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A new model based on the relativistic Boltzmann equation in the isotropization time approximation is
developed to investigate the collective behavior of the quark-gluon plasma produced in high-energy heavy-ion
collisions. The equation is solved in (2 + 2)D (two spatial and two momentum-space dimensions). This frame-
work couples preequilibrium dynamics with hydrodynamic evolution to simulate the dynamics of quasiparticle
evolution. A numerical scheme based on the method of characteristics enables the evolution to begin from a
specified initial Boltzmann distribution. In this work, the spatial structure of the initial distribution is modeled
using the TRENTO framework. Our results show that a medium initialized at 7y on the order of 1fm/c with a
small shear viscosity to entropy density ratio (/s = 0.008) evolves consistently with hydrodynamic simulations,
such as those performed using the VISH2+1 code, while discrepancies arise for a medium with n/s = 0.8.
Furthermore, when initialized with a highly anisotropic momentum distribution in the longitudinal direction
at early times, the system exhibits spatially nonuniform thermalization in the transverse plane, leading to the
emergence of a nontrivial hypersurface that marks the onset of hydrodynamic applicability. Finally, we compute
the pr-spectra for a nonfluctuating initial condition using the hybrid version of COMBOLT-ITA. In this hybrid
setup, the description is switched from quasiparticles to hadrons, and URQMD is used to model the hadron gas
dynamics. We compare these results with those obtained from the hybrid VISH2+1 initialized within the same
setup. For a small shear viscosity, /s = 0.08, the two results show a good level of consistency, whereas for a

larger value, /s = 0.8, a noticeable discrepancy emerges.

DOI: 10.1103/35t1-1cws

I. INTRODUCTION

Many experimental and theoretical studies have shown that
a new state of matter, the Quark-Gluon Plasma (QGP), is cre-
ated in high-energy heavy-ion collisions [1-8]. In this phase,
quarks and gluons are deconfined and behave like an almost
perfect fluid, characterized by a small /s [9-13]. Relativistic
hydrodynamics provides a robust framework for modeling the
system’s evolution during the intermediate, near-equilibrium
stages [14,15]. This approach has proven highly effective in
describing key phenomena in high-energy nuclear collisions,
including collective flow in large systems, as well as the
production of thermal photons and dileptons [16—19].

Experimental studies have established the presence of
nonzero long-range correlations among final-state particles
in small collision systems, including p-Pb and p-p colli-
sions [20-23]. Harmonic flow coefficients can parametrize
these correlations [24,25], thereby examining the hydrody-
namic models. Evidence for analogous long-range near-side
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correlations has also been reported in e~ e™ collisions [26,27],
as well as in e”p and yp collisions and high-multiplicity
jets [28-30]. For detailed discussions, we direct the reader
to [31,32]. One interpretation of these correlations involves
hydrodynamic models [33-35]. However, the validity of hy-
drodynamic descriptions for collective behaviors of these
systems remains theoretically challenging.

In a perturbative manner, relativistic hydrodynamics is an
effective theory description for the dynamics of many-body
systems when the microscopic and macroscopic scales are
well separated. This separation is quantified in terms of the
Knudsen number, which is a ratio between microscopic and
macroscopic length scales. Taking into account the studies
of hydrodynamic description for small systems, the main
question is the domain of validity of hydrodynamics. This
domain is represented by the transport coefficients and other
model parameters. There have been various studies to show
that this domain is much bigger for larger systems than
smaller systems [36,37]. On the other hand, smaller colli-
sions have smaller volumes and survive for a very short time,
rendering the applicability of fluid dynamics questionable.
Likewise, the relativistic hydrodynamic formulation faces
fundamental challenges regarding stability and causality in
the Navier-Stokes equations [38,39]. Recent theoretical devel-
opments have proposed modified hydrodynamic approaches
to address these limitations [40,41]. Nevertheless, numerical
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investigations of necessary conditions to fulfill the causality
criteria still encounter regions where these conditions are
violated [42—44], highlighting ongoing challenges in hydro-
dynamic modeling.

Given these conceptual and practical limitations, a cen-
tral question is how and when a many-body QCD system
transitions from far-from-equilibrium dynamics to a regime
where hydrodynamics becomes a reliable description. A dy-
namical approach to initializing the hydrodynamic energy
density and flow fields has been proposed in [45] for high-
energy nuclear collisions. Recent progress in QCD kinetic
theory has provided a quantitative framework for studying this
transition, often referred to as hydrodynamization (for recent
reviews, see [46—48]). In this context, the inverse Reynolds
number, Re™!, has emerged as a useful measure of the relative
importance of non-hydrodynamic to hydrodynamic modes
and is therefore frequently used to characterize the onset of
hydrodynamic behavior.

