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γZ-exchange contribution in elastic ep scattering by perturbative QCD
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In this study, we calculate the γ Z-exchange contribution to elastic ep scattering at large momentum transfer
within perturbative quantum chromodynamics (pQCD). We present analytical expressions for the γ Z-exchange
contributions to the amplitudes. We also estimate the asymptotic behaviors of the amplitude contributions and
of the physical quantity APV at high momentum transfer. These asymptotic behaviors determine the subtraction
order in the dispersion relations (DRs) satisfied by the amplitudes. At high Q2 beyond the forward limit, our
pQCD analysis shows that this subtraction order is fixed by the high-ν behavior of the amplitude coefficients
cγ Z,PV

i , and that cγ Z,PV
3,A requires a once-subtracted DR. Within the present pQCD framework and the adopted

proton distribution amplitudes, these high-energy results also provide nontrivial constraints on low-energy DR
assumptions.

DOI: 10.1103/8j1r-3yxl

I. INTRODUCTION

The two-photon-exchange (TPE) contribution has been
shown to have a sizable effect on the extraction of elec-
tromagnetic form factors (FFs) in unpolarized ep scattering.
Similarly, the γ Z-exchange contribution also plays an impor-
tant role in extracting the proton weak charge and strange
FFs. Many methods have been applied to estimate these
two-boson-exchange (TBE) contributions, including hadronic
models [1–4], general parton distributions [5–7], perturba-
tive quantum chromodynamics (pQCD) [8–10], dispersion
relation (DR) methods [11–14], and lattice quantum chro-
modynamics (QCD) [15–19]. Among these methods, pQCD
provides a reliable prediction of the high-energy behavior of
these contributions. These behaviors are directly useful at high
energy and also indicate the subtraction properties in the DR
method. The TPE contribution in elastic ep scattering has been
studied in Ref. [9], and the corresponding γ Z-exchange con-
tribution in pQCD was investigated in Ref. [20]. We extend
those studies by presenting the results directly in terms of the
invariant amplitudes cγ Z,PV

i , including the full set of parity-
violating coefficients and their high-ν behavior at large Q2.
For the DR analysis, we focus on these amplitude coefficients
rather than on the combinations �V,A

γ Z that enter APV. As shown
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in Ref. [21], DRs written directly for �V,A
γ Z are reliable only in

the forward approximation, whereas DRs for cγ Z,PV
i or for the

helicity amplitudes provide the appropriate starting point at
finite Q2.

In this work, we extend the pQCD calculation of the TPE
contribution in ep scattering to the γ Z-exchange contribution
at large Q2, and we analyze the high-ν behavior of the am-
plitude coefficients cγ Z,PV

i and the implications for their DRs
beyond the forward limit. In Sec. II, we present the basic for-
malism, including the amplitude decomposition, the relevant
couplings, and the pQCD setup for TPE and γ Z exchange.
In Sec. III, we give the analytical results for the invariant
amplitudes. In Sec. IV, we present the numerical analysis,
extract the high-energy asymptotic behaviors, and discuss the
implications for DRs of cγ Z,PV

i . Section V summarizes the
main conclusions.

II. BASIC FORMALISM

A. Expressions for two-photon-exchange contribution
in elastic ep within pQCD

The TPE contribution in elastic ep scattering is discussed
in Ref. [9] using the pQCD method. Here, we review the basic
formalism used in this method. Within pQCD for ep scatter-
ing, at leading order in the coupling, there are 24 Feynman
diagrams, and some of them are shown in Fig. 1. The momenta
of the incoming electron, outgoing electron, incoming proton,
and outgoing proton are labeled as p1,3,2,4, respectively. me is
the electron mass and mN is the proton mass. For convenience,
we define

P ≡ 1
2 (p2 + p4), K ≡ 1

2 (p1 + p3), q ≡ p1 − p3,

Q2 ≡ −q2, ν ≡ K · P, s ≡ (p1 + p2)2. (1)
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(a)

FIG. 1. One of the Feynman diagrams for the TPE contribution
in ep → ep, where the two photons are connected to two u quarks,
and the gluon is connected to the u and d quarks.

