n = YBHFmn as the modified nu-

cleon effective mass in Eq. (A6), and solve for φ = φBHF(ρV ).
Consequently, the BHF-corrected effective DM mass becomes
m∗

χ (ρV ) = mχ + yφφBHF(ρV ). In Fig. 1(a), we compare the
mass ratio Y computed from the RMF approach with YBHF

for purely hadronic matter. One can clearly see that the BHF
correction deviates significantly from the RMF mass ratio
within the validity range of the BHF framework. Hence, no-
table differences in the EoS and macroscopic observables of
NSs are expected. In Fig. 1(b), we show the radial density
profiles ρ(r)/ρ0 of 2M� NSs in both the RMF and BHF
scenarios. These have been obtained by solving the Tolman-
Oppenheimer-Volkoff (TOV) equations as shown in Eq. (B1)
in Appendix B. The density is noticeably higher in the BHF
case, resulting in a smaller radius for NSs of the same mass
compared with the RMF case.

Finally, we emphasize the choice of the BHF effective mass
used in the following numerical analyses. Both the pressure
P and the energy density E are evaluated at various values
of the neutron Fermi momentum kn, i.e., on different Fermi
surfaces. On each Fermi surface, the Landau effective mass
provides a more accurate characterization of quasiparticle
dynamics in the presence of interactions, encapsulating mod-
ifications arising from two- and three-body forces. Therefore,
to better account for the influence of three-body interactions
in our numerical analysis for the BHF case, we employ the
Landau effective mass rather than the Dirac effective mass.

In evaluating the BHF-corrected EoS, the energy density
E (r = R) at the stellar surface—defined by P (r = R) = 0—
does not vanish. This may create an issue for the standard
calculation of the tidal Love number k2, which is required
to determine the tidal deformability �. In such cases, a

TABLE III. Parameter sets for DM sector [66,72].

Dark matter sector

Parameters mχ (MeV) mφ (MeV) mξ (MeV) yφ = yξ gφ = gξ

BP I 5 9 11 0.13 1.1 × 10−4

BP II 15 20 34 0.21 1.1 × 10−4
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TABLE IV. BHF fitting parameters [73].

BHF fitting parameters

Parameter a1 b1 c1 a2 b2 c2 d1 d4

Value 0.102 −0.094 0.068 0.699 0.0354 0.0133 −0.0135 −0.367

crust-matching technique can be employed at low energy
densities and pressures to reproduce crustal behavior using
a reliable crust EoS [74]. Here, we adopt the well-known
BSK19 crust EoS, matching it to the low-energy-density por-
tion of our EoS. We locate the energy density at which the
crust EoS intersects the hadronic (or DMANS) EoS—namely,
the point where their pressures are equal—and then construct
a piecewise-continuous EoS: to the left of the intersection,
we replace the original EoS with the BSK19 crust branch,
while to the right we retain the hadronic or DMANS branch,
as appropriate.

III. OBSERVABLES AND COMPARISON WITH DATA

In Fig. 2, we show a comparison of EoSs for the BPII
parameter set obtained within the RMF and BHF approaches.
The EoS lines are passing through a colored region which
represents the constraint, �1.4 < 400 (where �1.4 is the value
of dimensionless tidal deformability � at the benchmark mass
of M = 1.4M�), as obtained in Ref. [75]. In Ref. [75], an
ensemble of EoS are generated with (i) ChEFT EoS for
ρ < 1.1ρ0, (ii) piecewise polytropes between the regions of
validity of ChEFT and pQCD and (iii) NNLO pQCD results
in the high density regime to describe deconfined quark mat-
ter. To obtain this constraint, the condition of existence of
a 2M� NS and the constraint on � from GW170817 have
been imposed. The trends of the slopes of EoSs in both sce-
narios have been found to be consistent with various RMF
EoSs used in the literature [76]. The regions excluded by the

condition P < 3(ρV m�
n + ρV

χ m�
χ + E ) = 3Etot from the rela-

tivistic kinetic theory considerations [57] always fall much
above the EoS lines. The “matching” point on the EoS indi-
cates the point where the crust EoS has been matched with the
BHF-corrected EoS.

In Figs. 3(a) and 3(b), we compare the mass-radius (M-R)
relations for purely hadronic and DMANS scenarios, in both
RMF and BHF cases, respectively, with observational data
from various pulsars listed in Table I. The M-R relations are
obtained by solving the TOV equations as shown in Eq. (B1)
in Appendix B. We find that, at a fixed NS mass, the BHF
corrections significantly reduce the radius compared with the
RMF results, thereby increasing the compactness of the star.
The RMF model yields maximum masses and radii that are
broadly consistent with relatively heavier pulsars and GW ob-
servations. In contrast, the BHF-corrected results show tighter
mass-radius curves, and while they provide better agreement
with low-mass compact stars such as PSR J0437-4715, PSR
J1231-1411, and the ultracompact object HESS J1731-347,
they are not in good agreement with the masses of heavier
pulsars, e.g., PSR J0740+6620.

