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Signals for fluctuating constituent numbers in small systems
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We propose an extension of the initial-condition model TRENTO for sampling the number of partons inside the
nucleons that participate in a heavy-ion collision. This sampling method is based on parton distribution functions
and therefore has a natural dependence on the momentum transferred in the collision and the scale being probed
during the collision. We examine the resulting distributions and their dependence on the momentum transfer.
Additionally, we explore the sensitivity of different observables on the number of partons using the TRENTO

framework and the estimators available therein for final-state observables.
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I. INTRODUCTION

One of the major tools for enhancing our understand-
ing of quantum chromodynamics (QCD) are ultrarelativistic
heavy-ion collisions. These collisions, conducted mainly at
the Large Hadron Collider (LHC) at CERN and the Rela-
tivistic Heavy-Ion Collider (RHIC) at Brookhaven National
Laboratory [1–7], allow one to probe the properties of hot and
dense QCD matter by comparison between experimental data
and theoretical models [8–11]. A majority of these models use
a fluid-dynamic description for the bulk part of the collision
and encode the underlying QCD dynamics through the equa-
tion of state and transport coefficients, such as shear and bulk
viscosities. While it is possible to obtain the equation of state
and the transport coefficients through means such as lattice
QCD, renormalization group equations, and others [12–14],
the description of the first few moments of the collision from
first principles is much harder. Despite recent advances in this
area [15–17], the precise dynamics is not yet fully understood
and computationally expensive to study. A popular alternative
choice is the usage of initial-state models based on more
parametric Ansätze, such as Monte Carlo Glauber models
[18,19] or the TRENTO initial-condition model [20–23]. Since
these models include parameters that may be difficult to di-
rectly relate to calculable QCD quantities, a common way of
determining their value is by calibrating the respective models
to experimental data. Depending on the type of measurement
at hand, a different set of parameters can be constrained based
on the model-data comparison.
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One recent example regarding the discovery of new param-
eters for calibration was the search for the chiral magnetic
event at the RHIC [24] through the collision of two isobar
isotopes (96

44Ru and 96
40Zr). Extensive studies have demonstrated

a strong dependence of the ratios between isobars on nuclear
structure parameters, such as the neutron skin thickness and
deformations [25–30].

While the the modeling of deformed nuclei is well estab-
lished and the relation between the nuclear deformation and
their effects on flow coefficients in particular has been demon-
strated [31], the modeling of subnucleonic degrees of freedom
for hydrodynamic initial conditions remains an active area
of research in the heavy-ion community [10,22,23,32–36].
A common way for including subnucleonic structure in the
TRENTO model is the addition of m partons inside each pro-
ton and neutron with m ranging from 3 to values of around
10, with m being a fixed number for all nucleons in both
ions. However, from deep inelastic scattering and other ex-
periments, it is known that protons and neutrons have a rich
substructure, especially when probing them at small Bjorken
x, also known as the saturation region [37]. This dynamics is
encoded in so-called parton distribution functions [38], which
give the probability to find a parton at a given Bjorken x.
Additionally, the number of partons for any nucleus at a given
momentum transfer is not fixed, but fluctuates on an event-by-
event basis. In this paper we present a novel way of sampling
the number of constituents of a nucleon in TRENTO, based on
parton distribution functions, accounting for event-by-event
fluctuations of the number of partons.

The sampling algorithm together with the resulting dis-
tributions is discussed in Sec. II. The signature of these
fluctuations is then examined and shown to be strongest in
small collision systems, such as oxygen or neon (Sec. III).
Additionally, we examine different observables and determine
a combination of known observables displaying an enhanced
sensitivity to the parton number in Sec. III.