The corresponding amplitude for the Feynman diagram in
Fig. 1 is

M(a)
2γ = −i

∫ 1

0
[dxdy]ū3�

ν
γ eeSe(p1 − y1 p4 + x1 p2)

×�μ
γ eeu1�

fin
P (ī, j̄, k̄, ᾱ, β̄, κ̄, p4, λ4)

[
�ω

γ uu

]
ᾱα

δīi

× [
�σ

γ uuSq((x2 + x3)p2 − y3 p4)�ρ
guu

]
β̄β

T a
j̄ j

× [
�

η

gdd

]
κ̄κ

T a
k̄k�

ini
P (i, j, k, α, β, κ, p2, λ2)

× Dg,ρη[y3 p4 − x3 p2]Dγ ,μω(y1 p4 − x1 p2)

× Dγ ,νσ ((y2 + y3)p4 − (x2 + x3)p2), (2)

where x1,2,3, y1,2,3 are the corresponding momentum factors
of the quarks in the proton and

[dxdy] ≡ dx1dx2dx3dy1dy2dy3δ(x1 + x2 + x3 − 1)

× δ(y1 + y2 + y3 − 1) (3)

with

x1 + x2 + x3 = 1, 0 � xl � 1,

y1 + y2 + y3 = 1, 0 � yl � 1. (4)

The indices i, j, k and ī, j̄, k̄ denote quark color, α, β, κ and
ᾱ, β̄, κ̄ are Dirac indices, a, b are gluon color indices, λ2,4 are
the helicities of the incoming and outgoing proton, and �fin/ini

P
are the distribution amplitudes of the outgoing and incoming
protons in pQCD. The propagators Se(k), Dγ ,μν (k), Sq(k), and
Dg,μν (k) for the electron, photon, quark, and gluon are

Dγ ,μν (k) = −i

k2 + iε
gμν, Se(k) = i(/k + me)

k2 − m2
e + iε

,

Dg,μν (k) = −i

k2 + iε
gμν, Sq(k) = i/k

k2 − m2
q + iε

, (5)

The vertices are

�μ
γ ee = −ieγ μ, �μ

γ uu = iQueγ μ,

�
μ

γ dd = iQd eγ μ, �
μ

gdd/uu = −igsγ
μ, (6)

where e is the electromagnetic interaction coupling constant,
gs is the strong interaction coupling constant, and Qu = 2/3
and Qd = −1/3 are the quark charges. The distribution am-
plitudes are expressed as

�ini
P [i, j, k, α, β, κ, p, λ] = 1

24εi jk
{
V [�pC]αβ[γ5u(p, λ)]κ

+ A[�pγ5C]αβ[u(p, λ)]κ

+ T [σμν pνC]αβ[γ μγ5u(p, λ)]κ
}
,

�fin
P [i, j, k, α, β, κ, p, λ] = (

�ini
P [i, j, k, α, β, κ, p, λ]

)∗
,

(7)

where C is the charge-conjugation matrix, u+(p, λ) is the
plus component of the Dirac spinor, and the functions A,V, T
are scalar functions. The above distribution amplitudes corre-
spond to the matrix element in Ref. [9]:

εi jk�
ini
P [i, j, k, α, β, γ , p, λ]

∼ 4〈0|εi jkui
α (x1n)u j

β (x2n)dk
κ (x3n)|p, λ〉

= V p+[(
1
2 n̄ · γ

)
C

]
αβ

[γ5N+]σ + Ap+[(
1
2 n̄ · γ

)
γ5C

]
αβ

× [N+]σ + T p+[
1
2 iσ⊥n̄C

]
αβ

[γ ⊥γ5N+]σ , (8)

where the incoming-proton momentum satisfies 1
2 n̄p+ ∼ p

and the spinor satisfies N+ ∼ u+(p, λ). In the practical cal-
culation, we take the functions A,V, T to be the same as those
used in Ref. [9]:

V (xi ) = 120x1x2x3 fN [1 + r+(1 − 3x3)],

A(xi ) = 120x1x2x3 fN r−(x2 − x1),

T (xi ) = 120x1x2x3 fN [1 + 1/2(r−r+)(1 − 3x3)]. (9)

The parameters fN , r± are listed in Table I, where three mod-
els are used: COZ [22], BLW [23], and QCDSF [24].

