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We explore the impact of two-body currents (2BCs) at finite momentum transfer with a focus on magnetic-
dipole properties in 48Ca and 48Ti. To this end, we derive a multipole decomposition of 2BCs to fully include the
momentum-transfer dependence in ab initio calculations. As application, we investigate the effects of 2BCs
on the strong M1 transition at 10.23 MeV in 48Ca using the valence-space in-medium similarity renormal-
ization group (VS-IMSRG) with a set of nonimplausible interactions as well as the 1.8/2.0 (EM) interaction.
Experiments, such as (e, e′) and (γ , n), disagree on the magnetic-dipole strength B(M1) for this transition.
Our VS-IMSRG results favor larger B(M1) values similar to recent coupled-cluster calculations. However, for
this transition there are larger cancellations between the leading pion-in-flight and seagull 2BCs, so that future
calculations including higher-order 2BCs are important. For validation of our results, we investigate additional
observables in 48Ca as well as M1 transitions in 48Ti. For these, our results agree with experiment. Finally,
our results show that for medium-mass nuclei 2BC contributions to M1 and Gamow-Teller transitions are, as
expected, very different. Therefore, using similar quenching factors for both in phenomenological calculations
is not supported from first principles.

DOI: 10.1103/4tky-t2h1

I. INTRODUCTION

Nuclear electroweak processes can be described in a first
approximation using one-body operators that involve a single
nucleon. However, over a decade ago, few-body calculations
established that two-body currents (2BCs) involving the cou-
pling to two nucleons play a significant role in the weak [1–3]
and electromagnetic [4,5] sectors. Recent ab initio calcula-
tions of electromagnetic moments and form factors [6–11],
β-decay lifetimes and spectra [12–14], muon capture [15], as
well as electron-nucleus [6,16] and neutrino-nucleus [6,17]
scattering, highlight the importance of 2BCs.

In heavier systems the inclusion of 2BCs is more challeng-
ing. A complete evaluation has been performed in β decays
[12], where it is a good approximation to include 2BCs at
vanishing momentum transfer, and very recently in magnetic-
dipole (M1) transitions [18,19]. However, for other processes
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involving medium-mass and heavy nuclei, calculations are
based on approximations for the 2BCs at finite momentum
transfer due to the complexities involved in deriving 2BC
matrix elements and other computational limitations. This is
the case for muon capture [20–22], neutrino-nucleus scatter-
ing [23], neutrinoless ββ decays [24–26], or the scattering
of weakly interacting massive particles off nuclei [27–31].
For the latter two processes, the relevant nuclear matrix ele-
ments are needed to extract information about physics beyond
the standard model of particle physics from experimental
searches [32,33].

In order to calculate electroweak processes without ap-
proximating 2BCs at finite momentum transfer, a multipole
decomposition of the currents is needed. In this work, we
present a derivation of the multipole decomposition of 2BCs
at finite momentum transfer. We implement the multipole-
decomposed 2BCs in ab initio valence space in-medium
similarity renormalization group (VS-IMSRG) calculations,
which describe well the nuclear structure and electroweak
observables of medium-mass and heavy nuclei [12,34–40].

As a first application of this framework, we study the
strong M1 transition in 48Ca [41] from the 0+ ground state
to the excited 1+ state at 10.23 MeV. This transition contains
most of the B(M1) transition strength in this nucleus, and the
transition form factor is also the best-measured M1 transition
form factor [42]. We present ab initio VS-IMSRG calculations
of the B(M1) strength and the transition form factor.
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On the experimental side, experiments based on (e, e′)
scattering [41,42] and (γ , n) reactions [43] disagree on the
value of this B(M1) strength, with the latter measurements
pointing to a value almost twice as large as the (e, e′) exper-
iments. More recently, a (p, p′) experiment has favored the
smaller B(M1) strength value found in the (e, e′) experiments
[44]. Because of this tension, we also explore the B(M1)
strength in the neighboring nucleus 48Ti, which is also known
experimentally [45]. Moreover, we estimate our theoretical
uncertainties by considering a set of 34 nonimplausible in-
teractions [46] and the 1.8/2.0 (EM) Hamiltonian [47].

Very recently, this B(M1) transition in 48Ca has also
been studied with ab initio coupled-cluster calculations [19].
This work used four different Hamiltonians and included
continuum effects at the one-body-current (1BC) level. The
coupled-cluster results favor larger B(M1) values in agreement
with the (γ , n) experiment, with a small effect due to 2BCs.
In this work, we revisit these findings with the VS-IMSRG
approach with a 2BC multipole decomposition, which enables
calculations of the transition form factor for a wide range of
momentum transfers. We also analyze the different contribu-
tions from 2BCs. Our results indicate that future calculations
including higher-order 2BCs are important, because for this
transition there are larger cancellations between different con-
tributions to 2BCs. Finally, we also compare the role of 2BCs
for M1 and Gamow-Teller (GT) transitions, and show that the
vector and axial-vector 2BC effects are very different.

This paper is structured as follows. In Sec. II we discuss the
many-body method and applied chiral interactions. In Sec. III
we present the multipole decomposition of the leading elec-
tromagnetic 2BCs, followed by their application in Sec. IV to
the transition form factor of the most dominant M1 transition
in 48Ca. In Secs. V and VI we present our calculations of the
B(M1) strengths in 48Ca and 48Ti, respectively. Finally, we
conclude and give an outlook in Sec. VII.

