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Improved formula for Wigner function and spin polarization in a decoupling
relativistic fluid at local thermodynamic equilibrium
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We present an upgraded formula for Wigner function and spin polarization of fermions emitted by a relativistic
fluid at local thermodynamic equilibrium at the decoupling, which improves the one obtained by F. Becattini,
M. Buzzegoli, and A. Palermo [Phys. Lett. B 820, 136519 (2021)] and by S. Y. E Liu and Y. Yin [J. High
Energy Phys. 07 (2021) 188] that is used in numerical simulations of relativistic nuclear collisions. By using
a new expansion method, applicable to decoupling hypersurfaces with arbitrary geometry, we reproduce the
known term proportional to thermal vorticity and obtain an upgraded form of the spin-shear term which captures
the dependence on the geometry. The new method also includes additional contributions whose physical nature
is to be assessed. The new expression also naturally excludes contributions from space-time gradients in the
normal direction of the hypersurface, providing a theoretical justification for the isothermal condition previously
imposed a priori. This framework can be extended to particles with arbitrary spin.
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I. INTRODUCTION

Relativistic heavy-ion collisions provide a unique envi-
ronment for studying strongly interacting matter, known as
quark-gluon plasma (QGP), under extremely high temperature
[1-3]. After a short preequilibrium evolution, the system is as-
sumed to achieve local thermodynamic equilibrium (LTE) and
its evolution is thereafter effectively described by relativistic
hydrodynamics [4-8]. Physical quantities are then character-
ized by slowly varying macroscopic variables, such as flow
velocity, temperature, and chemical potential. The nonequi-
librium operator approach and its reformulation [9-13] offer
a rigorous framework to obtain physical observables in a
relativistic fluid based on quantum statistical field theory at
local equilibrium, which is especially useful for spin [13-22],
an inherently quantum observable [23-33].

If the QGP achieves LTE on some initial hypersurface
%o, the density operator is obtained by maximizing the
entropy S = —tr(p Inp) with constrained energy-momentum
and charge densities. With the Belinfante stress-energy opera-
tor 7% [34] and the current operator J" the density operator
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takes the following form [9,12,13]:

1 ) o~
p=zo [— /E AT, T B () — jﬂ(y);(y))},
0 (1)

where § is the four-temperature vector and ¢ the reduced
chemical potential «/T. By means of Gauss’s theorem, the
exponent in the operator (1) can be transformed into the
sum of a three-dimensional (3D) integral at the decoupling
hypersurface Xp, i.e., when the fluid breaks up [35], and a 4D
integral over the region encompassed by ¥p and Xy, which is
essentially the region of existence of the QGP [13]:

/ A%, () TP MB.G) — J*NE ()
Xp

+fd4y T 33,8,0) — "M LB)). ()
Q

While the first term is the LTE integral at the decoupling, the
second term accounts for the dissipative terms of physical
observables. In this work, we will confine ourselves to the
calculation of observables, notably spin polarization, at LTE
at the decoupling. The dissipative terms are assumed to be
small compared to the LTE part, so that we will neglect the
second integral in the Eq. (2) and focus on the zeroth-order
approximation, i.e., the LTE density operator:

~ 1 ~ ~
PLE = - €Xp [—/E dX,, )T (B, () — j“(y);“(y))}-
(3)
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The mean value of a local operator 5(x) on apointx € Xp
calculated with the density operator (3), e.g.,

O1s(x) = Tr(O(x) BLg), )

should meet a definite requirement: it cannot depend on the
values of the B and ¢ fields outside the hypersurface Xp. The
reason is clear: the density operator involves an integration
over Xp, and, since x itself is a point on Xp, the functional
form of these fields outside this hypersurface can be var-
ied arbitrarily without affecting the result. This requirement
has a remarkable implication: in a gradient expansion of the
mean value at LTE, only the components along the tangent
directions to ¥p matter; the component perpendicular to the
hypersurface should not appear in the final result.

In previous spin polarization calculations with (3), this
requirement was not met, due to significant geometric ap-
proximations, tacitly or explicitely introduced [14,36]. For
instance, in Ref. [14], for the purpose of calculating the LTE
contribution, the region encompassed by the initial and the
decoupling hypersurface was approximated with a rectangular
region with infinitely distant timelike boundaries, while in
Ref. [36] the LTE hypersurface was tacitly assumed to be
perpendicular to the four-velocity field, which is not the case
in general. In fact, according to analytical models [37-39] and
numerical simulations [40-43], the decoupling hypersurface
does not meet either case.

In this work we propose a new approach for evaluating
quantities at LTE, which applies to hypersurfaces with ar-
bitrary geometry and, as we will see, features the expected
independence on the normal components of the gradients;
technically, this method relies on an exchange of the order
of integrations for the leading order correction of the Wigner
function, which sheds light on the nature of the correction
itself. Although our derivation is focused on the spin-1/2 case,
the method can be readily extended to particles with arbitrary
spin.

The paper is organized as follows. In the Sec. II, we in-
troduce the local equilibrium density operator and define the
linear response expansion in terms of thermodynamic gradi-
ents. In the Sec. III, we introduce the Wigner function for a
free Dirac field and propose a new expansion scheme for its
linear response expansion. This scheme allows the integration
over the decoupling hypersurface to be performed exactly, at
any given order, without resorting to geometrical approxima-
tions. In the Sec. IV, we apply the resulting formula for the
linear response theory of the Wigner function to compute the
first-order gradient correction to the spin polarization vector
of hadrons. The new formula contains not only gradients of
the thermodynamic fields, but also gradients of the normal
vector, which are absent in the flat-hypersurface approxima-
tion. We finally discuss the physical implications of the new
formula.