For the running coupling constant αs(Q2) ≡ g2
s/(4π ), we

use

αs(Q
2) = 1

b0t

(
1 − b1

b2
0

l

t

)
, (10)

where

l = ln[t], b0 = 33 − 2n f

12π
,

t = ln

[
Q2

�2
QCD

]
, b1 = 153 − 19n f

24π2
(11)

with �QCD = 0.2 GeV and n f = 4.

TABLE I. Parameters fN and r± in the COZ [22], BLW [23], and QCDSF [24] models.

fN (10−3) GeV2 r− r+

COZ 5.0 ± 0.5 4.0 ± 1.5 1.1 ± 0.3
BLW 5.0 ± 0.5 1.37 0.35
QCDSF 3.23 ± 0.06 ± 0.09 1.06 ± 0.09 ± 0.31 0.33 ± 0.03 ± 0.11
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FIG. 2. One of the Feynman diagrams for γ Z exchange in ep →
ep, where the photon and the Z boson are attached to two u quarks,
and the gluon is attached to the u and d quarks.

We note that, at the leading order considered here, (α2
e αs), the

box diagrams in Figs. 1 and 2 contain no explicit infrared
divergence. Infrared divergences from additional gluon ex-
changes appear only at the next order (α2

e α
2
s ), which is beyond

the scope of the present work.

B. γZ-exchange contribution in elastic ep scattering

Similar to the TPE case, the γ Z-exchange contribution can
also be estimated by pQCD at high energy, and there are 48
Feynman diagrams for this process at leading order. We show
one diagram in Fig. 2, where the notations are the same as
those used in the TPE case. The corresponding amplitude is

M(a)
γ Z = −i

∫ 1

0
[dxdy]ū3�

ν
ZeeSe(p1 − y1 p4 + x1 p2)�μ

γ eeu1�
fin
P (ī, j̄, k̄, ᾱ, β̄, κ̄, p4, λ4)

[
�ω

γ uu

]
ᾱα

δīi

× [
�σ

ZuuSq((x2 + x3)p2 − y3 p4)�ρ
guu

]
β̄β

T a
j̄ j

[
�

η

gdd

]
κ̄κ

T a
k̄k�

ini
P [i, j, k, α, β, κ, p2, λ2]

× Dg,ρη(y3 p4 − x3 p2)Dγ ,μω(y1 p4 − x1 p2)DZ,μσ ((y2 + y3)p4 − (x2 + x3)p2), (12)

where the vertices are

�
μ
Zee = −i

(
ḡe

V γ μ + ḡe
Aγ μγ5

)
,

�
μ
Zuu = −i

(
ḡu

V γ μ + ḡu
Aγ μγ5

)
,

�
μ

Zdd = −i
(
ḡd

V γ μ + ḡd
Aγ μγ5

)
(13)

with

ḡe,u,d
V,A = − e

4 sin θW cos θW
ge,u,d

V,A , (14)

and θW the Weinberg angle, and

ge
V = −1 + 4 sin2 θW , ge

A = −1,

gu
V = 1 − 8/3 sin2 θW , gu

A = 1,

gd
V = −1 + 4/3 sin2 θW , gd

A = −1. (15)

The propagator of Z boson is taken as

DZ,μν (k) ≡
(

gμν − (1 − ξZ )
kμkν

k2 − ξZM2
Z + iε

)

× −i

k2 − M2
Z + iε

= −i

k2 − M2
Z + iε

gμν (16)

with ξZ = 1.

C. Invariant amplitudes

To discuss the TBE contribution at the amplitude level, we
express the amplitude in a general form as

M = MPC + MPV, (17)

where the indices PC and PV refer to the parity-conserving
and parity-violating parts, respectively. In the practical

calculation, we choose

MPC,PV =
3∑

i=1

cPC,PV
i MPC,PV

i (18)

with

MPC
1 ≡ [ū3γμu1][ū4γ

μu2],

MPC
2 ≡ 1

Q
[ū3 /Pu1][ū4u2],

MPC
3 ≡ 1

Q2
[ū3 /Pu1][ū4 /Ku2], (19)

and

MPV
1 ≡ [ū3γμγ5u1][ū4γ

μu2],

MPV
2 ≡ 1

Q
[ū3γμγ5u1][ū4iσμνqνu2],

MPV
3 ≡ 1

Q2
[ū3 /Pγ5u1][ū4 /Ku2]. (20)

