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The present work is devoted to developing the integrated hydrokinetic model (iHKM) for relativistic nucleus-
nucleus collisions. While the previous cycle of works on this topic focused on ultrarelativistic collisions at the
top RHIC and different LHC energies, the current work addresses relativistic collisions at the lower energies,
specifically ranging from approximately 2 to 50 GeV per nucleon pair in the center-of-mass colliding system. In
such collisions, the formation times for the initial state of dense matter can be up to three orders of magnitude
longer than those in ultrarelativistic collisions. This difference reflects a fundamentally distinct nature and
formation process, particularly regarding the possible stages of initial state evolution, including thermalization
(which may be only partial at very low collision energies), subsequent hydrodynamic expansion, and the final
transition of matter evolution into a hadronic cascade. These stages, which are fully realized in ultrarelativistic
reactions, can also occur within the energy range of BES RHIC, albeit with distinct timescales. This publication
not only advances the theoretical development of iHKM [referred to, if necessary, as the extended version of
integrated hydrokinetic model (iHKMe)], but also provides examples of model applications for calculating
observables. A systematic description across a wide range of experimental energies, which is preliminary yet

quite satisfactory, for spectra, flow, and femtoscopy, will follow this study.

DOI: 10.1103/2g39-y1d1

I. INTRODUCTION

The goal of relativistic heavy-ion experiments, which
have been continuing for more than 30 years at accelerators
and colliders of different generations—from the AGS to the
LHC—is to create and study the new forms of strongly inter-
acting matter with extremely high densities and temperatures.
The energy density reached in such systems resembles that
governing the early universe just microseconds after the initial
singularity [1]. Such matter can form at some internal stage of
the nuclei collision process when the system created becomes
almost thermal, while the energy density in an expanding
fireball is still very high [2-5].

In the 1950s, the idea to describe the proton-proton and
nuclear-nuclear collision processes of multiparticle produc-
tion in the models of hydrodynamics type appeared. This new
tendency, as to compare with S-matrix formalism [6-8], has
been started from a pure hydrodynamic model, called now
the Landau model, where the simplest prescription for initial
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and final matter states in the collisions of particles and nuclei
[9] have been used. Later, in the 1980s, further development
of the models goes through the so-called Bjorken model [10]
and hydrodynamically inspired parametrizations for the final
hydrocollision stage (see, e.g., Ref. [11]). The consequent de-
velopment includes all the stages (currently five, more details
are below) of the evolution of superdense matter created in
heavy-ion collisions. As to the high energy situation, at the
top RHIC and all the LHC energies, the new form of matter—
quark-gluon plasma and hadron-resonance gas—manifested
itself in the soft physics observables, which include hadron
and photon yields, spectra, and particle correlations. All these
measurements are well described in the integrated hydroki-
netic model (iHKM) [12,13], which we will try to generalize
for intermediate and small relativistic energies in this paper.

Experiments in the intermediate and low relativistic colli-
sion energy range are of special interest. The currently acting
ones are associated with the Beam Energy Scan program
at RHIC (BES RHIC) and the HADES experiment at the
GSI accelerator facility. The nearest planning is the com-
pressed baryon matter (CBM) experiment at the GSI-FAIR.
Despite collision processes at the LHC, where the transition
between hadron and quark-gluon matters is happening with-
out the phase transition (crossover), at the above-mentioned
experiments characterized by large net baryon densities in
creating matter, one hopes to search for the thermody-
namic line of the phase transition between hadron and
quark-gluon matters and also try to discover the critical
endpoint [14].
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Therefore, this series of experiments on relativistic
nucleus-nucleus collisions is the guiding light for the devel-
opment of effective theoretical models of strongly interacting
matter. It is essential to take into account that the new forms
of matter arise in the collision processes during only one
of the concise stages (which lasts 1072°-~1072? s) of ul-
trafast evolution of the matter, and so a detailed analysis
of the properties of its new forms needs the construc-
tion of a complete (all-stages) dynamic picture of the
collisions.

The objective of this paper is to present an extended
integrated hydrokinetic model for the soft physics in all
mentioned experiments, covering (all together with already
developed iHKM for ultrarelativistic energies) the range from
2 GeV up to 10 TeV energies per nucleon colliding pair in
their center of mass, within a unified approach based on the
extended integrated hydrokinetic model (iHKMe). The latter
will supplement the iHKM, which is already available for
ultrarelativistic energies, to the intermediate and low rela-
tivistic collision energies. For each considered energy, all the
possible stages of nuclear collision processes will be inves-
tigated within the same unified description as in the original
iHKM. The mentioned stages of the matter evolution during
the collision process are as follows: the formation of the initial
conditions for the system expansion into a vacuum just after
the collision, gradual thermalization of created superdense
matter (maybe not complete for quite low collision energies,
that can happen without hydrostage), its consequent hydrody-
namic evolution for intermediate energies, the translation of
the description of hydrodynamic or partially thermal medium
to particle language—so-called particlization, and, finally, the
cascade stage for still interacting already individual particles
[15]. So, our approach also includes the possibility that at
fairly low energies, not all of these stages (e.g., hydrostage)
will be realized and activated.

