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Spinodal instability in nuclear matter with light cluster degrees of freedom
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We investigate the thermodynamical stability of low-density isospin-symmetric nuclear matter at finite tem-
perature, explicitly including light clusters as degrees of freedom. Within a generalized mean-field framework,
we compute the curvature matrix of the free-energy density and determine the spinodal region, identifying the
conditions under which mechanically unstable modes may develop in the presence of clustering. Particular
attention is devoted to the formal consequences of introducing an infrared momentum cutoff in the density
and current moments, which effectively accounts for Pauli-blocking effects and the associated reduction of
low-momentum quasiparticle states in the medium. We show that when the cutoff is density dependent, thermo-
dynamic consistency requires additional contributions to the chemical potentials, and extra terms also appear in
the first hydrodynamic moment, influencing both the stability analysis and the location of the spinodal boundary.
We further examine the character of the unstable modes and find that a sufficiently stiff density dependence of
the cutoff may drive clusters to fluctuate out of phase with nucleons, pushing them toward low-density regions
while nucleonic instabilities grow, in contrast with the in-phase pattern obtained when the density derivatives of
the cutoff are neglected in the stability analysis. Our results shed new light on the role of light clusters in the
phase dynamics of warm, dilute nuclear matter, with implications for heavy-ion collisions and for the physics of
neutron-star crusts.
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I. INTRODUCTION

The study of nuclear matter under extreme conditions
remains a central theme in nuclear physics, with profound
implications for compact stellar objects and dense astrophys-
ical environments [1–3]. A key aspect of this investigation
lies in understanding the thermodynamic properties and com-
position of nuclear matter across a wide range of densities
and temperatures, and therefore on its equation of state (EoS)
[4–8]. In particular, the subsaturation regime hosts a rich and
complex phenomenology shaped by both mean-field effects
and many-body correlations [9–11].

At these low densities, nucleons do not simply behave
as a uniform Fermi gas; instead, they tend to form bound
states, including light clusters such as deuterons, tritons, and
α particles [12,13]. These few-body correlations emerge as a
natural way for the system to minimize its free energy and
dominate the composition at sufficiently low densities and
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moderate temperatures [6,14,15]. However, as the density in-
creases, medium modifications—most notably Pauli blocking
effects—progressively reduce the binding energies of these
clusters, eventually leading to their dissolution in what is
known as the Mott transition [16,17].

At subsaturation densities, nuclear matter may also be-
come unstable against long-wavelength density fluctuations
[18]. When the incompressibility turns negative, the mean-
field attraction drives the system into the spinodal region
of the liquid–gas phase diagram [19], where mechanical
instabilities amplify density fluctuations, possibly leading
to phase separation and the formation of inhomogeneous
structures [20].

However, light cluster formation is expected to modify
both the thermodynamics and the dynamical response, intro-
ducing additional modes associated with cluster densities and
currents [21]. As a consequence, capturing the full complexity
of low-density nuclear matter, especially in out-of-equilibrium
conditions, remains a major challenge [22].

Thermodynamical approaches that include clustering ef-
fects are indeed often limited to equilibrium properties [23]
or do not take explicitly into account the role of medium
modifications of light clusters to shape the onset of instabili-
ties [24,25]. On the other hand, traditional dynamical models,
such as those based on transport approaches [26,27], while
successful in describing nucleonic dynamics and collective
flow [28,29], often struggle to treat light clusters as correlated,
dynamical degrees of freedom on the same footing as nu-
cleons. Therefore, a unified framework connecting clustering,
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in-medium effects, and mechanical instabilities is still lacking,
despite recent significant progress [30–32].

Clarifying how mean-field instabilities develop in the pres-
ence of light clusters is crucial for applications in both
nuclear physics and astrophysics [33]. On the terrestrial side,
heavy-ion collisions at Fermi and intermediate energies probe
nuclear matter far from equilibrium [34,35], providing crucial
insights into the EoS [36,37]. Observables such as multifrag-
mentation patterns, cluster yields, and correlation functions
are highly sensitive to the instability properties of dilute mat-
ter and to the role played by light clusters during the expansion
phase [22,32,38,39]. In astrophysical environments, includ-
ing core-collapse supernovae, neutron-star crusts, and binary
neutron-star mergers, the same low-density and moderate-
temperature conditions govern the formation of nonuniform
structures and influence neutrino transport, thermal evolution,
and potentially the emission of gravitational waves [40–48].

Specifically, spinodal decomposition must be viewed as
a coupled response of nucleons and clusters embedded in a
self-consistent medium. In this framework, in-medium effects
acting on clusters may be implemented through an infrared
density-dependent Mott momentum [49], which effectively
accounts for the Pauli-blocking reduction of low-momentum
quasiparticle states in the medium. Within this assumption,
linear-response studies of the Vlasov dynamics have recently
shown that in-medium effects can significantly reshape the
unstable response of dilute nuclear matter [50]. In particular,
the density dependence of the cutoff may alter the instabil-
ity growth and even modify the relative pattern of density
fluctuations between clusters and nucleons, with respect to
calculations neglecting the density derivatives of the cutoff
in the stability analysis. However, the features of these insta-
bility patterns, particularly in connection with clustering and
in-medium effects, require further study. In this work, we ex-
plore whether new insights can be obtained within a genuine
thermodynamic analysis of the curvature of the free-energy
density, without resorting to dynamical prescriptions. We ad-
dress this issue by investigating the thermodynamic stability
of low-density nuclear matter at finite temperature, explic-
itly including light clusters. Within a generalized mean-field
framework, we assess how cluster formation and in-medium
effects modify the spinodal region, with particular emphasis
on the role of the infrared momentum cutoff. Building on
earlier studies limited to a single cluster species, we now allow
for the simultaneous inclusion of multiple species and explore
the sensitivity of the stability properties to different assump-
tions on cutoff parametrizations, nucleon-cluster mean-field
potential strength, and in-medium binding energies. When
the cutoff depends on density, thermodynamic consistency
requires additional contributions to the chemical potentials,
whose impact on free-energy convexity and unstable modes
is systematically examined. We further analyze the directions
of unstable fluctuations to characterize the nature of the nor-
mal modes and determine whether clusters cooperate with
or decouple from nucleonic density fluctuations. The present
study thus complements the recent linear-response analysis of
Ref. [50] by providing a more extensive perspective on the
role of clustering in the behavior of warm and dilute nuclear
matter.

The paper is organized as follows: Sec. II outlines the
theoretical framework and presents the connection with hy-
drodynamics and the Vlasov approach at the onset of the
spinodal instability, Sec. III is dedicated to the results, and
conclusions are drawn in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Distribution functions and Mott momentum

We consider a system of nucleons, neutrons (n) and pro-
tons (p), and light nuclear clusters treated as explicit degrees
of freedom, in thermodynamical equilibrium at temperature
T . The equilibrium phase-space distribution functions f j are
given by the Fermi–Dirac or Bose–Einstein form

f j (ε j ) =
[

exp

(
ε j − μ∗

j

T

)
− (−1)Aj

]−1

, (1)

where Aj is the mass number of species j and μ∗
j denotes

the nonrelativistic effective chemical potential. The single-
particle kinetic energy is

ε j = p2

2mj
, (2)

with the constituent mass defined as

mj = Ajm − Bj, (3)

where Bj is the absolute value of the binding energy of species
j and m = 939 MeV is the bare nucleon mass, taken to be the
same for neutrons and protons.

The number density ρ j of each species is obtained from the
momentum integral of the distribution function,

ρ j = g j

∫
� j

dp
(2π h̄)3

f j, (4)

where g j is the spin-degeneracy factor, and the total baryon
density is ρb = ∑

j A jρ j . For nuclear clusters, an infrared mo-
mentum cutoff � j is introduced to account for the Mott effect.
Indeed, due to Pauli blocking in the medium, bound clus-
ters can exist only for momenta exceeding the corresponding
Mott momentum, leading to a suppression of low-momentum
quasiparticle states [23,31,49,50].

The momentum cutoff effectively incorporates medium
effects analogous to a momentum-dependent binding-energy
shift within a quasiparticle picture [17]. In the present ap-
proach, where a momentum cutoff is introduced in the cluster
distribution functions, surviving clusters are assumed to re-
tain their vacuum binding energies Bvac

j , independently of
the surrounding nuclear medium, unless otherwise specified.
Correlations in the continuum, which may become important
at higher densities [11,49], are also neglected.

B. Free-energy density functional

The thermodynamic properties of such a system might be
completely determined through the study of its thermody-
namic potential. In the finite-temperature case we are focusing
on, this potential is given by the free-energy density functional
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F = E − TS , where S is the entropy density given by

S = −
∑

j

g j

∫
� j

dp
(2π h̄)3

×
[

f j ln f j + 1 − σ j f j

σ j
ln(1 − σ j f j )

]
, (5)

with σ j = (−1)Aj+1 and E is the energy density functional
E = K + U , expressed as the sum of the kinetic-energy
density

K =
∑

j

g j

∫
� j

dp
(2π h̄)3

f jε j (6)

and the potential-energy density U , as obtained from a
(density-dependent) effective interaction. The free-energy
density functional may then finally be written as

F = U +
∑

j

(μ∗
j + mj )ρ j − T

∑
j

g j

σi

∫
� j

dp
(2π h̄)3

ln

×
[

1 + σ j exp

(
−ε j − μ∗

j

T

)]
. (7)

In this work, we concentrate on the temperature domain T � 5
MeV, which is relevant for the expansion phase of heavy-ion
collisions at Fermi or intermediate energies (in the range of
beam energies of about 30–300 MeV per nucleon) [51] as well
as to the temperature conditions created in binary neutron-star
mergers and supernova explosions [40,52]. These temperature
values mainly lie beyond the critical one for the transition
to the Bose-Einstein condensate phase for the light clusters,
whose emergence is further suppressed when introducing a
momentum cutoff [15]. Then the functional F does not in-
clude any contribution from boson condensation.

