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Determining the transport properties of quark-gluon plasma is one of the most important aspects of relativistic
heavy ion collision studies. Field-theoretical calculations of transport coefficients such as the shear and bulk
viscosities require Kubo formulas, which in turn require real-time correlation functions of stress-energy tensors.
Consequently, knowing the analytic structure of these correlation functions is essential in any such studies.
Using the energy-conservation laws and the results from gravity-hydrodynamics analysis, we determine the low-
frequency and low-wavenumber analytic structures of all stress-energy correlation functions in the rest frame of
the medium. By comparing with the diffusion and sound spectra from the second-order and third-order relativistic
hydrodynamics, various new Kubo formulas are derived in the limit where the zero-frequency limit is taken first.
We also show that the meaning of the Kubo formulas for relaxation times can change when higher-order terms
are added to the hydrodynamics. A subtle issue of taking the zero frequency and zero waveOnumber limits when

using skeleton diagrams is addressed as well.
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I. INTRODUCTION

The main purpose of studying relativistic heavy ion col-
lisions is to determine the properties of quark-gluon plasma
(QGP). Among QGP properties, the equation of state and
the transport coefficients are the most studied in relativis-
tic heavy ion collisions. The QGP equation of state can
be reliably calculated on the lattice up to the electroweak
scale as it only involves the calculation of the stress-energy
tensor average [1-4]. Field-theoretical calculations of trans-
port coefficients, however, are more complex as they need
to use the Kubo formulas involving real-time correlation
functions.

Kubo formulas have been a staple of theoretical physics
ever since they were first derived [5—7]. Relativistic field the-
ory calculations of viscosities using the Kubo formulas have
a correspondingly long history [8—48]. The standard Kubo
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formulas for the shear and the bulk viscosities can be derived
by considering the analytic structure of stress-energy tensor
correlation functions in the the small-wave-number (k = |k|)
and small-frequency (w) limit. Such derivations so far (for
instance, see [11,32]) have used a limited amount of informa-
tion on how the correlation functions depend on the transport
coefficients.

Recently, more information on the structure of the correla-
tion functions became available due to new developments in
gravity-hydrodynamic analysis [49-58] as well as third-order
relativistic hydrodynamics [59-69]. To take advantage of the
new information, one needs to understand the analytic struc-
ture of the stress-energy tensor correlation functions more
thoroughly. The main purpose of this work is to determine
the general analytic structure of correlation functions that
are compatible with the new information from gravity hy-
drodynamics and third-order hydrodynamics. By doing so,
we are able to derive a number of new Kubo formulas for
the viscosities, as we will show below. Interestingly, in most
of the new formulas, the order of the limits is reversed.
That is, the zero w limit is taken first instead of the zero
k limit.

Schematically, the usual Kubo formula takes the following
form:

ya = iCy lim lim 3, Gy (. k). (1)
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where A is an operator that is coupled to an external force that
introduces a perturbation to the underlying equilibrium sys-

tem. The retarded correlation function GfeA (w, k) is calculated
in equilibrium, and y, is the transport coefficient that controls
the speed of dissipation of the perturbation. The coefficient Cy
is an O(1) constant.

The w derivative is present because the Kubo formula
above is actually about the small w behavior of the spectral
density, defined as twice the imaginary part of the retarded
correlation function. The order of the limits in Eq. (1) cor-
responds to the thermodynamic limit where the zero k limit
(equivalently, the infinite volume limit) is taken before the
zero w limit. The two limits usually do not commute.

There was, however, an exception. In Ref. [49] and many
subsequent papers [53,54,56-58] one finds the following ex-
pansion of a retarded correlation function of the stress-energy
tensor component 7:

G (. k) = —inw + nze? — (g i )? %kﬁ, @
where 7 is the shear viscosity, 7, is the corresponding relax-
ation time, « and «* are additional transport coefficients, and
we have omitted the higher order terms.! At first glance, this
looks like a reasonable representation of the shear response
function in the small w and small k limit. However, if the
two limits do not commute, one must specify whether this
expansion assumes k > w or k < w.

Careful inspection of the derivation of Eq. (2) reveals that
the expansion above is perfectly valid, which seems to indi-
cate that the two limits do commute, at least for this specific
case. Hence, the alternate form of the Kubo formula,

n =i lim lim 8,G¢"" (w, k,), 3)

k,;—0 w—0

should work as well as the usual one with the k, — 0 limit
taken first. Equation (3) cannot be valid if G (w, k.) pos-
sesses a diffusive hydrodynamic pole. Therefore, validating
Eq. (3) is equivalent to showing that the correlation function
Gp ™" (w, k;) does not possess any hydrodynamic pole. This is
indeed the case [51,54,70] ultimately because variation only
in the z direction cannot induce diffusion in the transverse
(x, y) directions.

This may be taken as a clue that if the full analytic structure
of the retarded correlation functions of stress-energy tensors
are revealed, there may be other similar formulas as yet un-
known in the limit where w — 0 is taken first. This is what
we would like to explore in this work. Along the way, we also
would like to address another puzzle that appears in the usual
calculations of the viscosities using the skeleton expansion: it
does not seem to matter which limit is taken first even when
Eq. (2) is not directly used.

In recent gravity-hydrodynamics literature, there appeared
a few Kubo-like formulas where some transport coeffi-
cients are obtained in the limit where w — 0 is taken first

"We follow the convention where only the nonzero components
of the arguments are displayed in a function of a four-vector. Thus,
Gy (w, k;) means that k* = (0, 0, 0, k,).