The collective behavior observed in small systems can be
interpreted through various approaches. Prominent explana-
tions include initial-state correlations [49], partonic scattering
and the formation of color flux tubes [50], and hydrody-
namic flow [51]. An alternative framework for describing
such collective flow is kinetic theory. Kinetic theory pro-
vides a suitable framework for studying the evolution of
the energy-momentum tensor, as the moments of the Boltz-
mann equation are directly related to its components and
have proved to be remarkably successful in reproducing ther-
malization and collective behavior. Early work demonstrated
that local thermal equilibrium in boost-invariant systems
can be achieved using relativistic kinetic theory within the
relaxation-time approximation [52]. Furthermore, recent stud-
ies have established that kinetic theory in the relaxation-time
approximation can reproduce hydrodynamic modes for var-
ious scenarios through careful selection of momentum and
relaxation time parameters [53-59]. Remarkably, numeri-
cal solutions of kinetic theory within the isotropization-time
approximation (ITA) framework show strong potential to ex-
plain the large elliptic flow observed in proton-proton and
proton-nucleus collisions [60]. Additionally, the ITA ap-
proach has proven to be a good method to investigate the
relative weight of particlelike and fluidlike excitations to
collective flow in small and large system sizes [57]. More
importantly, kinetic theory offers new perspectives on hy-
drodynamic model limitations. Numerical solutions of the
Boltzmann equation reveal that collective flow in high-energy
collisions exhibits opacity dependence [57,61-63], directly
testing relativistic hydrodynamics’ validity for interpreting
flow observables across different system sizes.

Given the significant role of kinetic theory in explain-
ing collective phenomena, this work explores its potential as
a unified framework for studying the dynamical properties
of nuclear matter in high-energy collisions. We numerically
solve the Boltzmann equation within the isotropization-time
approximation for a boost-invariant system of massless quasi-
particles. Following established approaches, the collision
kernel is chosen to probe both the near-free-streaming regime
and the close-to-ideal hydrodynamic limit. The model can also
be applied to systems with highly anisotropic momentum-

space distributions. Notably, the code reproduces the behavior
of other hydrodynamic models within the limits of ideal hy-
drodynamics. Starting from a highly anisotropic momentum
distribution at very early times, we demonstrate that different
regions of the evolving matter reach local equilibrium at dif-
ferent times, resulting in a nontrivial geometry for the onset
of hydrodynamic applicability.

In the present study, we introduce a Boltzmann equa-
tion solver in (2 4+ 2)D called COMBOLT-ITA, A Collective
Model based on the relativistic Boltzmann equation in the
Isotropization Time Approximation. To apply the model in
more realistic scenarios, we also introduce a hybrid ver-
sion by switching the quasiparticle description to a hadronic
gas, whose evolution is studied using URQMD [64,65]. This
allows for a complete description of the system from the early-
time dynamics to the final hadronic stage. The hybrid model,
in which COMBOLT-ITA is coupled to additional components,
is available in the public GitHub repository [66]. Using the
hybrid model, we study the py spectrum of a nonfluctuating
system and compare it with results from VISH2+-1. In a fol-
lowup study [67], the same setup has been used to describe
recent measurements of OO collisions at the Large Hadron
Collider (LHC) [68-70] on an event-by-event fluctuating
basis.

The organization of this paper is as follows. In Sec. II,
we elaborate on the solving procedure for the Boltzmann
equation, including details of the initial-state construction,
the method of characteristics, and other numerical inputs. In
Sec. III, we present numerical results from COMBOLT-ITA
and compare them with those obtained from VISH2+1 sim-
ulations for different values of n/s. In Sec. IV, we explain
the results from momentum-anisotropic initial conditions and
discuss the criteria for reaching hydrodynamic behavior. The
pr spectrum and the hybrid model are described in Sec. V.
Finally, we summarize our findings and provide an outlook
for future work in Sec. VI.

II. SOLVING THE (2 + 2)D BOLTZMANN EQUATION

This section presents the framework used to solve the
boost-invariant Boltzmann equation, including a description
of the initial conditions and the numerical approach.

A. Boost-invariant Boltzmann equation

The Boltzmann distribution of massless quasiparticles,
f@&*, p*) with constraint p*p, = 0, satisfies the equation
PHouf = —p uu(f — feq)/Trelax, Where Tpelax is the timescale
in which the Boltzmann distribution tends to the equilibrium
distribution. In this study, we frequently use Milne coordi-
nates (t,x,,7s) in which proper time and pseudorapidity
are defined as t = +/t?2 — 7z and 1§, = arctanh z/r. We use
flat space-time metric g,, = diag(1, —1, —1, —12). The mo-
mentum components in the Milne coordinate are given as
p° = p1cosh(y — n,) and p" = p, /7 sinh(y — n,), where the
rapidity is defined as y = arctanh p*/p’. We conventionally
use the following boost-invariant quantities, in the momentum
space:

T
w=p,

v =Tp/p, ¢y =arctanp’/pt. (1)
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The momentum of a massless quasiparticle moving with ve-
locity z/t is given as p* = wv* where four-velocity v* at
z = O reads as

Pt = (1,‘/1 — v2cos gy, /1 — v2sing,, vz>, @)

which means w and v, are energy and longitudinal velocity in
a comoving frame of a longitudinally expanding medium.

Since we are interested in the dynamics of the energy
momentum tensor, one can integrate out the effect of w and
define [57]

o0

F(t,x1,v, ¢p) = w3dwf(t,xL,w, v, ¢p). (3)

47T2 0
In this case, the energy-momentum is obtained via

1 2 1
T = 7 de, / dv,v*v"F, 4
T Jo -1

where v* = 1 and v" = v, /7. For massless quasiparticles, one
can write the Boltzmann equation in terms of the w integrated
Boltzmann distribution F as follows [57]:

0. F+,/1 —v2cos,dF + /1 —v?sin¢,d,F
2

3 vz(l - vzz)

4v
T N T

where the collision kernel is given as

5/4
C[F]=—y<uﬂvuel/4F— © ) ©)

(utv, )3

In the above, € is the local energy density and u" is the
fluid velocity, obtained from the Landau matching condition
THu* = eu”. The parameter y is written in terms of the relax-
ation time y = 7! €~!/4. As shown in Eq. (6), the collision
kernel is independent of the specific form of the equilibrium
distribution for a system exhibiting conformal symmetry. For
this reason, the timescale t.j.c 1S often referred to as the
isotropization time instead of the relaxation time. Conse-
quently, the solution of the Boltzmann equation is obtained
using the isotropization time approximation [60].