C. Thermodynamical consistency and chemical potentials

Equation (7) extends the standard definition of the
thermodynamical potential to the case in which an infrared-
momentum cutoff, either constant or density dependent,
is introduced in the momentum integrals. Chemical po-
tentials are consistently obtained from the thermodynamic
potential as

μ j = ∂F
∂ρ j

∣∣∣∣
{ρl ,l �= j}

. (8)

As shown in Appendix A, from Eq. (8), the following relation
is obtained:

μ j = mj + μ∗
j + Uj + μ̃ j, (9)

where μ∗
j is the effective chemical potential appearing in the

equilibrium distribution functions,

Uj = ∂U
∂ρ j

∣∣∣∣
{ρl ,l �= j}

, (10)

is the mean-field potential and μ̃ j are additional contributions
arising from the density-dependent cutoff, which are explicitly

written

μ̃ j = −
∑

c

σcαc

√
λc

(
λc − μ∗

c + T ln f λ
c

) ∂λc

∂ρ j

∣∣∣∣
{ρl ,l �= j}

, (11)

where c runs only over cluster species,

αc = gc
(2mc)3/2

4π2 h̄3 , (12)

and we introduced the cluster kinetic-energy cutoff λc = �2
c

2mc

and the shorthand notation f λ
c ≡ fc(λc). In the following, all

partial derivatives with respect to ρ j are evaluated at fixed
densities of the other species ρl with l �= j. The appearance
of the additional contribution to the chemical potential μ̃ j

represents a genuine medium-induced rearrangement effect.
An alternative strategy to enforce thermodynamical consis-
tency would, in principle, consist of introducing an explicit
rearrangement contribution F (r) to the free-energy density
functional

F̄ = F − F (r), (13)

such that

μ̃ j = ∂F (r)

∂ρ j
(14)

and μ j = mj + μ∗
j + Uj . However, the explicit construction

of a rearrangement functional F (r) capable of reproducing
Eq. (14) is not straightforward in the most general case.

Expanding F up to second order in the density fluctuations
yields

δF −
∑

j

μ jδρ j = 1

2

∑
j,l

∂μ j

∂ρl
δρ jδρl , (15)

which involves the derivatives of the chemical potentials de-
fined in Eq. (9). These derivatives are explicitly derived in
Appendix B. The thermodynamic stability of the system is
therefore controlled by the curvature matrix associated with
the quadratic form in Eq. (15), whose elements are

C jl = ∂μ j

∂ρl
. (16)

It is worth noticing that, since C is associated with a sym-
metric bilinear form, it must be symmetric by construction,
even in the presence of a density-dependent infrared cutoff.
The eigenvectors of C define the normal modes in the space
of the density fluctuations, while the associated eigenvalues
determine their stability: positive eigenvalues correspond to
stable modes, whereas negative eigenvalues signal the onset
of density instabilities.

D. Linearized Vlasov equations

In Ref. [50], an extended dynamical framework was in-
troduced to describe the development of volume instabilities
in the presence of light clusters. The approach is based on
a linear-response analysis of the collisionless (Vlasov) limit
of the Boltzmann equation [53–55]. Following this strategy,
we consider phase-space small-amplitude perturbations δ f j
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around the equilibrium distribution functions f j . The resulting
linearized Vlasov equations read

∂ (δ f j )

∂t
+ ∇r(δ f j ) · ∇pε j − ∇p f j · ∇r(δε j ) = 0, (17)

where ε j is the single-particle energy and δε j its fluctuation
(see Supplemental Materials of Ref. [50]).

The single-particle energy is related to the functional
derivative of the energy density according to

ε j ≡ 1

α j
√

ε j

δE
δ f j

, (18)

with α j defined as in Eq. (12). In the presence of a density-
dependent momentum cutoff, the single-particle energy can
be written as

ε j = ε j + Uj + ε̃ j, (19)

where

ε̃ j = −
∑

c

λc + Uc

1 + �cc
�c j, (20)

with

�c j = αc

√
λc f λ

c

∂λc

∂ρ j
, (21)

denotes the additional contribution induced by the density
dependence of the cutoff.

For the momentum-independent effective interaction con-
sidered in this work, the derivation of the linearized Vlasov
equations has been presented in Ref. [50]. Extending the
standard Landau procedure to include multiple cluster species
c, one obtains a system of coupled equations for the density
fluctuations that can be written in the compact form

δρ j = −χ j

∑
l

(
F jl

0 + F̃ jl
)
δρl −

∑
c

δ jc

∑
l

�clδρl , (22)

where χ j is the Lindhard function and l runs over all species.
The standard Landau parameters are defined as

F jl
0 = Nj

∂Uj

∂ρl
, (23)

and, in analogy, the additional contributions associated with
the density-dependent cutoff read

F̃ jl = Nj
∂ε̃ j

∂ρl
, (24)

where

Nj = −g j

∫
� j

dp
(2π h̄)3

∂ f j

∂ε j
(25)

is the thermally averaged level density of species j.

E. Euler equations and hydrodynamics

The hydrodynamical approach is usually adopted to de-
scribe the long-wavelength dynamics of a classical fluid
dominated by (quasi-)particle binary collisions. In this regime,
the two-body correlations drive the system toward local ther-
modynamic equilibrium on a timescale that is assumed to

be short compared with that associated with the collective
evolution [19,56]. In the ideal limit, local thermodynamic
equilibrium is assumed at each time instant, and dissipative
effects, such as viscosity and heat conduction, are neglected.
As a consequence, although hydrodynamics is intrinsically
a collisional regime, the resulting ideal hydrodynamic equa-
tions coincide with the lowest moments of the collisionless
(Vlasov) equation once local equilibrium is enforced. Ac-
cordingly, the zeroth (continuity) and first moment (Euler)
equations can be formally recovered from the moment expan-
sion of the Boltzmann transport equation [19,33]. The detailed
derivation is presented in Appendix C, where the case of
momentum integrals including a density-dependent infrared
cutoff is explicitly addressed. The resulting equations take the
form

∂ρ j

∂t
+ ∇r · (ρ ju j ) = 0,

mλ
j

∂

∂t
(ρ ju j ) + ∇rP + ∇rP̃ = 0, (26)

where u j is the average velocity [see Eq. (C5)] and the other
quantities are described below.

Equations (26) differ from the standard hydrodynamic
equations through two distinct mechanisms associated with
the infrared cutoff λ j . On the one hand, even when the cutoff
is constant, the suppression of the momentum region |p| < � j

reduces the available phase space and shifts the distribution
toward higher momenta. Physically, this suppresses soft (low-
momentum) quasiparticle excitations, thereby modifying the
inertial response of the fluid. This leads to the renormalized
inertial mass

mλ
j = mj

Zλ
j

, (27)

with the factor

Zλ
j = 1 +

2
3α j f λ

j λ
3/2
j

ρ j
. (28)

The resulting picture is that of an effective quasiparticle
ensemble in which only modes above the threshold λ j partici-
pate in transport, while the low-energy sector is frozen out. On
the other hand, if the cutoff λ j depends on the local densities
ρl , further modifications arise. In this case, the integration
boundary in momentum space varies in space and time, and
the derivatives of λ j generate an additional pressure contribu-
tion, P̃, in the momentum equation, whereas the pressure P
retains its standard functional form:

P =
∑

j

μ jρ j − F . (29)

Within the hydrodynamic description, the stability and
evolution of density fluctuations are finally governed by the
derivative, with respect to the densities of the different species,
of the term (P + P̃). If the derivatives of P̃ are small com-
pared with the standard compressional response, ∂P/∂ρl—as
is typically the case for smooth cutoff parametrizations and
moderate cluster abundances—the P̃ term can be regarded as
a subleading correction. In this limit, the stability analysis
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reduces to the study of the curvature of the free-energy density
functional F [57,58].

In the next section, we clarify the connection between the
analysis based on the curvature of the free-energy density and
the linearized Vlasov approach, when a nonstandard infrared
momentum cutoff is adopted in the momentum integrals.

F. Connection between thermodynamical
analysis and Vlasov approach

The connection between thermodynamical instabilities and
the linearized Vlasov approach is widely investigated in the
literature for the standard case [19]. In that case, the stability
condition is governed by the free-energy curvature matrix in
both frameworks, which then provides two alternative ways
of analyzing the extension of the spinodal region, yielding
identical predictions for the onset of the instability. However,
when a density-dependent cutoff is introduced in the momen-
tum integrals, the rearrangement contributions prevent this
equivalence from holding in general, as already anticipated
in the previous section.

Let us examine this issue in more detail to clarify the
previous statement. For this purpose, let us consider the sim-
plified case of symmetric nuclear matter (SNM) with only
one isospin-symmetric cluster species d added as an explicit
degree of freedom. Under these conditions, the system is
invariant under neutron-proton exchange, and it is convenient
to introduce, together with the cluster density ρd and the
corresponding density fluctuation δρd , the combinations

δρS,V = δρn ± δρp,

which describe, respectively, the fluctuations δρS of the
isoscalar density ρS = ρn + ρp and the fluctuations δρV of the
isovector density ρV = ρn − ρp. It is worth noticing that, in
the space of (δρV , δρS, δρd ) density fluctuations, the 3 × 3
matrix associated with the linear system of Eq. (22) acquires
a block-diagonal structure, and the isovector sector (δρn =
−δρp) decouples, since the corresponding eigenmode is un-
affected by the presence of an isospin-symmetric cluster. The
nontrivial coupling between nucleons and clusters is therefore
entirely contained in the isoscalar–cluster block. For χq =
χd = 1, introducing the Landau parameter

F0 = F qq
0 + F qq′

0 , q, q′ = n, p, (30)

the onset of the SNM spinodal instability is then finally
obtained by imposing that the determinant of the isoscalar–
cluster block

A =
(

1 + F0 + 2F̃ qq 2F qd
0 + 2F̃ qd

F dq
0 + F̃ dq + �dq 1 + F dd

0 + F̃ dd + �dd

)
(31)

vanishes. It is worth noting that the same instability bound-
ary would be obtained from the linearized Euler equations.
Moreover, from the above matrix, one readily recovers both
the case of a density-independent cutoff and the limit of pure
nucleonic matter, whose spinodal border is given by the stan-
dard condition 1 + F0 = 0.