Notations

Throughout this paper we use the mostly minus signature
convention for the flat metric g*¥ = diag(+, —, —, —). We
adopt the natural system, & = kg = ¢ = 1. The spacial part
of a four-vector k* is denoted with boldface, k; the scalar

product is denoted with a dot for both four-vectors k- p =
k,p" and three-vectors k - p = k;p’. Einstein index conven-
tions are assumed, and contracted indices are summed all
over the possible values, u = 0, 1, 2, 3; j = 1, 2, 3. The Levi-
Civita pseudotensor €“"#? is chosen so that 60123 +1.

II. LOCAL THERMODYNAMIC EQUILIBRIUM

In the calculation of the LTE mean value (4), we can
replace the four-temperature 8, (y) and the reduced chemical
potential ¢ (y) in Eq. (3) with

Bv(y) = B(x) + [Bu(y) = Bu()] = By (x) + AB, (, X)),
() =5(x)+[E() — L)) = Cx) + AL (y, x),

and rewrite (4) as
1 ~ ~
Oe(x) = —Tf<eXp [ — B(x) - P+¢(x)Q
- fE A%, () (T* )AL (. x)

— AL, x))} 5(x)>, (5)

where we have taken out B,(x) and ¢(x) from the inte-
gral and used the identity of the four-momentum opera-
tor PV = fERdE 62 T’“(y) and the charge operator Q =

Js, 42, ) 4.
In the hydrodynamic limit, with a clear separation between

the microscopic scale, associated with the correlation lengths
of the operators, and the scale over which the 8 and ¢ field
significantly varies, the first two terms in the exponent of (5)
dominate over the last term, which is expected to provide a
correction. We can then use linear response theory to obtain a
good approximation of the mean value of the operator O(x) at
LTE:

O1g(x) = Oge(x) + AOLs(x) + A0 (x),

where Ogg(x) is the global equilibrium mean value calculated
with a four-temperature equal to 8(x) and a reduced chemical
potential equal to ¢ (x):

_ Tr[0(x) e

Oge(x) = TrjeA00]

with A(x) = B(x) P — ¢(x)0. The terms AO;g(x) and

AO(LgE) (x) are leading corrections from the linear responses to
Ap and A¢, respectively:

1
AOLE() = — / 45, () / dz AR, ()
p 0
x (O(x), e AW (y)eAW) oo
1
AOE)(x) = f A%, () / dz AZ(y, x)
¥p 0

X (O(x), e WG (1)e M) G @)
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In the above equations, (- - -
value at GE, i.e.,

(01x), 02())e.ce = (01()02())c.GE
— (01("))ce( 02(»)) GE-

)e.ce denotes the connected mean

III. WIGNER FUNCTION FOR SPIN-1/2 PARTICLES

A. Wigner operator

The covariant Wigner function W (x, p) is a quantum gen-
eralization of the classical phase space distribution [47-50];
all physical observables can be expressed with suitable
integrals of the Wigner function. For free spin-1/2 par-
ticles, it is defined as the mean value of the Wigner
operator:

> Y g (oY y
— 0 i
Wan(x,p)ZO(p )/me Py\IJb<X+§)\I’a<x—§>,
®)

where W denotes the Dirac field and a, b are spinor in-
dices. The step function 6(p”) ensures that only particle
contributions are included (for antiparticles the procedure is
similar). The Dirac field can be expanded in terms of plane
waves:

Y(x) =

1 d3 . ‘
\/WZ / Z—f(us(p)as(p)e"”"‘
+ v(p)byvs(p)e™), ©)

where & = /p? + m? denotes the on-shell energy and @,(p_)
is the annihilation operator for a particle with momentum p_
(note that py is on-shell) and spin component s, and the u’s
are the familiar spinors solution of the free Dirac equation.
The creation and annihilation operators obey the covariant
anticommutation relation,

{@(p), @, (p))) = 2ep8°(p — pdsy,

and likewise for antiparticles. Replacing the integral measure
in Eq. (9) with

d3
[ 52 [apsw-
2¢e

and substituting the Dirac field into (8), the Wigner operator
for the particle part turns out to be

~ 1
W, p) = Oy Z / d*pid*p, 5(19% - mz)e(l?(l))

()8 (p - L)

x e PPGT (pay(p)us(p2)i(p). - (10)

One can now change the integration variables:
P+ p2
T
p=P—-q/2, an

m*)o(p"),

x 8(p3

P =

gq=p1—p2, = p=P+¢q/2,

so that
d*pd*p, = d*Pdq
and
1 q2
8(p} —m?)s(p3 —m?) = E&(PZ +7- mz)(S(P Q).

Integrating in d*P is now straightforward because of the
8*(p— P) in Eq. (10), and, after replacing all variables
according to (11), one readily gets the following integral ex-
pression:

W5 = 3 [ #acmouone

2(2 )

X 5<p2 + qz —m?
X us(p-)itr(p4)s (12)

where p1 = p + g/2 are restricted on the mass shell.

)ﬁkm)a(p)

B. Leading corrections to Wigner function

We now focus on the leading corrections to the Wigner
function in the linear response theory, which can be derived
by replacing 0 in Eq. (7) by the Wigner operator W*(x D).
Plugging Eq. (12) into the first line in (7), we obtain

1 )
AW p) =~ 3 [ @t 0000 5 g)

1
« f 4%, () / dz ABL(3, )
p 0

2
x 8(p2 - "Z — mz) (@ (p4)as(p-),
x e AOTH (1)e A eu (p )i, (py). (13)

Since the four-momentum operator P is the generator of
space-time translation, we have

f;w o) = eiﬁ»y?/w (O)C—iﬁy’