[50,52,53,55] (In this work, we will limit the analysis to
only the two-point functions.). Most of these formulas con-
cern thermodynamic transport coefficients that have more
to do with the static properties of the system than the dis-
sipative properties. This is understandable given that the
zero-frequency limit of the retarded correlation function coin-
cides with the static Euclidean correlation function. We will
show below that these are faithfully reproduced within our
analysis.

II. ANALYTIC STRUCTURE OF STRESS-ENERGY
TENSOR CORRELATION FUNCTIONS

The purpose of this section is to explain briefly how to
obtain the most general analytic structures of the stress-
energy tensor correlation functions in the small @ and small
k limit. The main tool we use is the energy-momentum
conservation laws, supplemented by consistency with gravity-
hydrodynamics results. Including additional conserved cur-
rents is left for future work.

A. Ward identity analysis
In an isotropic and static medium, the following Ward
identities can be derived by taking two functional derivatives
of the curved-space partition function with respect to the

Riemannian metric, and then analytically continuing to the
Minkowski space [34,71-73],

0 = ky(GP1 (@, K) — P (T") — (T4 4 P (T1)),
“
where T*" is the stress-energy tensor. Because G***"(w, k)

can contain possible contact terms, it is not exactly the same
as the retarded correlation function, which is defined as

G (k) = —i / d*x R X0 ()([TF (1, x), T* (0)]).

&)

The flat-space metric we use is n,,, = diag(—1, 1, 1, 1). Here,
Oy = (1/Z)Tr (e PH O) is the thermal average of the opera-
tor O. Using the CPT properties of the stress-energy tensor
operators, one can show that Gz’g”” (0, k) = GZ”’“ﬂ(a), k).

The equivalent Ward identities involving the retarded cor-
relation functions can be obtained by requiring that the total
energy-momentum is conserved, and the correlation func-
tions are well behaved in the k — O limit. The identities
are [73,74]

oGy = ki(Gy ™ + 1" (e0 + Ry)),

wGH =k (Gf,{"ou — 9" (g9 + Py)),

WG — (G (it gim 4 g — yiigimypy),
WG = kGO (©6)

where gy is the equilibrium energy density and Py is the
equilibrium pressure. From now on, we will use the enthalpy
density hg = g9 + Py for this combination. The only exception
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here is G/*'™, for which we have not yet found the correspond-
ing G’I{'lm. Fortunately, it is not strictly necessary to do so as
this correlator does not directly involve the energy-momentum
density. From this expression, it is clear that the imaginary
part of the retarded correlators obeys the same identities
but without the &y and P, contact terms on the right-hand
side.

Using the above Ward identities, all correlators involving
the energy-momentum density operator 7% can be expressed
in terms of GY'™(w, k). In a spatially isotropic system,
this correlator can be decomposed in terms of the five or-
thogonal rank-2 tensors involving §;; = nij and k;k; [34]
as follows:?

G (w0, K) = Po (88 m + 8imdj1 — 8i81m) + Gi1(w, k?)
x (kiki8 i + kikmd j1 + Kk + kiki8im)
+ Ga@, k)88 jom + 8imbj1 — 8i;81m)
+ Gr(w, K*kik ki
+ Grr(w, kK*)kik;81m + 8ijkikyn)
+ Gr(@, k)81, ()

using 12,- = k;/k and Sl-j =ij — l%ilgj. From now on, we will
refer to the stress-energy tensor correlation functions as the
correlators and the functions appearing on the right-hand side
of Eq. (7) as the response functions. From Eq. (7), one can see
that only Gy, G, and G,y can appear in Eq. (6) because G,
and Gy are transverse to k in all indices. See Appendix B for
details.

To further investigate the behaviours of the response func-
tions, consider first the small w limit. From Egs. (6) and (7),
and using the fact that the left-hand side of Eq. (6) must
all vanish in the k — 0 limit due to the energy-momentum
conservation, we get

2 o o 2 5
Gr(w, k) = —hok—2 - FgL(k )+ O(w”), (8
where we defined
gL(k*) = —GY""(0,k) ©)

with g;(0) = T'c,. Here c, is the heat capacity and T is the
temperature [34]. Similarly, for G;7 and Gy,
2

2 @ 2\ 2 3
Grr(o, k) = ~ho 7 = gur (@)’ + 0", (10)
wz
Gi(@, k) = —ho 75 — 1)’ + 0@, (D)

where g; 1 (kz) and g (kz) are yet to be examined.

B. Analytic structures of G; and G,

We are now ready to write down the general form of the
response functions G, Gp, and Gy 7. We must, of course,

This expression first appeared in an unpublished note by L.G.
Yaffe.

be guided by the physics of the many-body system. Hence,
we assume that in the small w and k limit these response
functions contain either a diffusion pole or a sound pole. The
possible existence of a branch cut [75-77] is not explored
in the present study. For Gy, consider a flow velocity given
by u = («*(y), 0, 0). Then d,u, # 0 but all other derivatives
vanish.

Since nonequilibrium perturbations in the local rest frame
can be expressed as ~ T du i [8,78], the relevant response
function is G*Y(w, k) = Gi(w, k‘z) Since this is a re-
sponse to the disturbance in the orthogonal direction of
the hydrodynamic flow, G; represents the diffusive shear
mode.

For the diffusive response function, the most general form
that is compatible with Eq. (11) is [32,34,54,74,79]

w’lho + k2g1(k*) + ioF (0, k)]

Gi(w, k*) = .
10 k) = = o/ D(0. 1) — 0™ Ble, 1)

12)

All functions of w and k appearing in the analytic structures
in this work are of the form

Fi(w, k*) = Fig(0?, k%) — ioF (0, k%), (13)

where Fjr and Fj; are real functions. This is because the
relevant spectral functions need to be odd in w and even in
k. Three special cases are D(w, kz) = DR(kz) — iwD,(kz) ap-
pearing above and Z(w, kz) and Fr|(w) appearing in G, Grr,
and Gr below. The numerator in Eq. (12) can accommodate
any polynomial of @ and k* that is consistent with Eq. (11).
The properties of the functions appearing above will be ex-
plored in Sec. IV.