Similarly to the linearized Vlasov approach, in the study
of thermodynamic stability through the free-energy curvature

matrix, one can safely restrict the analysis to the following
2 × 2 symmetric matrix (see the derivation in Appendix B):

C =

⎛
⎜⎜⎜⎜⎝

1 + F0 + 2�̃qq

2Nq

F qd
0 + �̃qd

Nq

F dq
0 + �̃dq + �dq

Nd

1 + F dd
0 + �̃dd + �dd

Nd

⎞
⎟⎟⎟⎟⎠, (32)

where we have introduced the terms

�̃ jl = Nj
∂μ̃ j

∂ρl
, (33)

that account for the density derivatives of the additional con-
tributions to the chemical potentials. It is worth noting that, in
the general case, when the density dependence of the cutoff
is taken into account, the zeros of the determinant of C do
not coincide with those of the matrix A defined in Eq. (31),
since �̃ jl �= F̃ jl . However, in the limit where the difference
(F̃ jl − �̃ jl ), namely, the derivatives of the P̃ contribution
entering Eq. (26), can be neglected, the two approaches yield
the same results. This also happens if we consider the stronger
assumption of neglecting the contributions ε̃ j and μ̃ j in the
single-particle energies and chemical potentials, respectively,
i.e., setting �̃ jl = F̃ jl = 0 in Eqs. (31) and (32). In the fol-
lowing, similarly to Ref. [50], we refer to the latter case as a
“hybrid” situation, where the effects of the density-dependent
cutoff appear only through the � jl terms.

The next section is devoted to presenting the results of
the thermodynamic stability analysis of the composed sys-
tem of nucleons and light clusters through the study of the
free-energy curvature matrix. To better isolate the role of
in-medium effects, we consider, in addition to the full case,
a simplified limit in which the density derivatives of the cutoff
are neglected in the stability analysis (�d j = 0). This also
implies F̃ d j = �̃d j = 0. We refer to this situation as “neglect-
ing in-medium effects,” although the cutoff is still retained
in the momentum integrals and continues to affect, among
other quantities, the cluster fractions. Within a generalized
mean-field framework, we assess how the spinodal region
is modified by the presence of light clusters and in-medium
effects, also comparing the results with the linear-response
analysis based on the Vlasov equations of Ref. [50].

III. RESULTS

The results of the present analysis are restricted to the case
of SNM. The extension to asymmetric nuclear matter will be
addressed in a forthcoming work.

We adopt a simplified Skyrme-like effective interaction
for the mean-field potential, following Ref. [20]. In addition
to the standard assumption that nucleons bound in clusters
experience the same mean-field potential as free nucleons, we
also explore alternative prescriptions inspired by relativistic
mean field (RMF) studies [11]. These works indicate that
in-medium effects may require a reduced nucleon-meson cou-
pling strength for clusters, typically implemented through a
universal screening factor smaller than unity [12]. Such a
prescription has been shown to improve the description of
the EoS in astrophysical applications [59] and of the chemical
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equilibrium features characterizing heavy-ion collisions [60].
Within the present nonrelativistic Skyrme framework, this
effect can be encoded by assuming that the potential-energy
density U (ρη ) depends on a “screened” density

ρη = ρS + η
∑

c

Acρc, (34)

where η � 1.
Moreover, we restrict ourselves to isospin-symmetric light

clusters, such as deuterons and/or α particles. Then, following
Ref. [50], the in-medium effects are parametrized through the
following expression for the kinetic-energy cutoff:

λc(ρb, T ) = βcρ
γc

b Sc(ρb, T ), c = d, α, (35)

which assumes a power-law dependence on the total baryon
density ρb [17,31,61], modulated by the smoothing function

Sc(ρb, T ) = 1 + tanh

[
ξc

(
1 − νc

ρMott
c (T )

ρb

)]
. (36)

The parameters βc, γc, ξc, and νc control the density de-
pendence and smoothness of the cutoff. The function Sc is
introduced to prevent the appearance of discontinuities in the
density derivatives of the cutoff around the Mott density ρMott

c ,
whose temperature dependence was parametrized according
to the parabolic expansion

ρMott
c = ac + bcT + ccT 2 (37)

proposed in Ref. [17].
Consistently with the choices adopted in Refs. [13,50], we

impose chemical equilibrium as a reference condition for the
initial state of the system,

μc = Acμnuc, (38)

where μnuc is the nucleon chemical potential, being the same
for neutrons and protons. Since the infrared cutoff is assumed
to only depend on the total baryon density ρb (so that μ̃c =
Acμ̃nuc), Eq. (38) can be rewritten as

μ∗
c = Acμ

∗
nuc + Bc + AcUnuc(1 − η), (39)

where η is the screening factor introduced in Eq. (34), ac-
counting for the fact that the mean-field potential Uc/Ac =
ηUnuc felt by each nucleon bound in clusters may be smaller
than that experienced by free nucleons (Unuc) in the surround-
ing nuclear medium. Equation (39) uniquely determines the
cluster mass fraction

Xc = Ac
ρc

ρb
(40)

for each value of the total baryon density. Chemical equilib-
rium, however, is not essential to the present approach and
could be relaxed by allowing for arbitrary cluster chemical
potentials. Here, it serves only as a convenient reference
for calibrating the in-medium effects against benchmark
(semi-)microscopic calculations.

Within these assumptions and under different scenarios,
in the following sections, we determine both the spinodal
boundary and the direction of the instability in the space of
density fluctuations.

As a first application, in Sec. III A we consider a simplified
scenario in which only a single light cluster species is in-
cluded as an explicit degree of freedom. This choice provides
a validation of the present calculations against the formalism
discussed in Sec. II F and serves as a benchmark for extending
the analysis in Sec. III B to the simultaneous inclusion of
multiple cluster species.

A. Nuclear matter with a single cluster species

In this section, following Ref. [50], we include only
deuterons as explicit cluster degrees of freedom. Although at
low temperatures both microscopic quantum statistical (QS)
and relativistic mean-field (RMF) calculations [6] predict a
clear dominance of α particles, for SNM at temperatures T �
5 MeV—the regime of interest here—the thermodynamics is
largely governed by two-body correlations [15]. However, the
impact of the presence of α particles on the instability features
will be addressed in Sec. III B.

Under the assumption of a single cluster species, in the
following sections we perform a sensitivity study of the
functional form adopted for the infrared cutoff [Eq. (35)]
(Sec. III A 1) and provide a direct comparison with the linear-
response analysis based on the Vlasov equations of Ref. [50]
(Sec. III A 2).

1. Sensitivity study of the cutoff parameterization

We first examine the sensitivity of the thermodynamic
stability to two parameters of the cutoff parametrization: the
stiffness at high densities, controlled by γd , and the smooth-
ness of the transition around the Mott density, governed by ξd .
For simplicity, we consider the standard case, η = 1, for the
mean-field screening factor. From Eq. (39), the deuteron mass
fraction is obtained, whose resulting baryon density depen-
dence is shown in Fig. 1. In addition to the reference choice
adopted in Ref. [50] (γd = 2/3, ξd = 1), we consider two
alternative values for each parameter, while keeping νd = 2
and the Mott density ρMott

d fixed to the values used in Ref. [50].
All curves are obtained at a fixed temperature T = 8 MeV.

As a general feature, all curves exhibit the characteristic
rise-and-fall behavior of the deuteron mass fraction, with
a maximum reached around the Mott density. Below this
density, where the kinetic-energy cutoff approaches zero, all
lines tend to coincide. Beyond the Mott density, Xd decreases
as a consequence of the (monotonically) increasing behav-
ior of the cutoff λd with baryon density. In both panels of
Fig. 1, the rate at which the deuteron fraction is suppressed
above the Mott density directly reflects the behavior of the
cutoff (see insets). In Fig. 1 (upper panel), a smaller (larger)
value of γd corresponds to a stronger (weaker) density depen-
dence of the in-medium repulsion induced by λd and therefore
to a stiffer (softer) suppression of Xd at high densities. At
the same time, the results are sensitive to the smoothness of
the cutoff around the Mott density, as illustrated in Fig. 1
(lower panel). A sharper transition leads to a more abrupt
dissolution of deuterons beyond the Mott density, despite the
larger maximum value of Xd reached at ρMott

d .
To determine the spinodal boundary, we diagonalize the

free-energy curvature matrix [Eq. (32)], yielding two isoscalar
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FIG. 1. Deuteron mass fraction Xd as a function of the total
baryon density ρb for different values of γd (top panel) and ξd

(bottom panel). The insets show the density dependence of the cor-
responding infrared cutoff parametrizations.

(δρn = δρp) eigenmodes with eigenvalues (�d
S1

, �d
S2

),

�d
S1,2

=
C11 + C22 ∓

√
(C11 − C22)2 + 4C2

12

2
, (41)

and the corresponding eigenvectors in the (δρS, δρd ) sub-
space. The vanishing of the lower eigenvalue �d

S1
[correspond-

ing to the minus sign in Eq. (41)] determines the spinodal
boundary, while the associated eigenvector specifies the di-
rection of the instability. The ratio of its components is
obtained as (

δρS

δρd

)
1

= �d
S1

− C22

C12
(42)

and is particularly instructive: positive (negative) values indi-
cate that nucleon and deuteron density fluctuations evolve in
phase (out of phase), respectively. This feature indicates that
light clusters can either cooperate with nucleons in developing
the mean-field instability or be pushed toward the lower den-
sity regions, where in-medium effects have less impact, thus
reinforcing a distillation-like mechanism [20,58].

In Fig. 2, for the same values of γd (top panel) and ξd

(bottom panel) as in Fig. 1, and at the temperature T = 8
MeV, we show the density dependence of the eigenvalue, �d

S1
,

FIG. 2. Eigenvalue �d
S1

(see text) as a function of the total baryon
density ρb for different values of γd (top panel) and ξd (bottom
panel). The full calculations (solid lines) are compared with the case
in which the density dependence of the cutoff parametrizations is
neglected in the stability analysis (�d j = 0) (dashed lines) and with
the pure nucleonic case (SNM, gray dotted line). The insets show
the corresponding behavior of the density derivative of the infrared
cutoff parametrizations, expressed in the same units as in the main
panels.

whose negative values signal mechanical instability. To assess
the role of in-medium effects, the full results (solid lines)
are compared with illustrative calculations (dashed lines) ob-
tained by neglecting the density dependence of the cutoff,
(�d j = 0). The corresponding eigenvalue in pure nucleonic
matter (labeled as SNM) is also shown as a gray dotted line.
The latter exhibits the standard unstable density region driven
by the mean-field potential, bounded by the vanishing of the
eigenvalue, beyond which mechanical stability is restored.