II. PARTON NUMBER SAMPLING ALGORITHM

Before discussing the details of the sampling algorithm, we
first discuss how subnucleonic structure is currently treated
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in TRENTO: In TRENTO the positions of the nucleons in-
side the nuclei are sampled based on the nuclear density.
The probability for a collision is then determined based on
the cross section and distance for each nucleon pair in the
two colliding nuclei. Since this collision process is so far
not well understood from first principles, the amount of en-
ergy deposited in each nucleon-nucleon collision is modeled
by placing a Gaussian at the collision site, whose normal-
ization is being drawn from a � distribution to allow for
fluctuations. At this step the TRENTO model allows for the
inclusion of subnucleonic degrees of freedom, i.e., quarks
and gluons, by means of depositing not one large Gaussian
at the collision site, but rather depositing m smaller Gaus-
sians around it.1 It has already been demonstrated that this
fixed number of subnucleonic degrees of freedom can be
constrained using Bayesian inference with m found to be be-
tween four and five2 with rather large uncertainties [10,39,40].
Additional, stronger constraints can arise in smaller collision
systems [41].

This model of a fixed number of hotspots at each collision
site only superficially reflects our understanding of the struc-
ture of the proton and neutron for two main reasons.

First, it is well established that protons and neutrons have a
complicated and rich substructure consisting of three valence
quarks together with a fluctuating amount of sea quarks and
gluons, resulting in a fluctuating parton number when probing
the same proton or neutron multiple times. The second dis-
crepancy between the model and our understanding is the fact
that, if the proton has a fixed number of partons, not all will
need to interact in the inelastic collision due to the different
energy (and therefore time) scales set by the inelastic scatter-
ing compared to the scales in parton-parton interactions. Both
of these effects lead to a fluctuating number of partons in each
nucleon-nucleon collision.

To determine this fluctuating number of partons, we pro-
pose a novel distribution based on the parton distribution
functions (PDFs) describing the momentum distribution of
partons inside of the nucleus. The parton distribution func-
tions hereby serve as probability distributions for finding a
parton of a certain type in the momentum range from x until
x + dx, with x being the momentum fraction carried by the
parton of the total momentum of the proton or the neutron.
Note that this is not a probability distribution function in the
strict sense, since it is not normalized to unity for the different
species. Nevertheless, we use it to obtain the parton number
for a given event based on the moment fractions sampled from
the PDFs.

For the sampling of the parton number, we assume that the
three valence quarks found in the proton and the neutron are
strongly correlated among each other and therefore always
participate in the reaction. Therefore, the sampling begins
by drawing the momenta of the three valence quarks from

1The sampling for their positions is designed to yield the same
nucleon size as the single Gaussian in the limit of large m.

2The number of constituents is to be understood as the rounded
value of the reported maximum likelyhood value of the posterior.

FIG. 1. Parton distribution functions f (x, Q2) as functions of
Bjorken x, taken from UCL HEP group [42]. The distribution func-
tions sharply rise for x → 0, resulting in smaller values of x being
favored. The cutoff xmin ensures that the PDFs are finite and have a
maximum value, ensuring a finite number of partons in the sampling
process.

their respective up- and down-quark distribution functions.
The sampled momenta are then added up,

∑
val xval = xtot . Af-

terward, depending on the momentum transfer Q2 the species
for the next sample is determined randomly from gluons, up,
down, strange, charm, and bottom quarks, where the heavier
species are only sampled for large enough Q2. Subsequently,
the momentum of either one gluon or a quark-antiquark pair is
sampled from the respective distribution. The drawn momenta
are then added to the total momentum sum xtot. This proce-
dure beginning from the random species determination is then
repeated until the total momentum sum exceeds 1: xtot > 1.
The total number of partons is then given by three for the
valence quarks plus the amount of drawn sea gluons, quarks,
and antiquarks. At this point it is important to note that the
number of partons will be bounded from below, despite PDFs
sharply rising for x → 0, due to a lower cutoff imposed on x
by kinematic considerations.