Similarly, in Fig. 4, we compare the same M-R relations
with various GW events. The BHF cases are not in good
agreement with the mass estimates of GW190425 M1(M2)
[25], whereas the RMF-based results offer a better match.
However, for GW170817 [24] event, the BHF predictions
remain consistent, albeit with smaller radii compared with the
RMF case. We show two special regions, as pointed out in
Ref. [75], of tidal deformability �1.4 at MNS = 1.4M�, i.e.,

FIG. 1. (a) Comparison of RMF and BHF corrected nucleon effective-mass ratios for purely hadronic EoS. (b) The density profiles ρ(r)/ρ0

for RMF and BHF hadronic 2.0M� NS. The higher density in the BHF case leads to a more compact NS.
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FIG. 2. Comparison of EoSs for RMF and BHF-corrected cases
for BP II parameter set. The constraint �1.4 < 400 is taken from
Ref. [75].

�1.4 < 400 and 400 < �1.4 < 800. All the BHF curves lie
within the region �1.4 < 400, which is consistent with the
results shown later in Fig. 5(b).

Interestingly, while Ref. [77] required a large DM fraction
(around 4.75%) to attain consistency with HESS J1731-347,
our BHF-corrected DMANS model achieves good agreement
with a significantly smaller DM fraction of ≈0.2% (or even
no DM at all). The purely RMF-based hadronic model fails
to fall within the radius estimate of PSR J1824-2452I (M28I),

unlike its BHF counterpart. As the DM mass increases (for
fixed kχ ), both the maximum mass and corresponding ra-
dius of the NS decrease, consistent with previous studies
[78–80]. However, we observed that for a fixed NS mass, the
radius is less sensitive to Mχ in the BHF model compared
with the RMF case. We note that hadronic configurations in
the BHF scenario show better agreement with the transient
low-mass X-ray binaries such as EXO 1745-248 and 4U 1608-
52 [4], a feature not captured by the RMF-based hadronic
model.

Although within our BHF approach, more compact objects
can be better explained compared with the RMF approach, the
ultracompact object XTE J1814-338 [81] cannot be explained
in our framework. In the context of RMF models, stud-
ies using bosonic dark matter models [82], Higgs-mediated
fermionic dark matter models [83], mirror dark matter ad-
mixed strange star models [84] and hybrid star models [85]
have all aimed to explain the ultracompact nature of XTE
J1814-338. Given the lesser degree of sensitivity of stellar
radius in the BHF case upon inclusion of DM, achieving con-
sistency with XTE J1814-338 perhaps requires significantly
larger DM masses compared with the RMF scenario.

In Fig. 5(a), we present the mass–compactness (M-C) re-
lations for NSs within both the RMF and BHF frameworks,
considering purely hadronic and DMANS. We find that the
compactness is significantly less sensitive to variations in
the DM mass in the BHF case compared with the RMF
case. Using the derived compactness of PSR J0030+0451
[8], we find that in the BHF scenario, the inferred mass
range for this pulsar lies between (1.03 − 1.19)M�, which is
lower than the observationally estimated mass range for PSR
J0030+0451. In contrast, the RMF-based result yields a more
consistent mass range of (1.19 − 1.49)M�. Conversely, if one
uses the known mass estimate of PSR J0030+0451 to infer

FIG. 3. (a) Mass-radius relationships for hadronic, BPI, and BPII parameters in the RMF scenario. Theoretical results are compared with
relevant experimental results presented for pulsars in Table I. (b) Mass-radius relationships for hadronic, BPI, and BPII parameters in the
BHF scenario. The M-R curves in the BHF scenario are completely within the �(1.4M�) < 400 constraint obtained from Ref. [75], which is
consistent with the result in Fig. 5(b).
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FIG. 4. Mass-radius relationships for hadronic, BPI, and BPII
parameters in both RMF and BHF scenarios are compared with
various GW wave data.

compactness, we obtain C ∈ [0.13, 0.19] for the RMF case
and C ∈ [0.16, 0.20] for the BHF case. These results indicate
that the BHF model is not fully compatible with both the mass
and compactness constraints of PSR J0030+0451, while the
RMF case provides a better fit. As for a particular BHF M-R
curve, the radius of the star is constrained in a very narrow
range around R = 10.9 km, the compactness increases almost
linearly with mass.