Here, we note that since we focus on the behavior of the
amplitudes in the limit MN/Q → 0, we use Q (rather than MN

as in Refs. [9,20]) to scale the invariant amplitudes.
For the one-photon-exchange diagram, we have

M1γ = −iū3(−ieγ μ)u1
−igμν

(p1 − p3)2
ū4

×
[

ie

(
F1γ

ν + F2
iσαν

2MN
(p4 − p2)α

)]
u2, (21)

where F1 and F2 are the Dirac and Pauli form factors. The
amplitude is

M1γ ≡
3∑

i=1

c1γ
i MPC

i . (22)
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Then, the corresponding coefficients are

c1γ

1 = e2(F1 + F2)

Q2
, c1γ

2 = −e2F2

2MN Q
, c1γ

3 = 0. (23)

In Ref. [9], the full amplitude for OPE + TPE diagrams is
written as

M = e2

Q2
ū3γμu1 × ū4

(
G̃Mγ μ − F̃2

Pμ

MN
+ F̃3

γ · KPμ

M2
N

)
u2,

(24)

where

G̃M ≡ GM + δG̃M ,

F̃2 ≡ F2 + δF̃2, (25)

and

GM ≡ F1 + F2, GE ≡ F1 − τF2. (26)

Comparing with our notations, we have

e2

Q2
δG̃M = c(2γ )

1 ,

e2

MN Q
δF̃2 = −c(2γ )

2 ,

e2

M2
N

F̃3 = c(2γ )
3 . (27)

D. Physical quantities expressed by ci

In principle, when c1γ
i , c1Z

i , c2γ
i , and cγ Z

i are known, all
OBE and TBE contributions to unpolarized and polarized
observables are determined. In this subsection, we use these
coefficients to express the unpolarized cross sections and APV.

For the unpolarized cross section, in the leading order of
αe with αe ≡ e2/(4π ), one has

dσ
1γ⊗1γ
un

d�
= 1

64π2s

E ′

E

1

4

∑
helicity

M1γM∗
1γ , (28)

where M1γ is given in Eq. (21), and E ′ and E are the ener-
gies of the initial and final electrons in the laboratory frame,
respectively. This gives the usual form

σ
1γ⊗1γ
R ≡ 1

R

dσ
1γ⊗1γ
un

d�
= G2

M (Q2) + ε

τ
G2

E (Q2), (29)

where

R ≡ 1

64π2s

E ′

E

2e4

(1 − ε)
, τ ≡ Q2

4M2
N

. (30)

For the TPE contribution, where the TPE amplitude is
written as

M2γ ≡
3∑

i=1

c2γ

i MPC
i , (31)

we have

dσ
1γ⊗2γ
un

d�
= 1

64π2s

E ′

E

1

4

∑
helicity

2Re[M1γ ∗M2γ ], (32)

which gives

σ
1γ⊗2γ
R � 2GM (δG̃M + F̃3εN ) + 2GEε

τ
(δG̃M + F̃3N )

(33)

with

N ≡
√

(1 − ε2)τ (1 + τ )

1 − ε
. (34)

Here, the contribution from δF̃2 has been neglected since it is
zero at the leading order of pQCD.

For the asymmetry quantity APV, which is defined as

APV ≡
∑

helicity (M+M∗
+ − M−M∗

−)∑
helicity (M+M∗+ + M−M∗−)

, (35)

where M+,− are the helicity amplitudes for incoming-
electron helicities +,−, respectively, the γ Z-exchange con-
tribution can be written as

Aγ⊗γ Z
PV = 1

e2σ

3∑
i=1

Ni Re
[
cγ Z,PV

i

]