= B(x)- P — ¢(x)Q com-

and, taking into account that /T(x)
mutes with P,

@ (pyay(p_), e AOTE ()W) op

= (e DG (p)a(p D, T (O e, (14)
where  C(x) = —z[B(x)- P —¢(x)Q] +iy-P.  Since

a'(p+),a(psy) are the creation/annihilation operators of

eigen-momentum states, they transform under translation as
Pt (e = M (p),
ePyaipe Y = e ag),

so that

e CWGT (ky Yalk_ )eC® = PTG (k Ya(k_).
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Plugging Eq. (14) into Eq. (13) and completing the integral
over 7 leads to

1
AW (x, p) = 200y Z/Z dX, ()AL, x)

1 — e

d*g e CVg§(p .
< [ataer s 0 pE

2
x 5<p2 + % — m2)9(pi)9(p°)
X us(p_ )i, (p4 )@ (p)as(p-), T"(0)).c.c-

s)

The linear response to A¢, AWJE@, is obtained by replacing
AB,(y, x) with A¢(y, x) and T*"(0) with — j*(0).

C. Integration over the decoupling hypersurface

In Ref. [14], the integration over Xp in Eq. (15) was car-
ried out first, introducing a nontrivial geometric assumption,
followed by the integration in g. In fact, it is more convenient
to carry out the integration in ¢ first because it does not require
any special assumption other than the usual hydrodynamic
limit. This reversed order of integration eventually does not
imply special geometric assumptions, as mentioned in the
Introduction, and it generates a nice expression, as we will
see.

The formula (15) can be rewritten in a way which makes
apparent the effect of the hydrodynamic limit:

AW (x, p) = / d*q 8(p- 9)G"" (QFu(q). (16)

1
Q2m)’

where

_ nﬁ)ig( 0 (p°)
) P

X ug(p )i (p )@ (p)as(p-), T (0))e.ce

1 7
G (q)==8(p*+*
@) 2( 4

a7

and
Fu(q) = [ dX, () e OO AR, (Y, x).
Zp

In the hydrodynamic limit, ApB, is a slowly varying function
in space and time implying that the function F},,, which is a
Fourier transform in the variable g integrated in the variable
v, is a peaked function about ¢ = 0 (also taking into account
that ¢ - p = 0). A good approximation of the integral (16)
should be then obtained by a small-g expansion of the function
G"¥(g) in the integral (16):

[ee]

G @ =) 1

NO

0808 -0, G @) ga"a” g™

(18)

Indeed, as will become clear later in Eq. (30), this expansion in
g about g = 0 generates an expansion of the Wigner function

in the gradients of the thermohydrodynamic field 8. Because
of the presence of the § and 6 distributions in the function (17),
the expansion (18) should be interpreted in a distributional
sense, i.e., meaningful only upon eventual integration in dk°
as specified in Eq. (37) later on.

Plugging (18) into (16), the leading order correction to the
Wigner function becomes

R
AW P) = 5o > /X A, () I (y = x)
N=0 D

x AB,(y, x)[04 97 - agG“”(q)]‘ . (19)
q:
where integrals over g are encoded in the rank-N function
Ill\ﬂllvzmvn(y —x)= / d4q8(p . q)e—iq-(}’—x)qvl coeg™

(=)
1P|

x (y —x— 500 —x")). (20)
Plugging Eq. (20) into (19) and repeatedly using the Leibniz

rule (as shown in Appendix A), Eq. (19) can be transformed
into

=(2n)}

g g’

1 X N
Lo E s an 6]

AW (x, p) =
tE 1P| &= N!
N
NI(—1)M /

X ——— v g | dX, ()
ZA:)MV(N M)! 5 wly

x [0+ O ABy (y, x)]

><83<y—x— I%(yo —x0)>. 1)

In general, ¥p can be a topological complex hypersurface,
with both spacelike and timelike parts. Notably, for a given
spatial position x there might be multiple x° times belonging
to Xp (see Fig. 1). Nevertheless, the hypersurface can be split
into single-valued branches x” = f;(x) and the integration in
(21) can be decomposed into the sum of integrals over those
branches. For any arbitrary function ®(x, y) the integration in
y in the Eq. (21) yields (assuming that p - o # 0)

/ d=,(y) &° (y —x— Py —x°)>®(y, x)
= p

= Zsk/ &y 0,(7) 83(y —x— 2 —x°))®(y, x)
X PN p

—Zskaﬂ<yk,) L (y' SO0k, 22)

where o is the vector perpendicular to the hypersurface:

0, (x) = (1, =9 fi/9x), (23)

and ¥, is the ith solution of the equation y=x+
(p/po)[fk(y) —x%(x)]; s in Eq. (22) is a sign: +1 if o, has
the same direction of the outward pointing vector d¥,, and —1
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FIG. 1. A slice of the decoupling hypersurface ¥p (red and
blue lines) on the transverse plane x =y = 0, obtained by 3 +
1D viscous hydrodynamic simulations with the CLVisc model at
/588 = 27 GeV [44-46]. The black solid line represents the world-
line of a particle, which intersects Xp at two points: one on the
spacelike branch and the other one on the timelike branch.

otherwise. For any given x and x° lying on Zp, the solutions
are found by intersecting the world line of a particle off the
mass shell (meaning p*> # m?) moving with velocity p/p°:

y=x+ I%(yO — 9, 24)

with all branches of the hypersurface Xp. This is depicted in
Fig. 1; there is at least one solution, which is y = x, but there
might be more if the topology of the hypersurface makes it
possible. We can then replace the sum over k, i in Eq. (22)
with the sum over the p-dependent intersections y(x, p) for a
given x.