In Fig. 5(b), we present the variation of the dimensionless
tidal deformability � as a function of NS mass for both
RMF and BHF models, considering pure hadronic as well as
DMANS scenarios. While the BHF results do not agree well
with the benchmark value �1.4 ≈ 370+360

−130 inferred from the
combined analysis of GW170817 and NICER observations of
PSR J0030+0451 [7], they remain well within the broader
range �1.4 ≈ 70–580 derived from the GW170817 data alone
[23,24]. We also compare theoretical results with 68% confi-
dence limits on GW190425 M1(M2) [86]. At MNS = 1.4M�,
we observe that, for a fixed kχ , the tidal deformability �

in the BHF scenario exhibits reduced sensitivity to the DM
mass compared with the RMF case. This reduced sensitiv-
ity is a consequence of the increased stiffness of the NS
matter resulting from BHF corrections, as discussed ear-
lier. For completeness, Table V provides a summary of the

key macroscopic observables–including the maximum mass
Mmax, corresponding radius Rpeak and �1.4–for the benchmark
DM parameter sets BPI and BPII, in both RMF and BHF
frameworks.

The quantities C and � are connected via Eq. (B12), where
another quantity called tidal Love number k2 is also present
(see Appendix B for its definition and related discussions).
The variation of k2 with DM mass in the RMF and BHF
frameworks has been found to be qualitatively opposite. At
a fixed stellar mass, k2 mildly increases with DM mass in
the RMF case, whereas it decreases mildly in the BHF case.
Understanding the physical origin of this small variation of k2

with respect to (w.r.t.) the DM mass is difficult, given its com-
plex dependence on C and the metric perturbation parameter
yR. However, such mild variations of k2 also have marginal
effects on � compared with the effect of compactness C. The
variation in � is heavily dependent on the variation in C as
� ∼ C−5. In the RMF scenario, C increases upon inclusion of
DM (e.g., at M = 1.4M�, C is larger by 13% for the BPII pa-
rameter set compared with the hadronic scenario). Given the
strong dependence of � on C, this leads to ≈45% decrease in
� for the BPII set compared with the hadronic case. A similar
trend is also observed within the BHF results. Additionally,
for a fixed M, considerable increase of C in the BHF case (by
≈17% in the BHF hadronic case compared with RMF) leads
to a large decrease in � (≈82%) in the BHF case.

We present mass-MoI (M-I) relation in Figs. 5(c) in the
slow-rotation approximation, where the rotation frequency of
the star is always much smaller than the Kepler frequency
and the MoI becomes largely independent of the rotation
frequency of the star. Relevant expressions for the calculations
of MoI are given in Appendix B. Although for a fixed kχ ,
the MoI decreases for increasing Mχ in both scenarios,
variation of MoI is less sensitive to the DM mass in the
BHF case. Similar behavior has been observed w.r.t. radius.
Both the RMF and BHF cases are consistent with mass-MoI
estimates of PSR J0030+0451 [7]. The mass-MoI estimate
of light pulsar PSR J0737-3039A [22,87] is more consistent
with the BHF scenario. Figure. 5(d) presents radius-MoI
(R-I) relations. The BHF case has found not to be in good
agreement with radius-MoI estimate of PSR J00340+0451.
The inferred MoI of PSR J0737-3039A constrains the radius
in the BHF star radii smaller (≈10.6–11 kms) than the
RMF star (≈11.4–13.3 kms). The BHF results are also
consistent with the radius measurement of light pulsar PSR
J1231-1411. We observe that for stars with identical mass,
IBHF turns out to be smaller than IRMF. For instance at
M = 1.4M� (for pure hadronic matter), the ratios,

TABLE V. Maximum masses Mmax of NSs, corresponding radii Rpeak, and tidal deformability at MNS = 1.4M� (denoted by �1.4) for purely
hadronic and DMANS (BPI and BPII) in RMF and BHF frameworks.

RMF BHF

Observables Hadronic BPI BPII Hadronic BPI BPII

Mmax (M�) 2.13 2.08 2.00 2.03 1.99 1.93
Rpeak (km) 11.81 11.34 10.69 10.41 10.29 10.04
�1.4 532 493 336 134 125 109
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FIG. 5. Compactness (C), tidal deformability (�) and MoI (I) of NSs as functions of mass (M in M� units) are presented in panels (a), (b),
and (c), respectively. Panel (d) shows the variation of I with stellar radius (R). Results obtained for purely hadronic and DMANS (for BPI and
BPII) cases in RMF and BHF scenarios are compared with the experimental findings presented in Table I.