The description of the soft physics observables within
this unified approach allows one to conclude: at which
energies the quark-gluon plasma is created, when the
phase transition takes place, and whether the critical
endpoint occurs at some collision energy. In addition,
from the correlation femtoscopy analysis for baryons, it
is planned to extract the most important characteristics
of their strong interactions, such as scattering lengths
and others.

One of the most serious difficulties in describing a
complete set of soft physics observables, just combining
differently developed stages into a single picture, was that
one needs to start hydrodynamics as soon as possible,
just after colliding nuclei overlap. Otherwise, if one starts
hydrodynamic evolution later, say, at a typical timescale
for strong interactions around 1fm/c, either spectra,
particle correlation functions, or anisotropic flow will
describe the experimental data unsatisfactorily. The reason
is that at the standard mentioned starting time for viscous
hydroevolution, neither radial nor anisotropic collective
flow at the freeze-out stage develops well to describe
data, because of a lack of time for pressure to accelerate
enough the created system transversally. Such a logic gives
rise to intensive theoretical attempts to explain very early

thermalization/hydrodynamization: ADS/CFT correspon-
dence [16-21], Unruh effect [22,23], three-gluon production,
etc. They continued for almost two decades, but have not been
successful.

Our idea, and later its full realization, was: to get more
intensive flow, both radial and anisotropic, one does not need
the pressure gradient in the created fireball and, so, does
not need the early fast thermalization [24]. These flows can
be well developed because only the geometrical form of the
very initial system, which is essentially finite in nucleus-
nucleus collisions and, in addition, has an anisotropic shape
in noncentral collisions. What is very important, in any
case, is that one needs the system’s thermalization sooner
or later to describe the data, but not necessarily a fast one.
If it happens, say, at 1fm/c, the transverse flow will be
present already at this (relatively late) thermalization and
hydrodynamization time because they were developed at the
prethermal stage, even with quite gradually appearing pres-
sure. The corresponding formalism developed allows one to
build the full model of heavy-ion collisions that incorpo-
rates all stages of heavy-ion collision processes without the
physically controversial hypothesis of the very early system’s
thermalization [15,24].

This paper is developing the iHKM model for the interme-
diate energy range of relativistic nucleus-nucleus collisions:
programs BES at RHIC, and future CBM in GSI-FAIR ex-
periments, including current HADES activity. We will call
the corresponding new extension of the model in this paper
iHKMe, or again iHKM, when it is clear for which energy
it is applied. The main modification in the newly developed
model concerns the formation of initial conditions of matter
evolution in relativistic A + A collisions at relatively small
energies. In the already built iHKM, the overlapping time of
colliding nuclei is around 1073 fm/c at the energy 5.02 ATeV.
At BES RHIC energy, e.g., 14.5 AGeV, itis 1.6fm/c.

It is clear that the model of initial conditions for the
consequent prethermal (thermalization) stage is very differ-
ent. While in iHKM we use a hybrid approach based on
MC-GLAUBER calculations, realized in the GLISSANDO-
2 model [25] in the transverse direction, and Color Glass
Condensate in the longitudinal one, the initial conditions are
dramatically changed in the collisions at BES RHIC and be-
low energies where the overlapping time is differed (larger) by
3 order of the value. The initial conditions in the extended for
intermediate and small relativistic heavy-ion collision ener-
gies model (iHKMe) are based on the quasiclassical UrQMD
simulations [26] with added quantum (and classical) fluctu-
ations during the thermalization process. It leads to partial
thermal evolution of the matter, created at small and interme-
diate collision energies.