When clusters are included, a richer scenario emerges. At
low densities, the curves with clusters are shifted above the
SNM result due to the small cluster fraction (level density),
which leads to large derivatives of the (effective) chemical
potentials. With increasing density, the cluster mass fraction
grows, and the magnitude of the eigenvalues is reduced by
the attractive mean-field contribution, which is stronger for
clusters than for nucleons. As a result, when in-medium ef-
fects are neglected (dashed curves), the instability region is
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significantly enhanced and extends over a wider density range
than in pure nucleonic matter. At higher densities, clusters
are progressively suppressed and eventually dissolve into the
medium, causing all curves to converge.

When in-medium effects are fully included, the solid
curves begin to deviate from the dashed ones around the Mott
density, where a characteristic bump appears. This feature
originates from the repulsion induced by Pauli-blocking ef-
fects and is directly linked to the density derivative of the
cutoff (see inset). This contribution adds a positive (kinetic)
contribution to the chemical-potential derivatives, partially
counterbalancing the mean-field attraction and thus generally
reducing the instability. As a result of this particular behavior,
when in-medium effects are included, the extension of the un-
stable region becomes closer to that of SNM. In this case, the
system may even exhibit two distinct instability regions, sepa-
rated by an intermediate mechanically metastable domain, as
discussed in Refs. [50,62,63].

Nevertheless, the general scenario depends sensitively on
the cutoff parametrization: the smoothness parameter primar-
ily controls the magnitude of the bump, while having only
a minor impact on the onset of the instability region. By
contrast, the density-slope parameter γd plays a crucial role
in determining its extent.

The direction of the instabilities and the nature of the as-
sociated modes can be further characterized by analyzing the
eigenvectors of the free-energy curvature matrix. Following
Ref. [50], we introduce the normalized quantity

�d =
(

δρS

δρd

)
1

ρd

ρS
, (43)

which is displayed in Fig. 3 as a function of the total baryon
density ρb, for both calculation schemes discussed above,
namely, neglecting or fully including the density dependence
of the cutoff, for the temperature T = 8 MeV.

At densities below the Mott density, deuteron fluctuations
are found to be in phase with nucleonic ones. When the
density dependence of the cutoff is neglected, this behavior
persists up to densities above 10−1 fm−3, i.e., beyond the
spinodal region. It should be noted that, according to Eq. (42),
the �d ratio changes sign, exhibiting a divergent behavior,
when the C12 component of the free-energy curvature matrix
crosses zero (see the inset).

When the density-dependent cutoff is considered, the �d

ratio changes significantly above the Mott density. The di-
vergence shifts to lower densities, and deuteron fluctuations
become out of phase with respect to nucleonic ones already
within the spinodal region. While the density at which this fea-
ture occurs depends only weakly on the smoothness parameter
ξd of the cutoff, it exhibits a strong dependence on the stiffness
parameter γd [see in particular the soft case, corresponding
to γd = 5/6, in Fig. 3 (upper panel), where the out-of-phase
behavior only appears in a limited density range inside the
spinodal region].

2. Thermodynamical stability and linearized Vlasov approach

In this section, we compare the thermodynamic stability
analysis presented above with the linear-response study based

FIG. 3. The quantity �d (see text) as a function of the total
baryon density ρb for different values of γd (top panel) and ξd

(bottom panel). The full calculations (solid lines) are compared with
the case in which the density dependence of the cutoff parametriza-
tions is neglected in the stability analysis (�d j = 0) (dashed lines).
The insets show the corresponding behavior of the isoscalar-cluster
component of the free-energy curvature matrix C12.

on the collisionless Vlasov approach of Ref. [50], adopting
the same reference choice (γd = 2/3, ξd = 1) for the cutoff
parametrization. Our focus here, however, is not on the dy-
namical growth rates of density fluctuations, but rather on
the extent of the instability region in the phase diagram. This
region is delimited by the spinodal boundary, which in the
thermodynamic framework is determined by the vanishing of
the free-energy curvature, i.e., by the zeros of the isoscalar
eigenvalue �d

S1
. In the Vlasov case, the spinodal border cor-

responds to the density values where the determinant of the
matrix in Eq. (31) vanishes.

Figure 4 shows the spinodal border in the (ρb, T ) plane for
nuclear matter with deuterons under different prescriptions:
(i) neglecting in-medium effects (�d j = 0) (dashed lines);
(ii) hybrid case (dotted lines); and (iii) full inclusion of in-
medium effects (solid lines). The red curves correspond to the
linear-response (Vlasov) results plotted in Fig. 1 of Ref. [50],
while the blue curves represent the thermodynamic stability
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FIG. 4. Spinodal border in the (ρb, T ) plane for nuclear mat-
ter with deuterons under different prescriptions: (i) neglecting
in-medium effects (�d j = 0) (dashed lines); (ii) hybrid case (dash-
dotted lines); and (iii) full inclusion of in-medium effects (solid
lines). The red curves correspond to the linear-response (Vlasov)
results of Ref. [50], while the blue curves represent the present
thermodynamic stability analysis. The spinodal boundary for pure
nucleonic matter (SNM, gray) is shown for reference.

analysis. The spinodal boundary for pure nucleonic matter
(SNM, gray) is shown for reference. It is worth noting that
the Coulomb interaction is expected to shrink the spinodal
region relative to the uncharged case considered here, since
it penalizes proton-density fluctuations and favors finite-size
structures over bulk liquid-gas separation [64]. A quantitative
assessment of this effect, including the contribution of protons
bound in light clusters, would, however, require an explicit
extension of the present framework and is therefore beyond
the scope of this work.

As already highlighted in Ref. [50], the explicit inclu-
sion of light clusters is found to substantially modify the
extent of the spinodal region. Indeed, when in-medium effects
are neglected (dashed lines), the instability domain widens
significantly. This behavior reflects the enhanced attractive
contribution arising from the deuteron mean-field potential,
which enters the F dd

0 term. In contrast, in the hybrid case
(dotted lines), a pronounced reduction of the unstable re-
gion is obtained, since Pauli-blocking effects increase the
deuteron kinetic energy and counteract the mean-field attrac-
tion. Remarkably, once in-medium effects are fully included
through the F̃ jl (and �̃ jl ) terms (red or blue solid curves),
the resulting spinodal boundary of the composite system lies
closer to that of pure nucleonic matter (gray solid curve). The
thermodynamic and Vlasov spinodals coincide both when the
cutoff is treated as density independent (dashed curves) and
in the hybrid case F̃ jl = �̃ jl = 0 (dotted curves), because no
rearrangement contributions arise, and the long-wavelength
limit of the Vlasov dispersion relation reduces to the standard
Landau stability condition based on the free-energy curvature.
This was already proved in Sec. II F by the fact that, in these

two cases, the zeros of the determinant of C and A manifestly
emerge at the same density values.

The discrepancy observed in the full calculations (solid
curves) arises solely from the additional terms, with different
density behavior, in the chemical potentials (μ̃ j) and in the
single-particle energies (ε̃ j). One observes that the density
dependence of the cutoff quenches the collisionless growth
of fluctuations in the Vlasov framework, lowering the crit-
ical temperature, while it allows thermodynamic instability
to persist up to higher temperatures. This reflects the fact
that the thermodynamic and Vlasov criteria probe, in general,
different notions of instability: the former identifies the loss
of convexity of the free energy, whereas the latter governs
the dynamical growth of density fluctuations, driven by the
single-particle potential. The density dependence of the cut-
off generates an additional contribution to the pressure, P̃,
that is responsible for the difference observed between “dy-
namical” and “thermodynamical” instabilities. Consequently,
when the cutoff is density dependent, a region may emerge
in which phase separation is thermodynamically favored, but
the dynamical amplification of density fluctuations is inhib-
ited. However, we stress that this behavior mainly concerns
the high-temperature region (T � 11 MeV), whereas the two
approaches yield quite similar results elsewhere, pointing to
modest effects of P̃. This agreement further suggests that
the instability features discussed in Ref. [50] reflect intrinsic
thermodynamic properties of the medium.

In Fig. 5, we further compare the quantity �d defined in
Eq. (43), as obtained in the present thermodynamic analysis,
with the corresponding Vlasov results (drawn only inside the
spinodal region) shown in Fig. 4 of Ref. [50]. The extents
of the spinodal regions predicted by the two approaches in
the case of full inclusion of in-medium effects are high-
lighted by the shaded areas. It should be noted that, although
close, the dashed curves do not exactly coincide. Indeed,
the Vlasov results are obtained from the full solution of the
isoscalar–cluster block of Eq. (17), which explicitly includes
the Lindhard functions χq and χd . Only in the limiting case
χq = χd = 1, namely, at the border of the dashed spinodal
regions of Fig. 4, the dashed lines coincide in Fig. 5. However,
also in the case in which the density-dependent cutoff is fully
taken into account, both in the stability analysis and in the
dynamical response, despite the differences introduced by
the additional terms, the two approaches show good overall
agreement at the temperatures considered here. In particular,
they predict not only the same sign—thus, the same in-phase
or out-of-phase character of the density fluctuations—but also
comparable magnitudes of �d across the instability region.
From Fig. 5, it can also be observed that the relative weight
of the cluster oscillations presents an initial increasing trend
as a function of the density, in connection with the cluster
abundance; indeed, the quantity �d decreases, especially at
higher temperature, reaching values lower than 1, pointing to
an increasing relative contribution of cluster oscillations with
respect to nucleons. However, close to the Mott density, the
trend is reversed: deuteron oscillations vanish (causing the
divergence observed in Fig. 5) and then change sign. However,
inside the spinodal region, the contribution of cluster oscil-
lations is significant again, although they move out of phase
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FIG. 5. The quantity �d (see text) as a function of the total baryon density ρb for nuclear matter with deuterons, obtained by neglecting
(dashed lines) or fully including (solid lines) in-medium effects, at three different temperatures. The red curves, drawn only inside the spinodal
region, correspond to the linear-response (Vlasov) results of Ref. [50], while the blue curves represent the thermodynamic stability analysis.
The shaded areas indicate the extent of the corresponding spinodal regions in the two approaches when in-medium effects are fully included.
The dotted lines, shown for reference, correspond to |�d | = 1.

with respect to nucleons, signaling the occurrence of sizable
migration effects.