= 1

e2σ

3∑
i=1

Ni
{

Re
[
cγ Z,PV

i,V

]
gA

e + Re
[
cγ Z,PV

i,A

]
gV

e

}
≡ Re

[
�V

γ Z

] + Re
[
�A

γ Z

]
, (36)

where

σ = 4F 2
1 M2

N

(
16ν2 − 4M2

N Q2 + Q4
) + 16F1F2M2

N Q4

+ F 2
2 Q2

(
16ν2 + 4M2

N Q2 − Q4
)
, (37)

and

N1 = 8M2
N Q2

[(
16ν2 − 4M2

N Q2 + Q4
)
F1 + 2Q4F2

]
,

N2 = 2MN Q3[8M2
N Q2F1 + (

16ν2 − 4M2
N Q2 + Q4)F2

]
,

N3 = 8M2
Nν

(
16ν2 − 4M2

N Q2 + Q4
)
F1, (38)

cγ Z,PV
i,V , cγ Z,PV

i,A , and cγ Z,PV
i are defined as

Mγ Z ≡
3∑

i=1

(
cγ Z,PC

i MPC
i + cγ Z,PV

i MPV
i

)
,

cγ Z,PV
i ≡ cγ Z,PV

i,V gA
e + cγ Z,PV

i,A gV
e . (39)

Here, we note that the definitions of P, K , ν, and ci are slightly
different from those in Ref. [25].

III. ANALYTICAL RESULTS

In the large-Q2 limit, where we approximately take me → 0
and MN/Q → 0, the TPE contribution from Fig. 1 to the
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coefficients is

δG̃(a)
M =

∫ 1

0
[dxdy]

−e2Q2
ug2

ss[4T T ′ + (A − V )(A′ − V ′)]
36Q4x3(x2 + x3)2y1y3(y2 + y3)(s(x1 − y1) + Q2(x2 + x3)y1 + iε)

,

δF̃ (a)
2 = 0,

ν

M2
N

F̃ (a)
3 =

∫ 1

0
dxidyi

−e2Q2
ug2

ss[4T T ′ + (A − V )(A′ − V ′)]
18Q4x1x3(x2 + x3)y1y3(y2 + y3)(s(x1 − y1) + Q2(x2 + x3)y1 + iε)

, (40)

where the variables in V, T, A and V ′, T ′, A′ are (x1, x2, x3) and (y1, y2, y3), respectively.
Similarly, the coefficients for all Feynman diagrams are

δG̃M = −αemαs

Q4

16π2

9
(2ζ − 1)

∫ 1

0
[dxdy]

x2y2

D

{
Q2

u[4T T ′ + (V + A)(V ′ + A′)](3, 2, 1)

+ QuQd [4T T ′ + (V + A)(V ′ + A′)](1, 2, 3) + 2QuQd [VV ′ + AA′](1, 3, 2)
}
,

δF̃2 = 0,

ν

M2
N

F̃3 = −αemαs

Q4

8π2

9
(2ζ − 1)

∫ 1

0
[dxdy]

(x2ȳ2 + x̄2y2)

D

{
Q2

u[4T T ′ + (V + A)(V ′ + A′)](3, 2, 1)

+ QuQd [4T T ′ + (V + A)(V ′ + A′)](1, 2, 3) + 2QuQd [VV ′ + AA′](1, 3, 2)
}
, (41)

where some variable transformations are used. The symbol (1,2,3) means that the variables in V, A, T and V ′, A′, T ′ are x1,2,3

and y1,2,3 in order, ζ ≡ s/Q2 with ζ � 1, and ζ̄ ≡ 1 − ζ . We define

D = (y1y2ȳ2)(x1x2x̄2)[x2ζ̄ + y2ζ − x2y2 + iε][x2ζ + y2ζ̄ − x2y2 + iε]. (42)

The above results are the same as those given in Ref. [9]. In this work, we also calculate the γ Z-exchange contribution to the
corresponding PV coefficients, which are

cγ Z,PV
1,A = 16π3α2

e αs

9Q4 sin2 2θW

∫ 1

0
[dxdy](x2y2 − 2(x2 + y2)ζ ζ̄ )

[
MA

(3,2,1) − MA
(1,2,3) + MA

(1,3,2)

]
,

cγ Z,PV
3,A = 32π3α2

e αs

9Q4 sin2 2θW

∫ 1

0
[dxdy](x2 + y2)(2ζ − 1)

[−MA
(3,2,1) + MA

(1,2,3) − MA
(1,3,2)

]
,

cγ Z,PV
1,V = 16π3α2

e αs

9Q4 sin2 2θW

∫ 1

0
[dxdy]x2y2(2ζ − 1)