We can use y as a free parameter. However, to capture the
connection with hydrodynamic calculations more clearly, we
follow Ref. [55] and assume T..x = 5(17/s)/T where n/s is
the shear viscosity over the entropy density. Then assuming
equation of state of a conformal medium, € = CoT*, one

finally finds
1 1
Y=o (7
5 Gy 'n/s

To be consistent with [62], we choose Cy = 13.9, which can
be estimated from a non-interacting gas of massless quarks
and gluons (see [71]).

B. Initial state

Before explaining the numerical method used to solve
Eq. (5), we will discuss how to prepare the initial state.
Although the numerical method can be initiated from any

function Fiy;(xy, v, ¢,), we will focus on a factorized ini-
tial state in the present study. In this approach, the spatial
part of the distribution is initialized using a model such
as MC-GLAUBER [72,73] or TRENTO [74]. The momentum
part is incorporated using a smooth function that includes a
free parameter, which controls the longitudinal momentum
anisotropy.

We assume the initial Boltzmann distribution can be writ-
ten as follows:

Fii(x1, vz, ¢p) = 2€0(xL)Po(vz, @), (8)

where €y(x, ) is the initial energy density and is defined on
a 2D Cartesian grid and can be obtained from an initial state
model such as the TRENTO event generator. Here, we assume
€o(x1) is normalized to € and Py(v,, ¢,) is normalized to
unity. The factor 2 appears to set 7°° in Eq. (4) equal to € at
the initial time.

We require that the initial momentum distribution be
isotropic in the transverse direction; however, it may be
anisotropic in the longitudinal direction. To satisfy our re-
quirement, we define the momentum distribution as follows:

Po(v;, ¢,) = (2rtan" [sinh (1/2)]cosh (v,/A) " (9)

The parameter A is defined to control the degree of isotropy.
For A — o0, the distribution is uniform in the range |v,| <
1 while for A — 0, the distribution approaches §(v,). Using
Eq. (4), the initial energy-momentum tensor for A — oo is
isotropic,

Ty (x1) = e(x1)diag(1, 1/3, 1/3, 1/37%), (10)

while for A — O one finds zero pressure in the longitudinal
direction,

T/ (x,) = e(xy)diag (1,1/2,1/2,0). (11)

The impact of the initial state anisotropy on the dynamics of
the energy-momentum tensor will be discussed later in this
study.

In the TRENTO event generator, the so-called reduced thick-
ness function is given as

T (x1) + TBp(xl))l/p (12)

2

where p is a real valued free parameter, and A\ is the overall
normalization. The participant thickness functions 7 are
the sum of the participant nucleons, which are assumed to
have a Gaussian profile with width w. Here, we set p = 0 and
w = 0.7 fm, in agreement with Bayesian analyses estimations
[75-78]. We conventionally consider

Tr(x,) = N(

1
€(x1) = r—OTR(M), (13)

meaning, we assumed Tx(x)) has dimension energy‘3. The
overall normalization is set to A/ = 15, with the nucleon-
nucleon inelastic cross section chosen for /syy = 2.76 TeV.
This normalization leads to a reasonable estimate of the total
initial energy density. However, the actual value of the nor-
malization needs to be carefully determined by comparing the
results with experimental data in the future.
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C. Numerical method of solving the Boltzmann equation

We use the method of characteristics to solve Eq. (5). The
method is the extended version of that in Ref. [57] in which
the moment expansion in the spatial direction of the initial
state was used.

1. Characteristic curves

Equation (5) represents an integrodifferential equation.
The collision kernel is dependent on energy density and fluid
velocity, which are derived from integration over F. We still,
however, can write this equation formally in the following
way:

dy(s)

s = Q(y(s)), (14)
y(0) = yo,
where
T(s) Ty
x(s) Xo
y(s) = 37((?) . Yo= vyzoo ,
¢p(s) ¢p,0
F(s) Finit
1
V1 —v2coso,
V1 —vising
Q=Y wiw | (15)
O‘L'

~%F +CIF)

Vector y(s) represents a characteristic curve traversing
the (z,x,y,v;, ¢, F) space, each curve is labeled by
(X0, Y0, V2,0, ®p,0). The collection of all characteristic curves
forms the final solution, each parametrized by s. The final
result is achieved by expressing (s, xo, Yo, V0, ¢p,0) in terms
of the variables (1, x, y, vz, ¢,).

2. Free-streaming coordinates and free-streaming solution

In the absence of collision, Eq. (14) reduces to linear
differential equation and can be easily solved. The first five
components of Eq. (14) can be solved independently of F,
which leads to T = s 4 1y and the free-steaming coordinates
introduced in Ref. [57],

w=x— 2 vl (16a)

V1 —v?

sin

Yo=Y — —¢p2[r - 'COV('(’ 70, vZ)]v (16b)

J1—= V7
vZaO = ‘CUZ/[TOV(Ts 70, vz)]a (16C)
®p0 = by, (16d)

where

V(t, 19, v.) = \/1 — (1 =72/l (17)

FIG. 1. The grid structure of discretized variables. At each time
step, F is defined on a 4D grid, a spatial 2D Cartesian grid times a 2D
polar grid. Energy-momentum tensor and hydrodynamic variables
are defined on the Cartesian spatial part. The new grid after one time
step is shown by red dashed lines.