The goal of this paper is to propose the theoretical
basis for the description of the soft physics at the inter-
mediate and small relativistic energies, in addition to what
has been done already for ultrarelativistic energies (iHKM),
and also to illustrate the results of the developed model
at one of the collision energies. A consistent description
of the observables within iHKMe/iHKM in BES RHIC,
and GSI-FAIR experiments will be presented in subsequent
publications.
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II. MODEL DESCRIPTION

A. Basic aspects of the approach

In the extended version of iHKM, hereafter referred to as
iHKMe, when necessary, the initial preequilibrium dynam-
ics at low and intermediate relativistic collision energies are
modeled using the UrQMD hadron-string cascade approach
[26]. This approach was first employed as an initial stage for
hydrodynamic simulations in Ref. [27]. It offers several ad-
vantages: it describes nonequilibrium dynamics and provides
event-by-event fluctuating, 3 + 1 dimensional distributions of
energy, momentum, and conserved charge densities (baryon,
electric, and strangeness), while explicitly conserving these
quantities. Notably, it enables the use of the same microscopic
model for both the initial and final (afterburner) stages, al-
lowing for a continuous description of the system’s peripheral
regions (the corona), where thermalization is not achieved.
Our model architecture also allows the incorporation of other
similar transport approaches, such as SMASH [28], JAM [29],
PHSD [30], and GiBUU [31]. This includes variants with
density-dependent potentials that influence the equation of
state [32,33], which may be particularly relevant at a few
GeV collision energies due to the importance of the initial
compression stage, as demonstrated in Ref. [34]. However,
these alternatives are not currently implemented.

The transformation between the hydrodynamic description
and the microscopic particle evolution presents significant
challenges, particularly at relatively low but still relativistic
collision energies, such as ,/syy < 10 GeV in A+ A col-
lisions. The underlying reasons for this complexity are the
following. First, a fundamental difficulty arises because dur-
ing UrQMD (or other transport model) simulations of the
initial collision stage, the gradual formation of a hydrody-
namic subsystem from the total system cannot be based on
the initial singular particle distribution from a single cascade
event. Therefore, some smoothing or averaging procedure is
required even in event-by-event analyses (a comprehensive
review of this topic is provided in Ref. [35]).

Second, the system may not become fully hydrodynamized
at very low collision energies. In such cases, the hydrodynam-
ically expanding part of the matter transforms into final-state
particles within a surrounding region of the interacting hadron
gas that never entered the hydrodynamic phase during the
system’s evolution. The process by which the hydrodynamic
matter converts into hadrons is referred to as particlization,
and it serves as the starting point for the subsequent hadronic
cascade stage in the total system. A central theoretical chal-
lenge in this framework is to describe the physical mechanism
underlying thermalization or hydrodynamization. The ap-
proach employed in Ref. [15], which is currently used in our
model, provides a phenomenological description based on the
Boltzmann equation with relaxation and thermalization times.
The gradual transformation of initially nonthermal matter into
(partially) thermalized matter is governed by conservation law
equations. Other attempts to model the gradual fluidization
of nonequilibrium matter have been proposed. For example,
in Ref. [36], strings are dynamically formed between partici-
pant quarks or nucleons and subsequently thermalize, serving
as a source term for the hydrodynamic evolution. A similar

mechanism of continuous fluidization from strings or
hadronic resonances has been introduced in the context of
the UrQMD and JAM transport models in Refs. [37,38],
respectively.

Third, the important question concerns the nature of the
thermal fluid that appears against the backdrop of the initial
gas of colliding hadrons. We suppose that initially, it ap-
pears due to local quantum and classical density fluctuations
through the QCD droplet formation. Similar to our first point
(see above), even at event-by-event analysis, the smoothing
procedure is necessary to describe some stage of the collision
process in the continuous medium approximation. We just
smooth out the droplet picture for very high-density local
fluctuations into an effectively hydrodynamic one.

Fourth, the question arises about the particlization of the
fluid component. At not very low relativistic energies, at
some stage of the matter evolution, the droplets (even without
any smearing) can merge into a liquid, and this substance
fills almost the entire system. Then the description of the
particlization process has a standard form a la Cooper-Frey
prescription. However, at low energies, density fluctuations
that form droplets may be rare and, accordingly, the cor-
responding hydrodynamically averaged component is small
(or even absent), and a significant part of the system consists
of the UrQMD-particle component at the hypersurface of par-
ticlization. This possible scenario should also be developed in
the iHKMe approach, designed to describe nuclear collisions
at energies from 1-3 to 40-50 AGeV.

Let us consider the particlization and its condition in some
detail. We start with a pure hydrodynamic system. A near-
local thermal equilibrium and hydrodynamic behavior can
be maintained in a finite expanding system as long as the
collision rate among the particles is much faster than the
expansion rate. Since densities drop out during 3-dim ex-
pansion intensively, the collision rate decreases rapidly, and
the system eventually falls out of equilibrium. As a result,
the hydrodynamic medium decouples, and freeze-out or the
hadron cascade phase happens.

The inverse expansion rate is the collective expansion
timescale [39]:

_(tan\7' Lo o |
o =\ g ) =) =g

where #* is the proper time in the fluid’s local rest system.
The last approximate equality follows from the conservation
of particle number density currents at the last stage of the
hydroexpansion.