RBHF/RRMF ≈ 0.8, �BHF/�RMF ≈ 1.1 and ω̄′
BHF/ω̄

′
RMF ≈ 1.8

(here ω̄′ = dω̄/dr). These ratios give IBHF/IRMF ≈ 0.68
which is consistent with the values obtained from Fig. 5(c).

IV. SPEED OF SOUND AND CONFORMALITY

The speed of sound (CS) inside an NS is a direct measure
of the stiffness of the EoS. This is defined as the slope of the
EoS curve via

C2
S = ∂P

∂E . (17)

In the previous section, we observed that incorporating the
BHF-corrected effective nucleon mass leads to significant
differences in the M-R relations, tidal deformability, compact-
ness, and MoI. Although CS cannot be directly measured, it
can be inferred indirectly from EoS constraints and other NS
observables obtained through pulsar and GW data. Bayesian

methods are commonly used to infer CS from observational
priors by sampling various EoS parametrizations. These stud-
ies suggest that to support the existence of ≈2M� NSs,
CS must exceed the conformal limit CS � c/

√
3 (where c

is the speed of light in vacuum), typically peaking around
ρ ≈ 3ρ0–4ρ0, attaining values C2

S ≈ 0.6 [88]. These results
strongly indicate possible stiffening of the EoS in the NS
interior. We present a comparative analysis of the CS and
associated measures of conformality in the RMF and BHF
frameworks. We note that the inclusion of a small fraction of
DM in the NS does not significantly alter CS [83].

In Fig. 6(a), we show the variation of C2
S as functions of ρV ,

along with the slope (α) and curvature (β) of the energy per
particle (see Appendix C for a brief discussion), in both the
RMF and BHF frameworks. These theoretical predictions are
compared with the confidence intervals derived in Ref. [61],
in which a piecewise-linear speed-of-sound parametrization
was adopted for the EoS in the density range [0.5, 1.1]ρ0 [58],
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FIG. 6. (a) Comparison of C2
S , α, and β [89] in RMF and BHF cases as functions of ρV . The green vertical shaded region bounded by black

dotted lines encloses the 1σ credible region for the peak of C2
S [90]. The shaded regions bounded by purple and green vertical lines enclose

1σ credible intervals for central densities of 1.4 M� and 2.0 M� NSs [59]. (b) EoSs on the C2
S -〈C2

S 〉 plane for hadronic and DMANS matter,
with RMF and BHF curves. Colored dots mark ρV ≈ 1.05 fm−3 (≈7ρ0). The solid black line shows the mean EoS from a statistical ensemble
consistent with constraints in Ref. [89]. (c) Variation of β as a function of ρV for hadronic and DMANS cases. (d) Variation of conformal
distance dc with ρV .

while using the Baym-Pethick-Sutherland EoS at subnuclear
densities and pQCD EoS at asymptotically high densities.
The observational inputs used in their analysis include the
tidal deformability �1.4 from GW170817 [24] and the mass
of PSR J0952–0607 [91], leading to constraints expressed as
functions of energy density E . For comparison with our results
expressed in terms of ρV , we have rescaled the energy density
values in their constraints by a factor of ρ0/E0, where E0 ≈
150 MeV/fm3 denotes the nuclear saturation energy density.

The nonmonotonic behavior of C2
S in the BHF scenario

is consistent with earlier studies [31,47–49]. At sufficiently
high baryon densities, the breach of the conformal limit is
also supported by existing literature [48,88]. However, we

note a tension between the radii of maximally massive stars
(M ≈ 2M�) in the BHF case (R = 10.4 km in the purely
hadronic case) and the corresponding values reported in
Ref. [48]. In Ref. [58], it was shown that for neutron stars
with mass M ≈ 2M�, if the conformal bound is not strongly
violated, the stars are predicted to contain quark-matter cores.
In our BHF-based hadronic EoS, the maximum mass configu-
ration occurs at central energy density Ec ≈ 1412 MeV/fm3,
corresponding to ρV ≈ 1.05 fm−3. This lies slightly outside
the validity range of the BHF fitting function. Nonetheless,
we extrapolate the BHF parametrization up to this density and
find that at high ρV , the BHF corrections bring C2

S close to
the conformal limit. This behavior could be indicative of a
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transition toward weakly coupled quark matter [92,93]. Such
a trend can be attributed to the large negative values of βBHF at
high ρV , as illustrated in Fig. 6(a). Furthermore, the values of
C2

S in the BHF framework lie within the 1σ confidence band
presented in Ref. [61] over the range ρV ≈ [0.6–1.05] fm−3.