II. MANY-BODY CALCULATION

In this work, we use as many-body method the ab initio
VS-IMSRG [34,36,48], which decouples a valence space (in
this work the p f shell) from excitations outside the valence
space. The VS-IMSRG starts from the intrinsic Hamiltonian

H = T − TCM + VNN + V3N, (1)

where T − TCM denotes the kinetic energy of the A nucleons
subtracted by the kinetic energy of the center-of-mass (CM)
motion. VNN and V3N are the two-nucleon (NN) and three-
nucleon (3N) interactions.

To explore the uncertainties from the Hamiltonian param-
eters, we consider the set of 34 nonimplausible NN + 3N
interactions [46] based on �-full chiral EFT, as well as the
1.8/2.0 (EM) NN + 3N interaction [47]. The nonimplausible
interactions are sampled based on the implausibility measure
defined by low-energy NN phase shifts, properties of A =
2, 3, 4 nuclei, as well as information from energies and radii
of 16O [46]. The 1.8/2.0 (EM) Hamiltonian reproduces NN
scattering for Elab � 300 MeV, and the 3N couplings are fit to
the 3H energy and the 4He radius [47].

FIG. 1. Many-body convergence with respect to the basis param-
eters emax and E3max for the M1 strength (top) and the 1+ excitation
energy (bottom) of 48Ca using the VS-IMSRG for the 1.8/2.0 (EM)
interaction. The left (right) panels show the variation with emax

(E3max) for E3max = 24 (emax = 12).

We truncate the VS-IMSRG evolution at the normal-
ordered two-body level, yielding the VS-IMSRG(2) ap-
proximation. The M1 operator is consistently evolved, both
at the 1BC and 2BC level in the VS-IMSRG using the
Magnus formulation [49] and keeping all operator contri-
butions at the normal-ordered two-body level, as was done
for the magnetic-moment calculations in Ref. [18]. For
the calculations of the interaction and current matrix ele-
ments we use the NuHamil code [50], for the VS-IMSRG
calculations the IMSRG++ code [51], and for the valence-
space diagonalization and transition density calculations the
KSHELL code [52].

All our calculations use a harmonic-oscillator frequency
h̄ω = 16 MeV and are performed in the Hartree-Fock basis.
To check the many-body convergence of the VS-IMSRG, we
have studied the M1 strength B(M1) and the 1+ excitation en-
ergy E∗

1+ of 48Ca as a function of the basis parameters emax =
max(2n + l ) and E3max = max(2n1 + l1 + 2n2 + l2 + 2n3 +
l3), where n and l denote the principal and angular-momentum
quantum numbers of the single-particle basis states. Figure 1
shows that the M1 strength and the excitation energy are well
converged with respect to E3max at E3max = 24, while there is
still a small change going from emax = 10 to 12. Based on
this, the B(M1) and E∗

1+ are converged (with respect to the
many-body basis) at percent level or better. In the following,
we perform VS-IMSRG(2) calculations with emax = 12 and
E3max = 24.

III. MULTIPOLE DECOMPOSITION
OF TWO-BODY CURRENTS

To obtain further insight, we compute the magnetic transi-
tion form factor as well. To do so, one would need a multipole
decomposition of the current. For the 1BC, the expression
is well known. However, the multipole decomposition of the
leading 2BCs is less known. The matrix element of the 2BC
is known in the plane-wave basis, and we need to define the
momenta: incoming momentum p1 (p2) of nucleon 1 (2), and
outgoing momentum p′

1 (p′
2). The momentum carried by the

photon is defined as Q = p′
1 + p′

2 − p1 − p2. Also, we define
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the momentum transfer qi = p′
i − pi (i = 1, 2). Introducing

the two-body plane-wave basis |p1s1, p2s2〉 with z component
of the spin si (i = 1, 2), the leading electromagnetic 2BCs are
given by [53,54] (see also Ref. [8] for our conventions)

〈p′
1s′

1,p′
2s′

2| j(Q)|p1s1, p2s2〉 = −ie
g2

A

4F 2
π

(τ1 × τ2)z

[
σ1 − q1

σ1 · q1

q2
1 + m2

π

]
σ2 · q2

q2
2 + m2

π

+ 1 � 2, (2)

with the elementary charge e, the axial coupling gA = 1.27, the pion decay constant Fπ = 92.4 MeV, and the averaged pion
mass mπ = 138.039 MeV.

To achieve a numerical calculation with a spherically formulated method, one needs matrix elements of multipole components
of j(Q) expressed in the basis |ab : Jab〉, where the single-particle states a and b are coupled to total angular momentum Jab.
Here, the single-particle orbital a is specified with the harmonic-oscillator quantum numbers: radial quantum number na, orbital
angular momentum la, total angular momentum ja, z component of the total angular momentum ma, and z component of the
isospin τz,a for proton or neutron. The multipole decomposition of j(Q) can be written as

j(Q) = 4π
∑
λμ

iλ+1
[
Lλμ(Q)Y ∗

λμ(Q̂) + T el
λμ(Q)�∗

λμ(Q̂) + T mag
λμ (Q)[i�λμ

(
Q̂

)
]∗

]
, (3)

with vector spherical harmonics Y λμ(Q̂), �λμ(Q̂), and �λμ(Q̂). Note that x̂ indicates the direction of x. The definitions of the
vector spherical harmonics are given in the Appendix. The above decomposition manifests that Lλμ(Q), T el

λμ(Q), and T mag
λμ (Q)

are spherical tensors. To compute a magnetic form factor, one needs the reduced matrix element 〈a′b′ : Ja′b′ ||T mag
λ ||ab : Jab〉.