Plugging Eq. (22) into Eq. (21), one obtains

AW (x, p) = Z Z —[o¢ 08,6 @]l
N=053(x,p)
N
N'( I)M M+1
dUm+t L. dow
x ZMV(N M)! X

0

0 AB (Y, x)

M=
5,0, () SO o,
lp-oMI

>
y=y

(25)

where the sum over y(x, p) runs over all the intersections of
the particle world line with the hypersurface for a chosen
space-time point x, including the trivial solution y = x. In
Eq. (25) we have introduced the total derivative,

oL,
dxu

to emphasize the difference between the derivative acting on
the function before setting y = y(x, p) (that is d,) and the
derivative acting on the function after setting y = y(x, p).
In general, using the chain rule for an arbitrary function

g(x, (x, p)), we have
- 9 )
g 8 I p) = - 8(x, 3(x, p))

0y" (x, p) 0g(x,
n ¥'(x, p) dg(x, y)

dxH ay’ )
y=y(x,p)

(26)

It can be shown (see Appendix A for the detailed calculation)
that

p’'o. () y

vy (x,
. p) _ S — o G) =47, 0). 27

xn  H
Since n,, = sx0,,/+/|o - 0| is the outward pointing unit vector
normal to the hypersurface Xp, the tensor A"’ can be also
expressed as
voroy _ o P
APy =g" — ———. (28)
p-n(y)
Hence, by using (26) and the above definitions, Eq. (25) can
be rewritten as

N - (=Y
AWLE(JC,P) = Z Z N [
N=0y(x,p) )
N

38 -+ 92,6 @],
NI(—]¥
x Z < MIN — M)
[aw«w + AO(M+I)0M+1(y)8pM+l]
x [9¥ + AP ()07 oy

g O _jp ol L o)
- nO)] -

Finally, using again the Binomial theorem, i.e.,

D™ = (=d, + 8, + D)™

N
— N _ a9 \M) (N—=M)
—Z<M)( 3™ (3 + D)YN M,
M=0

Eq. (29) can be recast into a compact form:

AW (x, p) = Z >N —DN(y)
N=0 y(x, p)
[ Do M(iy)n AR, x)}
q=0,y=3(x,p)
(30)
The operator D, in Eq. (30) is defined as
Dy(y) = —iA" ()90} €19}

and the derivatives do not act on the operator in (28), which is
evaluated over the intersections.

At any given N, the right-hand side of Eq. (30) contains
derivatives of Nth order in space and momentum g, so the g
expansion is equivalent to a gradient expansion. The formula
includes gradients of B, as well as gradients of the normal
vector n to the hypersurface; the latter are obviously absent
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if the hypersurface is a hyperplane, as is tacitly assumed in
many calculations in thermal field theory, and yet for a curved
hypersurface their contribution may not be negligible. Note
that the Nth term of the series contains mixed terms made by
combinations of the derivative of the thermodynamic fields
and the curvature term.

A crucial feature of Eq. (31) is the absence of the nor-
mal component of the spacial gradients. By decomposing the
gradient into a normal component along n and a tangential
component to the hypersurface perpendicular to n,

¥ =ny(n-9")+dy, =n,D+d7,, 32)
it turns out that only the tangential component survives:
- e n’(y)p”
Dy(y) = —iA"(¥)9;9] = <g”” - — )(n,D + 3).)d¢
’ o ponp) ) P+ )

= —iA"(5)dy,,0¢.

This result is precisely what one should have expected in
view of the general conclusion about the independence of
the LTE mean values of the thermodynamic fields outside the
hypersurface X, that was discussed in the Introduction.

The calculation of the correction AWJE(C) follows the same
steps as the previous one, and one eventually gets

o0
1
AWLE(O(% p)= Z Z ﬁD_]VV()_’)

N=03(x,p) "~

x [H*‘(q)”"—(”my,x)} ,

p-n(y)l q=0,y=y(x.p)
(33)

where
RN S\ 1 —efWe 0
H"(q) ——§5<P tgp—m )me(mr)@@_)

X Zus(l?—)ﬁr(PJr)(ﬁI(PJr)ac(P—),7“(0))C,GE-

s (34)

D. Discussion

It is somewhat surprising that the Wigner function at the
point x receives contributions from the gradients of the fields
B and ¢ evaluated at points y(x, p), which can be relatively
distant from x. These points lie on the world line (24), but this
by no means implies that there is an actual particle traveling
from y(x, p) to x; its possible physical origin is discussed
toward the end of the paper. The mathematical origin of this
long-distance contribution can be understood by rewriting
Eq. (15) as

1
AWJE(x,P)=W/E dX, (MAB (. x)

x [ / d*q 8(p- q)e"‘f‘O‘-”G““(q)}. (35)

In order for y = x to be the only dominant contribution of the
integral (35), the function of y — x between square brackets

should be peaked around zero, but because of the presence of
3(p - q) this function is constant through the whole world line
(24), so that points other than x may give a large contribution
to the integral.

An important question is about the number of terms that
should be computed in the series (30) and (33) in order
to obtain a satisfactory approximation. The speed of con-
vergence of these series apparently depends on the ratio
between two lengths; first, the correlation length /. associ-
ated with the function G*¥ (H"), i.e., |0,G""(q)|/|G""(q)|
[10,H*(q)|/|H"(q)|], which depends on the microscopic
scales of the quantum field and the inverse temperature;
second, the characteristic variation lengths of the thermohy-
drodynamic field 8, Ly = |B8]/98] (|¢|/9¢]), and that of the
normal vector n, Lg = |n|/dn|, which is a purely geometric
quantity. So, the series will rapidly converge if

le/Lp <1, l/Lg < 1. (36)

Such conditions are believed to be generally satisfied in
high-energy heavy-ion collisions, yet the second one has not
been carefully examined thus far. Here we provide a sim-
ple quantitative estimate for a hypersurface with constant
proper time t. The normal vector is approximated as n* =
(cosh&, 0, 0, sinh&), with £ being the space-time rapidity.
The typical scale of its curvature is Lg ~ 7 cosh™! £. For most
central Au 4 Au collisions at /syy = 200 GeV, T ~ 10 fm/c
[51], corresponding to 6.5 < Lg < 10 fm within the interval
|§] < 1, which is much larger than the typical microscopic
scale [, ~ 1/T ~ 1.2 fm when T = 160 MeV. In the periph-
eral region with a larger &, the hypersurface becomes more
curved with a larger /./Lg, and it is not obvious whether the
contribution of derivatives of the normal vector at all orders
with fixed order in the derivatives of A may be important.