We also compare our results with the 1σ credible region
for the location of the peak of C2

S obtained in Ref. [90], as
well as with the central densities corresponding to 1.4M�
and 2.0M� NSs, as reported in Ref. [59]. To ensure that the
CS in the BHF scenario remains causal, apart from C2

S < 1,
we also verify that it satisfies the density-dependent upper
bound derived from relativistic kinetic theory [57], (shown by
RKT + RMF/BHF in the plot where “RKT” is used as an
abbreviation for “relativistic kinetic theory”). The constraint
is given by

C2
S � E + ρV m�

n + ρV χm�χ − P/3

E + ρV m�
n + ρV χm�χ + P . (18)

We have used the appropriate density-dependent effective
masses for all fermionic species to evaluate this inequality.

From Eqs. (17) and (C2), the EoSs can be obtained on the
C2

S − 〈C2
S 〉 plane as shown in Fig. 6(b) in both RMF and BHF

scenarios for both hadronic and DMANS matter. The contour
dc = 0.2 [89] (refer to Appendix C for a brief discussion on
various measures of conformality) separates nonconformal
(dc > 0.2) and nearly conformal (dc � 0.2) behavior. Near
ρV ≈ 7ρ0 ≈ 1.05 fm−3, the BHF case is much closer to full
conformality (the point of intersection of the lines C2

S = 1/3
and 〈C2

S 〉 = 1/3) than the RMF case. Similarly, one can get
the EoS on the � − C2

S plane to arrive at the same conclusion.
Moreover, unlike the RMF scenario, the BHF EoS in the latter
case has been found to be consistent with the 1σ interval of
� as a function of C2

S at the center of maximally stable heavy
NSs [90].

In Fig. 6(c), we show the variation of β as functions of
ρV . Conformality sets in for both RMF and BHF around the
same density of ρV ≈ 0.8 fm−3. At even higher densities,
both are consistent with the 2σ confidence interval. Moreover,
unlike RMF, within the intermediate density range of [0.3,0.6]
fm−3, the BHF scenario is consistent with the 1σ confidence
interval. An enhanced values of β in the BHF case in the
range ρV ∈ [0.3 − 0.8] fm−3 implies an enhanced value of
compression modulus [94].

In Fig. 6(d), we show the variation of the conformal dis-
tance dc [59] as functions of ρV . In the density range of
[0.3 − 0.95] fm−3, the BHF scenario is more consistent with
the 1σ limits than RMF. However, for densities beyond 0.95
fm−3, this trend is reversed.

Besides these results, we have also studied the varia-
tion of the polytropic index (γ ) with ρV . In the range of
0.4–0.7 fm−3, the BHF case has been found to be much more
consistent with the 1σ limit [61] than the RMF case. At even
higher densities, both cases are consistent with 2σ confidence
limit. For the BHF case, the onset of conformality occurs
(γ ≈ 1.75, a necessary but not a sufficient condition [95])
at a baryon density slightly higher than the RMF case. We
have also studied the variation of the conformal distance dc

with C2
S . The RMF EoS crosses the dc = 0.2 conformality

threshold at lower values of C2
S compared with the BHF case.

In the high-density limit, BHF cases are much closer to full
conformality than the RMF cases, but at a lower C2

S compared
with the RMF.

V. CONCLUSION AND DISCUSSION

In this work, we have studied the properties of ultradense
matter, speed of sound, and various aspects of conformality in
NSs with and without an admixture of DM, using a relativis-
tic mean-field model improved by the inclusion of realistic
medium effects of many-body interactions. Specifically, we
implemented BHF-informed effective nucleon masses within
the RMF framework [73] to model interacting fermionic DM
admixed with normal nuclear matter described by the SU(2)
chiral sigma model [66]. We have shown the effects of such
many-body interactions on macroscopic observables, speed of
sound and conformality of purely hadronic and DMANS.

The BHF-corrected EoS for static neutron stars lowers the
maximum mass (1.9M�–2.0M�) compared with the purely
RMF case (2M�–2.2M�). The inclusion of BHF corrections
increases the compactness of the star, allowing for improved
consistency with smaller compact objects, e.g., HESS J1731-
347 and PSR J1231-1411. In contrast with Ref. [77], our
results are in agreement with HESS J1731-347 with a much
smaller density of DM. In the BHF scenario, as the DM mass
increases, the maximum masses and the corresponding radii
decrease; also, the radii are less sensitive to DM mass com-
pared with the RMF case. Large DM masses (e.g., 15 GeV or
more) lead to tension with the mass of very heavy pulsars, but
are still consistent with relatively low mass compact objects,
e.g., HESS J1731-347. Dimensionless tidal deformabilities
(�) are consistent with measurements on GW170817 [23,24]
but in tension with joint analysis of PSR J0030+0451 and
GW170817 [7]. These effects demonstrate that current DM
admixed RMF models, which do not include many-body ef-
fects between nucleons, need to be improved if they are to
achieve consistency with data on heavy NSs. The M-R rela-
tions obtained within the BHF framework are well within the
constraint �(1.4M�) < 400 [75], a result confirmed by the
corresponding M-� relations.