The inverse scattering rate of particle species i is the mean

time between scattering events for particle i, rs(c'it:

.L,(i) ~ 1 )
R

Y (vijoig)n,

where v;; is the relative velocity between the scattering par-
ticles and o;; is the total cross section between particles i
and j, the sharp brackets mean an average over the local
thermal distributions. This time is determined by the densi-
ties of all particles with which particle i can scatter, and the
corresponding scattering cross sections. Let us estimate the
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mean time between scatterings for pions, rs(gn) First, note that

@ > 1D /¢, where 1) is mean free path for particle species

i, and ¢ = 1 is the light velocity:
1

Y (oijn;’
SO )\g?m represents the lower limit for rfé;t For example, the

pion mean free path in the rest frame of the fluid element at
freeze-out, A7 (t5,,), was roughly estimated as follows:

1

_—
O plB + Onnhy

AR 3)

AT (o) & “
with the parameters 05, = 65 mb to be total cross section for
pion-proton scattering, and the same cross-section for all
nonstrange baryons, whereas o,, = 10 mb is the total cross-
section for pion-pion scattering and the same cross-section for
all nonstrange mesons.

In the above approximation for fluid decoupling, the fol-
lowing equations should be satisfied:

Tseat (T (x), (x)) = Texp(T(x)s n(x)), )

where T (x) and pp(x) are the local temperature and baryon
chemical potential correspondingly. It is a complicated but
promising way to build the true-like decay hypersurface for
near-local equilibrium baryon-reach expanding matter.

Another criterion that is based on the energy densities in
the fluid can be

€(T (x), p(x)) = €gec = cONSL. (6)

However, there is only hope that there exists some parameter
€dec When the criteria (5) and (6) will nearly coincide. In this
paper, we will follow simpler criteria of decoupling based on
the energy density (6).

The realistic situation, however, can be more complicated,
even at the selected criteria: in the case of low collision ener-
gies, the system may never reach complete thermalization, but
only if possible, a partial one. In such a case, despite near full
thermalization at the particlization stage at high enough ener-
gies, the system at the decaying (into the interacting particles)
stage consists of two expanding components of baryon-rich
matter: particle gas and fluid. The most natural way then is
to select the energy density interval when the mechanism,
forming the dense (QGP?) droplets, stops working, and soon
after the corresponding (see above) hydrodynamical part of
the system decays into hadrons without reaching full ther-
malization. In our approximation, it means that one has to
transform the hydrodynamically involved part of the system
into particles at this droplet’s (mean) decay time. So, because
we do not know the quantum component of the QCD fluctua-
tions, the corresponding energy density at which the decay of
the hydrocomponent at small relativistic energies happens is a
free parameter. The corresponding particle injection from this
decay of the hydrocomponent in the case of not full thermal-
ization is just added to the preserved yet UrQMD component.
Of course, the local energy-momentum conservation law for
the evolution and hydrodecays of the total system, consisting
of both UrQMD (or SMASH) and hydrocomponents, must be

implemented in any scenario. It is done in the iHKMe (like in
iHKM) scenario that is developed in the presented article.

However, as we already mentioned, switching from quasi-
classical microscopic models (UrQMD, SMASH, etc.) to the
macroscopic hydrodynamic regime could be impossible if one
naively tries to base it on a distribution function from a single
transport simulation, as it brings significant fluctuations in co-
ordinates and anisotropies in momentum space, contradicting
the basic assumptions of hydrodynamics. So, one needs to use
some averaging procedure to provide smooth initial condi-
tions for a subsequent description of hydrodynamic expansion
and, of course, especially, for event-by-event analysis.

There are two common solutions to this problem. The
straightforward one is to generate huge amounts of events
and then average over them. However, to study the influence
of fluctuations in the initial conditions on the final observ-
ables, one needs to introduce some similarity criteria between
events. Of course, averaging over the centrality class might
be too rough and unsuitable for event-by-event analysis. The
common approach to this problem is applying some Gaussian
smearing procedure to each particle and then constructing
only the time component of the stress-energy tensor T%* and
baryon current J°. The other components are restored using an
equation of state and explicit representation of the relativistic
hydrodynamic tensors through macroscopic fields of velocity
u*, energy-density €, pressure p, and baryon density np.

In Ref. [35], a comparison of such a procedure across
several hybrid models is presented. Additionally, the same
paper introduces a Lorentz-invariant Gaussian kernel for par-
ticle smearing over the space but at constant time ¢ (see also
Ref. [27]):

K(r) =

J— 2 pa— . 2
r’—(r-u) )7 ™

y
Qro) eXp( 202

where u is the velocity of the particle, r is the vector from the
particle’s position to the spatial point where its contribution
is evaluated, and y is the Lorentz contraction factor. Such a
procedure can be attributed to the averaging over an ensemble
of “similar” collision events without generating them. The
similarity between the events is described by the o parameter.