B. Nuclear matter with deuterons and alphas

We finally examine the composition and thermodynamic
stability of nuclear matter, including both deuterons and α

particles. To this end, in Sec. III B 1, we first specify the
parametrizations adopted for the Mott densities and the asso-
ciated infrared cutoffs of both cluster species. This allows us
to delineate the general features of the system across the full
phase diagram (Sec. III B 2). Finally, in Sec. III B 3, we in-
vestigate the sensitivity of the results to different assumptions
on the binding energies Bc (c = d, α) and on the mean-field
screening factor η.

1. Cutoff parametrizations and characterization of the instability

A fully microscopic determination of the Mott momenta
as functions of density and temperature would require solving
the in-medium many-body Schrödinger equation [17], which
becomes computationally demanding for clusters heavier than
deuterons. We therefore fix these quantities by calibrat-
ing the in-medium effects against benchmark calculations
according to two alternative strategies: (i) a phenomenolog-
ical parametrization adjusted to reproduce the cluster mass
fractions of RMF calculations of Ref. [6], labeled “stiff”
in the following; and (ii) the semimicroscopic phase-space
excluded-volume prescription of Ref. [13] [using the set (i)
of threshold parameters Fcut], hereafter denoted as “soft.”
The latter provides an effective estimate of Mott density and
(density-dependent) Mott momentum as a function of the tem-
perature of the surrounding nuclear medium, thus capturing
the essential features of the more sophisticated in-medium
Schrödinger equation, at a significantly reduced computa-
tional cost.

A clarification is in order in this respect. The cluster
mass fractions obtained within RMF (and QS) calculations
include not only bound states but also contributions from con-
tinuum correlations. These correlated scattering states enter

the thermodynamics through virial-like or many-body corre-
lation terms and thus affect the total baryonic composition
beyond the present description, which focuses on the sur-
vival and dissolution only of bound clusters. Furthermore, the
RMF benchmark calculations also include tritons and 3He.
In the stiff case, calibrated to reproduce the RMF deuteron
and α fractions, the density dependence of the cutoff is
consequently particularly stiff, as it effectively incorporates
additional physical contributions such as continuum correla-
tions and the presence of other cluster species. By contrast,
within the phase-space excluded-volume approach, the omis-
sion of tritons and 3He may further enhance the deuteron
and α abundances obtained with the soft parametrization.
The differences between the soft and stiff cutoffs, especially
pronounced in the case of α particles, can therefore be traced
back to the absence, in the former, of continuum correlations
and additional light clusters that are effectively embedded in
the latter.

The values of the parameters βc, γc, ξc, and νc obtained
by fitting the functional forms of Eqs. (35) and (36), for
the temperature T = 8 MeV, according to the prescriptions
described above, are listed in Table I, together with the choice
adopted in Ref. [50]. In Table I, we also report the coefficients
ac, bc, and cc of Eq. (37) obtained to reproduce the deuteron
and α Mott densities (or the maxima of the deuteron and α

mass fractions) at T = 5, 8, and 11 MeV, for the soft (or stiff)
parametrizations.

The corresponding curves are shown in Fig. 6: blue (green)
lines denote deuterons (α particles), and dashed (solid) lines
indicate stiff (soft) parametrizations. We note that the density
behavior of the cutoff cannot be inferred from the value of
the slope parameter γc alone. While the sensitivity analysis
varied γd with the other parameters fixed, thereby isolating its
specific effect on the density dependence of λd , the soft and
stiff parametrizations of Table I arise from correlated global
fits in which βc, γc, ξc, and νc are simultaneously adjusted.
The magnitude and local slope of the cutoff are therefore
governed by the combined action of all parameters, which
explains the apparent inversion of the γd trends in Fig. 6 (or
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TABLE I. Parameters obtained by fitting the deuteron and alpha Mott energies (maxima of mass fractions) from Ref. [13] (Ref. [6]),
according to the functional form of Eqs. (35) and (36), for the soft (stiff) parametrization. For comparison, the parametrization of Ref. [50],
available only for deuterons, is also listed.

Ref. [50] soft stiff

Parameter Units d d α d α

βc 102 fm3γc MeV 4.400 1.5271 2.8919 9.5452 14.055
γc 2/3 0.5337 0.6296 1.0091 0.88746
ξc 1 3.0954 1.8788 24.377 66.624
νc 2 1.5589 1.5369 0.00385 0.00310
ac 10−3 fm−3 0.5765 0.5156 1.7278 10.394 8.1979
bc 10−4 fm−3 MeV−1 6.5443 1.6778 11.806 −7.6642 15.528
cc 10−5 fm−3 MeV−2 1.2491 2.2222 2.2778 85.786 33.269

Table I) with respect to the analysis shown in the inset of
Fig. 1. Moreover, it is worth clarifying why the smoothing
parameters entering the stiff parametrization lie well beyond
the range explored in the sensitivity analysis of Sec. III A 1. In
this case, the cutoff is reconstructed from benchmark cluster
mass fractions, which implicitly embed additional physical
contributions, such as continuum correlations. As a conse-
quence, the effective Mott density is shifted toward lower
values, and the smoothing parameters effectively absorb phys-
ical effects beyond those considered in the adopted cutoff
parametrization.

Figure 7 shows the corresponding cluster mass fractions
Xc (c = d, α) as functions of the total baryon density ρb,
deduced according to Eq. (39), at T = 8 MeV. Dashed lines
correspond to calculations in which only a single light cluster
species is included, whereas solid lines represent the case
where both species are simultaneously considered. The two
cutoff parametrizations are explored: soft [Fig. 7 (top panel)]
and stiff [Fig. 7 (bottom panel)].

First, already in the single-species case, the two cut-
off parametrizations predict quite different cluster mass

FIG. 6. Kinetic energy cutoff for deuterons (blue) and α particles
(green) as a function of the total baryonic density ρb as obtained at
T = 8 MeV, for the soft (solid) or stiff (dashed) parametrizations (see
Table I).

fractions beyond the respective Mott densities. As a gen-
eral feature, apart from a slightly sharper suppression of the
deuteron fraction immediately above its Mott density, the soft
parametrization leads to a smoother dissolution of clusters.
This behavior is consistent with the lower kinetic-energy

FIG. 7. Cluster mass fractions Xc (c = d, α) as functions of the
total baryon density ρb at T = 8 MeV. Dashed lines correspond to
calculations in which only one cluster species is included at a time,
whereas solid lines represent the simultaneous inclusion of both
species. For the latter case, the total cluster fraction Xd+α = Xd + Xα

is also shown (red lines). Two cutoff parametrizations are considered:
soft (top panel) and stiff (bottom panel).
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FIG. 8. Eigenvalues �c
S1

(see text) as a function of the total baryon
density ρb, at T = 8 MeV, in the case where the density depen-
dence of the cutoff is neglected in the stability analysis (�c j = 0).
Dashed blue (green) lines correspond to calculations in which only
deuterons (alphas) are included at a time, whereas red solid lines rep-
resent the simultaneous inclusion of both species. The corresponding
eigenvalue for pure nucleonic matter (gray dotted lines) is shown
for reference. Two cutoff parametrizations are considered: soft (top
panel) and stiff (bottom panel).

cutoff predicted by the soft parametrization (see Fig. 6),
particularly for α particles. As a consequence, in the stiff
case, the deuteron fraction (blue lines) remains systemati-
cally larger than that of α particles (green lines). In contrast,
with the soft parametrization Xα exceeds Xd at sufficiently
large densities, beyond an intermediate region where the
two species may reach comparable abundances. When both
species are included simultaneously, each individual clus-
ter fraction is reduced due to the mutual competition for
(low-momentum) quasiparticle states in the medium. This
reduction is, in general, more pronounced for the subdomi-
nant species. Nevertheless, the total cluster fraction Xd+α =
Xd + Xα (red lines) always exceeds the corresponding single-
species result and closely follows the dominant component.

Figure 7 is also helpful in interpreting the results shown in
Fig. 8, where—similarly to Fig. 2—the density dependence of
the eigenvalue �c

S1
, c = d, α, d + α is displayed, in the case

FIG. 9. Eigenvalue �d+α
S1

(see text) as a function of the total
baryon density ρb, at T = 8 MeV, as obtained in the case of the
simultaneous inclusion of both cluster species, for the two cut-
off parametrizations considered: soft (top panel) and stiff (bottom
panel). Dashed (solid) lines correspond to calculations neglecting
(fully including) in-medium effects. The corresponding eigenvalue
for pure nucleonic matter (dotted lines) is shown for reference.

where the density dependence of the cutoff is neglected in
the stability analysis (�c j = 0). One observes that, consis-
tently with the deuteron mass fractions shown in Fig. 7, the
eigenvalue �d

S1
(dashed blue lines) takes similar values for

the stiff and soft parametrizations. The pronounced differ-
ence observed in �d+α

S1
(red solid lines)—the lower isoscalar

eigenvalue in the two-species case and the only one that
becomes negative, thereby signaling the onset of mechani-
cal instability—is therefore mainly driven by the behavior
of �α

S1
(dashed green lines). The latter reflects the large dif-

ferences in the α mass fractions between the stiff and soft
parametrizations. Moreover, �d+α

S1
closely follows the domi-

nant single-species contribution, enhancing the instability in
the intermediate-density region where both species reach siz-
able abundances.

However, as already discussed in the sensitivity analy-
sis related to Fig. 2, in-medium effects substantially modify
both the onset and the magnitude of the instability. This
is illustrated in Fig. 9, where the eigenvalues shown in
Fig. 8 for the two-species case �d+α

S1
—neglecting the density
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FIG. 10. Quantities �d and �α (see text) as functions of the total baryon density ρb at T = 8 MeV. Dashed (solid) lines correspond to
calculations neglecting (fully including) in-medium effects. The left panels refer to calculations in which only one light cluster species (d for
�d , α for �α) is included at a time, whereas the right panels show the case where both species are simultaneously considered. The top (bottom)
panels correspond to the soft (stiff) cutoff parametrization. Shaded areas indicate the extent of the spinodal region in the case of full inclusion
of in-medium effects.

dependence of the cutoff in the stability analysis (�c j = 0)
(dashed lines)—are compared with the corresponding full cal-
culations including in-medium effects (solid lines), for both
the soft [Fig 9 (top panel)] and stiff [Fig. 9 (bottom panel)]
parametrizations.