The BHF correction also changes the behavior of the speed
of sound by making its profile nonmonotonic [31,47–49] and
improving agreement in the high density regime with the
available confidence limits from Ref. [61]. Such behavior of
C2

S could be indicative of the onset of a weakly coupled quark-
matter phase [92,93]. For both RMF and BHF scenarios,
the C2

S profile is consistent with constraints from relativis-
tic kinetic theory [57]. The BHF-corrected EoS approaches
conformality more closely than the RMF case near ρV

n ≈
7ρ0 ≈ 1.05 fm−3, as illustrated on the C2

S -〈C2
S 〉 plane. BHF

results better match the 1σ confidence limits for conformality
parameters, e.g.,β [59] and dc [61].

A brief discussion of some possible extensions of the
present work is in order. The construction of the SU(2) chiral
sigma model used in this work employs nucleons that are
degenerate in mass. A more realistic model with isospin-
breaking effect by introducing an isovector scalar field could
be considered. Different effective-mass profiles for n and p
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can be used [73] in this scenario to obtain more refined results.
Effects of couplings between mesons, rapid rotation, and fi-
nite temperatures would further influence the present results,
as would the introduction of conjectured additional degrees
of freedom such as hyperons along with nucleon-hyperon
three-body interactions. Effects of external parameters such
as temperature and strong magnetic field on β-equilibrated,
charge-neutral nuclear and quark matter [96–99] in the context
of NS observables might be an interesting avenue to inves-
tigate in the future. Moreover, because of differences in the
speed of sound profile of the BHF scenario compared with the
RMF, it would be interesting to investigate the effects of such
differences in the nonradial modes of oscillations of NS, such
as r modes [100] and g modes [101].
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APPENDIX A: EOS AND EOM

The quantity � introduced in Eq. (15) is defined as
follows:

� = g2
σ x2

0

Cσ

[
Y

4

8
− BY

6

12Cω

+ CY
8

16C2
ω

]
, (A1)

where Y
2 = 1 − Y 2. This captures the contribution to the EoS

coming from the scalar potential U (x̄). Using the relations,
Cσ = g2

σ /m2
σ and Cω = g2

ω/m2
ω = x−2

0 = f −2
π , the above ex-

pression for � simplifies to

� = m2
σ f 2

π

[
Y

4

8
− f 2

π BY
6

12
+ f 4

πCY
8

16

]
. (A2)

In the above, we have used the nucleon effective-mass ratio Y
defined as

Y = gσ σ + gφφ

mN
. (A3)

The effective nucleon mass is given by m∗
N = Y mN . Similarly,

the effective DM mass ratio is given by

YDM = mχ + yφφ

mχ

. (A4)

The quantity �±, introduced in Eq. (15), is defined as
follows:

�± = Cω(ρV )2

2Y 2
+ 1

2
m2

ρ (ρ03)2 + 1

2
m2

ξ (ξ 0)2 ± 1

2
m2

φφ2,

(A5)

where the first (second) index on ρ denotes the Lorentz
[SU(2)] index. All other components of �ρμ are zero. This
captures contributions coming from the mass terms of vari-
ous mesons. In this expression ρV = ρV

n + ρV
p . However, in

the case of a hadronic sector composed solely of neutrons,
ρV = ρV

n (since ρV
p = 0). The EoM for φ is

φ = − gφ

m2
φ

ρS − yφ

m2
φ

ρS
χ , (A6)

where ρS = ρS
n + ρS

p . Using the familiar results of 〈ψγ iψ〉 =
0 = 〈χγ iχ〉 (i = 1, 2, 3) at zero temperature [67], and hence,
ξ i = 0, we get the EoM for ξ 0 as

ξ 0 = gξ

m2
ξ

ρV + yξ

m2
ξ

ρV
χ

= gξ

m2
ξ

( γn

6π2
k3

n + γp

6π2
k3

p

)
+ yξ

m2
ξ

γχ

6π2
k3
χ . (A7)