We use x as the shorthand notation for spatial and momentum
coordinates, which we call laboratory coordinates in contrast
to free-streaming coordinates Xg. Using this notation, we show
Egs. (16) as x¢(t, x). The inverse function theorem ensures
that x(7, X¢) uniquely exists. By interchanging x <> xo and
T <> Ty, one finds x(7, Xp).

Using the last component of Eq.(14), we find the time
evolution of the Boltzmann distribution,

Fhit(xo(7, X))

F(r,x) = —mC200 0 20
X = Vit 0)

(18)
This is a wave-like solution in which, given the initial state,
the Boltzmann distribution is known at any time.

3. 4D Grid and the grid points time dependence

We use a Cartesian grid in (x,y) space and a polar grid
in (v, ¢,) space (see Fig. 1). We only show the v, > 0 grids
in the figure for simplicity. The discretized Boltzmann dis-
tribution Fjji; is set up on this four-dimensional grid. The
hydrodynamic variables are obtained after integration along
(v;, ¢p); therefore, they are defined only on the Cartesian
grid. We assume —cpmax < (X, y) < Cmax, meaning that space
is divided into N, parts. We also start an equally spaced grid
in ¢, € [0,27) and v, € [—1, 1] directions. The distance be-
tween two successive points in v, grid, however, is not fixed,
as we discuss in the following.

As time advances, the coordinates at xo modify along
the characteristic curves and reach the point X(7,X).
The coordinate ¢, remains unchanged but v, turns into
v, = v, 0/[tV (10, T, v,0)] [see Eq. (16¢)]. For T > 15, we
have v, < v, except for v, =0 and |v,o| = 1. The red
dashed circles in Fig. 1 indicate the locations of new v, at time
T compared to their initial values at ty shown by black circles.
The grid points |v; ¢| close to unity move faster inwards. This
means that after some time the initial equally spaced v, points
are more and more concentrated around v, = 0. In numerical
calculations, it is important to consider this shift to avoid
losing information about the distribution dynamics at large v,
values.
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Depending on the value of (v;, ¢,), located at the tail of
the black arrow pointing to F;j; in Fig. 1, all points on the
spatial grid are shifted in the same ¢,, direction and with same
magnitude [ty — TV (19, T, v, 0)]/V1 — U?,0~ This is shown by
a red dashed grid in the figure. As a result, the distance
between the spatial grid points remains unchanged while the
whole 2D grid moves, depending on the value of v,.

4. Numerical solution in the presence of interaction

In the presence of interaction, we are still able to solve the
first five components in Eq. (14), which leads to the same re-
sults as for the free-streaming coordinate. The last equation is
no longer trivial and is written as

dF(s,Xp) 4v2 (s, x0)F (s, Xo)

+C[F (s, X0)]

ds s+ 79 Xo=Xo(1,X)
S=T—T7p
F(0,X0) = Fipit(Xo)-
(19)

We aim to solve the above integrodifferential equa-
tion numerically. It is important to note that the equation is
formulated in free-streaming coordinates. Once the solution
F is obtained in this frame, it must be transformed into lab-
oratory coordinates. To proceed, we approximate and rewrite
Eq. (19) as

F(s+h,x)
4v2(s, x0)F (s, X,
= [F(s, xg) — PG X X0) o Xo)]i| :
s+ 10 X0=X0(7,X)
S=T—1)
(20)

As discussed, the initial grid points at s move to the new
location at s + h along the characteristic curves. Therefore,
we need to interpolate the distribution back to the original
grid at each step to find hydrodynamic variables. Given that
the free-streaming and laboratory coordinates are equivalent
at initial time 7 = 7y, we perform the following recursive
calculations:

(1) At time step n, consider F(t,, Xo) as the initial state
s = 0, defined on the original grid xo.

(2) Find T*" from Eq. (4).

(3) Find € and u* from the Landau matching condition
THu" = eu”.

(4) Find the right-hand side of Eq. (19) over all points
X on the 4D grid and assign the result to distribution
F (7,41, X), where x = x(1, Xq).

(5) Find F (17,41, Xp) by determining the value of the dis-
tribution in step 4 on the original grid (xg, yo) through
interpolation.

The starting state of this recursive process is F(7y, Xo) =
Finit(XO)-

For step number 2, we perform the integral (4) via trape-
zoidal approximation in v, and ¢, directions. We note that
the Landau matching in step number 3 is equivalent to an
eigenvalue problem. The fluid velocity is the only timelike
eigenvector of 7/ and the corresponding eigenvalue is the
positive energy density. We use the eigenvalue solver provided

by the GNU Scientific Library (GSL) [79] for computing the
eigenvalues and eigenvectors of 7,**. For the interpolation in
step 5, we use a two-dimensional bicubic spline provided by
GSL.

In addition to the above general remarks, we should add the
following points. As discussed, the grid point length is mod-
ified in the v, direction. The segments close to |v,| < 1 grow
over time, and we lose accuracy in this part of the distribution.
To keep track of the dynamics of the Boltzmann distribution,
we insert two new grid points at the center of the last segments
in the positive and negative directions of the v, grid when
the segment becomes larger than 0.15. The numerical value
is fixed by optimizing the numerical solution’s performance
and accuracy. One can choose larger values for systems closer
to the free-streaming. The value of the Boltzmann distribution
at the new points is obtained by cubic spline interpolation.