IV. SPIN POLARIZATION

With our formula (30) one can in principle calculate gra-
dient corrections at LTE to all measurable quantities, notably
particle spectra and spin polarization. We focus on the spin
polarization of spin-1/2 fermions, which is one of the most
studied cases and also plays a crucial role for studying vector
meson’s spin alignment [31-33], hyperon’s spin correlation
[52-54], and hypernuclei’s spin polarization [55,56].

With the Wigner function, one can readily calculate the
mean spin polarization using the formula [16]:

1 [dp° [5 dZ - puly*y W (x, p)]
S$*(p) = 1) = - SNEY)
2 [dp° [y, dX - pulWt(x, p)]

where the leading contribution to the denominator arises from
W(;;:. With the definition (6), one can calculate the following
mean value:

@ (p)as(p))ce = 2¢ 83 (p — pHnr(x, p),

where ¢ = /p? + m? is the on-shell energy and ng(x, p) =
[1+ ef@P=¢1~1 denotes the Fermi-Dirac distribution. Plug-
ging this equation into the definition of the Wigner operator
for the particles, Eq. (12), the following expression is
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obtained: On the other hand, since tr(y"y Wi (x, p)) = 0, the leading
contribution to the numerator in Eq. (37) arises from AWLJ]C:.
For a free Dirac field, the Belinfante symmetric energy-
8(p* —m*O(P")(Pp + m)np(x, p), (38)  momentum tensor and the current operator are given by

" 1
WGE(X’ p) = (27_[)3

v i- =2 v = <«

T (x) = Z‘P(X)[V“(a — 0"+’ = 0M)]W(x),
whose trace (in the four-dimensional spinor space) reads -~ -
JHx) = W)y (x). (40)

Using the quantized field operator in Eq. (9), the operators
s(p* —m®O(Pnp(x, p).  (39)  T(0) and j*(0) turn out to be

J

tr(Weg(x, p) =

4m
(2m)?

~ 1 e ~
IO =355 > / d*pydip_ 8% —mHS(p2 — ma(p )" p” + v P yu(p)al (p-)a-(p )0 (PO (),

~ 1 g o
0= G > / d*pyd*p_ 8% —mHS(p2 — mPis(p_)y"u (py)al (p-)a(p)0 (PO (PY), (41)

for the particle terms only; the other terms, i.e., those involving antiparticles and the mixed ones do not contribute to the
connected mean values:

. ~ 1
(@ (pya(p-), T (0))c.ce = mﬁs(p—)(y“l?” + v P (pnr (x, pOlL — npx, po)l,

@ (p)a(p-), 70))e.ce = =iy (p_)y"u,(pyIng (x, p)I1 — np(x, p-)l, 42)

(2 )}
where p = (p+ + p—)/2 and we have used

@ (p)a,(p-), @y (P )ax (P )e.ce = 46468 (p— — PL)8* Py — P8 Ssynr (x, p)[1 — np(x, p)],
with e; = ,/m? + p4 being the on-shell energies. Substituting Eq. (42) into (17) and (34) and using the relation

(1 — e’ Dnp(x, po)(1 — np(x, p-)) = np(x, p1) — npx, po),

one obtains

— 2
G (q) = nF(xAé*;p(gF.(;)’ p)a( ? + qz - m2>9(p3)0(p°)(¢ +m)y* P+ v OB +m),
. 2
H'(q) =~ "F(x’zf’;)3 G (;) ) ( P+ Lo m2)9<p°+>e<p‘i><¢_ +m)y"(py +m). 43)

In order to calculate the spin polarization, we need to evaluate the axial-vector component of the Wigner function A*(x, p) =
tr(y*y W (x, k)). Making use of the trace

aly "y b- +m)y* (P +m)] = —4ie"“*" p; g,
and Egs. (43), (30), and (33), one obtains

2
A B ZZ {np(x,p+)—np(x,p)6< 2, 4 2>9 09( 0
E(x p)+ (x p) lN o5 p) (2JT)3(/3 q) p + 4 m (p+) (P_)

(44)

LPAT nV(y) Voo o v v
X €4 p g m[(g,,p + 84 p") ABu(y. x) — 280 AL (3, x)]}

As the function (in fact a distribution) to be derived in ¢ is odd in that variable, only odd terms in the series contribute. The
leading order contribution arises from the term of N = 1. After taking a derivative with respect to ¢, in ¢ = 0, this reads

q=0,y=y(x.p)

A, p) + AL (x, p) = =€V panp (x, )1 — np(x, pIS(P° —m?) Y Are()

3
(27) yx.p)

1 o () } [ e () “
- 9 ALy x) | — gt | or 2 Ac(y,
{2(gpp +&%p )[ O] Ba(y.X) | — &) S - nO)] (. x)

(45)

y=y(x,p)
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The derivative with respect to y acts on AB,(y, x), AZ(y, x),
and n,(y). However (see Appendix B) the curvature of Xp,
which relates to the derivative of n,(y), does not contribute
to (45) due to the presence of the antisymmetric Levi-Civita
tensor. Plugging (39) and (45) into (37), the final expression
of the spin polarization can be derived (see Appendix B for
the details) at the leading order, which reads

~ 1 VoA
S =g /Z AS(x) - prp(l — np)e"" p,
_ _ 2”,0()_’)
X WZ;) sgn[p - n(y)]{wpx(y) + > nG)
X [EraGIP" a{;(y)]}. (46)

where N, = fZD dX - pO(p°)np(x, p) is the total particle
number. The three terms in Eq. (46) can be identified as contri-
butions of the thermal vorticity @ #" = (V8" — 0 8")/2, the
thermal shear tensor £*¥ = (3VB" + 0#B")/2, and the spin
Hall effect [57] proportional to d¢, respectively, while the
curvature of Xp does not contribute at this order.