Using the relation between the momentum transfer Q2, the
center-of-mass energy s, the target parton momentum fraction
x, and the projectile energy loss y,

Q2 = sxy (1)

and using y � 1, we find the minimal value for x, given by

x � Q2

s
= xmin. (2)

In spite of the small value of xmin ≈ 10−6 for top energies
available at the LHC, it nevertheless provides a cutoff for the
parton distribution function, ensuring a finite maximal value
(see Fig. 1). While the parton distribution functions sharply
rise for x → 0, the cutoff xmin ensures a finite maximal value
for each distribution, resulting in a normalizable distribution.
Furthermore, since the cutoff point is larger than 0, xmin > 0,
it ensures a maximal value for the number of partons given by
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FIG. 2. Probability distribution for the number of partons for
different values of Q2. All distributions are bounded from below by
three through the presence of the valence quarks.

mmax = 1/xmin. The parton distribution functions used for the
sampling are taken from the UCL HEP group [42].3

The resulting distribution for the parton number m for
different values of Q2 are displayed in Fig. 2. All distributions
are bounded from below by m = 3 through the presence of
high-momenta valence quarks. Since the PDFs are less peaked
for lower values of Q2, there are more high-momenta valence
quarks at low Q2, resulting in a distinct peak of the parton
distribution at m = 3. Since a collision with a larger momen-
tum transfer probes the system at smaller length scales, the
number of parton grows and therefore the maximum of the
parton distribution also shifts to larger values.

Similarly to the maximum of the distribution, also the
average parton number grows with Q2 initially (see Fig. 3).
However, for large enough Q2, the average number of partons
starts to decrease again. This can be attributed to the interplay
between the scale being resolved in the scattering process get-
ting smaller with larger Q2 and the momentum cutoff getting
larger with Q2. The resolution of smaller length scales leads to
the PDFs being more peaked toward x → 0, resulting in more
low-momentum partons being sampled, increasing the total
number of partons. However, with rising Q2, the excluded
momentum range below xmin also grows, leading effectively
to partons with higher momenta, therefore reducing the parton
number (see Fig. 5).While our results show an average parton
number of m ≈ 50, this does not result in smooth initial en-
ergy distributions, since these partons do not all contribute
equally due to their different x values, resulting in a more
spiky initial energy density. The concrete dynamics of this
energy distribution and the resulting initial profiles will be
examined in future work.

3We want to highlight that ideally, the partons would be sampled
using the n-parton distribution function (instead of the one-parton
distributions), including all correlations between the partons. How-
ever, since these are not yet known, we sample partons individually,
neglecting some of their correlations.

FIG. 3. Average number of partons in each nucleon as function
of momentum transfer Q2. The average number of partons increases
with Q2, since the parton distribution functions become more peaked
towards x = 0, due to the higher scattering resolution. The increase
stagnates due to the increasing cutoff xmin.

This interplay between the changing distribution functions
and the cutoff with changing momentum transfer also leads
to a decreasing standard deviation of the parton distributions
with increasing Q2, as shown in Fig. 4. The higher cutoff
reduces the range the sampled momentum is able to fluctuate
in, leading to a smaller standard deviation of the distribution
of partons.

Since this method of obtaining the parton number solely
relies on parton distribution functions, it is possible to em-
ploy this method for different collision systems and energies
through the use of Dokshitzer–Gribov–Lipatov–Altarelli–
Parisi equations [43–45]. An additional extension using the
different distributions for protons and neutrons is straightfor-

FIG. 4. Standard deviation of the parton number distribution as
a function of Q2. The standard deviation decreases for increasing Q2

due to the underlying distributions being more peaked at a higher
momentum transfer and a higher momentum cutoff xmin.
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FIG. 5. Down-quark PDF for different values of Q2. The dis-
tribution function is more narrow for larger values of Q2, driving
the sampled x towards xmin. Through the increase of this cutoff, the
sampling range is restricted, leading to fewer fluctuations in the total
number of partons.

ward by using the respective proton or neutron distribution
functions. In a similar fashion, the difference between dif-
ferent nuclei can be accounted for by using the nuclear
distribution function instead of the proton or neutron ones.