In this paper, we propose a modification of the kernel in
a covariant form that enables Gaussian smearing in Milne
coordinates, which are more suitable for our model (see the
Appendix for details). For a particle i with baryon charge
B;, mass m;, momentum p/', velocity u!* = p!'/m;, and spatial
position xf‘ , the relative contribution of its energy, momentum,
and charge to the lattice grid cell Aajf‘ , centered at x;‘ , is

given by
w i
ntug exp (rij(guv - Muuu)rivj). ®)

U (ZR2)2 R2

Here, rl.’;. =x'— x;.‘ represents the radius vector between
the particle and the center of the cell (x;, x; € o#), nﬁ‘ is the
normal vector to hypersurface at point x;, while R is a free
scalar parameter.

Many hydrodynamic models [40—43], including the vH-
LLE code [44] employed in both the previous and current
versions of the iHKM model, operate in Milne coordinates.
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These coordinates, defined by the proper time t = /12 — 72
and spacetime rapidity 1 = tanh~!(z/¢), are particularly
suitable for high-energy collisions, where an approximately
boost-invariant longitudinal expansion is expected. The use of
hyperbolic (Milne) coordinates also allows one to fix the num-
ber of grid points in the longitudinal direction N, in advance,
by scaling the grid spacing with proper time 7 [45] instead
of rescaling the full longitudinal extent of the system (Zmax
grows almost with the speed of light), as would be necessary
in Cartesian coordinates. This feature is especially useful for
models that aim to describe a wide range of collision energies
within a unified framework, as we do in iHKM.

As we use Milne coordinates for the system’s evolution in
the subsequent stages, it is natural to choose a hypersurface of
constant proper time 7 in the kernel (8). For a fluid cell located
at space-time rapidity 7, the hypersurface element is given by

Aot =n"* Ax Ay An, )

n* = (r coshn, 0, 0, Tsinhp), (10)

where Ax, Ay, and An are the cell sizes in the transverse

and longitudinal directions, with numerical values of 0.3 fm,
0.3 fm, and 0.05, respectively.

Utilizing kernel (8), we obtain the following inputs for the
next stages of the model:

Moy

Tand (#537) = ) P Ky (an
i [p,

T na(T3) = ZB#%/C,,, (12)

where the sums are taken over all the particles from UrQMD
evolution that satisfy the condition

|12 —22 — 1| < At)2. (13)

Notably, we have not found any publications that apply par-
ticle smearing directly on a hypersurface of constant proper
time t. Instead, such procedures are typically performed
at constant laboratory time ¢, followed by a transformation
to Milne coordinates. While we do not undertake a de-
tailed comparison of these two approaches, we emphasize
that the kernel (8) retains a Lorentz-covariant form, ensures
particle number conservation, and accounts for Lorentz con-
traction along particle velocities (for more details, see the
Appendix). Moreover, it enables an efficient reconstruction of
the nonequilibrium distribution function on the particlization
hypersurface (see Sec. IID) by storing only 400 to 1000
particles (depending on the collision energy ./syn) whose
trajectories satisfy the selection criteria specified in Eq. (13).!

Last, we note that in the results presented in this pa-
per, for simplicity, we do not consider separate conservation
equations for electric charge and strangeness. Instead, we
assume local constraints ny =0 and n, = Ang/Z ~ 0.4 np,

'With more common kernel 7 one needs to iterate over all tracks
between fmin = T and fymax = /T2 + 22, Where zpm, is longitudinal
coordinate of leading particles at proper time .

appropriate for gold nuclei. Although both UrQMD and
vHLLE support such calculations (but not the equations of
state considered in this paper), we omit them here to reduce
computational complexity and focus on the primary features
of the model.

B. Thermalization

The thermalization stage is one of the distinctive features
of iHKM. During this stage, the matter can be phenomeno-
logically decomposed into two distinct components: a (near)
locally equilibrated component, described by macroscopic
fields, and a nonthermalized component, represented by out-
of-equilibrium hadrons and strings evolving via UrQMD
in the cascade regime. Both components contribute to the
nonequilibrium energy-momentum tensor [12] and the charge
currents, ensuring that the corresponding equations respect
the conservation laws for the total system. This stage is the
primary difference between our model and more common
models with instant thermalization,