Equation (46) improves upon the formulas known in the
literature in a twofold manner. First, it gives a new expression
for the shear-induced polarization. In contrast to previous
derivations, the factor ##/p-f in Refs. [14,17] or u"/p-u
in Refs. [36,58] (where * is the unit time vector in the
QGP frame and u* is the fluid velocity), obtained as the
result of significant geometric approximations, is replaced by
n*/|p - n|. The new formula comes down to that in Ref. [17]
if ¥p is a hyperplane, and to that in Ref. [36] if the velocity
field is normal to Xp, hence it reproduces previously obtained
theoretical results under specific geometric assumptions. This
result solves the long-standing issue of the ambiguity of shear-
induced polarization formula, which was addressed in several
papers [18,59]. Remarkably, in Eq. (46), the vorticity and
the shear induced terms both receive contributions from the
derivative of the g field along n,,, but in the combination these
contributions cancel out according to the general features of
the new formula (30). Indeed, by using Eq. (32),

2n “
Euvpkpul:wpx-i- p6ral’ i|

p-n

1 1 (95 B + 0uBr)P"
— MvoA ) - [
€ Pv _2 A/sp ) pIB)\. pon
[ 03Ba + 3 Br)D*
=P p, 1 —8,B 4 1y ( )L,Bp-n B)p }

—n,DB) — 97, B

n n,(mDBy + ne DBy + 073 Bo + Braﬂx)Pa:|
p-n

VoA
ZEM'OPV

_ Euwﬂpv[ —npyDBy — 01,8 + n,DBs

+ np(aTA/ga + 0raBr)p*
p-n

073.Ba + 074 “
=6“““pv[—amm L 1oOrBa + draBr)p ]

p-n

where we have used the antisymmetric properties of the Levi-
Civita symbol. The last expression apparently shows that the
precise combination of thermal vorticity and thermal shear in
Eq. (46) implies the cancellation of the derivatives along the
direction n, perpendicular to the hypersurface. This occurs
only for a definite value of the coefficient of thermal-shear-
induced polarization in Eq. (46); if the coefficient multiplying
& were different from 2, no cancellation would take place.
Particularly, when the decoupling hypersurface is isothermal
and the direction of the normal vector n,, coincides with 9, T,
derivatives of the temperature do not contribute. Therefore, in
this upgraded formalism, the absence of temperature gradients
[17,60,61] arises naturally. Second, the thermal vorticity con-
tribution acquires a modification by the sign function sgn(p -
n), which is apparently necessary when Xp is not entirely
spacelike and future oriented.

The formula (46) features additional contributions from
the nontrivial solution of Eq. (24) with y(x, p) # x. They are
geometrically related to particles moving inward across the
hypersurface and traversing the fluid region [62—65]. This
appears unphysical and it may be, in our formalism, a spurious
effect generated by not having used interacting fields in the
Wigner operator when dealing with in-plasma region in the
formula (8). Such additional terms need careful studies in
the future but here we propose that they can be discarded as
follows: for the classical Cooper-Frye formula, the usual way
to drop the inward-moving particles is to introduce a cutoff
0(p - n) [63-66]. Likewise, introducing 0(p - n(x))0(p - n(y))
in Eq. (46) will remove the additional intersections in Eq. (46).

It should also be stressed that the formula (46) only con-
tains the leading order derivatives of the normal vector. In
fact, the full formula at the leading order in the gradients of
and ¢ must include all odd-order derivatives of the geometry-
dependent factor. In this improved approximation, Eq. (44)
yields

Al (x, p) + A (x, p)

~ —iet p; > [(5p" + €400 Buly) — 2850:2 ()]
y(x,p)

oo
% Z KLAUIAJITI V. AO'KT[(aqaq

! [eanog]
=0

K
np(xpy) —np@p) o 5 @ 5\
. [ 2B -9) 8(” T3 m>9(p+)

B ... a0 ["_@)]

94
O,

(47)

* 9(1)0_)%] “Llp-n)

q=0 y=y(x,p)

The leading correction to the formula (46) arises from
the K =3 term in Eq. (47). At this order, the spin
polarization receives contributions from (9,0,7n,)(9)B¢),
(auna)(avnp)(axﬁ/c)’ (8;18\17101)(8)»;)’ and (8;Lna)(8vnp)(a)»§)~

034903-8



IMPROVED FORMULA FOR WIGNER FUNCTION AND ...

PHYSICAL REVIEW C 114, 034903 (2026)

Explicit expressions for these effects are lengthy and they are
not shown in this paper. Their impacts on global and local spin
polarization in heavy-ion collisions will be studied in future
works.

V. CONCLUSIONS

In conclusion, we have developed a new method to
calculate the Wigner function at LTE on the decoupling hyper-
surface in heavy-ion collisions. By inverting the momentum
and the hypersurface integrals, we have been able to remove
specific assumptions on the geometry of the hypersurface
and to include in the gradient expansion those of the normal
vector to the hypersurface. The space-time derivatives in the
normal direction of the hypersurface are naturally excluded,
which has a remarkable implication in the vanishing contri-
butions from the temperature gradient if the hypersurface is

J

isothermal. We have derived upgraded expressions of the spin
polarization of spin-1/2 fermions, which merits verifications
in numerical simulations.
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APPENDIX A: COMPACT FORM OF WIGNER FUNCTION

Plugging Eq. (20) into Eq. (19), we obtain

R
W) = (va) [99 99 ..
p N=0

25,G" (@] =, / dz,.() AR, x)[a;' 8u ... g g3 (y _
Zp

X — ]%(yo —x0)>i|.