The longitudinal response function G, can be obtained
as Gy (w, kzz) = G%%(w, k.). This is relevant when the dis-
turbance is in the same direction of the flow (9,u,(z) # 0)
and one is interested in how that disturbance creates a pres-
sure wave (sound) in the same direction. The most general
form of the sound pole structure compatible with Eq. (8) is
[32,34,54,74]

w*[hy + W*F(w, k?)]
12— 02/ Z(w, k) — i R(w, K2)’

Gr(w, k*) = — (14)

where
Z(w, k*) = Zp(kK*) + 0’ Zpo(K*) — i0Z;(K*).  (15)

Taking the small @ limit of this expression and comparing
with Eq. (8), we can see that

ho

2 2
o+ ERROR), (16)

g (k) =

which reveals that the functions ZR(kZ) and F;z(0, kz) are
thermodynamic.

The response function Grr(w, kzz) = G %(w, k,) is rele-
vant when the disturbance is in the same direction of the
flow and one is interested in how that disturbance creates a
pressure wave (sound) in the orthogonal direction. Hence, we
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can express it as

*lho + K2 grr (k%) + iwFpr (o, k)]
12— 02/ Z(w, k) — i R(@, k)

which is consistent with Eq. (10).

To go further in figuring out the analytic forms of G, and
Gr, one needs some more physics guidance. Physically, these
functions have the following interpretations.

In purely hydrodynamic studies, G»(w, kf) =G (w, k)
does not appear as a response function since 0O,uy(z) =
Oyu(z) = 0. It describes the evolution of the system in the
(x,y) direction when variation is only in the z direction.
As such, it cannot have a hydrodynamic pole. The response
function Gr(w, k*) = (1/4)([8;;8;»G""™ (w, k)] is the corre-
lation function of Sijf"ij =3P - I%ilzjf”ij, where P = (1/3)T"
is the pressure. Hence, Gy is expected to have the sound
pole.

Since G, and Gr are not accessible in purely hydrody-
namic approach, we need to seek more information from
gravity-hydrodynamics calculations where the perturbation is
~ T%h;;. Here h;; is the metric perturbation.

Grr(w, k*) = — a7

C. Gravity-hydrodynamics results

In this section, we aim to clarify the pole structures of all
five response functions in Eq. (7) by using the solutions of the
linearized equations of motion worked out in [51-54]. We do
not assume the conformal limit.

In this analysis, the metric perturbation is given by

8uv (X) A Ny + Py (). (18)

The linearized energy-momentum conservation laws in the
rest frame of a fluid cell are given by

O 8e + hodiu' = —3hod, (19)
and
hodu' + 8; T = —Pyd; ', (20)
where the spatial stress tensor is given by
T/ = (Py+ 6P + T)8Y + /" — Poh/'. @2n

Indices are raised or lowered by the flat metric 7, and n*”.
In particular, i*" = n"*n"Phyp and h* = n*“hy,.> Here, u'
is the flow velocity component, §¢ is the deviation of the
energy density from its equilibrium value, and §P = vf(Se is
the pressure deviation with the speed of sound defined by
v} = 3P/de.

30ne should note that the linear piece in
g =n" + R 22)
is not h"". Because g"%g,, = &/, we actually have

R = —h 23)

In this work, we will always use &, and raise or lower the indices
with the flat space metric.

The shear-tensor equation of motion is
7 = —plo'w + 8/ut — (28Y 3)qu'] — 1,V — ndhts
+ IC(RW) _ 2R0<i.i>0) 4 2K*R0<ij>0, (24)

where 7 is the shear viscosity, T, is the shear relaxation time,
and « and «* are thermodynamic transport coefficients [49].
The angular brackets around indices indicate the symmetric
and traceless part. The bulk-pressure evolution is governed by

¢

= —¢ou' — oIl + &R + £R™ — 5athf, (25)

where ¢ is the bulk viscosity, try is the bulk relaxation time,
and &5 and &g are additional thermodynamic constants. The
linearized Riemann tensor is given by

Roupy = %(aﬂaﬂhw + 04 0vhup — 0,0,hep — 0,0ph,).
(26)

In the linear response analysis, the energy-momentum ten-
sor averages are given by [49,51-54]

T )n
dhagp By =0

(T" (w, k) = hap(@, k)

- %Gg“-“ﬁ(w, Khas(@, k) + O(). (27)

The first term is there because the equilibrium in a curved
space is different from the equilibrium in the flat Minkowski
space. This term is the same as the counterterms in Eq. (4).

The goal here is to choose the metric perturbation and
its spatial dependence judiciously so that only a particular
response function is singled out. The details of the solutions
will be given elsewhere. In this section, we will just quote
relevant results. In all analyses below, the metric perturbation
has the following form:

hij(t, x1) = hji(t, x;) = hyj(w, ke @k (28)

where [ is not summed.

We start with the one we already know something about.
From Eq. (7), we know that G (w, ky) = G (w, k‘z, ). There-
fore, to get Gy, we should use hy,(f,y) = hy(t,y) with all
other metric components being zero. Solving for

T (w, ky) = =Gy (0, k) hay(, ky), (29)
we can obtain
—wz(h() _ l-/(—2/(*w)

3D,
k* — io/Dr — (tx /Dr)w?’