T @) = Ting () X Pr + TG () x (1= Pp),  (14)

total urgmd

Jtl;tal(x) = Jlﬁqmd(x) X 7)1 +J}€L (x) X (1 - Pf)v (15)

ydro

where P, = P(7) is a weight function such that P(tp) = 1 at
the start of the thermalization stage, P(7y,) = 0 at the end, and
0<P(rp <t < 1) <1 in between. Its explicit form will
be discussed later. Both the total stress-energy tensor and the
baryon current obey conservation laws:

9, Th(x)=0; 3,J

total total

(x) = 0. (16)

Exploiting the conservation laws accounted for in UrQMD
evolution,
9, T"

urgmd

) =0, 8,J"

urgmd

(x) =0, A7)

we obtain hydrodynamic-like equations with a source for
rescaled tensors

O Tyire 00 = =T 4 (X0, P, (18)
all-jli;/dro (x) = _Jlﬁqmd (.X)BMIPT . (19)

Here, the rescaled (tilded) hydrodynamic tensors are defined
as

T @) = Tt (O(1 = P, (20)

(O = Po). 21

As in the previous papers [12,46], we utilize the same ansatz
inspired by the Boltzmann equation in relaxation time approx-
imation, with probability P(7):

i K
‘Ihydro ()C ) - Jhydro

Tth—%

Tth — T Trel

P(r) = ( (22)

Tth — To

Wherein a free parameter of the model 0 < 7] < T — Tp 1S
introduced. The relaxation time 7, characterizes the rate of
the thermalization process. To avoid introducing additional
freedom during the model calibration, in this paper, we set
the relaxation time at its minimum value T, = Tg — To. At
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the same time, the influence of nonthermal dynamics can be
varied via the thermalization time Ty,.

Solving Egs. (18) and (19) constitutes the primary objec-
tive of the relaxation stage in the model. These equations are
employed to update, over time t, the values of the time com-
ponents of the corresponding tensors Tho‘gm and Jl(]’ aro fOr €ach
cell of the spatial grid. The remaining components are restored
using the Israel-Stewart form [47] of the tensors:

=
hydr )

To P, = Do) = (e +pud'u’ —pg + ™, (23)
-
hydro

m - J}I:ydro(x) = npu, (24)

where €, p, and np represent the local energy density, pressure,
and baryonic density, respectively. u* denotes the four-
velocity of the fluid, g"¥ is the metric tensor, and 7*¥ stands
for the shear-stress tensor. The local energy density, pressure,
and four-velocity are derived from T, ’sm utilizing the equa-
tion of state p = p(e, ng). At the same time, the shear-stress
tensor evolves according to an independent equation within
the Israel-Stewart framework [15,47]. To numerically solve
Egs. (18) and (19), we utilize the VHLLE code [44] with
modifications adjusting source terms [15]. We do not consider
other transport coefficients, such as bulk pressure, diffusion,
and heat conductivity, in this paper. We employ two differ-
ent equations of state, namely the chiral EOS [48] with a
crossover-type transition between QGP and the hadron stages
and an EoS with the first-order phase transition proposed in
Ref. [49].

C. Hydrodynamic expansion

We suppose, that not only at ultrarelativistic heavy-ion
collisions but also, at least, at intermediate energies at BES
RHIC, at some t = 1y, the system attains a state of local near-
equilibrium, characterized by hydrodynamic tensors 7\, =
Tvaro A0d Ji) = i g0, With the source terms in Egs. (20) and
(21) vanishing. The description of ultrarelativistic (top RHIC
and LHC) energy within iHKM [15] is naturally used just this
approach. Below, we will discuss the more complicated sit-
uation. In simple cases, the hydrodynamic evolution persists
until the system becomes dilute and departs from partial local
equilibrium, which means that the hydrodynamic approxima-
tion breaks down, and particle language is necessary. Then the
system is appropriately described in microscopic terms using
a hadron-resonance gas model, UrQMD, in the case of this
study.

The anticipated outcome of the hydrodynamic stage is the
formation of a hypersurface that marks the transition between
the fluid and gas phases, often referred to as the “particlization
hypersurface,” and denoted as oy, in this paper. As we wrote
before, we carry out this transition at a fixed energy density
€sw for simplicity. In our model, the construction of the parti-
clization hypersurface is achieved using the Cornelius routine
[50,51].

When dealing with low-energy collisions at ./syy ~
3-10 GeYV, as observed in experiments such as HADES, RHIC
BES, or CBM, it is reasonable to anticipate that the system

may not achieve complete thermalization. Consequently, ex-
tending the particlization hypersurface criteria oy, into the
thermalization phase, T < 1y, becomes imperative.

During the thermalization period, it is noteworthy that there
exist formally three distinct ways to define energy density for
total particlization

(1) The local equilibrium energy density €pydro, derived
from 7ilydro

(2) The nonequilibrium energy density €ymqq derived from

7:1lrwmd

3) The mixed energy density €y, derived from the total

energy-momentum tensor 7,"" .