Here, ρV = ρV
n + ρV

p . Similar reasoning leads to ωi = 0 and
we get the EoM of ω0 as

ω0 = ρV

gωσ 2
= 1

gωσ 2

( γp

6π2
k3

p + γn

6π2
k3

n

)
. (A8)

Similar assumptions lead to

ρ03 = gρ

2m2
ρ

(
ρV

n − ρV
p

) = gρ

2m2
ρ

( γn

6π2
k3

n − γp

6π2
k3

p

)
. (A9)

The EoM for σ is as follows:

2Cσ ρS

Y (mN − gφφ0)
− 2CσCωρV 2

Y 4(mN − gφφ0)2
− Y

2 + B

Cω

Y
4

− C

C2
ω

Y
6 = 0. (A10)

Using the expression for ρV
n from Eq. (12) and using the EoMs

for ρ03 and ξ 0 (shown above) in the pure neutron matter case,
the expression of �± simplifies to

�± = γ 2
NCωk6

n

72π4Y 2
+ γ 2

NCρk6
n

288π4
+

(
γN gξ k3

n + γχyξ k3
χ

)2

72π4m2
ξ

± 1

2
m2

φφ2. (A11)

APPENDIX B: MACROSCOPIC PROPERTIES OF
NEUTRON STARS

The mass-radius (M-R) relation of neutron stars is obtained
by numerically solving the TOV equations, expressed here in
gravitational units:

dP
dr

= − (E + P )
(
M + 4πr3P

)
r(r − 2M)

,

dM
dr

= 4πr2E, (B1)

where M(r) is the enclosed mass within radius r, P (r) is the
pressure, and E (r) is the energy density. These equations are
integrated simultaneously with the following boundary condi-
tions: at the center of the star (r = 0), the pressure and mass
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satisfy P (0) = Pc and M(0) = 0, where Pc is the central
pressure (or equivalently, Ec is the central energy density). The
surface of the star is defined by the condition P (R) = 0, which
determines the stellar radius R. The stellar mass is obtained
from M(r = R) = M.

The compactness of a neutron star (NS) is a dimensionless
quantity, defined as

C = GM

c2R
, (B2)

where G is Newton’s gravitational constant, c is the speed of
light in vacuum, M is the mass of the star, and R is its radius.
Since this is a dimensionless quantity, its numerical value
remains the same regardless of the unit system. To obtain
the compactness at an arbitrary radius r within the star, one
replaces M → M(r) and R → r in the above expression.

To calculate the MoI of a NS, one must take into account its
rotation. In a rotating NS, the centrifugal force experienced by
a fluid element depends not only on the angular velocity � of
the star but also on the local frame-dragging angular velocity
ω(r) at a radial coordinate r. The relative angular velocity is
defined as

ω̄(r) = � − ω(r). (B3)

In the slow-rotation approximation, ω̄(r) satisfies the follow-
ing second-order ordinary differential equation (ODE) [102]:

1

r4

d

dr

(
r4 j(r)

dω̄

dr

)
+ 4

r

d j(r)

dr
ω̄ = 0, (B4)

where j(r) = e−ν
√

1 − 2M(r)/r for r < R and j(r) = 1 for
r � R. Also, ν(r) satisfies the following ODE:

dν

dr
= M(r) + 4πr3P (r)

r[r − 2M(r)]
. (B5)

The rotation frequency �(R) at the surface of the star is related
to ω̄(r) by the matching condition:

�(R) = ω̄(R) + R

3

(
dω̄

dr

)
r=R

. (B6)

To solve Eq. (B4), one imposes regular boundary conditions:
(dω̄/dr)r=0 = 0 and ω̄(0) = ω̄c, where ω̄c is an arbitrarily
chosen central value. Since Eq. (B4) is linear in ω̄, the solution
can be scaled to match any desired �(R). The MoI can be cal-
culated in the slow rotation approximation using the following
expression [67]:

I = c2

6G

[
R4

�(R)

(
dω̄

dr

)
r=R

]
. (B7)

Although there is arbitrariness in the choice of the initial value
ω̄c, this does not affect the final value of I in the slow rota-
tion approximation, since both �(R) and (dω̄/dr)r=R scale
linearly with ω̄c, and their ratio remains invariant.