Steps 1 to 5 can be regarded as the Euler method, which
advances a distribution from time t, to t7,y; for one time
step. However, it is possible to go beyond the Euler method
by employing multistep Runge-Kutta methods with adaptive
step sizes, such as the Dormand-Prince method, with only
slight modifications to the five steps. Our preliminary inves-
tigation indicates that using a more complex method does
not significantly enhance performance. We will save a deeper
exploration of this topic for another study. Instead of using an
adaptive step size, we use the following strategy: at step n, we
choose

Tn
hy = hoo | ——— ), 21
Oo(fn+hoo/ah> ( )

where «;, controls the growth rate of the time step size at
the beginning. For small 7,, the step size is proportional
to 1, as h, = oy1T,. For large 7, the step size approaches
heo. In the present study, we mostly use «; = 0.02 and
heo = 0.005fm/c.

III. EVOLUTION OF A SYSTEM
WITH COMBOLT-ITA AND VISH2+1

In heavy-ion physics, the hydrodynamic stage typically
begins after a short preequilibrium stage, around 7y ~ 1fm/c,
during which the medium is expected to become isotropized.
Although the dynamics of the pre-equilibrium phase generate
a complex energy-momentum tensor, we can start hydrody-
namics at approximately 1 fm/c with the assumption that
the initial state, characterized by A >> 1, resembles an ap-
proximate initial condition. In this context, we anticipate that
solving the Boltzmann equation reproduces results obtained
using hydrodynamic equations, especially for near-ideal hy-
drodynamic evolution. To demonstrate this, we compare the
results of the VISH2+1 model [71] with our model. We begin
by considering the energy density illustrated in Fig. 2 (left and
middle panels) as the starting point at tp = 1.0 fm/c for the
evolution of an isotropic medium. In the VISH2+1 model, we
apply the ideal equation of state, given by € = C,T*, where
Co = 13.9, consistent with the value used in COMBOLT-ITA.
For initializing COMBOLT-ITA, we set A = 1000, resulting in
an isotropic initial momentum distribution. We then simulate
three different values of /s = 0.008, 0.08, and 0.8.
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TRENTo, Pb-Pb, 30-35% Centrality
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FIG. 2. The initial state of a Pb-Pb collision in 30-35% centrality obtained from the Tg ENTo event generator (middle panel), and five
slices along x direction (left panel). The initial momentum distribution for a highly anisotropic initial state (right panel).

The comparison between energy density obtained from
COMBOLT-ITA and VIsSH2+1 is illustrated in Fig. 3. We
present three time snapshots, at T = 4.0, 5.0, and 5.5 fm/c,
where the differences between the two models become more
evident. Curves in various colors represent different slices of
energy density in the y direction, as shown in Fig. 2. It is
noteworthy that the energy density dynamics of both models
align closely, with the best agreement observed for the lowest
value of 7n/s, as expected. However, even for n/s = 0.008,
we still notice that the initial structures of the energy den-
sity become smoother in the VISH2-+1 calculations, whereas
the details persist in COMBOLT-ITA. This raises the question
of whether numerical viscosity in the VISH2+1 calculations,
other numerical artifacts, or a different relaxation process
in the two approaches accounts for this observed difference.
The difference is more evident for the largest value of n/s =
0.8, as expected [61]. In particular, we notice the most sig-
nificant difference between the two models at a later time,
T =5.5fm/c. In Fig. 4, we present a comparison between
the COMBOLT-ITA and VISH2+1 calculations for the average

transverse velocity {u,} = {\/uf(r, x1)+ u%(r, x1)} and the
momentum anisotropy €,. Here, we use the notation
dx O(t, x1 ) e, x1)
{0} = / .
[dxie(t,x1)

We also define the local momentum anisotropy as

ép(.’:a xX1)= ep,x(.’:» x1)+ iep,y(ta x1)

T(r,x1) = T (7, 20) + 20Ty (1,51
= . (22)
[ dx [T 4 T»]

The momentum anisotropy is obtained by integrating local
momentum anisotropy over the transverse space,

€)= ‘ / dx &,(t.x1))|. (23)

The quantity €, serves as a proxy for the elliptic flow v,,
which represents an anisotropy in the final particle distribu-
tion. In Ref. [57], the energy anisotropic flow was defined
and calculated from a Fourier series in the azimuthal direc-
tion, obtained by integrating the Boltzmann distribution of
massless quasiparticles over space and momentum at late
times when the azimuthal distribution becomes stable. This
is conceptually (though not exactly) similar to €,, in which

the spatial integration is performed at each time step to
construct the energy-momentum tensor, followed by com-
puting the anisotropy among its transverse components. In
Ref. [67], an experimentally motivated version of the energy
anisotropic flow was defined based on the transverse energy of
the particles. In the latter case, this quantity can be measured
experimentally or calculated using realistic simulations, such
as those used in Ref. [67], where the final states are massive
hadrons.