In the stiff case, the usual suppression of the instability is
recovered, approximately restoring both the magnitude and
the extent of the standard pure nucleonic matter spinodal
region. The situation is markedly different in the soft case.

There, the system first enters the wide (dashed) spinodal
region with even larger magnitude, and subsequently reen-
ters the standard density domain associated with the SNM
instability, again with comparable magnitude and extent. This
additional low-density instability branch can be traced back
to the large α-particle abundances predicted by the soft
parametrization, which allow the cluster mean-field attraction
to remain sufficiently strong despite the repulsive effect in-
duced by the density-dependent cutoff around the Mott region.

To finally characterize the nature of the unstable modes in
the space of density fluctuations, let us look at the quantities
�c, defined as

�c =
(

δρS

δρc

)
1

ρc

ρS
, c = d, α (44)

in analogy to Eq. (43). These quantities are shown in Fig. 10 as
functions of the total baryon density ρb at T = 8 MeV. Dashed
(solid) lines correspond to calculations neglecting (fully in-
cluding) in-medium effects. The left two-column panels refer
to calculations in which only one light cluster species (d
for �d , α for �α) is included at a time, whereas the right
two-column panels show the case where both species are si-
multaneously considered. The top (bottom) panels correspond
to the soft (stiff) cutoff parametrization. Shaded areas indicate

the extent of the spinodal region in the case of full inclusion
of in-medium effects.

Once again, significant differences emerge depending on
the cutoff parametrization adopted to model in-medium ef-
fects. In the stiff case, for a single cluster species, the overall
picture is similar to that discussed in Fig. 5 and in the
linear-response analysis of Ref. [50]: the steep density de-
pendence of the cutoff drives clusters (either deuterons or α

particles) to fluctuate out of phase with nucleons, pushing
them toward lower-density regions while nucleonic instabil-
ities grow. This contrasts with the in-phase behavior obtained
when in-medium effects are neglected. In the two-species
case, the stiff scenario remains essentially unchanged, owing
to the dominance of deuterons across the entire density range.
The inclusion of α particles leaves the deuteron fluctuations
�d in the right panel practically unaffected. Conversely, the
presence of deuterons modifies the magnitude of �α , shifts the
associated divergence to lower densities, and slightly reduces
the extent of the instability region (shaded area), while pre-
serving the out-of-phase character of both cluster fluctuations
inside the spinodal region.

On the other hand, the soft parametrization considerably
enriches the picture. First, already in the single-species case
and in analogy with the behavior observed for the red curve in
the upper panel of Fig. 3, additional divergences appear when
in-medium effects are fully included.

In nuclear matter containing only deuterons, in contrast
with the stiff case, the out-of-phase behavior appears only
immediately above the deuteron Mott density, which lies be-
low the first entry into the spinodal region. At the onset of
that region, deuterons again fluctuate in phase with nucleons.
This behavior originates from the softer density dependence
of the cutoff, which weakens Pauli-blocking repulsion and
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leads to larger deuteron fractions (Fig. 7), thereby enhancing
the mean-field attraction and favoring in-phase motion.

For nuclear matter containing only α particles, the qual-
itative picture is similar. Nucleons and α particles fluctuate
in phase within the instability regions, as indicated by the
positive values of �α in the shaded areas.

The scenario becomes more intricate in the two-species
case, where the isoscalar-cluster sector involves three coupled
densities (δρS, δρd , δρα ) and the normal modes are there-
fore reoriented in density space. The inclusion of deuterons
leaves the qualitative behavior of �α largely unchanged
compared with the single-species case, except near the
deuteron Mott density, where the additional repulsion induces
a low-density out-of-phase behavior (outside the unstable
region) and slightly reduces the extent of the first instabil-
ity region. Conversely, the presence of α particles strongly
affects �d .

As a result, when in-medium effects are fully included and
both species are considered, in the soft case, α particles drive
deuterons out of phase in the first instability region, pushing
them toward lower densities. On the other hand, the growth
of instabilities in the standard spinodal region is primarily
supported by their cooperation with nucleons.

To conclude, if the density dependence of the cutoff is
neglected in the stability analysis, the characterization of
the unstable modes inside the spinodal region is straightfor-
ward: light clusters always move in phase with nucleons,
thereby reinforcing the growth of density fluctuations and
effectively acting as seeds for fragment formation. When
in-medium effects are fully included, however, the pic-
ture becomes more complex. Pauli blocking introduces a
repulsion that tends to prevent clusters from populating
high-density regions. However, if this repulsion does not
increase too steeply with density, as for the soft parametriza-
tion, a sufficiently large fraction of clusters may survive at
higher densities, and their mean-field attraction can drive
them to cooperate in the formation of intermediate-mass
fragments.

2. Thermal effects and spinodal region

The results discussed in Sec. III B 1 focus on T = 8 MeV.
To explore the spinodal region over the full (ρb, T ) phase
diagram, thermal effects must be incorporated by account-
ing for the temperature dependence of the cutoff. In the
present framework, this dependence is introduced through the
Mott densities, parametrized via the parabolic expansion of
Eq. (37), whose parameters ac, bc, and cc are listed in Table I.

The total cluster mass fraction Xd+α correspondingly de-
duced as a function of the baryon density ρb is shown in the
insets of Fig. 11 for three temperature values: T = 5, 8, and
11 MeV. As in Ref. [50], for both soft (top panel) and stiff
(bottom panel) parametrizations, lower temperatures corre-
spond to larger cluster fractions below the Mott density, since
the effective chemical potentials decrease with T . Above the
Mott density, the trend is reversed: increasing the temperature
reduces the effectiveness of Pauli blocking, allowing clusters
to persist up to higher densities. Independently of the tempera-
ture, the soft parametrization predicts a smoother suppression

FIG. 11. Spinodal border in the (ρb, T ) plane, as obtained for
the two cutoff parametrizations considered: soft (top) and stiff (bot-
tom), by neglecting (dashed lines) or fully including (solid lines)
in-medium effects. The spinodal boundary for pure nucleonic matter
(gray) is shown for reference. The insets show the total cluster
fraction Xd+α as a function of ρb, for three representative temperature
values.

of clusters compared with the stiff one, as shown in Fig. 7 at
T = 8 MeV.

The main panels of Fig. 11 display the corresponding
spinodal borders in the (ρb, T ) plane for the two cutoff
parametrizations: soft (top panel) and stiff (bottom panel),
obtained either by neglecting (dashed lines) or fully including
(solid lines) in-medium effects. When the density dependence
of the cutoff is neglected, the spinodal boundaries mainly
reflect the cluster fractions and their enhanced mean-field
attraction, leading to marked differences between the soft and
stiff cases, particularly at higher densities (and temperatures).
In contrast, when in-medium effects are fully included, the ad-
ditional attraction is largely compensated by a strong kinetic
repulsion, bringing the spinodal border back close to that of
pure nucleonic matter for both parametrizations.

However, in the soft case, a disjoint low-density instability
region emerges, which may extend to temperatures well above
the critical temperature of the liquid-gas phase transition of
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FIG. 12. Spinodal border in the (ρb, T ) plane obtained for dif-
ferent values of the screening factor η or the binding energy Bc, by
neglecting (dashed lines) or fully including (solid lines) in-medium
effects. The spinodal boundary for pure nucleonic matter (gray) is
shown for reference. The inset displays the density dependence of
the total cluster mass fraction Xd+α at T = 8 MeV.

SNM [65]. Its disappearance in the stiff case, however, high-
lights already its strong sensitivity to the details of the cutoff
parametrization around the Mott density, suggesting a likely
model dependence of this feature and motivating further in-
vestigation. In the final part of this section, we therefore assess
the sensitivity of the spinodal border to additional ingredients
of the calculation, such as binding energies and the mean-field
screening factor η.

3. Sensitivity to the binding energy
and the mean-field screening factor

In the previous sections, we adopted the standard as-
sumption that, despite in-medium effects, nucleons bound in
clusters experience the same mean-field interaction as un-
bound nucleons and retain their vacuum masses.

A consistent implementation of density-, temperature-
, and momentum-dependent binding-energy shifts for both
deuterons and α particles—an approach first explored within
a linear-response framework in Ref. [66] for nuclear matter
with deuterons—would go beyond the scope of the present
work. Nevertheless, insight into the role of the binding energy
can be gained by considering the extreme scenario in which
clusters retain a vanishing binding energy, Bc = 0, instead of
their vacuum value Bvac

c .
Moreover, since the choice of the screening factor remains

model dependent and requires further microscopic constraints
[67,68], we also explore the sensitivity of our results to varia-
tions of η, in analogy with Ref. [11].

In Fig. 12, we show the spinodal boundary in the (ρb, T )
plane for the soft cutoff parametrization, for which a disjoint
low-density instability region emerges, see the top panel of
Fig. 11. In addition to the standard choice (η = 1, Bc = Bvac

c )

(black lines) adopted in the analysis performed so far, we ex-
plore two cases: (η = 0.7, Bc = Bvac

c ) (blue lines) and (η = 1,
Bc = 0) (red lines). The corresponding density behavior of
the total cluster mass fractions Xd+α is shown in the inset,
for the temperature T = 8 MeV. Both calculation schemes
discussed above, i.e., neglecting (dashed lines) or fully in-
cluding (solid lines) the density dependence of the cutoff, are
considered.