A direct way to compute the matrix element from Eq. (2) would be to integrate with respect to p1, p2, p′
1, and p′

2 through

〈ps|a〉 = (−i)la Rnala (p)Yla,ml (̂p) C jama

laml
1
2 s

, Rnala (p) = (−1)na

√
2b3

osc	(na + 1)

	(na + la + 3/2)
(pbosc)la L(la+1/2)

na

(
p2b2

osc

)
e−p2b2

osc/2. (4)

Here, p is the magnitude of p, bosc is the oscillator length of the radial basis function, 	(x) is the Gamma function, Lα
n (x) are

associated Laguerre polynomials, Yl,ml (̂x) are spherical harmonics, and CJM
j1m1 j2m2

are Clebsch-Gordan coefficients. However, the
direct integral procedure is numerically too expensive as it requires 11-dimensional integrals. To make the computation feasible,
we can first calculate the matrix element in the partial-wave basis with the relative and center-of-mass motions |Ppα〉, where P
and p are the magnitudes of center-of-mass and relative momenta, and α is a collective index for the angular momentum and
spin quantum numbers. The index α is defined as α = (L, l, Ltot, S, J ) with the orbital angular momentum of the center-of-mass
motion L, the orbital angular momentum of the relative motion l , total orbital angular momentum Ltot = L + l , total spin S, and
total angular momentum J = Ltot + S. With this basis, the matrix element can be computed as〈

P′ p′α′∣∣∣∣T mag
λ (Q)

∣∣∣∣Ppα
〉 = − iL′+l ′−L−l−λ−1eg2

A

16πF 2
π

i(τ1 × τ2)z
[Aλ,λ

α′α (P′, p′, P, p, Q) + 2Bλ,λ
α′α (P′, p′, P, p, Q)

]
. (5)

The functions Aλ,λ
α′α (P′, p′, P, p, Q) and Bλ,λ

α′α (P′, p′, P, p, Q) are rather complicated objects and are given in Eqs. (A10) and (A11),
respectively, in the Appendix, where the matrix elements of the other multipole operators Lλμ(Q) and T el

λμ(Q) are also discussed.
Then, one can obtain the matrix element expressed in the center-of-mass and relative harmonic-oscillator basis |Nnα〉:〈

N ′n′α′∣∣∣∣T mag
λμ

∣∣∣∣Nnα
〉 =

∫
dP′d p′dPd pP′2 p′2P2 p2RN ′L′ (P′)Rn′l ′ (p′)RNL(P)Rnl (p)

〈
P′ p′α′∣∣∣∣T mag

λ

∣∣∣∣Ppα
〉
. (6)

Finally, the matrix element 〈a′b′ : Ja′b′ ||T mag
λ ||ab : Jab〉 can be obtained through the Talmi-Moshinsky transformation [55]:〈

a′b′ : Ja′b′
∣∣∣∣T mag

λ

∣∣∣∣ab : Jab
〉 =

∑
N ′n′α′

∑
Nnα

〈a′b′ : Ja′b′ |N ′n′α′〉〈N ′n′α′∣∣∣∣T mag
λ

∣∣∣∣Nnα
〉〈Nnα|ab : Jab〉. (7)

The expression for the overlap 〈Nnα|ab : Jab〉 is given in
Eq. (A13) in the Appendix. The actual implementation can
be found in the NuHamil code [50].

IV. FINITE MOMENTUM TRANSFER
AND TRANSITION FORM FACTOR IN 48Ca

The transition form factor FT(Q2) from the 0+ ground state
to the 1+ excited state at 10.23 MeV in 48Ca is calculated
from the transverse magnetic multipole of the vector current

operator for multipolarity 1,

F 2
T (Q2) = 4π

Z2

∣∣〈1+∣∣∣∣T mag
1 (Q)

∣∣∣∣0+〉∣∣2
, (8)

where Z is the proton number. To theoretically identify the
1+ state corresponding to the experimental 10.23 MeV state,
we computed the 10 lowest 1+ states and clearly observed the
state showing the dominant B(M1) connected to the ground
state. For 25 (33) out of the 34 interactions, the second largest
B(M1) is less than 1% (10%) of the largest one. There is
only one exception, showing a non-negligible second largest
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FIG. 2. Top panel: Transition form factor F 2
T (Q2) as a function

of the momentum transfer Q. Results are shown for the nonimplau-
sible interactions with only 1BCs (open blue circles) and including
also 2BCs (1BCs + 2BCs, filled red circles). The blue (red) filled
diamonds show the result for the 1.8/2.0 (EM) interaction. In order
to better compare the VS-IMSRG results to the (e, e′) experimental
data [42] (black points with error bars), we interpolate our results
using scipy.interpolate.CubicSpline [56]. Bottom panel: Ra-
tio between the transition form factor with 2BCs and without,
F 2

T (Q2)1BC+2BC/F 2
T (Q2)1BC, as function of momentum transfer Q for

the same interactions as in the top panel.

B(M1), where it is about 53% of the largest one. Note that the
second largest B(M1) is also less than 1% of the largest one
for the 1.8/2.0 (EM) interaction.