Since the parton number can get large, especially for large
center-of-mass energies, a large number of sampling pro-
cesses can be required, resulting in a higher evaluation cost of
the initial-state model, especially for heavy nuclei. A possibil-
ity to circumvent this added cost to the evaluation of the initial
conditions is to employ a parametrization or fit of the parton
distributions presented in Fig. 2. A crude parametrization of
the distribution can be obtained from its cumulants, with the
first two (mean and standard deviation) being given in Figs. 3
and 4 as functions of Q2.

Additionally, the question of whether one should take all
of the sampled partons into account arises. Despite the large
correlations between the individual partons in the nucleus, not
all of them might participate in the interaction due to possibly
very large virtualities. In the entirety of this work, we assume
the correlations to be strong enough for all particles, no matter
their virtuality, to interact. However, a further examination of
such a “cutoff” in virtuality presents an intriguing possibility
for the extension of this work.

Another extension of this sampling method is the usage
of so-called transverse momentum distribution functions in-
stead of parton distribution functions. Transverse momentum
distribution functions can be understood as extensions of
parton distribution functions by including additional infor-
mation about the transverse momentum distribution of the
individual partons. This additional information can be used
to sample the transverse momenta of the partons participat-
ing in the collision. The inclusion of this information can
then allow for the calculation of an initial nonzero fluid
velocity.

While we believe that this model has a strong physics mo-
tivation and we propose its implementation in the next version

of an initial-state model, such as TRENTO,4 we use calculations
at fixed m to examine the sensitivity of different observables
on the number of partons using initial-state estimators.

III. SENSITIVITY OF DIFFERENT OBSERVABLES

In this section we want to gauge the sensitivity of different
observables and collision systems on the proposed fluctuat-
ing number of constituents. In principle, every combination
of observables can be used to constrain the number or dis-
tribution of partons inside each nucleon. However, some of
these observables will show greater sensitivity than others. To
examine these effects, we make use of the well-known pro-
portionalities [46] linking initial-state quantities, such as the
entropy, energy, and eccentricities to the number of charged
particles, the mean transverse momentum, and the harmonic
flow coefficients,

Nch ∝ S, (3)

〈pT〉 ∝ E , (4)

vn ∝ εn. (5)

Even though these are not precise relations, they nevertheless
can aid in gauging the sensitivity to different observables by
employing only initial-state simulations, which are relatively
cheap compared to a full fluid dynamical simulation. In the
following, we make one more simplifying assumption by only
considering the contributions of the most energetic partons.
This allows us to use the already established TRENTO model
with m being between 1 and 10. The inclusion of all partons
requires a more careful treatment of the energy deposition of
partons with different x values, which will be examined in
future work.

We already can establish tendencies of the sensitivity of
different observables: Since the amount of energy carried
by each nucleus is the same, irrespective of the number of
partons, the energy deposited in each collision will remain
similar. Likewise, the entropy of the collision will remain
largely unchanged, although one could make the argument
that the strong correlations between the individual partons
will increase the entropy of the initial profile. Since the de-
scription of this entropy from first principles is nontrivial,
we assume that it can be neglected in this context. Having
multiple constituents inside each nucleon might lead to more
defined geometric features of the initial profile compared to
the case of larger, smooth nuclei, resulting in a change of the
initial eccentricities. Therefore, the largest signal is expected
in the eccentricities.

Figures 6 and 7 show the dependence of the average en-
tropy on the number of partons in central and peripheral
collisions, respectively. Depending on the centrality and the
collision system, up to 2000 binary nucleon-nucleon colli-
sions take place in a single heavy-ion collision, effectively
sampling the distribution of constituents for each of the bi-
nary collisions. Regrettably, it is not possible to access these

4The actual implementation requires additional considerations re-
garding the amount of deposited energy per parton depending on
their respective momentum fraction.
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FIG. 6. Average entropy as function of centrality for different
numbers of partons for central collisions, compared with the case
of no substructure (m = 0). The most-central collisions are sensitive
to the number of partons through saturation of binary collisions and
therefore can probe the average value of the distribution function for
the parton number.