While it is conventional to associate the particlization hy-
persurface with the total energy density, smoothed out along
the system, we opt to utilize €pyqr, instead when hydrody-
namic fluid fills out the essential (central) part of the system.
If the matter may not be fully thermalized at quite small
collision energies, P becomes a free parameter instead of
Tih. We found in preliminary calculations that such an ap-
proach is not bad for the energies ./syv > 8 GeV. So, at
such energies, it is possible that hydrodynamics inject essen-
tially the thermal particles into expanding (and still existing!)
UrQMD-system. Then the totally nonlocally equilibrated sys-
tem will include initially (locally) thermal particles from
hydrodynamics. The latter can be easily calculated by using
a generalized Cooper-Frye prescription with collective veloc-
ities u* of the pure hydrodynamical part accounting for a
known equation of state. It is notably simpler and faster than
the utilization for building the decay hypersurface for the total
momentum-energy tensor. Notice, in addition, that the criteria
described in Sec. IT A apply to locally equilibrated systems but
not to mixtures of equilibrated and nonequilibrated systems.
The proposed method addresses several technical challenges
simultaneously.

The transport model UrQMD employs an EoS correspond-
ing to a hadron resonance gas, whereas the hydrodynamic
stage may use a different EoS, such as one incorporating a
QCD crossover or a phase transition. This mismatch in EoS
can lead to so-called matching artifacts, including discon-
tinuities in pressure, entropy nonconservation, and spurious
flows at the transition hypersurfaces. While energy and mo-
mentum conservation can be ensured during the mapping
procedures, the differences in thermodynamic assumptions
between models can introduce systematic effects in the final-
state observables. These artifacts are a known limitation of
hybrid approaches and should be kept in mind when interpret-
ing results.

For very low relativistic energies (near 2 GeV per nucleon
pair) there can be only a small part of the system might be
involved in hydrodynamic motion, and complicated criteria
(as in item 3 above) for transition of the total system into
hadron gas have to be used.

A few technical details are worth noting. Minor time fluc-
tuations can appear in the UrQMD energy-momentum tensor
components due to the transformation from Cartesian to Milne
coordinates during the thermalization stage, as described
in Eq. (13) and discussed further in the Appendix. These
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fluctuations vanish when averaging over several time steps. As
aresult, the transition from the particle-based source to the hy-
drodynamic energy-momentum tensor, governed by Eq. (18),
becomes smooth. Empirically, we find that averaging over
eight consecutive time steps is sufficient to ensure that the hy-
drodynamic component evolves smoothly in time, ultimately
leading to a well-behaved particlization hypersurface.

It is also important to note that at the initial proper time
when the construction of the particlization hypersurface be-
gins, some regions of the system already have an energy
density below the particlization threshold €g,. These regions
are typically located at the system’s periphery (the so-called
corona) or in the spectator zones. Particles in these areas
generally do not undergo thermalization and moreover, are
ignored by the Cornelius module.

To ensure the conservation of total energy, momentum,
and conserved charges in the system, we manually extend the
particlization hypersurface to include these nonthermalized
regions. For such extensions, we assign hypersurface elements
a normal vector corresponding to constant proper time, as
given in Eq. (9), and set P, = 1 for them—indicating that
these regions are purely nonequilibrated.

D. Particlization

Following the transition through the particlization hy-
persurface, the matter becomes sufficiently dilute to be
effectively described as a hadron-resonance gas. In the cur-
rent version of iHKM, hadrons are injected from two distinct
sources: the equilibrium (eq) and nonequilibrium (n.eq) com-
ponents. Analogous to the decomposition in Eqgs. (14) and
(15), the system’s distribution function is expressed as the sum
of these two contributions:

f(xs p) = fn.eq(xs p)Pr + feq(x» p)(l - Po), (25)

where f, ¢q(x, p) corresponds to nonequilibrated hadrons orig-
inating from the same UrQMD event used for the initial dy-
namics and is constructed using the kernel (8), while feq(x, p)
represents the standard locally near-equilibrium component
typically used in hydrodynamic-to-transport switching pro-
cedures. Notably, once the thermalization time is reached,
P: — 0, and all particles are emitted exclusively from the
near-equilibrium source, consistent with conventional hybrid
models.

Both components of the distribution function can be ex-
pressed as a sum over all hadron species i:

feameae, p) =Y f£V™x, p), (26)

where, for the equilibrium component, the sum runs over all
hadron species in the ideal hadron-resonance gas into which
the hydrodynamic fluid is converted. For the nonequilibrium
component, the sum includes all hadron species present in the
UrQMD event used to generate the initial conditions.