The medium evolution for small values of n/s = 0.008,
as calculated by COMBOLT-ITA and VIsSH2+1, shows good
agreement, which is illustrated by the blue curves in Fig. 4.
However, we observe a discrepancy between the two cal-
culations at higher values of 7/s. Specifically, VISH2+1
significantly overestimates the momentum anisotropy, €, by
a factor of 2 for /s = 0.8. The figure also displays the results
obtained from a medium with a highly anisotropic momentum
distribution, as shown in Fig. 2 (right panel), where we set
A = 0.05. However, due to the rapid equilibration time in a
medium close to ideal hydrodynamics, the influence of lon-
gitudinal anisotropy is not substantial, particularly on €,. We
observe more differences for media with higher values of 7/s.

The typical timescale for the onset of the preequilibrium
stage, where an anisotropic momentum distribution is antici-
pated, is around 0.1 fm/c. We have analyzed a setup similar
to that presented in Fig. 4, and the results were quite similar;
thus, we will not present them here. Instead, in Fig. 5, we il-
lustrate the evolution of the average inverse Reynolds number
for systems with A = 0.05 and 1000, initiated at 7p = 0.1 and
1.0 fm/c. The effect of anisotropy is evident in this figure.
The Re™! parameter starts near one for anisotropic media
and close to zero for isotropic media. The curves for both
scenarios converge toward a common trend, with convergence
occurring more quickly for media with a small 5 /s ratio. The
curves from the two initiation times, although both having the
same 7/s, approach each other but do not exactly overlap.

IV. EARLY TIME DYNAMICS AND
HYDRODYNAMIZATION SURFACE

In this section, we consider a system characterized by
strong momentum-space anisotropy. Starting from 7o = 0
fm/c, we evaluate when the medium becomes isotropized
and when Re™! is small. We assume the same initial energy
density as shown in the left and middle panels of Fig. 2 and
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FIG. 3. Comparison of the energy density evolution from the same initial state, initiated at 7y = 1.0 fm/c, as calculated by the COMBOLT-
ITA and ViSH2+1 models. The energy densities are in good agreement for 7/s = 0.008 (top panels), while discrepancies between the two

models become more pronounced for /s = 0.8 (bottom panels).

a highly anisotropic momentum distribution (A = 0.05). We
initiate the evolution at 7y = 0.5 x 10~* fm/c. This extreme
condition is outside the applicability of hydrodynamic mod-
els, such as VISH2+1.

Starting with a highly anisotropic medium, we quanti-
tatively identify a space-time region within the expanding
medium where hydrodynamics can be applied. We utilize the
inverse Reynolds number, defined as

6 (T, x1 )70 (T, X1)

Re !(t,x1) = , 24

€(t,x1)

where the shear tensor 7#" in a conformal system is derived
from

TH =T 47k, (25)

Here, T,"" represents the energy-momentum tensor in lo-
cal equilibrium, given by 7" = (¢ + P)uu’ — Pg”, where
P = €/3 is the pressure. Following the approach outlined in
Ref. [62], we choose the normalization condition in Eq. (24)
such that for a fully longitudinally anisotropic medium, we
find Re™! = 1. For the applicability of hydrodynamics, the
medium should be close to the local equilibrium.
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FIG. 4. A comparison of the average transverse velocity and momentum anisotropy evolution, initiated from the same isotropic initial state
at o = 1.0fm/c, is presented for both COMBOLT-ITA and VISH2+1. There is good agreement between the two calculations for these quantities
with /s = 0.008. However, the discrepancy is more significant for larger 1/s. VISH2+1 overestimates the momentum anisotropy by more than

a factor of 2.

The evolution of Re™! for /s = 0.04 and 0.08 is depicted
in Fig. 6 (upper panel). At the initial time, Re™! reaches the
highest value. As time progresses, this value decreases, and
the rate of decrease depends on the 1/s ratio. The medium
with a smaller n/s demonstrates a faster decline toward lower
average Re™!, consistent with findings in Ref. [62]. We ob-
serve that the tail of the distribution, which corresponds to
regions of lower energy density, exhibits a slower decrease.
In contrast, the central regions with higher density approach
local equilibrium more quickly. We also observe that for
n/s = 0.08 almost all medium regions are more than 15%
deviate from the local equilibrium until t ~ 2.5fm/c. This
time duration reduces to approximately 1fm/c for medium
with n/s = 0.04. The nontrivial behavior of longitudinal-

.7' [fm/c]

FIG. 5. Average inverse Reynolds number as a function of time
for three different values of n/s and two initial times. Both the initial
isotropic medium (A = 1000) and the highly anisotropic medium
(A = 0.05) converge to a common curve, with the convergence oc-
curring more rapidly for the medium with a smaller n/s.

to-transverse pressure, as studied in anisotropic hydrodynam-
ics [80], shows features consistent with the Re™! behavior
presented here.

In Fig. 6 (lower panel), we illustrate the evolution of the
local momentum anisotropy for three values of n/s: 0.008,
0.08, and 0.8. The surface at which the description switches
from quasiparticles to hadrons, referred to here as the freeze-
out surface (red dashed contour), is defined as the region
where the energy density reaches e, = 0.3 GeV/fm3 [81].
We also show the contours of Re™! = 0.1 and 0.2 in the
figure. Starting from an isotropic initial state in the transverse
direction, with €, = 0, we observe that the medium with a
smaller value of n/s develops anisotropy more rapidly and
achieves higher anisotropic values during the same time pe-
riod compared to media with higher n/s. The results indicate
that for /s = 0.008 the medium is nearly in local equilibrium
at the onset of momentum anisotropy development, at around
T ~ 0.5fm/c, at which the freeze-out surface lies within the
region where Re™! = 0.2. This suggests that hydrodynamic
models can be employed to study the evolution of this system
and accurately capture momentum anisotropy until the entire
medium has frozen out. In contrast, for n/s = 0.08, the area
close to local equilibrium moves inside the freeze-out surface
by approximately 7 &~ 2.5 fm/c. Consequently, the medium
remains outside the near-equilibrium domain for a consider-
able period, during which momentum anisotropy continues to
develop. The last row of Fig. 6 (lower panel) indicates that
the medium does not approach equilibrium until much later in
time. This suggests that modeling the preequilibrium stage as
a free-streaming medium may overlook aspects of momentum
anisotropy development during that early phase.