Our VS-IMSRG results for the transition form factor with
and without 2BCs are shown in Fig. 2 for the nonimplausible
interactions and the 1.8/2.0 (EM) interaction in comparison
to the experimental data from inelastic electron scattering
[42]. We find that the overall trend is similar to experiment.
In more detail, up to Q � 100 MeV, there is only a small
contribution from 2BCs which increases the transition form
factor in the low-Q limit, see also the lower panel of Fig. 2.
However, within the spread from the different Hamiltonians,
our results overestimate the experimental data. At higher mo-
mentum transfer, there is overlap between experiment and the
theoretical calculations, but there is also a wider spread in the
predictions and a bigger experimental uncertainty.

To understand the impact of 2BCs on the transition form
factor in more detail, the bottom panel of Fig. 2 shows the
relative contribution from 2BCs. Note that since the quan-
tity is the square of the transition form factor, there is also
a cross term between 1BCs and 2BCs. As expected from
the momentum-transfer dependence of the 2BCs, the relative
importance of 2BCs increases with increasing Q. Moreover,
at larger Q the spread from the Hamiltonian dependence is
larger. Up to Q � 100 MeV, the combined contribution from
2BCs and their interference with the 1BCs is about two orders
of magnitude smaller than the leading-order 1BCs only, lead-
ing to an increase of the transition form factor below 50 MeV
of up to 3% only, for all interactions considered. As we discuss
later, this small effect is also due to cancellations between
the different parts of the 2BCs. This is different at higher
momentum transfer. Here, the relative impact of 2BCs varies
more with momentum transfer and for different interactions.

In the following section, we study the M1 strength B(M1)
of the same transition. This strength can be obtained directly
via the dipole operator or using the Q → 0 limit of the transi-
tion form factor (see, e.g., Ref. [19]):

lim
Q→0

4π

Z2Q2

∣∣〈1+∣∣∣∣T mag
1 (Q)

∣∣∣∣0+〉∣∣2 = 8π

9Z2
B(M1; 0+ → 1+).

(9)

We have checked that the M1 strength calculated from the
dipole operator and from the low-Q limit of the transition form
factor agree in our calculations, which also provides a check
that the multipole decomposition is implemented correctly.

V. M1 STRENGTH IN 48Ca

Our results for the B(M1) in 48Ca are presented in Fig. 3
in comparison with experiment [41,43] and coupled-cluster
calculations using four different Hamiltonians [19]. The three
panels show the correlations of the B(M1) with the GT
strength (left panel) with the 1+ excitation energy (middle
panel), and with the ground-state energy of 48Ca (right panel).
For the B(GT) we consider the transition with the largest
strength (in experiment this is the 1+ state at 2.53 MeV). The
experimental B(GT) is taken from a 48Ca(3He,t)48Sc charge-
exchange reaction measurement [57], and the 1+ excitation
energy and the ground-state energy from Ref. [58]. Our VS-
IMSRG results using the nonimplausible interactions with
1BCs and 2BCs (or 1BCs only) are given by the red filled
circles (blue open circles). The range of the results is expected
to reflect a nonimplausible range of the theoretical prediction.
A full uncertainty quantification requires evaluations of un-
certainties from other sources, such as chiral EFT and the
many-body method, and is left for future work. In addition,
we present our results using the 1.8/2.0 (EM) interaction with
and without 2BCs (red and blue filled diamonds).

A. Discussion of observables

In all three panels of Fig. 3, the ranges covered by the non-
implausible interactions (with and without 2BCs) enclose the
experimental B(GT), 1+ excitation energy, and ground-state
energy. The B(M1) obtained from the (γ , n) measurement is
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B(GT)
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1)
[μ

2 N
]

(e, e’)

(γ, n)

Non-impl. ints. (1BC)

Non-impl. ints. (1BC + 2BC)

1.8/2.0 (EM) (1BC)

1.8/2.0 (EM) (1BC + 2BC)

Exp. B(GT) | E∗
1+ | Egs

Exp. B(M1)

CC B(M1)

6 8 10 12 14
E∗

1+ [MeV]

(e, e’)

(γ, n)

390 400 410 420 430 440 450
Egs [MeV]

(e, e’)

(γ, n)

FIG. 3. Correlations for 48Ca between the studied B(M1) and the largest B(GT) (see text for details) as well as between the B(M1) and
the 1+ excitation energy E∗

1+ and ground-state energy Egs (in the left, middle, and right panel, respectively). The gray bands show the B(M1)
to the 10.23 MeV 1+ state measured with either the (e, e′) experiment [42] (lower gray band) or the (γ , n) experiment [43] (upper gray
band). The dashed gray line in each panel shows the experimental B(GT) (from 48Ca(3He,t)48Sc at 2.53 MeV [57]), 1+ excitation energy
E∗

1+ = 10.23 MeV, and the ground-state energy Egs of 48Ca [58]. The green bar shows the prediction of the B(M1) from coupled-cluster
calculations using different NN + 3N interactions [19]. Our results using the nonimplausible interactions with 1BCs and 2BCs (or 1BCs only)
are given by the red filled circles (blue open circles). The red and blue filled diamonds are the results using the 1.8/2.0 (EM) interaction with
and without 2BCs, respectively.

also covered by the results obtained with the nonimplausible
interactions. However, the B(M1) measured with the (e, e′)
experiment lies outside of the theory range. Moreover, for
the B(M1) strength of this transition, we find only a small
effect from 2BCs, which increase the B(M1) (see also Fig. 4).
Our results for the 1.8/2.0 (EM) interaction lie within the
range of the nonimplausible interactions. Again, there is only
a small increase from 2BCs for the B(M1). As expected for
this interaction, the experimental ground-state energy and the

FIG. 4. Ratio between the B(M1) and B(GT) strengths computed
with and without 2BCs. The result with only 1BCs is denoted
as B(M1/GT)1BC. Likewise, the result with the 2BCs is given by
B(M1/GT)1BC+2BC. The circles show the results obtained with the
nonimplausible interactions, and the diamond is for the 1.8/2.0 (EM)
interaction result.