(A)

The presence of the partial derivatives of the §-function makes the integral difficult to evaluate. It is convenient to convert the
above equation to the form in (21) through the following steps. First, we split the partial derivative into the sum of two different

operators,

9, = ot 4 3(2),

acting only on the § function and A B, (y, x), respectively. Thereby, the partial derivatives in Eq. (A1) can be recast as [97 - 3DV
and taken out of the integral. The latter can be expressed as follows, by means of the binomial theorem:

[87 - 8)51>]N

=[07 @"+aP)—07-05] =

NoONI(=1)M

—[aq . ax]N—M[aq . 8;2)]M
2 MI(N — M)

The derivative 3® only acts on the Ap function and can be moved into the integral, yielding the expression in the Eq. (21).
In the Eq. (21), the space-time point y is located on Xp. As described in the main text, X can be split into several branches,
where in each the decoupling time y° is a single-valued function of y, i.e., y* = f;(y). Then Eq. (22) follows because, on each

branch,

#(y—x- 506" -2 —Z—'po' 5y ~ ¥i) (A2)
y p()y X - - y yk,lv

o P0Gl

where y,‘({ ;(x) denotes the ith crossing point of the world line (24) with the kth branch of Xp. The prefactor on the right-hand side

is the inverse of the determinant of the matrix:

9 p . P AR
57 [y— —E(fk(y)—xo)] =8 — S

. 0ci -
I A )
ay] J pO pO

Carrying out the integration in d*y, and using the relations (22), Eq. (21) is converted to Eq. (25).
In Eq. (26), the derivative of y(x, p) with respect to x is obtained by taking into account that j locates on the world line:

y=x+ 20— x0), (A3)
P

Taking partial derivatives with respect to x* of the above equation,

9y/  pl ay

Byl j
n 0 35/ o = 81
dx pY 9y’ dox

Pj _ 8?’ Y 0
+ ,?"l(”]ax_u =5 -5 P (A4)
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where j, [ =1, 2,3 and where o0, (¥) is the normal vector of ¥p at the space-time point y. For a point y = Jj ;, which denotes
the ith solution of y = x + 1% (3 — x©) on the kth branch of the hypersurface, we obtain

_ 0 fic(¥x.i)
0 (ki) = (1, -—— (A5)
O¥.i
The 3 x 3 matrix
. oy
Al = |:5,j + FUI(Yk,i)}
can be inverted, and one obtains
3%, _ Al _P_l(so _|si_ P o1(r.i) s _P_lgo .
dxr AN Lo LopeoGen M PR
If © = 0 we then have
85’1{,1' _ P’
9x° p-oGri)
while if 4 = m spacial index
03], _si_ P on(,i)
xm " pro(r)
so that, altogether,
oy b (3
yk,z _ l]L_ p O';L()jk,l). (A6)
dxt P o(Gki)
Similarly, one can calculate the derivative of y* with respect to x:
VL _ 33y, %1, - .G )|:8j p"'au()’zk,,-)]
= - = — i k,i - — )
oxit gyl | oxt ! “opoGra)
whence we obtain
33y P 3y PPom(Fi.i)
A = o) — oo e (A7)
dx p-o(ri)  Ox p-oGri)
Equations (A6) and (A7) can be written in a compact form as
OV ; P 0 (Vk.i)
R gy IR = AV(), A8
axk oopoGra) w Ok) (48)
so that Eq. (26) can be rewritten as
d _ J _ o 2 08(x, y)
@g(ﬁ Vri(x)) = Bx_ﬂg(x’ Vi) + A Gri) oy 7 (A9)
Y=ki(x,p)
By using the last result, the Eq. (25) can be rewritten as:
oo N
(=Y N!(=]D)Y _
+ _ v Ym am M
AWLE(x’ p) = Zzsk N! [33] T 8gNGM (q)]|q=0 Z M!(N — M)! [ax T AT +](yk’i)BZM+I]
N=0 ki M=0
o [OY 4 AP (5 )Y ]9y ~--3;MU”—(y)Aﬂu(y, x) (A10)
lp-o(l _—
Using again the Binomial theorem, the last expression can be recast as
- =" 9.()
— ap (= N ~pv
AW p) =) Y s [A Ged394] 6" (P, @)= ABL (v, X) (A1)
S L lp-o)l 4=0.y=51.

Now, because of its definition [see text below Eq. (23)], the sign s; is such that
Skoy, = nyy/|o - o,
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where n,, is the outward pointing unit vector normal to the hypersurface Xp. Besides,

nu/lo - ol _ ny,
lp-ol lp-nl
and
_ pP'oy _ p'ny
AM“_(SZ——_S"——

p-o " pen
By taking the above equalities into account and introducing the operator D, in Eq. (31), we can express AWE as

shown in Eq. (30). Note the argument of the operator A*” is y, such that the derivative with respect to y does not act
on A%”.

APPENDIX B: SPIN POLARIZATION FOR SPIN-1/2 FERMIONS
In Eq. (45), the contribution from A S read

m(y)
Ip-n()|

L T 1 Vo
Alg(x, p) ~ ne (6, P = npCx, pIS(P* —m)e™ p 2 (g, p" + &b ) D Aul >[

y(x.p)

2
2m)?