We have demonstrated that the medium reaches local equi-
librium on a nontrivial surface. To visualize this surface more
clearly, we present contours of various values of Re™! in the
x-T plane, enclosed by dashed curves representing the freeze-
out surface in Fig. 7. This visualization highlights that the
medium approaches local equilibrium on a nontrivial space-
time surface rather than at a single characteristic time. It is
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FIG. 6. The time evolution of Re™' for media with 1/s = 0.04 and 0.08 (upper panel), and the time evolution of the local momentum
anisotropy for media with 5/s = 0.008, 0.08, and 0.8 (lower panel). The freeze-out surface and contours of Re™! = 0.1 and 0.2 are shown

with red dashed and black dashed curves in the lower panel.

important to emphasize that there is no universal threshold in
Re~! that uniquely defines this hydrodynamization surface;
different values correspond to different degrees of hydrody-
namization. In Ref. [62], the thresholds 0.8, 0.6, and 0.4 were
examined for averaged values of Re™! in the transverse plane,
and hydrodynamics was assumed to be applicable below these
values after a fixed time 7. While such thresholds work rea-
sonably well for large opacities (small n/s), they allow only
partial hydrodynamization and begin to fail for systems that
remain farther from equilibrium.

The contour in Fig. 7 with the largest value of Re™! for
which hydrodynamics remains applicable can be considered
the hydrodynamization surface. A similar concept was dis-
cussed using the Gubser solution in Ref. [35] and in Ref. [82]
using KgMPgST. Since KgMPg@ST is applicable only for a
short period of time (see Ref. [62]), our framework allows
us to test this idea up to much later times. To identify the
most accurate value of Re™!, one would need to perform

an analysis comparing the result with a hydrodynamic code
similar to that in Ref. [62], while retaining the full transverse
dependence of Re™!, an investigation we leave for future
work.

As shown in the figure, the central region of the medium
with /s = 0.04 reaches small values of Re™! very quickly.
The outer region of the hydrodynamization surface intersects
the freeze-out surface at T &~ 1.0 fm/c with Re™! & 0.5. For
a medium with n/s = 0.08, equilibration occurs later, and the
difference in equilibration time between the central region and
the region near the freeze-out surface becomes more gradual.
This indicates that, although hydrodynamics becomes appli-
cable to the core around t =~ 1fm/c, a substantial portion
of the tail of the distribution remains out of equilibrium.
This underscores the importance of dynamically connecting
the preequilibrium stage to the collective evolution, particu-
larly in regions that approach, but do not fully attain, local
equilibrium.
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FIG. 7. Contour plot of Re™ in the 7-x plane for /s = 0.08 (top
panel) and n/s = 0.04 (bottom panel). The contours are enclosed by
the freeze-out surface, shown as a dashed curve.

V. TRANSVERSE MOMENTUM SPECTRUM
VIA A HYBRID MODEL

In a more realistic scenario, the system’s evolution must
be analyzed in terms of the final-state degrees of freedom,
namely hadrons. To this end, we need to model the transi-
tion from the quasiparticle description to hadronic degrees of
freedom. The freeze-out surface is obtained using the COR-
NELIUS algorithm [83]. For massive quasiparticles, one can
use the full Boltzmann distribution to construct the hadron
distribution smoothly. In the massless case, however, we only
have access to the w-integrated Boltzmann distribution [see
Eq. (3)]. For this reason, we follow the standard approach
and use 7" to reconstruct the hadronic Boltzmann distri-
bution according to the prescription of Pratt and Torrieri
[84], as implemented in the FRZOUT module provided by the
Duke group [85]. The resulting particles are then propagated
through the URQMD model [64,65] to account for hadronic
interactions.

To assess the similarities and differences between the evo-
lution in our model and that in a hydrodynamic setup, we
consider two values of n/s, namely 0.08 and 0.8, with the
isotropy parameter fixed at A = 1000. As before, we use the
VISH2+1 model for comparison. The initial energy density
profile is taken to be Gaussian with a width of Ry = 2.0fm
and €y = 1000 GeV. We begin both the COMBOLT-ITA hy-
brid and the VISH2+1 hybrid evolution at 7y = 1fm. For
the VISH2+1 setup, the evolution assumes an ideal equa-
tion of state and subsequently follows the same procedure
as in our model: particlization is performed using FRZOUT,
followed by hadronic evolution with URQMD. In both cases,
we adopt a switching energy of €5, = 0.3GeV for parti-
clization. For small n/s, we have validated the freeze-out
surface obtained from our code with that obtained from
VISH2+1 to be similar. This means that one expects the

hadrons distribution from both models to be similar in this
limit.