1+ excitation energy are very well reproduced. Our prediction
favors larger B(M1) compared to the (e, e′) result and is in
agreement with that from coupled-cluster calculations. While
the 2BC contributions for the B(GT) are generally larger than
for the B(M1), and generally decrease the GT strength, the
effects for the nonimplausible interactions are not as large as
for the 1.8/2.0 (EM) interaction, where the 2BC contribution
moves the B(GT) significantly closer towards experiment.

In the left and middle panel of Fig. 3, there is a slight
correlation between the observables, which can be quantified
with the correlation coefficient r. The correlation between the
B(M1) and B(GT) from the nonimplausible interactions with-
out 2BCs exhibits a correlation coefficient r1BC:M1, GT = 0.61.
The observed correlation is somewhat expected as both M1
and GT operators are dominated by the spin-isospin στ term.
The same value is obtained for the correlation between the
B(M1) and the excitation energy of the corresponding 1+ state
(r1BC:M1, E1+ = 0.61). The 2BC contributions do not signifi-
cantly change the correlations. This can be expected for the
correlations with the excitation energy, since 2BCs have a very
small impact on the B(M1) and none on the energy. Surpris-
ingly, the correlation coefficient also does not change for the
correlation between M1 and GT strengths (r1BC+2BC:M1, GT =
0.62), even though 2BCs have a larger impact on the B(GT)
strengths.

B. Discussion of 2BCs

Next, we study in more detail the impact of the vector and
axial-vector 2BCs on the M1 and GT transitions. The ratio be-
tween the results computed with and without 2BCs, indicated
by B(M1/GT)1BC+2BC and B(M1/GT)1BC, is shown in Fig. 4.
The two dashed lines indicate that there is no contribution
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from 2BCs. For all results, 2BCs enhance the B(M1). The
enhancement of the B(M1) is small, and does not exceed 4%.
This is consistent with the effects of the 2BCs on the transition
form factor at Q → 0 illustrated in Fig. 2.

Based on the calculations with the 1.8/2.0 (EM) interac-
tion, we find that the small 2BCs effect for this M1 transition
originates from a strong cancellation between the seagull and
pion-in-flight contributions, corresponding to the first and
second terms in the square bracket in Eq. (2), respectively.
Note that we did not observe such strong cancellation in the
magnetic-moment calculations of Ref. [18], suggesting that
the cancellation is accidental here. For the 48Ca(0+ → 1+;
10.23 MeV) transition, this may be an indication that one
needs to include higher-order 1BC and 2BC contributions
[53,54], which include additional low-energy constants that
would need to be fitted to electromagnetic observables. This
is also needed to fully estimate the theoretical uncertainties.

In contrast, Fig. 4 shows that the inclusion of axial-vector
2BCs change significantly the 1BC results. The B(GT) using
the 1.8/2.0 (EM) interaction is reduced by more than 40%,
whereas the B(M1) is only enhanced by less than 2%. For
the nonimplausible interactions, the reduction in B(GT) due
to 2BCs is much less pronounced (smaller than 25%), and
for some cases the GT strength even increases when 2BCs
are included (up to ∼11%). We find that the results showing
strong reduction from 2BCs tend to give large GT strength
with 1BCs only, and that the 2BCs shift the results toward the
experimental value. Likewise, the two smallest B(GT) from
the set of nonimplausible interactions are slightly enhanced
by the 2BCs. Overall, this complex behavior of the axial-
vector 2BCs results in a better description of the experimental
B(GT), starting from the nonimplausible samples.

As shown in Fig. 4, 2BCs overall decrease B(GT) and
slightly enhance B(M1). This is consistent with the study of
β decay, where it was shown that 2BCs and many-body cor-
relations can explain the quenching puzzle in these transitions
[12]. We have also investigated the role of 2BCs in the M1
transitions between the ground and other computed 1+ states.
For most of the 34 nonimplausible interactions, the inclusion
of 2BCs enhances half or more calculated M1 strengths. Only
for six interactions, the 2BCs enhance the B(M1) values in less
than half of the transitions. For the 1.8/2.0 (EM) interaction,
80% of the calculated states are enhanced by the 2BCs. And
in all cases the absolute enhancement is small. This illus-
trates the different behavior of vector and axial-vector 2BCs
for M1 and GT transitions, and confirms that our finding of
small leading 2BC contributions to M1 transitions seems to
be robust.

VI. M1 STRENGTH IN 48Ti

To validate our results for the M1 strength in 48Ca we
additionally study M1 transitions in the neighboring nucleus
48Ti, which have been measured using inelastic electron scat-
tering [45]. Compared to 48Ca, the measured B(M1) strengths
in 48Ti are more evenly distributed among 1+ states, and the
identification between a calculated state and an experimental
one becomes less clear. In order to simplify the assignment,
we focus on the first excited 1+ state at 3.742 MeV, which

has the second strongest B(M1), and the 1+ state at 7.22 MeV
excitation energy, where the B(M1) is the strongest among all
measured values.