[
MV

(3,2,1) + MV
(1,2,3) + MV

(1,3,2)

]
,

cγ Z,PV
3,V = 32π3α2

e αs

9Q4 sin2 2θW

∫ 1

0
[dxdy](x̄2y2 + x2ȳ2)

[
MV

(3,2,1) + MV
(1,2,3) + MV

(1,3,2)

]
(43)

with

MA
(3,2,1) = Qugu

A

[
4T T ′ − (A + V )(A′ + V ′)

D1
+ 4T T ′ + (A + V )(A′ + V ′)

D2

]
,

MA
(1,2,3) = Qugd

A[4T T ′ − (A + V )(A′ + V ′)]
D1

− Qd gu
A[4T T ′ + (A + V )(A′ + V ′)]

D2
,

MA
(1,3,2) = 2Qd gu

A[A′V + AV ′]
D1

+ 2Qugd
A[AA′ + VV ′]

D2
,

MV
(3,2,1) = Qugu

V

[
1

D1
+ 1

D2

]
[4T T ′ + (A + V )(A′ + V ′)],

MV
(1,2,3) =

[
Qugd

V

D1
+ Qd gu

V

D2

]
[4T T ′ + (A + V )(A′ + V ′)],

MV
(1,3,2) =

[
2Qd gu

V

D1
+ 2Qugd

V

D2

]
[AA′ + VV ′], (44)

and

D1 = x1x2y1y2
(
M2

Z + Q2x̄2ȳ2
)
(x2ζ + y2ζ̄ − x2y2 + iε)(x2ζ̄ + y2ζ − x2y2 + iε),

D2 = x1x̄2y1ȳ2
(
M2

Z + Q2x2y2
)
(x2ζ + y2ζ̄ − x2y2 + iε)(x2ζ̄ + y2ζ − x2y2 + iε), (45)
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FIG. 3. Numerical results for σR/(μpGD )2. The dashed blue curves refer to the 1γ -exchange contribution. The dotted black, solid red, and
dash-dotted olive curves refer to results with the COZ, BLW, and QCDSF models, respectively.

where labels such as (1,2,3) denote that the variables in V, T, A
and V ′, T ′, A′ are (x1, x2, x3) and (y1, y2, y3), respectively.

We note that a similar γ Z-exchange contribution in pQCD
is also calculated in the PhD thesis [20]. Reference [20]
expresses the γ Z box in terms of effective form-factor-like
quantities such as δG̃Z

M , whereas we work directly with the
invariant amplitudes cγ Z,PV

i,V/A defined in Eq. (39). As one ex-

plicit example, the Qugd
V term in δG̃Z

M of Ref. [20] contains the
operator structure (V ′ − A′)(V − A) + 4T ′T with the quark-
label ordering (1,3,2), whereas the corresponding term in
our cγ Z,PV

1,V contains (V ′ + A′)(V + A) + 4T ′T with ordering
(3,2,1) or (V ′ − A′)(V − A) + 4T ′T with ordering (3,1,2).
Similar differences appear in the relative signs and in the
quark permutations of the other terms. In addition, our ana-
lytical expressions retain the full Z-boson mass dependence
through the propagator denominators D1 and D2, whereas the
comparison formula in Ref. [20] is organized in the high-Q2

limit. These differences reflect different amplitude decompo-
sitions and conventions, not merely a change of notation. Our
results reduce to the same high-Q2 scaling.

IV. NUMERICAL RESULTS

To numerically calculate the integrations in Eqs. (41) and
(43), one can reduce the denominators by applying the change
x1 ↔ x2, y1 ↔ y2, and then integrate x3, y3, x1, y1 analytically
after substituting the functions V, T, A. For the remaining
integrals over x2, y2, there is a pole in y2 in the physical region

ypole
2 = sx2

s + Q2(−1 + x2)
+ iε. (46)

After the pole position is known, the integrals can be done
directly.