When neglecting in-medium effects, the spinodal boundary
shrinks significantly as the screening factor η is reduced.
This behavior reflects the combined reduction of the cluster
mass fraction (see inset of Fig. 12) and of the mean-field
attraction acting on bound nucleons. Consequently, the blue
dashed curve approaches the spinodal boundary of pure nu-
cleonic matter (gray curve). A similar trend is observed when
vanishing binding energies are adopted, primarily due to the
reduction of the cluster fraction while the mean-field strength
remains unchanged. The effect is more pronounced for α

particles, owing to their larger vacuum binding energy, as re-
flected in the stronger suppression of Xd+α at higher densities,
where α particles dominate. However, the leading contribution
to the quenching of instabilities stems from the mean-field
screening: the shrinkage of the spinodal region is indeed
more significant in the case with a scaled mean-field, even
though the corresponding cluster fraction remains larger than
in the vanishing-binding-energy scenario over a broad density
interval.

The trend is qualitatively modified once in-medium ef-
fects are fully included. In that case, the spinodal boundary
becomes much less sensitive to both η and Bc over most
of the phase diagram, while the additional low-density
branch remains markedly dependent on these ingredients.
This behavior further emphasizes the importance of properly
accounting for the density dependence of the cutoff and high-
lights the model sensitivity of this disconnected low-density
instability region.

For brevity, we do not display the density dependence
of �d and �α , since varying η or Bc neither qualita-
tively modifies the in- or out-of-phase pattern of cluster
fluctuations relative to nucleons nor induces significant
quantitative changes. These findings confirm that the full
calculations of the standard spinodal region are robust not
only against the choice of the specific cutoff parametriza-
tion (see Fig. 11), but also with respect to the residual
model dependence associated with the screening of the cluster
mean-field interaction and the omission of explicit mass-shift
contributions.

IV. CONCLUSIONS

In this work, we have investigated the thermodynamic sta-
bility of clusterized nuclear matter at subsaturation densities,
focusing on the curvature properties of the free-energy density
and the resulting convexity conditions. Light clusters were
included as explicit components of the equilibrium compo-
sition, allowing us to analyze how their presence modifies the
stability domain and, in particular, the onset of the liquid-gas
spinodal region.
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A central aspect of our study was the introduction of an
infrared cutoff in the momentum integrals entering the density
and current moments. This cutoff provides an effective way of
mimicking the suppression of low-momentum quasiparticle
states in a correlated medium. By deriving the correspond-
ing Euler equations, we clarified the formal consequences
of such a modification: even when density independent, the
exclusion of soft modes alters the inertial properties of the
fluid through a renormalized effective mass; when the cutoff
depends on the local densities, a further term of rearrangement
appears, which can be seen as an additional contribution to
the standard thermodynamical pressure. Moreover, because of
the density-dependent cutoff, chemical potentials also acquire
extra terms. These analytical results provide a consistent the-
oretical basis for understanding how a modified phase-space
structure influences the stability properties of the composed
system.

On the thermodynamic side, our free-energy density curva-
ture analysis shows that light clusters significantly modify the
stability boundary of low-density matter. Their formation can
shift the location and extension of the spinodal region. If the
density dependence of the cutoff is neglected in the stability
analysis, the explicit inclusion of light clusters would enlarge
the spinodal region, well beyond the empirical evidence on
the critical temperature of the liquid-gas phase transition in
SNM. On the other hand, we show that when the infrared
cutoff depends on the density, the additional terms in the
chemical potentials change the size of the spinodal region,
making it compatible again with that of SNM. Moreover,
the predicted spinodal boundary turns out to be remarkably
robust against variations of the cutoff parametrization as well
as the additional ingredients of the calculation, such as the
binding energies and the mean-field screening factor, provided
that the density dependence of the cutoff is fully taken into
account.

The structure of the unstable modes inside the spinodal
region is also strongly affected by in-medium effects. With-
out accounting for the density dependence of the cutoff in
the stability analysis, clusters fluctuate in phase with nu-
cleons, enhancing the growth of density fluctuations. When
in-medium effects are consistently included, Pauli blocking
introduces an effective repulsion that may drive clusters out
of phase with nucleons for a sufficiently stiff cutoff, leading
to a distillation-like mechanism, in which clusters are pushed
toward low-density regions while nucleonic instabilities grow.
In the case of a softer density dependence, however, clusters
can survive at moderate densities and cooperate with nucleons
in the formation of intermediate-mass fragments. The same
features are observed within a dynamical description of the
onset of instabilities, based either on the Euler equations or
on the Vlasov approach.

Since these instabilities determine the propensity of nu-
clear matter to separate into dense and dilute phases, the
presence of clusters is expected to affect the early mechanisms
that drive fragmentation in heavy-ion collisions. Possible
scenarios, related to the density dependence of in-medium
effects, range from the cooperation of clusters with nucleons,
yielding the formation of larger fragments, to the occurrence
of a distillation mechanism, where clusters populate the dilute

phase and smaller fragments are formed. Our findings thus
offer a framework to interpret possible signatures of clustering
in experimental observables related to multifragmentation,
isospin distributions, and fluctuations.

Moreover, the implications of this work extend beyond mi-
crophysics. Beyond terrestrial experiments, the same density
and temperature ranges are relevant for supernova mat-
ter and the outer layers of neutron stars, where clusters
and mechanical instabilities coexist and jointly shape the
formation of nonuniform structures. A reliable description
of dilute nuclear matter—including its clustering behav-
ior and dynamical instabilities—is crucial for modeling
neutron-star crusts and their response to density perturba-
tions. These regions play a key role in phenomena such
as crust-breaking events, resonant crust–core oscillations,
and the generation of gravitational-wave signals in binary
inspirals. As next-generation gravitational-wave observato-
ries (such as the Einstein Telescope and Cosmic Explorer)
improve the precision with which the tidal response of neu-
tron stars can be measured, the low-density equation of
state—including the effects discussed here—will become in-
creasingly important for accurate waveform modeling and
for extracting nuclear-physics information from astrophysical
data.

Our results linking microscopic quasiparticle dynamics
to macroscopic thermodynamic behavior in the presence
of momentum-space truncations thus provide a theoreti-
cal framework for applications to heavy-ion collisions and
neutron-star mergers, with the aim to assess the impact of
these mechanisms on fragment formation and astrophysical
observables.
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APPENDIX A: CHEMICAL POTENTIALS
AND REARRANGEMENT TERMS

Thermodynamical consistency requires that the chemical
potentials are obtained, through Eq. (9), from the free-energy
density functional F defined in Eq. (7). In the present
framework, F depends on the densities through (i) the
potential-energy density U ({ρl}), (ii) the effective chemical
potentials μ∗

j , and (iii) the density-dependent infrared cutoffs
λc. Then, at fixed temperature, the total variation of the free
energy reads

064617-16



SPINODAL INSTABILITY IN NUCLEAR MATTER WITH … PHYSICAL REVIEW C 113, 064617 (2026)

δF = δU +
∑

jl

ρ j
∂μ∗

l

∂ρl
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∫ ∞
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δρ j +
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jl

ρ j
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j

∂ρl
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∑
j
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j )δρ j −
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jl
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λ j

dε j
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ε j f j
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∑
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∑
c

σcαc

√
λc

(
λc − μ∗

c + T ln f λ
c

)∂λc

∂ρ j
δρ j, (A1)

having employed the definition of the equilibrium distribution
function f j [Eq. (1)] and introduced α j [Eq. (12)] and the
shorthand notation f λ

c ≡ fc(λc). Using also Eqs. (4) and (10),
the previous expression simplifies to

δF =
∑

j

Ujδρ j +
∑

j

(mj + μ∗
j )δρ j +

∑
j

μ̃ jδρ j, (A2)

where μ̃ j are additional rearrangement contributions arising
from the density dependence of the cutoff, explicitly given by
Eq. (11), that is

μ̃ j = −
∑

c

σcαc

√
λc

(
λc − μ∗

c + T ln f λ
c

) ∂λc

∂ρ j

∣∣∣∣
{ρl ,l �= j}

. (A3)

Finally, imposing the thermodynamical condition δF =∑
j μ jδρ j [Eq. (8)], one obtains

μ j = mj + μ∗
j + Uj + μ̃ j, (A4)

which coincides with Eq. (9).

APPENDIX B: CHEMICAL POTENTIAL DERIVATIVES
AND FREE-ENERGY CURVATURE MATRIX

In this section, we evaluate the contributions entering the
chemical-potential derivatives,

∂μ j

∂ρl
= ∂μ∗

j

∂ρl
+ ∂Uj

∂ρl
+ ∂μ̃ j

∂ρl
. (B1)

The density derivatives of the mean-field potential Uj are
straightforward to obtain. The derivatives of the effective
chemical potentials μ∗

j can instead be determined by observ-
ing, in light of Eq. (4), that

δ jl = ∂ρ j

∂ρl
= α j

∂

∂ρl

[∫ ∞

λ j

dε j
√

ε j f j

]

= α j

∫ ∞

λ j

dε j
√

ε j
∂ f j

∂μ∗
j

∂μ∗
j

∂ρl
− δ jcα j

√
λ j f λ

j

∂λ j

∂ρl
, (B2)

where λ j = 0 for neutrons and protons. Using the definition
of � jl given in Eq. (21), one obtains

∂μ∗
j

∂ρl
= (δ jl + δ jc�

jl )
1

α j

[∫ ∞

λ j

dε j
√

ε j
∂ f j

∂μ∗
j

]−1

= (δ jl + δ jc�
jl )N−1

j , (B3)

which is thus related, through Eq. (25), to the inverse ther-
mally averaged level density for any distribution function
depending on (ε j − μ∗

j ).
After straightforward algebra, the last contribution in

Eq. (B1) reads

∂μ̃ j

∂ρl
= −

∑
c

[
σcαc

√
λc

(
λc − μ∗

c + T ln f λ
c

)

×
(

1

2λc

∂λc

∂ρl

∂λc

∂ρ j
+ ∂2λc

∂ρl∂ρ j

)
+ �c j

(
∂λc

∂ρl
− ∂μ∗

c

∂ρl

)]
.

(B4)

Using Eq. (16) together with Eqs. (21), (23), (25), and (33),
it follows that, in the simplified case of a single cluster species,
the free-energy curvature matrix can be written as

C =

⎛
⎜⎜⎜⎜⎝

1 + F0 + 2�̃qq

2Nq

F qd
0 + �̃qd

Nq

F dq
0 + �̃dq + �dq

Nd

1 + F dd
0 + �̃dd + �dd

Nd

⎞
⎟⎟⎟⎟⎠,

(B5)

as given in Eq. (32).
Finally, by combining Eqs. (B3) and (B4), one readily

verifies that C12 = C21, so that the curvature matrix C defined
in Eq. (32) is symmetric, as required.