We calculate the 20 lowest-energy 1+ states in 48Ti.
To identify a calculated state with the experimental ones
presented above, we use the following criteria. First, we
tentatively assign the lowest 1+ state in our calculation to
the 3.742 MeV state. Second, as an additional indication,
we explore the nucleon-occupation numbers. In Ref. [59],
the 3.742 MeV state is associated with an M1 form factor
uniquely dominated by the f7/2 single-particle orbital. Con-
sistently with this, in our calculations the sum of proton and
neutron occupation numbers in the f7/2 orbital is usually the
highest for the lowest-lying state, among all calculated 1+
states. This result holds for all but one nonimplausible in-
teraction, where the state with highest f7/2 occupancy is the
second-lowest 1+ state instead. Based on this, we identify the
calculated state with the highest sum of f7/2 occupation num-
bers with the experimental state at 3.742 MeV. For the 1+ state
at 7.22 MeV, we follow the same criterion we employed for
48Ca, and identify this experimental state with the calculated
one exhibiting the strongest B(M1).

Figure 5 compares the results of our theoretical calcula-
tions for the energies and B(M1) strengths of the 3.742 MeV
and 7.22 MeV excited states in 48Ti with the experimental
ones from Refs. [45,58]. This shows that the measured ex-
citation energies and M1 strengths for both states lie within
the uncertainty range spanned by the theoretical predictions
obtained with the nonimplausible interactions. The 1.8/2.0
(EM) interaction underestimates the B(M1) of the state at
3.742 MeV, but describes the stronger B(M1) of the state at
7.22 MeV rather well.

Figure 5 also compares the B(M1) strengths obtained with
and without 2BCs for each nuclear Hamiltonian we used,
similar to our study of the 10.23 MeV state in 48Ca, which
is also shown in this figure. While the effect of 2BCs also
enhances the two B(M1) values studied in 48Ti, this effect
is larger than in 48Ca: between 30% and 65% for the tran-
sition to the 3.742 MeV, and between 6% and 32% for the
7.22 MeV B(M1).

Finally, we have also explored the impact of 2BCs on the
B(M1) strength for the 20 lowest-energy 1+ states in 48Ti. For
24 of the 34 nonimplausible interactions the inclusion of 2BCs
enhances the B(M1) in more than 80% of the states. Only
for one of the nonimplausible interactions 2BCs increase the
B(M1) for just 50% of the calculated 1+ states. Likewise, for
the 1.8/2.0 (EM) interaction, 2BCs enhance the M1 strength
for 85% of the calculated 1+ states.

VII. SUMMARY AND CONCLUSIONS

We have derived and implemented a multipole decompo-
sition of leading-order 2BCs to include them in ab initio
calculations of medium-mass and heavy nuclei involving
finite momentum transfers. As first applications, we have
investigated the effects of 2BCs on the strong M1 transition
at 10.23 MeV in 48Ca, the related transition form factor, as
well as the two strongest M1 transitions in 48Ti. To explore
the Hamiltonian uncertainty, we have studied a broad set of
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FIG. 5. Correlation between the M1 strength B(M1) in 48Ca and 48Ti (top panels) and between the 1+ excitation energy E∗
1+ and the M1

strength in 48Ti (bottom panels). The left (right) panels show the correlations with the M1 strength in 48Ti at 3.742 MeV (7.22 MeV) [45].
The gray bands show the M1 strength in 48Ca at 10.23 MeV either measured with the (e, e′) experiment [42] (lower gray band) or the (γ , n)
experiment [43] (upper gray band). The dashed gray lines and the vertical gray bands show the experimental values for the 1+ excitation
energies and the B(M1) strengths in 48Ti [45,58]. The green bar shows the prediction of the M1 strength from coupled-cluster calculations
using different NN + 3N interactions [19]. Our results for the nonimplausible interactions including only 1BCs (including 1BCs and 2BCs)
are given by the blue open circles (red filled circles) and for the 1.8/2.0 (EM) interaction by the blue (red) filled diamonds.

nonimplausible interactions as well as the 1.8/2.0 (EM) inter-
action, which are all based on chiral EFT.

For the transition form factor in 48Ca, we find overall a
similar trend compared to experiment, but at low momen-
tum transfer Q � 50 MeV our results overestimate inelastic
electron-scattering data [42]. The inclusion of 2BCs slightly
enhances the discrepancy even more. For higher momentum
transfer, there is overlap between experiment and theory, but
the uncertainties from the experiment and the nuclear interac-
tions considered are both large.

Our results for the B(M1) strength at 10.23 MeV in
48Ca are also larger than the one extracted from the (e, e′)
experiment [41] but in agreement with the value obtained
from the (γ , n) experiment [43]. For the M1 strength, the
inclusion of 2BCs slightly increases the strength, consis-
tent with the findings of recent coupled-cluster calculations
[19]. However, for this transition in 48Ca, there are larger
cancellations between the leading pion-in-flight and seagull
2BCs, so that future calculations including higher-order 2BCs
are important.

For validation, we have investigated two M1 transitions in
48Ti. For this nucleus, both 1+ excitation energies and M1
strengths [45] are well described by our VS-IMSRG calcu-
lations within the range of Hamiltonians studied.