Starting from the following unperturbed spherically sym-
metric, static metric,

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2θdφ2), (B8)

one can perform a perturbative analysis on it to calculate �.
The perturbed metric component y(r) satisfies the following

first-order nonlinear ODE:

r
dy

dr
+ y2 + yeλ[1 + 4πr2(P − E )] + r2Q = 0, (B9)

where

Q(r) = 4πeλ

(
5E + 9P + E + P

C2
S

)
− 6eλ

r2
−

(
dν

dr

)2

,

(B10)
Using the boundary condition y(0) = 2, we calculate the tidal
Love number k2 [103,104] as

k2 = 8

5
C5(1 − 2C)2[2 − yR + 2C(yR − 1)]

× [2C{6 − 3yR + 3C

× (5yR − 8)} + 4C3{13 − 11yR + C(3yR − 2)

+ 2C2(1 + yR)}
+ 3(1 − 2C)2{2 − yR + 2C(yR − 1)} ln (1 − 2C)]−1.

(B11)

Here, yR = y(r = R) is the value of the perturbed metric ele-
ment at the surface of the star and � is given by [105]

� = 2

3
k2C

−5 = 2

3
k2

(
Rc2

GM

)5

. (B12)

For the static NS, one solves the set of equations (B1),
(B5), and (B9). However, in the slowly rotating NS case,
one solves Eqs. (B1), (B4), (B5), and (B9) simultaneously to
calculate all the relevant observables.

APPENDIX C: MEASURES OF CONFORMALITY

Classical massless QCD turns out to exhibit conformal
symmetry. Such a symmetry is characterized by the matter
part of the trace anomaly [60] 〈�〉 = 〈T μ

μ 〉 = E − 3P = 0,
where T is the stress energy tensor of the model. So, fully
conformal matter is characterized by the EoS P = E/3. How-
ever, quantizing the theory breaks this symmetry at the loop
level due to finite masses of quarks. This deviation from
conformality is measured by the deviation of 〈�〉 from zero.
As proposed in Ref. [60], however, we use

� = 1

3
− P

E = 〈�〉
3E , (C1)

as a measure of trace anomaly. Thermodynamic stability
(P � 0) and causality (0 � C2

S < 1) require that −2/3 <

� < 1/3. The average 〈C2
S 〉, in an energy density interval

[0, E] is defined as

〈C2
S 〉 = 1

E

∫ E

0
dE ′ dP

dE ′ = P (E )

E . (C2)

This assumes a uniform probability distribution of E . This
leads to an alternate expression of 〈C2

S 〉 as follows 〈C2
S 〉 =

1/3 − �. There are two different representations of C2
S that

one can use in the present context. One can decompose C2
S as

a sum of slope (α) and curvature (β) of energy per particle
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E/ρ as follows [61]

C2
S = 1

μ

dP
dρ

= 2ρ

μ

d (E/ρ)

dρ
+ ρ2

μ

d2(E/ρ)

dρ2
= α + β, (C3)

where μ is the baryon chemical potential. The quantities α

and β are defined as

α = 2ρ

μ

d (E/ρ)

dρ
= 2C2

S

C2
S + γ

= 2
1/3 − �

4/3 − �
, (C4)

and

β = ρ2

μ

d2(E/ρ)

dρ2
= C2

S − α. (C5)

The polytropic index γ is defined as

γ = E
PC2

S = C2
S〈

C2
S

〉 = C2
S

1/3 − �
. (C6)

An alternate representation of C2
S is as follows:

C2
S = 1

3 − � − �′, (C7)

where

�′ = E d�

dE = 〈
C2

S

〉 − C2
S . (C8)

The quantities � and �′ are called nonderivative and deriva-
tive contributions to the speed of sound, respectively. The
conditions −2/3 < � < 1/3 and C2

S ∈ [0, 1] lead to α ∈
[0, 1] and β ∈ [−1, 1]. At very low values of ρV , conformal
symmetry is broken, i.e.,C2

S → 0 and � → 1/3. This implies
that α → 0 and β → C2

S . On the other hand, at asymptotically
high ρV , conformal symmetry is restored, i.e., � → 0, and
hence, C2

S → 1/3 and 〈C2
S 〉 → 1/3. This leads to α → 1/2

and β → −1/6. Hence, in the asymptotically large baryon
density, � → 0 and �′ → 0 in the fully conformal limit. This
implies that the conformal distance [59]

dc =
√

�2 + �′2 =
√(

1/3 − 〈C2
S 〉)2 + (

C2
S − 〈C2

S 〉)2
(C9)

vanishes in the fully conformal limit. However, it is useful to
ask for values of various parameters described above (and the
corresponding baryon density around which such values are
reached), which can characterize the onset of conformality.
This could prove to be useful as intermediate densities where
conformality sets in could be close to densities reached in
NSs. It has been shown in the literature that � = 0 [60], β = 0
[61], γ ≈ 1.75 [58], and dc ≈ 0.2 [59] serve as fairly good
threshold conditions for the onset of conformality.
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