A. TPE contributions to unpolarized cross section

For comparison, we present the TPE contributions to
σ

1γ⊗1γ
R /(μpGD)2 and σ

1γ⊗2γ
R /(μpGD)2 as functions of ε in

Fig. 3, where

GD ≡ 1

(1 + Q2/0.71)2
. (47)

Here, μp = 2.79 is the proton magnetic moment, and

ε = [1 + 2(1 + τ tan2(θe/2))]−1,

τ = Q2

4M2
N

(48)

with θe the scattering angle in the laboratory frame.
Although the analytical expressions are equivalent to

those in Ref. [9], our numerical results are slightly differ-
ent. This difference may come from the values of GE , GM

used in σ
1γ⊗1γ

R . In our calculation, we take GE , GM from
Refs. [26–28]. As a validation benchmark, our TPE numer-
ical implementation still reproduces the expected magnitude
and kinematic trend of the known pQCD contribution to the
reduced unpolarized cross section.

B. γZ-exchange contributions cγZPV
i,V and cγZPV

i,A

The numerical results for the coefficients cγ Z,PV
i,V and cγ Z,PV

i,A

as functions of Q2 are presented in Fig. 4, where we take
ε = 0.3 as an example and show only the real parts. The
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FIG. 4. Numerical results for Re[cγ Z,PV
1,V ], Re[cγ Z,PV

3,V ], Re[cγ Z,PV
1,A ], and Re[cγ Z,PV

3,A ] as functions of Q at ε = 0.3. The dotted black, solid red,
and dash-dotted olive curves refer to results with the COZ, BLW, and QCDSF models, respectively.

dotted black, solid red, and dash-dotted olive curves refer
to results using the COZ [22], BLW [23], and QCDSF [24]
models, respectively. Figure 4 provides numerical evidence
for this asymptotic behavior:

cγ Z,PV
i,A ∼ cγ Z,PV

1,V ∼ Q−4. (49)

Having examined the Q2 dependence in Fig. 4, we now
discuss the fixed-Q2 DRs for the amplitude coefficients at high
energy. At low energy, DRs for the combinations �V,A

γ Z that
enter APV are widely used [11–14]. For example, DRs of the
following form are used:

Re[Xγ Z (ν, Q2)] = 2ν

π
P

[ ∫ ∞

νth

Im[Xγ Z (ν̄+, Q2)
]

ν̄2 − ν2
d ν̄

]
,

Re[Yγ Z (ν, Q2)] = 2

π
P

[ ∫ ∞

νth

ν̄Im[Yγ Z (ν̄+, Q2)
]

ν̄2 − ν2
d ν̄

]
, (50)

where ν̄+ ≡ ν̄ + iε denotes the integration variable taken on
the physical sheet, P denotes the Cauchy principal value of
the integral, X refers to �V

γ Z , and Y refers to �A
γ Z . Ref. [21]

shows that, at finite Q2, the appropriate DRs are those for
cγ Z,PV

i rather than for �V,A
γ Z , which are reliable only in the

forward approximation. At the P2 design kinematics (Q2 =
0.0045 GeV2, E = 0.155 GeV), for example, the DR written
directly for �V

γ Z is significantly affected, whereas that for

cγ Z,PV
i remains reliable. Accordingly, the same DR form in

Eq. (50) applies with X = cγ Z,PV
1 and Y = cγ Z,PV

3 , and these
DRs remain reliable at finite Q2.

The high-ν asymptotic behavior of the amplitudes de-
termines the convergence of the DR integrals, and the

convergence properties determine the required subtraction
order. For the X -type DR, the large-ν̄ kernel behaves as
∼1/ν̄2 (at fixed external ν), so convergence is controlled by
the integral of ImXγ Z (ν̄)/ν̄2. For the Y -type DR, the ker-
nel behaves as ∼1/ν̄, so convergence is controlled by the
integral of ImYγ Z (ν̄)/ν̄. Therefore, if ImYγ Z approaches a
constant at high energy, the unsubtracted Y -type DR devel-
ops a logarithmic ultraviolet divergence and a subtraction is
required. In contrast, quantities with sufficiently suppressed
high-ν behavior remain compatible with the unsubtracted
form.

Since the physical DRs should be the same at low and high
energy, we test the DRs in Eq. (50) for cγ Z,PV

i in the high-
Q2 regime. The present paper complements the low-energy
analysis of Ref. [21] by using pQCD to determine the high-ν
behavior of cγ Z,PV

i and thereby the subtraction order required
beyond the forward limit.