APPENDIX C: EULER EQUATIONS

Let us start from the collisionless Boltzmann equation,
namely, the Vlasov equation, for the distribution function f j
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[Eq. (1)] of a species j in phase space

∂ f j

∂t
+ ∇r f j · ∇pε j − ∇p f j · ∇rε j = 0, (C1)

where

ε j = ε j + Uj + ε̃ j (C2)

is the single-particle energy, ε j = p2/(2mj ), Uj the mean-field
potential and ε̃ j the extra contribution arising from the density
dependence of the cutoff [see Eqs. (10) and (20)].

The moments of the collisionless Boltzmann equa-
tion involve integrating the equation over momentum space,
weighted by different functions of momentum, to obtain equa-
tions for macroscopic quantities like density, momentum, and
energy. The lowest moments of the Boltzmann equation yield
the equations of fluid dynamics, with the first moment (zeroth
order in momentum) giving the continuity equation, the sec-
ond moment (first order in momentum) giving the momentum
equation (Navier-Stokes equation).

The Euler equations are a simplified form of the Navier-
Stokes equations, neglecting viscosity and heat conduction.
The derivation of the Euler equations thus requires combin-
ing the zeroth and first moments in momentum of Eq. (C1),
assuming an isotropic distribution function for the different
species.

1. Zeroth moment

The first contribution is

g j

∫
|p|>� j

dp
h3

∂ f j

∂t
= ∂

∂t
g j

∫
|p|>� j

dp
h3

f j = ∂ρ j

∂t
, (C3)

where g j is the spin degeneracy and the infrared cutoff � j is
included in the definition of the density [Eq. (4)].

The second contribution becomes

g j

∫
|p|>� j

dp
h3

∇r f j · ∇pε j = ∇r ·
(

g j

∫
|p|>� j

dp
h3

f jv j

)

+ g j

h3

∫
�� j

d�� j f jv j · ∇r� j

= ∇r · (ρ ju j ), (C4)

where v j = p
mj

is the velocity and

u j = 1

ρ j

(
g j

∫
|p|>� j

dp
h3

f jv j

)
(C5)

is the average velocity. The surface term vanishes because the
angular integral over �� j of v j over the sphere |p| = � j is
zero for an isotropic distribution f j .

The third contribution is

g j

∫
|p|>� j

dp
h3

∇p f j · ∇rε j . (C6)

Using integration by parts in momentum space,

g j

∫
|p|>� j

dp
h3

∇p f j · ∇r(Uj + ε̃ j )

= g j

h3

∫
�� j

d�� j f j∇r(Uj + ε̃ j ) · n̂. (C7)

Because f j is isotropic on the cutoff surface |p| = � j ,
the angular integral of n̂ vanishes, and therefore the whole
contribution is zero.

Collecting all terms, the zeroth moment yields the usual
continuity equation,

∂ρ j

∂t
+ ∇r · (ρ ju j ) = 0. (C8)

2. First moment

The first contribution is

g j

∫
|p|>� j

dp
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p
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[
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(ρ ju j ). (C9)

Let us try to write the second contribution

g j

∫
|p|>� j

dp
h3
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∫
|p|>� j
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(C10)

in a more explicit way. Then, for each Cartesian component
(for example x), one has
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(C11)

Thus, in a vectorial form,

g j

∫
|p|>� j

dp
h3

p∇r f j · ∇pε j = −2

3
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dε j (ε j )
3/2 ∂ f j

∂ε j
. (C12)

Analogously, the third contribution is given by

−g j

∫
|p|>� j

dp
h3

p∇p f j · ∇rε j, (C13)
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whose first component is

−g j
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dp
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and, in a vectorial form,
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The sum of the second and the third contribution is finally given by
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− ∂ (μ̃ j − ε̃ j )

∂ρl

)
∇rρl

]

= Zλ
j (∇rP + ∇rP̃), (C16)

with Z j given by Eq. (28) and the definition of P̃ introduced in analogy with the standard definition of the pressure P given by
Eq. (29). So, finally, the Euler equations take the form

∂ρ j

∂t
+ ∇r · (ρ ju j ) = 0 mλ

j

∂

∂t
(ρ ju j ) + ∇rP + ∇rP̃ = 0, (C17)

with mλ
j = mj

Zλ
j
, as in Eq. (26).

[1] J. M. Lattimer and M. Prakash, The equation of state of
hot, dense matter and neutron stars, Phys. Rep. 621, 127
(2016).

[2] M. Oertel, M. Hempel, T. Klähn, and S. Typel, Equations of
state for supernovae and compact stars, Rev. Mod. Phys. 89,
015007 (2017).

[3] G. Burgio, H.-J. Schulze, I. Vidaña, and J.-B. Wei, Neutron stars
and the nuclear equation of state, Prog. Part. Nucl. Phys. 120,
103879 (2021).

[4] C. Horowitz and A. Schwenk, Cluster formation and the virial
equation of state of low-density nuclear matter, Nucl. Phys. A
776, 55 (2006).

[5] A. R. Raduta and F. Gulminelli, Statistical description of com-
plex nuclear phases in supernovae and proto-neutron stars,
Phys. Rev. C 82, 065801 (2010).

[6] S. Typel, G. Röpke, T. Klähn, D. Blaschke, and H. H. Wolter,
Composition and thermodynamics of nuclear matter with light
clusters, Phys. Rev. C 81, 015803 (2010).

[7] S. Burrello and M. Grasso, Finite-temperature infinite matter
with effective-field-theory-inspired energy-density functionals,
Eur. Phys. J. A 58, 22 (2022).

[8] J. Keller, K. Hebeler, and A. Schwenk, Nuclear equation of state
for arbitrary proton fraction and temperature based on chiral
effective field theory and a Gaussian process emulator, Phys.
Rev. Lett. 130, 072701 (2023).

[9] A. Rios, A. Polls, and W. H. Dickhoff, Density and isospin-
asymmetry dependence of high-momentum components, Phys.
Rev. C 89, 044303 (2014).

[10] O. Hen, G. A. Miller, E. Piasetzky, and L. B. Weinstein,
Nucleon-nucleon correlations, short-lived excitations, and the
quarks within, Rev. Mod. Phys. 89, 045002 (2017).

[11] S. Burrello and S. Typel, Embedding short-range correlations
in relativistic density functionals through quasi-deuterons, Eur.
Phys. J. A 58, 120 (2022).

[12] H. Pais, F. Gulminelli, C. Providência, and G. Röpke, Full
distribution of clusters with universal couplings and in-medium
effects, Phys. Rev. C 99, 055806 (2019).

[13] R. Wang, Z. Zhang, S. Burrello, M. Colonna, and E. G. Lanza,
Phase-space excluded-volume approach for light clusters in nu-
clear medium, Phys. Rev. C 113, 034624 (2026).

[14] S. Burrello, F. Gulminelli, F. Aymard, M. Colonna, and A. R.
Raduta, Heat capacity of the neutron star inner crust within an
extended nuclear statistical equilibrium model, Phys. Rev. C 92,
055804 (2015).

[15] X.-H. Wu, S.-B. Wang, A. Sedrakian, and G. Röpke, Compo-
sition of nuclear matter with light clusters and Bose–Einstein
condensation of α particles, J. Low Temp. Phys. 189, 133
(2017).

[16] G. Röpke, Light nuclei quasiparticle energy shifts in hot and
dense nuclear matter, Phys. Rev. C 79, 014002 (2009).

064617-19

https://doi.org/10.1016/j.physrep.2015.12.005
https://doi.org/10.1103/RevModPhys.89.015007
https://doi.org/10.1016/j.ppnp.2021.103879
https://doi.org/10.1016/j.nuclphysa.2006.05.009
https://doi.org/10.1103/PhysRevC.82.065801
https://doi.org/10.1103/PhysRevC.81.015803
https://doi.org/10.1140/epja/s10050-022-00665-2
https://doi.org/10.1103/PhysRevLett.130.072701
https://doi.org/10.1103/PhysRevC.89.044303
https://doi.org/10.1103/RevModPhys.89.045002
https://doi.org/10.1140/epja/s10050-022-00765-z
https://doi.org/10.1103/PhysRevC.99.055806
https://doi.org/10.1103/4py6-jyk8
https://doi.org/10.1103/PhysRevC.92.055804
https://doi.org/10.1007/s10909-017-1795-x
https://doi.org/10.1103/PhysRevC.79.014002


BURRELLO, PIAZZA, WANG, AND COLONNA PHYSICAL REVIEW C 113, 064617 (2026)

[17] G. Röpke, Parametrization of light nuclei quasiparticle energy
shifts and composition of warm and dense nuclear matter, Nucl.
Phys. A 867, 66 (2011).

[18] V. Baran, M. Colonna, M. Di Toro, and A. Larionov, Spinodal
decomposition of low-density asymmetric nuclear matter, Nucl.
Phys. A 632, 287 (1998).

[19] P. Chomaz, M. Colonna, and J. Randrup, Nuclear spinodal
fragmentation, Phys. Rep. 389, 263 (2004).

[20] V. Baran, M. Colonna, V. Greco, and M. Di Toro, Re-
action dynamics with exotic nuclei, Phys. Rep. 410, 335
(2005).

[21] Y. Kanada-En’yo, M. Kimura, and A. Ono, Antisymmetrized
molecular dynamics and its applications to cluster phenomena,
Prog. Theor. Exp. Phys. 2012, 01A202 (2012).

[22] A. Ono, Dynamics of clusters and fragments in heavy-ion col-
lisions, Prog. Part. Nucl. Phys. 105, 139 (2019).

[23] G. Röpke, Light p -shell nuclei with cluster structures (4 � A �
16) in nuclear matter, Phys. Rev. C 101, 064310 (2020).

[24] N. Alam, H. Pais, C. Providência, and B. K. Agrawal, Warm
unstable asymmetric nuclear matter: Critical properties and the
density dependence of the symmetry energy, Phys. Rev. C 95,
055808 (2017).

[25] O. Boukari, H. Pais, S. Antić, and C. Providência, Critical
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