ABy(y, x)}

y=y(x,p)
(B1)

The derivative with respect to y acts on both A, (y, x) and n,(y), giving rise to two terms. For the former, one obtains a factor
that is proportional to

1
7€ P AL M@0 Ba )]

1
X EEWMPAAm()_’)[8;'3“(y)|y:5'(x-1’)].

1
Eé”pk’mAw(i)nu(i)(gZPa + 8P ) B ()] = J+1p-n)l

y=y(x.,p)

Plugging the explicit form of A, (9) in Eq. (28), it becomes
1 =\ O y = 1 ark y 1 arT s = y
€M P P B Ba 0,y ] + 1P - DS PR Bu],ys ] = € PP R DBy )
whence, renaming repeated indices,

1
— S € puny ()P 8 Ba ) + BB s ] ®2

1 .
[p- n(x)]QGMUPAP"[a/’)ﬁk(yﬂy:ﬂxm)] 2

By using the definitions of thermal vorticity and thermal shear,

1 1
Wy, = —5(3pﬂx —0Bp), &= 5(3;),3,\ + 0,80),
in Eq. (B2) and reinstating the missing factors, we obtain the first part of Af':

3(p* —m?)

‘AﬁE—l(x’ p)=— Q1)

ne(x, p)(1 = np(x, p)) Y sgalp - n(®1e""" p, [wpx(yw
y(x,p)

2
G (Méra (P)P* } (B3)

On the other hand, the contribution from the derivative of the normal vector 7 is proportional to

" Tpi (g +&ip’)A rk(y)Aﬂa(y,x)[a” m0) } (B4)

|p-n(y)

which in turn gives rise to two terms. The first, obtained by contracting with p", is proportional to

» [3K ny(y) ]
Yp-nI |-

which vanishes unless p - n(y) = 0. In our derivation, in order to ensure the that the § function can be solved in terms of the y
variable, we had to assume that p - n(3) = 0, so we neglect the above term. Therefore, we can rewrite the above term, without
changing it, as

= [3ysgnlp - nI]|,_; o< 8(p - n()).

(B5)

n, (y)
uprt — T A ANE]
" p(gpp” = 85P") Aec()ABa x)[ " 1p <y>|} -

034903-11



SHENG, BECATTINI, AND ROSELLI PHYSICAL REVIEW C 114, 034903 (2026)

i.e., by changing the sign of the second term in the bracket. Using the Schouten identity,
EHVRT it | VATA il | ATQ Y Tay b vkt (B6)
we have
E,u,p)hrpk(g;pa _ go;pv) — (€MVMT P MUY (VR L Tay ph g v Ty

Plugging this relation into Eq. (B5) and taking into account that p* A, (3) = 0, the expression in (B5) can be rewritten as

—("p* + €7 MY Dy A () A By (5, X) [8“ ) }

—e T (' Py = h0°) Dk (A Bu (3, x) [8“ " 0) ]

Y lp - n@)l Yp )l
(B7)
With the help of the definition of A, (y), one can prove that
EVMO[ATK@) — Evkra |:g/§ _ pn: ({7)] — (pzev)«ot _ pKEU)‘Ta) f’lr(yz — _(pue)mar +pkekarv _’_pozerv)u() nr()’? , (B8)
p-n(y) p-n(y) p-n(y)

where we have again used the Schouten identity (B6) in the last step. Substituting (B8) into Eq. (B7) and noting that (see also
above discussion)

M ptp, — 2) =0, p* 3/5"”—(y)i|
Pln-ar)=0 s [»‘|p-n<y>|

= [d}sgn[p- n(Y)]]‘y:y =0,

y=y
the expression in Eq. (B7) gets its final form:

M2\ fATVK }’lt@) |:ay "v(Y) i|
P = gr ) e 5 pno

PAB, X). (B9)

Defining the new vector:

_ _sgnlp - n(y)] o
[p-n()I?

QM F) = M () [ )]], (B10)

y=y’

n:(¥) [8y n(y) }
p-n@) [ “lp-n()l

which depends on the curvature of the decoupling hypersurface at point ¥, Eq. (B9) can be rewritten as

(P i — & P°) P A (53, )24 (3). (B11)

However, according to the definition of the normal unit vector, we have

n, = Aoy,
with A a suitable scalar and o as in Eq. (23). Hence
deny = Adeo, + (3.A)n,. (B12)
Since
0,0,(y) = > Afuy) ‘7 O > V.: O.’ .
“ oy, K=16L v=], i,j=1,2,3,

it turns out that the gradient of o in Eq. (B12) is symmetric under the exchange of its indices. Therefore, the contraction with
€*™¢ in Eq. (B10) of both the terms in Eq. (B12) vanishes and so * = 0. In conclusion, the expression in (B9) vanishes,
demonstrating that the curvature of X, does not contribute to the spin polarization at the leading order.

On the other hand, the contribution from A¢ is given by

Al (x.p) = (2 Gy 2 e P = (e, PSP — e py m(y)[ Ir ”(?NAg(y,x)} . (B13)
ylx,p) o q=0,y=y(x,p)
Using Eq. (B8), one can prove that
i, A [ ge n,(y) } o 2y e () [ay ny(y) } ke 1) V[ay n,(y) }
©om [Hp-n(yn IS Ao K ravres ] | IR Cyereo L KA yreey
(B14)
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As shown in the previous section, the terms in the above equation vanish, indicating that the curvature of Xp does not contribute
to Al'g ¢ in Eq. (B13). On the other hand, the contribution from 9,¢ reads

2

Al (. p) = === > np(x, p1 — npx, PS> — m>)e" " p, —L=——37¢ ().

3
(27) y(xp)

ny(¥) (B15)
lp - n(¥)|

Finally, plugging Egs. (39), (B3), and (B15) into Eq. (37), the vorticity- and shear-induced polarization as well as the spin Hall

effect in (46) are obtained.
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