The high-ν behavior indicates that not all quantities satisfy
the commonly used unsubtracted DR form. In Figs. 5 and 6,
we present the numerical results for the coefficients cγ Z,PV

i,V and

cγ Z,PV
i,A as functions of ν at Q = 5 GeV. The dotted black, solid

red, and dash-dotted olive curves refer to results obtained with
the COZ, BLW, and QCDSF models, respectively.

The results clearly show the high-energy behavior when
ν → ∞:

Re
[
cγ Z,PV

1,A

] ∼ ν0,

Re
[
cγ Z,PV

1,V

] ∼ Re
[
cγ Z,PV

3,A

] ∼ ν−1,

Re
[
cγ Z,PV

3,V

] ∼ ν−2 (51)
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FIG. 5. Numerical results for Re[cγ Z,PV
i,V ] and Re[cγ Z,PV

i,A ] as functions of ν at Q = 5 GeV. The dotted black, solid red, and dash-dotted olive
curves refer to results obtained with the COZ, BLW, and QCDSF models, respectively.

FIG. 6. Numerical results for Im[cγ Z,PV
i,V ] and Im[cγ Z,PV

i,A ] as functions of ν at Q = 5 GeV. The dotted black, solid red, and dash-dotted olive
curves refer to results obtained with the COZ, BLW, and QCDSF models, respectively.
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FIG. 7. Numerical results for Re[�V,A
γ Z ] as functions of ν at Q = 5 GeV. The dotted black, solid red, and dash-dotted olive curves refer to

results with the COZ, BLW, and QCDSF models, respectively.

and

Im
[
cγ Z,PV

1,A

] ∼ ν,

Im
[
cγ Z,PV

1,V

] ∼ Im
[
cγ Z,PV

3,A

] ∼ ν0,

Im
[
cγ Z,PV

3,V

] ∼ ν−1. (52)

These behaviors mean that, at high Q2, cγ Z,PV
1,A , and cγ Z,PV

3,A
do not satisfy the corresponding DRs in Eq. (50), and subtrac-
tion terms should be added.

C. γZ-exchange contributions to �V,A
γZ

For completeness, Figs. 7 and 8 also show the high-ν
behavior of �V,A

γ Z , but the DR analysis in this section remains

centered on cγ Z,PV
i .

At low Q2, unsubtracted DRs similar to Eq. (50) are usually
written for �V,A

γ Z . As discussed above, Ref. [21] shows that
such DRs are reliable only in the forward approximation.

These DRs can also be tested in the high-energy case using
the above results. We present the high-ν behaviors for �V,A

γ Z in
Figs. 7 and 8, where we take Q = 5 GeV as an example. Here,
F1 and F2 are approximated as

F1 ≈ 1 + μpτ

(1 + τ )
GD,

F2 ≈ μp − 1

(1 + τ )
GD. (53)

The results in Figs. 7 and 8 clearly show that when ν → ∞,
we have

Re
[
�V

γ Z

] ∼ Re
[
�A

γ Z

] ∼ 0,

Im
[
�V

γ Z

] ∼ Im
[
�A

γ Z

] ∼ ν0. (54)

These behaviors mean that the DR in Eq. (50) applied directly
to �A

γ Z is shown in Figs. 7 and 8 for illustration only. The

subtracted form required at high Q2 applies to cγ Z,PV
3,A , as

discussed above.

V. SUMMARY

In this work, we calculate the γ Z-exchange contribution at
the amplitude level in elastic ep scattering within pQCD. At
fixed Q2, the high-ν asymptotic behavior of the coefficients
cγ Z,PV

i provides a direct link between pQCD scaling and the
convergence properties of the DR integrals, thereby deter-
mining the required subtraction order in the regime beyond
the forward limit (s/Q2 → ∞). Within the present pQCD
framework and adopted distribution amplitudes, we find that
cγ Z,PV

3,A requires a once-subtracted DR at high Q2. Following
Ref. [21], the DRs are applied to the amplitude coefficients
rather than directly to �V,A

γ Z , which are reliable only in the
forward approximation.

FIG. 8. Numerical results for Im[�V,A
γ Z ] as functions of ν at Q = 5 GeV. The dotted black, solid red, and dash-dotted olive curves refer to

results with the COZ, BLW, and QCDSF models, respectively.
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