Gi(w, k*) = (30)

confirming that G;(w, k%) has the diffusion structure. Here
Dy = n/hy is the shear diffusion constant. The overbar on the
response function indicates that it is obtained by solving the
gravity-hydrodynamic equations up to the second order, and
hence not as general as G, in Eq. (12).

From Eq. (7), we also know that G, ™ (w, k;) = G (w, kzz).
Therefore, to get G, we should use h,,(z, z) = hy,(t, z) with

064905-4



ANALYTIC STRUCTURE OF STRESS-ENERGY RESPONSE ...

PHYSICAL REVIEW C 112, 064905 (2025)

all other metric components set to zero. Solving for
T (w, k) = =G (o, k) hy(o, k), (31)

we can obtain

iwn + %(a)2 + k%) — k*w?

1 —iwt,

Go(w, k) = — (32)

This analytic form of G, indeed justifies Eq. (2) as a well-

defined expansion since G, (w, k*) has no hydrodynamic pole.
Comparing G, with G, we see that

K12

Go(w. k) = Gi(w,0) — —2—. 33)
1 —iwt,
The most general form of G, (not G,) can then be written as
Go(w, k) = G(@,0) — K Fy(w, k), (34)

where F; is analytic around w = 0 and k = 0 but may contain
poles on the imaginary w axis away from & = 0.

The purely longitudinal response function G;, can be ob-
tained from Eq. (7), by choosing G5"**(w, k). In terms of the
metric perturbation, this corresponds to having /., (t, z) as the
sole nonzero component. By solving for

8T%(w, k) = —1Gr(w, k) ho(o, k) (35)
we obtain

NL(C(), k2)

Grw k)= ——— 2.
L Ssound(@, k2)

(36)

The explicit expressions of the numerator N, and the denom-
inator Ssoung can be found in Appendix A. Here, we just note
that the numerator indeed has a sound pole and the whole
expression reduces to that found in [51] in the conformal limit
where ¢ = 0 and t; = 0.

The response function G 7 is given by

G F(w, k) = Grr (0, k2), (37)
which can be also obtained using 4., (t, z) but solving for
8T (w, k) = —3Grr (o, k) heo(o, k). (38)
The solution is

Nz (o, k)
Ssound(a)v k2) .

The numerator Ny r is given in Appendix A. Equation (39) is
fully consistent with Eq. (17).
The last one to consider is Gr. From Eq. (7), one can get

GV (@, k) + GFF(w, k) = 2Gr (0, k7). (40)

Grr(w, k%) = (39)

Hence, the perturbation to use is /., (¢, x) and we need to solve
for

ST (w, ky) + 8T¥(w, ky) = —Gr (a), kf)hzz(a), ky). (41)
The response function is of the sound-pole type,

NT(CU, k2)

Gr(w, k*)= ————_.
’ Ssound (w, k2)

(42)

The numerator Ny can be found in Appendix A. The most
general form of Gr turns out to be

w*lhy + ioFri(w)]
k2 — 0?)Z(w, k) — iw’R(w, k)
K*[k*gr2(k*) + iwFry(w, k)]

k2 — w?/Z(w, k) — i’ R(w, k)’ @

GT(CU, k) = -

Note that the function Fr(w) = Fr; R(wz) —iwkFr I(wz) does
not depend on k because any possible k dependence can be
absorbed by Frs(w, k). The response functions G;7 and Gr
were not calculated in [51].

What we would like to do next is to relate the w = k =0
values of functions appearing in the expressions for the re-
sponse functions to physical transport coefficients.

III. CONSTRAINTS FROM THE SMALL k£ CONDITIONS

By requiring that the coefficients of the various kks terms
in Eq. (7) are O(k?) and the coefficient of the k;k jlgllgm term
is O(k*) in the small k limit with @ # 0, one can get three
independent relationships between the response functions in
the small k limit. One of the 0(k2) relationships is

2G1(w, k) — GL(w, k) + G (0, k) = O(K?). (44)

In the £ — O limit, this can be thought of as an equation for
FLTR(a)Z, 0) and Fy 7, (a)z, 0) in G.7 in terms of the functions
appearing in G; and G;. The equations are linear, but the
solutions are fairly long and not very illuminating. The w — 0
limits are, however, relatively simple:

2hyD
Firr = R (45)
Zg
and
2(D}hoBg + DrFig — Dyho)
Frrr=—
Zg
2DgrhoZ,
+ 2DgrhoRg + Fip — —;20 ! , (46)
R

where we introduced a shorthand notation for the w =k =0
values of the functions as the name of the functions them-
selves. That is, Dg = Dg(0), Bg = Br(0, 0), etc., except for
the response functions.

The second O(k?) relationship is

2Gr(w, k) — Grr(w, k) — Gr(w, k) = O(k?). 47)

Taking k — 0, we can use this condition to put conditions on
Fri(w) in G7. In the zero w and k limit, we find

Frir = AFirr. Fru = 2(Firr + Fip) (48)

With F; 7 (w, 0) and Fr| () thus determined, the remaining
small k condition,

Gy — 4G + Gr + G, — 2G1p = O(kY), (49)

is fulfilled up to O(k*) with  # 0. O(k*) can then be achieved
by solving for FTQR(wz, 0) and Fnl(a)z, 0) in G7 to remove
the O(k*) terms. The solutions are again long and not very
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illuminating, but the w = k = 0 pieces are simple to write
down:

Frog = 3hoDg (50)
and
Fog —4D%h
Frop = % + 2g11 + 3(ho(Dy — DxBg) — DrFig).
R
(51
Similarly, if one considers the small k behavior

of GY'"™(0,Kk), one can also deduce G,(0,k?) = O(k>),
Gr(0,k*) = O(k?) and

G2(0, k%) + Gr(0, k%) = O(KY), (52)
from which one can get

gr2+ Fr=0. (53)

IV. FIXING THE CONSTANTS WITH SECOND-ORDER
HYDRODYNAMICS

We are now ready to relate the constants, namely the = 0
and k = 0 values of the functions appearing in the response
functions, to physical transport coefficients. First, consider the
denominators of the response functions that give the disper-
sion relationships for diffusion and sound. By comparing the
denominator of Gi(w, k*) with the dispersion relationship of
the momentum diffusion from the second order hydrodynam-
ics [34], one can show

n
Dgr =Dy = —,
R T 7o
where Dy can be recognized as the shear diffusion constant
Dr. By comparing the denominator of Gy (w, k*) and the
sound dispersion relationship from second order hydrodynam-
ics, one can get

BrDg = 14, 54

4n ¢
ZR:U§, ZRw=_<TTrTHU§+IH§+Iﬂh_>a
0 0
Tr + T

2 ’
vS

Zy =T+ v}tz +tn), Rx=

ToTrn — ZIRR

R, = (55)

vy
Here vy is the speed of sound and I = (45/3 + ¢)/hg is the
sound attenuation constant.

Using the above, we can further determine

U n 2K — nty)
Firr ==, Fup=—— + ———— + FLz.
vS US US
n" (K —nty)
Frir= =, Fru=—-——+ —27[ + Fir,
US US vS

Fog — 42
R To
7 + 3(K — ntr) + 2g1r, (56)

s

Frog =3n, Fry =

where K = D;hg — DgFig,
unknown.

Fig, For, and grr are still

To go further, we need results from the gravity-
hydrodynamics studies. To compare with Eq. (2), one can
expand G to get

Gy(w, k*) = — iDghow + BrDyhow* — Kw* — Fyrk?
+ O(wk?). (57)

The first two terms match the corresponding terms in Eq. (2)
upon using Eq. (54). Matching the other two terms, we have

K
For = 5= —8712, (58)
Kzg_w. (59)

For the sound modes, we can compare our G; with G; in
Eq. (36). By requiring G; — G, to vanish up to and including
O(®) with k ~ w, we get

2k 4k* hoZp
+ 285 — & + s

s

(60)

As argued before, Fyy is indeed thermodynamic in nature.
Similarly, comparing the gravity-hydro result G;7 in Eq.
(39) with G.7 in Eq. (17) gives a further condition:

gir = —K + 2ic*. ©61)

Within the context of the second-order hydrodynamics, it is
consistent to set Z = lim 8Zr(k*)/3k* = 0 (but not within

the context of the third-order hydrodynamics, as can be seen
below). This fixes all constants on the right-hand sides of Eq.
(56) in terms of transport coefficients.

One can compare terms that are of higher order in @ and
k to determine Fj;, B;, and F>; and the derivatives of other
functions. But since the results are not very illuminating and
do not yield useful Kubo formulas, we will not do so here.

V. THIRD-ORDER CONFORMAL HYDRODYNAMICS
AND THE RELAXATION TIMES

In the previous section, we analyzed response functions
within the context of the second-order hydrodynamics. Re-
cently, third-order hydrodynamic results have been obtained
by several groups [59—69]. In this section, we repeat some
of the analysis so far to compare with the third-order results.
For simplicity, we will restrict ourselves to the massless case,
which may be referred to as the classical conformal theory.
Within the kinetic theory, IT = 0 and ty = 0, and the relevant
equations from [64] in the fluid cell rest frame are

i

' = —— —@_1po” — 3,€" (62)
T?T

lij Vo _ 3ou_ip klij

88" = ——! — ZpUxih — g gMi, 63)
Te 7
ikl Uoiju _ 4 otigju

0,8 = —— ¢V — =gt (64)

Tr 9

where ¢_jj0 = 8T4/5712, and £’ and ¢/ are the new spin-3
and spin-4 degrees of freedom, respectively. These are still
conformal because a,g“f ~ 3,077 can be decomposed as
a linear combination of V27" and 897!/, Both are Weyl
invariant [69]. One can also get the same set of linearized
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equations from [62] (up to £') and a slightly different set
from [59] (up to ¢"/*') that contains slightly different coef-
ficients. The differences come from three different methods
employed in these studies to get £/ and ¢"/*'. As this differ-
ence does not change the qualitative conclusion of this section,
we will only consider the above equations.

By analyzing the resulting linearized equations of motion
for the diffusive mode and comparing with G, we get

DR = DT, BRDR =T + Te + Tz,
D; = %t,,rg + %rgr; + Dp(te + 1¢),

BiDp = 1, T¢ + 17T, + 1: T, — D[Bg. (65)
Compared to the second-order hydrodynamics results in Eq.
(54), we see that the meaning of Bg has changed and D; and
B, are now determined.

Previously, BgDg was just 7,; in the conformal limit. Now it
is the sum of all relaxation times. If one sets ¢ ik — 0, one can
show that BgkDr = 1, + 7. Hence, depending on how many
additional modes are added, BgDg can be 7, T + 7z, 0r 7, +
7¢ + 7,. Therefore, the meaning of the Kubo formula

! lim hm 302GV (w, k;) = BxDgn — K (66)

w—>0

obtained from Eq. (57) does not seem to have a definite
meaning, as the meaning of B changes as the order of hydro-
dynamics changes. One can certainly evaluate the left-hand
side in a given theory, as was done in [34]. However, how
it is related to the shear relaxation time is not so certain
anymore. There does exist a possibility that the changes in
K may compensate the changes in Bz. However, since K is
purely thermodynamic in the second-order hydrodynamics, it
does not seem likely that it will develop a 7, or 7 dependence
in the third-order hydrodynamics.