We have also studied axial-vector 2BCs for GT transitions
in 48Ca. For GT transitions, the axial-vector 2BCs provide
a larger contribution compared to the one of vector 2BC
contributions to M1 transitions. Therefore, using similar

quenching factors for M1 and GT transitions in phe-
nomenological calculations is not supported from first
principles.

Finally, the application of the multipole-decomposed 2BCs
in calculations at finite momentum transfer opens a broad
range of applications to very interesting electroweak pro-
cesses and experiments involving medium-mass and heavy
nuclei. This includes neutrinoless ββ decay, muon capture, as
well as the scattering of weakly interacting massive particles
and neutrinos off nuclei.
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APPENDIX: MULTIPOLE DECOMPOSITION
OF LEADING TWO-BODY CURRENTS

The goal of this section is to obtain the expressions of
the matrix element of the multipole components from the
leading-order two-body electromagnetic current. We use the

same notation as in Refs. [53,54], and the coordinate-space
current operator jc(x) is defined as

jc(x) =
∫

dQ
(2π )3

e−iQ·x j(Q). (A1)

We have checked that the momentum-space multipole de-
composition is equivalent to the well-known coordinate-space
multipole decomposition found in Ref. [61], through analyses
with the leading 1BC operator. To achieve a numerical calcu-
lation with a spherically formulated method, the current needs
to be decomposed with vector spherical harmonics as

j(Q) = 4π
∑
λμ

iλ+1
[
Lλμ(Q)Y ∗

λμ(Q̂) + T el
λμ(Q)�∗

λμ(Q̂) + T mag
λμ (Q)[i�∗

λμ(Q̂)]∗
]
, (A2)

with the vector spherical harmonics

Y λμ(Q̂) = Q̂Yλμ(Q̂), �λμ(Q̂) =
√

1

λ(λ + 1)
Q∇QYλμ(Q̂), �λμ(Q̂) =

√
1

λ(λ + 1)
(Q × ∇Q)Yλμ(Q̂). (A3)

The vector spherical harmonics are orthonormal to each other:∫
dQ̂Y ∗

λμ(Q̂) · Y λ′μ′ (Q̂) =
∫

dQ̂ �∗
λμ(Q̂) · �λ′μ′ (Q̂) =

∫
dQ̂ �∗

λμ(Q̂) · �λ′μ′ (Q̂) = δλλ′δμμ′,∫
dQ̂Y ∗

λμ(Q̂) · �λ′μ′ (Q̂) =
∫

dQ̂Y ∗
λμ(Q̂) · �λ′μ′ (Q̂) =

∫
dQ̂ �∗

λμ(Q̂) · �λ′μ′ (Q̂) = 0. (A4)

The phases are chosen such that

Y ∗
λμ(Q̂) = (−1)μY λ,−μ(Q̂), �∗

λμ(Q̂) = (−1)μ�λ,−μ(Q̂), �∗
λμ(Q̂) = (−1)μ�λ,−μ(Q̂), (A5)

as for the spherical harmonics. Also, Y λμ(Q̂), �λμ(Q̂), and �λμ(Q̂) have (−1)λ+1, (−1)λ+1, and (−1)λ parities, respectively.
With the orthonormal condition, the Lλμ(Q), T el

λμ(Q), and T mag
λμ (Q) multipole components are obtained as

Lλμ(Q) = (−i)λ+1

4π

∫
dQ̂Y λμ(Q̂) · j(Q), T el

λμ(Q) = (−i)λ+1

4π

∫
dQ̂ �λμ(Q̂) · j(Q),

T mag
λμ (Q) = (−i)λ

4π

∫
dQ̂ �λμ(Q̂) · j(Q). (A6)

Note that the operator definition differs by i from the usually used multipole components [61]. This factor is chosen such that
L†

λμ(Q) = Lλ,−μ(Q), T el †
λμ (Q) = T el

λ,−μ(Q), and T mag †
λμ (Q) = T mag

λ,−μ(Q), as for the usual spherical tensor operators, i.e., one finds

〈J||Xλ||J ′〉 = (−1)J ′−J〈J ′||Xλ||J〉∗, where Xλ is either Lλ(Q), T el
λ (Q), or T mag

λ (Q), and J ′ and J are angular momenta.
Since Lλμ(Q), T el

λμ(Q), and T mag
λμ (Q) are spherical tensors, it is enough to obtain the reduced matrix elements

〈P′ p′α′||Xλ||Ppα〉. The calculations are tedious but straightforward, and one can find

〈P′ p′α′||Lλ(Q)||Ppα〉 = iL′+l ′−L−l−λ−1eg2
A

16πF 2
π

i(τ1 × τ2)z

⎧⎨⎩
√

λ

[λ]

[Aλ−1,λ
α′α (P′, p′, P, p, Q) + 2Bλ−1,λ

α′α (P′, p′, P, p, Q)
]

−
√

λ + 1

[λ]

[Aλ+1,λ
α′α (P′, p′, P, p, Q) + 2Bλ+1,λ

α′α (P′, p′, P, p, Q)
]⎫⎬⎭, (A7)

〈
P′ p′α′∣∣∣∣T el

λ (Q)
∣∣∣∣Ppα

〉 = iL′+l ′−L−l−λ−1eg2
A

16πF 2
π

i(τ1 × τ2)z

⎧⎨⎩
√

λ + 1

[λ]

[Aλ−1,λ
α′α (P′, p′, P, p, Q) + 2Bλ−1,λ

α′α (P′, p′, P, p, Q)
]

+
√

λ

[λ]