In Fig. 8, we present the transverse momentum spectra
of pions, kaons, and protons obtained from the two frame-
works, where the evolution is governed either by the hybrid
VISH2+1 (empty markers) or by COMBOLT-ITA (filled mark-
ers) for n/s = 0.08 (left panel) and n/s = 0.8 (right panel).
For n/s = 0.08, a reasonable level of agreement between
the hydrodynamic and kinetic theory results persists up to
pr ~ 2.5, GeV, beyond which the ratio between the two ap-
proaches begins to show noticeable differences. As shown
in Fig. 4, the hydrodynamic evolution produces a smaller
transverse velocity than kinetic theory, thereby contributing
to the observed deviations. To investigate this behavior more
closely, we consider the case of /s = 0.8. Here, the com-
bined effect of enhanced viscosity and stronger transverse
velocity in the kinetic theory leads to a more pronounced
deviation between the two approaches. The spectrum obtained
from hydrodynamics exhibits a steeper slope, while that from
kinetic theory is noticeably flatter. As a consequence, the
kinetic theory produces more particles with higher momentum
in this viscous medium compared to the hybrid VISH2-+1
framework.

VI. CONCLUSION AND OUTLOOK

In this work, we introduced a (2 4+ 2)D model, COMBOLT-
ITA, which solves the Boltzmann equation under the
isotropization time approximation. The numerical method
employs a characteristic approach, starting from an arbi-
trary initial Boltzmann distribution. In this study, the initial
Boltzmann distribution was constructed using TRENTO for
spatial energy distribution and connected to a nonfluctuat-
ing momentum distribution. The longitudinal anisotropy of
the momentum distribution can be adjusted using a free
parameter A.

The model is expected to be compatible with hydrody-
namic calculations for an initially isotropized medium that
closely resembled ideal hydrodynamics, beginning at an ini-
tial time on the order of 1 fm/c. We showed that, by choosing
a large value for A and starting with the same initial spatial
distribution at time 79 = 1.0 fm/c, the outcomes from solv-
ing the Boltzmann equation closely resemble those obtained
from hydrodynamic equations. In particular, we compared
COMBOLT-ITA with VISH2+1 and observed good agreement
for a medium approaching ideal hydrodynamics with n/s =
0.008. However, for media with larger values of 7n/s, the
evolutions of the two models diverge, which aligns with ob-
servations made in Ref. [58] using a simpler spatial initial
geometry.

We investigated the medium’s evolution starting from a
state of high initial momentum anisotropy at very early times.
In particular, we studied the evolution of Re~! and found
that different regions of the medium reach local equilibrium
at different times. For a medium with a small n/s = 0.008,
equilibration occurs very early in regions with higher energy
density, while in the tail of the distribution it happens later,
around T & 0.5fm/c. When n/s is larger, equilibration is
delayed even further. Even in a “medium-size” system, such
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FIG. 8. Comparison of the transverse momentum spectra of pions (blue markers), kaons (red markers), and protons (green markers)
obtained from hybrid VISH2+1 evolution (filled markers) and from COMBOLT-ITA (empty markers) for /s = 0.08 (left panel) and n/s = 0.8

(right panel).

as Pb-Pb collisions at 30-35% centrality with /s = 0.08, we
find that Re™! & 0.5 in the central region of the medium at
T = 1fm/c, and it becomes even larger in the regions closer
to the freeze-out surface.

To employ the code in more realistic scenarios and to gain
further insight into the differences between the evolution de-
scribed by COMBOLT-ITA and VISH2+-1, we used the hybrid
version of both frameworks and calculated the pr spectra
of pions, kaons, and protons. For a nonfluctuating Gaussian
initial energy density, we observed that when 1 /s = 0.08 the
two models’ predictions agree well. In contrast, for a more
viscous medium with n/s = 0.8, a substantial difference ap-
pears in the particle spectra. This discrepancy originates from
differences in the transverse flow velocity and the shear-stress
tensor developed during the evolution. As shown in Fig. 4,
VISH2+1 generates a smaller transverse velocity compared
to COMBOLT-ITA, leading to the differences in the particle
spectra observed in Fig. 8.

One key advantage of COMBOLT-ITA and similar mod-
els over those based on anisotropic hydrodynamics [80,86—
88] is their ability not only to initiate the evolution from
a highly anisotropic medium but also to describe scenarios
with minimal collective behavior, or even near—free-streaming
evolution, within a single unified framework. Moreover, the
dynamical nature of achieving local equilibrium makes these
models more practical than approaches relying on separate
preequilibrium descriptions, such as KsMPgST [89] followed
by hydrodynamics. Finally, a notable advantage of models
based on solving the Boltzmann equation is that they gener-
ally avoid the causality issues that can arise in hydrodynamic
simulations [42,44].

The model can be applied to study collectivity in both small
and large systems on an event-by-event basis and to describe
experimental flow measurements. In a followup study [67],
the hybrid model was used to investigate the anisotropic flow
of OO collisions measured at the LHC [68-70].

Looking ahead, the current implementation assumes an
ideal equation of state. Incorporating a realistic equation of
state is essential for improving the model’s competitiveness
with hydrodynamic approaches. This will require intro-
ducing an energy-dependent mass scale, as suggested in
Refs. [90,91], and represents a key direction for future
development.

Furthermore, a recent study has shown that a more realistic
collision kernel based on underlying QCD dynamics can be
computed efficiently using machine-learning techniques [92].
Implementing such a collision kernel in our framework is also
planned for future work.
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