Analysis of the longitudinal mode gives a similar conclu-
sion. For instance,

vaR =T + T +1¢ 67)

behaves the same way as Bg, and ZI,?’ which vanished within
the second-order hydrodynamics, is now
Z/

1= Te (817, + 807). (63)

The results so far clearly indicate that the Kubo formulas
involving the relaxation times are not stable against adding
more relaxation equations for higher-order hydrodynamics.
Hence, it is not so clear whether meaningful Kubo formulas
for the relaxation times can actually exist, at least from the
two-point correlation functions.* For this reason, we will not
consider Kubo formulas involving any relaxation times in the
next section.

“4References [52,53] contain a Kubo formula for t, in terms of a
three-point correlation function of the stress-energy tensor compo-
nents, which we have not yet analyzed in this context.

VI. NEW KUBO FORMULAS

With most of the constants now known, we can derive new
Kubo formulas. The novel feature of many of these formulas
is that the @ — O limit is taken first and then the k — 0
limit is taken, in contrast to the usual requirement for the
thermodynamic limit. Known examples of such Kubo formu-
las are the chiral magnetic conductivity and chiral vortical
conductivity [80-83]. It is tempting to call this the static limit,
but at this point it is not clear whether these new formulas can
be actually calculated purely within the Matsubara formalism
with w, = 0 due to the presence of the w derivatives.

First, consider

=20P + 8G;(w, k*) + 8Gy(w, k?)
+ 3[GL(w, k*) + Gr(w, k)
— 2Gr(w, k)], (69)

Aij G (w, k)

which is what is usually used to calculate the shear viscosity
n. Here,

Aijim = (8u8jm + 8imdj1 — %fsij(slm) (70)
isolates the spin-2 part of a rank-2 tensor. The usual Kubo
formula for the shear viscosity is

n = — lim lim 1 Ajj im0 G (w, k). (71)

0 w—>0 k—
All five response functions contribute to this Kubo formula.
By using our analytic forms and reversing the order of the
limits, we have an alternative Kubo formula for #:

n = — lim lim ) Aij im0 G M (w, k). (72)

12 k=0 w—
Only G, and Gr contribute to this Kubo formula since all
others vanish in the @ — 0 limit with k # 0. Note that de-
riving Eq. (72) is possible only because we have the analytic
structures of all five response functions. Note also that even
though both Eqgs. (71) and (72) can be used to calculate n, the
two orders of the limits do not commute.
Next, consider

k2
Gy " (0, ky) = —Gi(o, k2). (73)
Taking a derivative with respect to w, we obtain

gl(k) . ho

. 2
_lFlR(O k ) —lk\zDR(kg)

0x,0x
o Du(8)

ky) =

2hy 5 5
+ ——2 _w+0(0/k) + O(x?)
ko) )
(74)

in the small w < k, limit. From Eq. (74), an interesting Kubo
formula for n can be obtained:
ho

U .
— = —i lim lim ————. 75
ho ky—0 w—0 kZa GOX Ox(a)’ ky) (75
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Taking one more w derivative, one similarly gets

1/2
n 2hy
o= (@Lm) -

One can get isotropic forms by substituting k, — k and
G¥% — G%Y /2 on the right-hand sides.

These formulas are interesting because the denomina-
tor can be associated with the transport cross section oy
through n/hg ~ lng, ~ 1/(nsc0y), where Ly, is the mean free
path and ng. denotes the density of the scatterers. In other
words, putting a lower bound on n/s [47,84] is roughly
equivalent to putting an upper bound on the in-medium
transport cross-section. Thus, these formulas may provide
intriguing possibilities to explore the lower bound of 7/s
in the context of finite temperature field theory. However,
the exact relationship between the denominators of Egs.
(75) and (76) and the transport cross section is yet to be
clarified.

We can derive a few more Kubo formulas for  and ¢ all
with the @ — 0 limit taken first. Noting G****(w, k,) = P +
G, + Gr, we get

lim lim 8,G**(w, k,) = —4in. (77)

k;—0 w—0

Reversing the order of the limits, we have

w—0k,—0

lim hm 0, G (w, k,) = —l({ + 43 ) (78)

For the energy density and the pressure correlators, we

have
00,00 i 4n
11m11m8G’ (0, k)= —— é‘—i-? , (79)
vY

k—0 0o—
lim lim 8,G%(w, k) = — n (80)
k—0 w—0 R B vs2 ’
hm 11m 3,G" (w, k) = —12in. (81)
We can combine them to get
lim lim 3 LGP (w, k) = —it, (82)

k—0 w—0

where AP = P — vszé with P = T /3 being the pressure op-
erator and &€ = 7% the energy density operator. If one reverses
the order of the limits, BngO’OO — 0, BwGﬁo’ii — 0, and
9,G"™// — —9i¢, Hence we also have

lim lim 8,G*"*F (w, k) = —it. (83)
w—0k—0
Thus, like G», it does not matter which order the limits are
taken. This is because in this combination, the numerator
behaves like ~ (w? — vsz) for small w and k which compen-
sates the sound pole in the denominator. It is also interesting
that both 1 and ¢ can be obtained from the imaginary part (i.e.,
the spectral density) of the pressure autocorrelation function
by taking different orders of the limits.
The following Kubo formulas for thermodynamic transport
coefficients are equivalent to similar formulas in [51-53], and

hence serve as a good consistency check:

lim %SZBEG%O’OO(O, k) = —v’Fiz
L
(84)
and
lim G0, k) = —dgrr = +4(k —26*)  (85)
and

lim 2GR (0,k) = 8¢y = —dk. (86)

VII. ON DIAGRAMMATIC CALCULATIONS
OF VISCOSITIES

Standard diagrammatic discussion of shear viscosity via
the Kubo formula Eq. (71) starts with the one-loop diagram
with bare propagators. Upon realizing that this diagram does
not produce a sensible answer and also that the viscosity
should inversely depend on the transport cross section, one
then introduces resummed propagators to see that 1y.jo0p X
1/T, where 'y, is the thermal width of the propagator (equiv-
alently, the imaginary part of the self-energy). This inverse
dependence then necessitates resummation of the ladder dia-
grams via a Schwinger-Dyson equation for the dressed vertex.