2000 samples individually, which would allow one to put
precise constraints on the distribution and its moments. Since
all of the individual energy and entropy deposition sites are
combined into one initial energy-entropy density profile, even
the initial condition used for fluid-dynamic simulations only
contains an average of the partonic distribution function. More
of this information will be washed out during the hydrody-
namic evolution phase and subsequent particle production.
Since this effective averaging scales with the number of binary
collisions, we expect more insights into the parton distribu-
tion when considering events with a lower amount of binary
collisions. This can either be achieved by considering more
peripheral events (see Fig. 7) or by examining smaller colli-

FIG. 7. Average entropy as a function of centrality for different
numbers of partons for ultraperipheral collisions, compared with the
case of no substructure (m = 0). The ultraperipheral collisions only
include a few binary collisions and therefore correspond to individual
samples of the parton number distribution.

sion systems. Interestingly, also ultracentral events show some
dependence of the number of partons, even if only a slight
one, as depicted in Fig. 6. This stems from the number of
spectators going to 0, resulting in a similar value of Ncoll

for each event equaling no Ncoll fluctuations. When using a
fluctuating distribution for the number of partons, this would
result in probing the average of the distribution. The increas-
ing number of partons leads to a decrease of the total entropy
in the most-central events, since for a larger number of partons
the total cross section σNN is still kept the same, resulting in a
smaller partonic cross section. This in turn leads to a smaller
value of the collision probability for the same Ta and Tb.
However, these thickness functions also change and become
smoother for more partons. This leads to fewer collisions at
the edge of the nuclei for a larger number of partons, reducing
the entropy in the very central collisions. Additionally, with a
larger number of partons, the collision energy is distributed
across more constituents—reducing the energy per parton
and thereby damping event-by-event fluctuations compared to
cases with fewer partons. Therefore, the rare events with very
large entropy fluctuations become less frequent. A natural
consequence through the definition of the centrality classes of
this is the increase of the average entropy in peripheral events.

The expected difference in the eccentricities is demon-
strated in Fig. 8, where the eccentricities as functions of
centrality are displayed for three different systems: PbPb,
OO, and NeNe collisions. The distribution functions used
for the sampling in this work are proton PDFs, therefore
neglecting nuclear effects. We want to include these in future
work through the use of nuclear PDFs. Similarly to the initial
entropy small deviations for the very central collisions also
appear in the eccentricities. These differences are then much
more pronounced for peripheral collisions. Here it is inter-
esting to note that the even harmonics, i.e., ε2 and ε4, show
less separation, especially for the large centralities, compared
to the odd harmonics ε3 and ε5. This different behavior at
large centrality is a result of the even harmonics mainly being
driven by the geometric shape of the overlap area, whereas
the odd harmonics are mainly driven by fluctuations, which
get enhanced through the added nuclear substructure. Since
a higher number of binary collisions tends to wash out the
details of the subnuclear structure, the difference for different
values of m appears at different centralities when considering
a large system, such as a PbPb collision, compared to smaller
systems, such as OO or NeNe collisions. These differences
arise at around the same value of Ncoll in all systems, therefore
appearing at smaller centralities for the smaller systems. To be
able to study the effects of different values of m, we therefore
focus on OO collisions when examining the harmonic eccen-
tricities further.

In order to enhance effects appearing due to differences
in m and suppressing common effects, we consider the ratios
between the eccentricities for OO collisions, as depicted in
Fig. 9.5 All ratios, including even eccentricities, are again
mainly driven by the geometric shape of the collision and

5The differences between the various harmonics display a similar
behavior.
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FIG. 8. Mean values of the first four harmonics as functions of centrality for different collision systems and fixed values of m. The
differences in subnucleonic structure appear around the same number of binary collisions, resulting in a larger centrality for PbPb collisions
compared to OO and NeNe collisions. The even harmonics show less dependence on the value of m compared to the odd harmonics, since they
are mainly driven by the geometric shape of the initial entropy profile.