[Aλ+1,λ
α′α (P′, p′, P, p, Q) + 2Bλ+1,λ

α′α (P′, p′, P, p, Q)
]⎫⎬⎭, (A8)
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〈
P′ p′α′∣∣∣∣T mag

λ (Q)
∣∣∣∣Ppα

〉 = − iL′+l ′−L−l−λ−1eg2
A

16πF 2
π

i(τ1 × τ2)z
[Aλ,λ

α′α (P′, p′, P, p, Q) + 2Bλ,λ
α′α (P′, p′, P, p, Q)

]
. (A9)

Here, [x] = 2x + 1 is used. The Aκ,λ
α′α (P′, p′, P, p, Q) and Bκ,λ

α′α (P′, p′, P, p, Q) functions are given by

Aκ,λ
α′α (P′, p′, P, p, Q) = (−1)λ+κ

√
4π [J ′][J][λ][κ]

∑
k1+k2=1

(−1)k2

(
1

2

)k1√
[k1]

×
∑
KN

√
[K][N]

⎧⎨⎩L′ S′ J ′
L S J
N K λ

⎫⎬⎭
{

κ 1 λ

K N 1

}
〈S′||[σ1σ2]K ||S〉

∑
X

(−1)X

{
κ k1 X
k2 N 1

}
CX0

κ0k10

× O(k2X )N
α′α

(
P′, p′, P, p, Q,

Qk1 qk2

q2
1 + m2

π

− (−1)k2+N Qk1 qk2

q2
2 + m2

π

)
, (A10)

and

Bκ,λ
α′α (P′, p′, P, p, Q) = (−1)λ3

√
4π [J ′][J][λ][κ]

∑
KN

(−1)K
√

[K][N]

⎧⎨⎩L′
tot S′ J ′

Ltot S J
N K λ

⎫⎬⎭〈S′||[σ1σ2]K ||S〉

×
∑

k1+k2=1

∑
k3+k4=1

(
1

2

)k1+k3

(−1)k4
∑
k13k24

√
[k13][k24]

⎧⎨⎩ k1 k2 1
k3 k4 1
k13 k24 K

⎫⎬⎭Ck130
k10k30Ck240

k20k40

×
∑
X1X2

(−1)X1+X2

⎧⎨⎩ κ 1 λ

k13 k24 K
X1 X2 N

⎫⎬⎭CX10
κ0k130CX20

10k240O(X2X1 )N
α′α

(
P′, p′, P, p, Q,

Qk1+k3 qk2+k4+1(
q2

1 + m2
π

)(
q2

2 + m2
π

))
,

(A11)

using the Clebsch-Gordan coefficient C jm1+m2
j1m1 j2m2

and 6 j and 9 j symbols with the usual notation. The orbital function

O(λ1λ2 )λ
α′α [P′, p′, P, p, Q, f (Q, q, cos θ )] is defined as

O(λ1λ2 )λ
α′α [P′, p′, P, p, Q, f (Q, q, cos θ )] = (2π )3 (−1)L′+l ′

P′ p′PpQ

√
[λ1][λ2][λ][L′][L]

×
∑
L̄l̄κ

(−1)κ
√

[L̄][l̄]Cκ0
l̄0λ10Cκ0

L̄0λ20

{
l̄ λ1 κ

λ2 L̄ λ

}⎧⎪⎨⎪⎩
L′

cm l ′ L′

Lcm l L

L̄ l̄ λ

⎫⎪⎬⎪⎭
× Y L̄

L′L( ̂P + Qez, P̂)

∣∣∣∣∣φP=0, P·ez= P′2−P2−Q2

2Q

∫ p′+p

|p′−p|
dqqY l̄

l ′l ( p̂ + qez, p̂)

∣∣∣∣∣
φp=0, p·ez= p′2−p2−q2

2q

×
∫

d (cos θ ) f (Q, q, cos θ )Pκ (cos θ ). (A12)

Here, θ is the angle between Q and q. In the derivation, we exploited that the function f (Q, q, Q · q) only depends on Q, q,
and θ . Once 〈P′ p′α′||Xλ||Ppα〉 is computed, one can obtain the matrix element 〈N ′n′α′||Xλ||Nnα〉 in the harmonic-oscillator
basis through the integral, Eq. (6). As a final step, one needs to transform the matrix element to the coupled single-particle basis
|ab : Jab〉. This can be done with Eq. (7), and the overlap 〈Nnα|ab : Jab〉 can be written as

〈Nnα|ab : Jab〉 = fab

√
[ ja][ jb][Ltot][S]

⎧⎨⎩ la 1/2 ja
lb 1/2 jb

Ltot S J

⎫⎬⎭〈NLnl : Ltot|nalanblb : Ltot〉. (A13)

Here, 〈NLnl : Ltot|nalanblb : Ltot〉 is the harmonic-oscillator bracket with the notation in Ref. [55]. Also, fab is defined in the
neutron-proton (n-p) basis as

fab =
{√

1
2(1+δ̃ab)

[1 + (−1)l+S], pp or nn

1, pn
(A14)
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with δ̃ab = δnanbδlalbδ ja jb . We note that the reduced matrix
elements of Lλμ(Q) and T el

λμ(Q) are purely imaginary, and
those of T mag

λμ (Q) are always real. Therefore, the contributions

from Lλμ(Q) and T el
λμ(Q) vanish for elastic scattering.

The actual implementation can be found in the NuHamil
code [50].
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