What gets often overlooked in this process is that, as long
as 'y, # 0, it does not matter whether the limit kK — 0 is taken
first or the limit @ — O is taken first. As we have shown in
this paper, only 3,,Gy™" (w, k.) and 3,,G*"*F (w, k) are inde-
pendent of the order of the limits. All other response functions
give different answers when different orders of the limits are
taken. For instance, Eqs. (72) and (81) are different from the
usual Kubo formula for » and ¢.

It is then worth asking what is really is being calculated
with the usual skeleton diagram expansion technique using
the resummed propgators. For simplicity, let us consider the
one-loop diagram for

n=ilim hmE) wGr (o, k) (87)

w—0k;,
in the real scalar A¢* theory. Since
Im Gy (0, k) = (1 — e P02 (w, k), (88)

where 02 (w, k;) is the greater Wightman function, we only
need to examine

X X, d4
k) =2 [ 3L G + o)1 )

x pp(P° + w, p+ke)pp(p°, p), (89)

where

. 1 1
Py(p) = —l((po —iTn/22 —E2  (p° + il/2)% — E,%)
90)
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is the spectral density for the resummed propagator with £, =
V' p? + m2. The four poles of p¢(p0 +w,p+k.e)areat p° ~
+il'w/2 — w £ (E, + p;k;/E,). Since I'y, /2 # 0, it does not
matter to the pinching pole contribution which limit is taken
first. We can just set @ = k = 0. This is precisely what we
expected from G;.

Now let us consider Eq. (71). We now have

1 ijlm d*p 0 0
%Aij,]mo—l,loop(w’ k) = (27_[)4 n(p +w)[1 +n(p")]

1 4 2 2
X %[41) +8p"(p-k)+ (p-k)
+ 3K*p*1op(P° + w, p + k)
x pp(P°, P). o1

The pole positions are at p° ~ +ily/2 —w + (E,+p-
k/E,) and again there is no obstacle in just setting w = k = 0.
But that violates what we found in Egs. (71) and (72), that the
two orders of the limits do not commute. Therefore, it is not
clear whether Eq. (91) is evaluating Eq. (71) or Eq. (72). In
fact, when w = k = 0, the right-hand-side of Eq. (91) should
be interpreted as just the angle averaged version of Eq. (89).
Hence all calculations that started with Eq. (71) but could be
able to set w = k = 0 without any obstacles may have all been
actually using G, via Eq. (87).

For the bulk viscosity calculation, the function awGP P does
depend on the order of the limits while ladder diagrams do
not. Fortunately, from Egs. (82) and (83), we see that it is per-
missible to just set w = k = 0 as long as the autocorrelation
function of AP = P — v2¢ is used. This may imply that the
ladder diagram resummation is only valid for this particular
correlation function.

A question then arises: How do we use Kubo formulas
that depend on the order of the limits?> The answer seems
to be that they can be used to calculate viscosities only
if some nonperturbative approximation results in hydrody-
namic poles for the correlation functions. For instance, Eq.
(75) makes sense only if an approximation of G ™ (w, k,) =
(k\z, /a)z)Gl(w, kf, ) contains a diffusion pole. For instance, the
usual skeleton diagram resummation does not accomplish
this, but the Anderson localization schemes can yield a diffu-
sion pole by assuming that the interaction is pointlike [85-87].
Thus, further development of nonperturbative approxima-
tion schemes is necessary to fully utilize the new Kubo
formulas.

VIII. CONCLUSIONS

The main purpose of this work is to elucidate the analytic
structure of the stress-energy tensor correlation functions in
the small w and small k limit. We succeeded in doing so
by combining the energy-momentum conservation laws and
the results from gravity-hydrodynamics calculations and the
recently developed third-order hydrodynamics.

SExcept the thermodynamic ones such as Eqgs. (84)—(86).

From this endeavor, we have drawn the following conclu-
sions. First, the response function often used in the calculation
of the shear viscosity, G5 (w, k;), does not in fact possess
the shear diffusion pole. In retrospect, it is almost obvious
that this particular correlator cannot possess the shear dif-
fusion pole since variation only in the z direction cannot
induce diffusion in the transverse (x,y) directions. On the
other hand, G (, ky) is the full hydrodynamics response
function that possesses a proper shear diffusion pole. The
usual calculations via skeleton expansion in fact correspond
to using G (w, k) even though the isotropic version of the
Kubo formula is used. Similarly, skeleton expansion for the
bulk viscosity makes sense only if the autocorrelation function
of AP = P — v2& is used.

Second, the Kubo formulas for the relaxation times are un-
reliable because the results of the second-order hydrodynamic
analysis and the third-order one do not match. One should per-
haps go back to the kinetic theory analysis to establish what
the Kubo formulas for the relaxation times actually mean.