FIG. 9. Ratio between the initial-state eccentricities for n = 2, 3, 4, and 5 as functions of centrality for different numbers of partons. All
ratios are dominated by the even eccentricities, except ε5/ε3, which only contains odd harmonics, therefore being more sensitive to the value
of m.
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FIG. 10. Ratio in harmonic eccentricities ε3/ε5 for OO and NeNe
collision systems. Since the odd eccentricities are dominated by
fluctuations instead of the geometric shape of the overlap region,
this observable displays sensitivity to m and its distribution at all
centralities.

therefore only show differences for different m values at large
centralities. However, the ratio of the odd eccentricities is
driven by fluctuations and therefore displays differences al-
ready around 50% centrality.

The ratio in odd harmonics shows additional features,
which could help in constraining the number of partons: While
being a relatively flat curve for small values of m, the curve
becomes steeper for larger values of m, with its maximum and
minimum moving apart. Therefore, the smaller ratios at lower
centralities could be leveraged together with the slope when
going to larger centralities to constrain the value of m or its
distribution. This behavior can be attributed to ε3 and ε5 being
relatively small for the central collisions, with the triangularity
becoming more pronounced at higher centralities due to the
sharper profiles at large values of m.

This feature is present in both OO collisions and NeNe
collisions (see Fig. 10) and therefore could be an interesting
addition to the analysis of the current OO and NeNe runs at
the LHC and possible future light ion runs.

While similar features also appear in other combinations
of the eccentricities, such as their ratios, it is sufficient to
include one additional observable containing the first two odd
harmonics. To reduce uncertainties on the experimental side,
we propose the above discussed ratio between ε3 and ε5. Here,
it should be noted that the fifth flow harmonic is not directly
proportional to ε5 anymore, due to nonlinear flow effects.
Therefore, the observed signal in the flow coefficients might
not be as strong in the eccentricities.

IV. CONCLUSION

In this work, we proposed a novel way of obtaining the
number of partons in each proton and neutron participating in
a heavy-ion collision. This method is based on the information
obtained, among other information, through Deep inelastic
scattering experiments in parton distribution functions and

FIG. 11. Comparison between values sampled from the modified
parton distribution function cut below xmin (yellow) and the full
parton distribution function (blue). Above xmin the modified PDF
agrees with the full PDF, ensuring the same physics.

therefore encodes the underlying QCD dynamics governing
the structure of the proton. We examined the resulting dis-
tribution as a function of momentum transfer and discussed
possible implications for the collision, while ensuring a finite
number of partons for each sampled proton and neutron. Addi-
tionally, we proposed possible modifications of this sampling
algorithm accounting for different virtualities of the sea-quark
and their antiparticles. As the final part of the discussion of
the sampling method, we sketched the possibility of obtaining
a nonzero fluid velocity profile using additional information
encoded in transfer momentum distribution functions.

In the second part of this work, we examined the de-
pendence of different observables on the number of partons
m while keeping m fixed. This is achieved by using the
initial-state estimators for particle number, average transverse
momentum, and flow coefficients, namely, entropy, energy,
and eccentricities. We demonstrated that most observables
show little to no sensitivity to the number of constituents, as
expected through the inherent averaging dynamics of a heavy-
ion collision. However, we were able to demonstrate that the
odd eccentricities show some sensitivity to the value of m at
small centralities and a comparatively large sensitivity at large
centralities. This sensitivity can be increased by considering
their ratio, such that a clear change for different values of m
can be established already at around 50% centrality.

We propose the inclusion of the ratio of the odd eccen-
tricities as an additional variable in the upcoming analysis of
small collision systems, as well as the addition of a fluctuating
parton number based on PDFs in the next generations of
initial-state models, such as TRENTO.
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APPENDIX: SAMPLING VALIDATION

To ensure that the introduction of a lower boundary xmin for
the sampling of the partons does not change the distribution

function, we compare 1000 samples taken from a modified
PDF (yellow) with the full PDF (blue) in Fig. 11. We find
that the exclusion of the region between zero and xmin does
not change the sampling above xmin, guaranteeing the same
physics for both distributions between xmin and one with the
small discrepancies between the modified and the full PDF
stemming from discretization errors in x and the finite sample
count.
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