Third, we have shown that the viscosities can also be
calculated with the w — 0 limit taken first. For instance, the
pressure-pressure spectral density can give the bulk viscos-
ity or the shear viscosity depending on whether the k — 0
limit is taken first or the w — O limit is taken first. We
have also derived some interesting Kubo formulas where
the shear viscosity to enthalpy ratio is inversely proportional
to some power of the correlation functions. These formu-
las may offer an intriguing possibility to further study the
n/s bound in terms of the bound on the transport cross
section.

Even though the @ — 0 limit is taken first, the new Kubo
formulas are not really thermodynamical or static because
usually an o derivative is involved. Equivalently, these for-
mulas use the imaginary part of the retarded correlation
functions. In this regard, the Kubo formula in Eq. (76) is
special because it uses the real part of a retarded correla-
tion function. Although the second-order frequency derivative
makes it nontrivial to connect it to a purely Euclidean for-
mulation (thus to simpler lattice calculations), it may provide
an intriguing possibility. We should note that, to use the new
Kubo formulas fully, one needs an approximation scheme
where the resummed correlation functions actually exhibit
hydrodynamic poles. In this sense, investigation of new tech-
niques to calculate the explicit pole structure of the correlation
functions would be important.

Finally, we would like to note that, for the sake of brevity,
we have omitted many of the details in the derivations in this
work. We will report them in a separate publication.
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APPENDIX A: DETAILS OF G., G.r AND Gy

The numerator for Gy is given by

dinew® i’ Aot 0t 2kw*
NL(CD, k2) — _ hO <U52w2 _ ifnvfa)S _ l.T]'['UszC()3 _ Tntﬂvgaf‘ . mw _ lw é‘ - ninw . 7@ é‘ _ K®
3ho ho 3ho ho 3ho
di*o* 20t w* iktnw®  dik*tnwd ity @’ T,
n & ~§6+ new’ nw’ $5+ &6 ’ Al
3hy hg ho 3hy 3hy hg ho

which is in fact independent of k at this order. The denominator exhibits the typical sound pole structure

dink’w  ikPwl
Ssound (@, kz) =k2vf —w’+ zt,,w3 +ithe’ + r,,rna)4 - — = zkztﬂvfa) — zsznvfa)

Ank’tne? K0’ 2 2 2
- - — k"t TV 0. A2
31 ho 7 TnVy W (A2)
This has exactly the same structure as G; in Eq. (14). It also coincides with the sound dispersion relationship in the second-order
hydrodynamics. The correlator Gy (w, k;) coincides with the correlator G5=(0, k) calculated in [51] in the conformal limit where
¢ =0and ty =0. The_ sound pole denominator is common to all sound response functions G, G.r, and Gy.
The numerator for G 7 is given by

Nir(w, k) =ho<vszw2 — ityyyw® —itnviw® — tenuyw’ + 2w’ _ 1w + cw! 2wt Zyenwt | mwlt
3hy ho 3hy 3hy 3hy ho
2wEs  wiE  ikTtnw®  2ik*tow’ ity wdEs itz wd&s kzxv3w2 2k2/c*vxzw2 ikzlcr]-[vfw3
he  hy  3ho 3he e e T T h
3 2ik*ic*trvw? + 4ink>w3Es 3 2ink*w3Es ikl kw3t B 2ik2/<*w3§> (A3)
ho h3 h3 h3 h ’

which is consistent with G, in Eq. (17).
The numerator for G7 is given by

3 3 4 4 2it-w’
Nr(w, k2) = —hy vfa)2 — ity vsza)3 — itnvfaﬁ _he e £ — tnrnvsza)4 _ e’ @ £ _ e 5
3]’[0 ]’l() 3h() h() hO
Ty &g n 2% W& kw® n K* n iKTnw®  ik*Tne’ n 3ink*vie  3nklw’t
ho ho ho 6hy 3hy 6hy 3hy ho h
3nkltnvie? 2k’wés n kkv2w? kko?  kkPvie’  kk*? ikktmvie’  ikk*tno?
ho ho 2hy 6h ho 2hy 2hy 6hy
2ik’t s 4ink’w’Es  2ink*w’Es  ikkPo’C kKo’ ikt kKPtovie? n ikk*tnv’e  ikkior
ho h3 h3 2h} h ho 2hy 2h}
4ink*
_ "_zwés> (Ad)
h
0

which is consistent with G7 in Eq. (43).

APPENDIX B: CORRELATION FUNCTIONS IN TERMS 5
. k R A

OF THE RESPONSE FUNCTIONS ng,oj (0, k) = —Z(Gl(w’ k2)8ij 1 G, kz)kikj), (B2)

From Egs. (6) and (7), we can deduce 2 @
0jidm k U i G = —=(Gr(w, Kkik; + Gir(w, k)8;j),  (B3)
Gy (w, k) = 5(G1(w, k) (ki jm + kmd j1) + Gr(w, k™) @ i

A . 3 ~00,0i 2 2y @

x kikikn + Grr (@, Kk 81m), (B1) @ Gy (w, k) = kik (GL(‘U”‘ )= hO)’ (B4)
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2
W1 GO, k) = k* (GL(a), K2y — %h()) (B5)

Gy (0. k) = 3P + G(@. k) + 4Gyr (@, k) + 4Gr (. k),
(B6)

Gy (w, ky) = =P + Gy (0, k7). (B7)

G;)\Xy(a)’ kz) =-P+ G2 (a)’ kzz)’ (B8)
GR (o, k) + G (0, k) = 2Gr (o, k), (B9)
2
G (w, k,) = w—an (0, k2), (B10)
Ox,0x k\2 2
G"™(w, ky) = EGI (@, k7). (B11)
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