For each infinitesimal element of the particlization hy-
persurface Ao#(x), particles are then generated using the
well-established Cooper—Frye prescription [52], with minor

modifications discussed later:

s
BIP” f . ). @7
p

Particles from both the equilibrium and nonequilibrium
components are sampled independently using their respective
distribution functions, foq and f; ¢q, without applying the fac-
tors P, and 1 — P, directly during sampling. These weights
are instead used to determine the relative fraction of particles
from each component that are subsequently passed into the
UrQMD afterburner stage.

Ni(xv p) =

1. Emission of thermal particles

The near-equilibrium distribution function f(x, p) for
each particle species depends on the local thermodynamic
properties of the system: temperature, chemical potentials,
and the shear-stress tensor. The fluid velocity u*(x), energy
density €, and baryon charge density ng(x) are extracted from
the hydrodynamic energy-momentum tensor, the net baryon
current, and the equation of state using the standard Landau
matching procedure:

0
Thylgro =(e+p) ulut — Pgoﬂ,

Jl?ydro = nBuo’
p = p(e, np). (28)

Note that these tensors are obtained from the tilded ones—
derived from the hydrodynamic equations with source terms,
Egs. (18) and (19)—by dividing them by the factor 1 — P, as
shown in Eqs. (23) and (24). Also, the components 7% vanish
here because the shear-stress tensor is orthogonal to the fluid
four-velocity in the Landau frame [47].

However, when transitioning from the hydrodynamic
description to the hadron gas phase, the corresponding equa-
tions of state (EoS) typically do not match exactly. This
mismatch results in discontinuities in the thermodynamic
properties of the system across the particlization hypersurface.
In our model, we adopt the hadron gas EoS to solve Eq. (28)
and use the corresponding energy density as the switching
criterion within the Cornelius routine. This approach ensures
local—and therefore global—conservation of all conserved
charges. However, it introduces small discontinuities: typi-
cally less than 1% in € and ng, and around 10% in p.2

However, closeness of intensive quantities leads to notice-
able discontinuities in extensive properties such as tempera-
ture 7" and baryon chemical potential wp. This situation can
be improved by employing an equation of state for the hydro-
dynamic stage that smoothly connects to the hadron resonance
gas properties across a wide range of the QCD phase diagram.
In future work, we plan to implement one such EoS (NEOS
BQS [53]) into our model.

When the local temperature and the baryon, electric, and
strange chemical potentials are determined from the local
energy density € and the conserved charge densities ngp,

%In a statistically insignificant number of cases, these discontinu-
ities may be much larger due to failures of the numerical algorithms.
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ng = 0.4 np, and ng = 0 using the equation of state, one can
construct the equilibrium distribution function for the ideal
hadron resonance gas. The chemical potential u; for each
particle species is then given by

Wi = Biftg + ity + Silts, (29)

where B;, g;, and s; represent the particle’s baryon, elec-
tric, and strange charges, respectively. The near-equilibrium
corrections to the distribution functions are obtained after
applying the Grad ansatz [54] for viscous corrections. Assum-
ing the same corrections for all hadron species, the thermal
particle production in the rest frame of the fluid can be written
as

d>*N; do, p*
—l: 1_ T H 26 07T1 l
dpd(cos6)d% (1-"7P) P P leq(p. T, wi)
pup, "
1+ (F fi)——"—1). 30
X ( +( ¢fq)2T2(€+p)) (30)

Here, F indicates Fermi/Bose statistics. For more detailed
information, we refer the reader to Refs. [12,55].

2. Nonthermal emission

As mentioned above, for the nonequilibrium distribution
function, we use the same set of particles from the subensem-
ble constructed during the preequilibrium dynamics stage.
Then, for each element of the particlization hypersurface do j"
located at position xj.‘ , the probability that a particle with
space-time coordinate x!° will be emitted is given by the

i

product:
: A
W(pi, xi;do;) :9(pfdol{) X G(TT — |t — m)
tdoi
x Ky x Bk G1)
Di

The first Heaviside step function ensures that particles
move from the hotter to the colder phase. The next two factors
arise from the construction of the nonequilibrium distribution
function in Egs. (8) and (13), determining whether the particle
intersects the hypersurface in space and time. The last term
accounts for the size and space-time orientation of the hyper-
surface element. Summing over the entire hypersurface and all
particle trajectories from the initial UrQMD event, weighted
by P, yields the total contribution of nonthermal emission:

Noeg= Y. Y. PoW(pixidoy).  (32)

ieftracks} je{ogw}

3. Non-space-like surface emission treatment

It is well-known that the hypersurface of constant energy
density might include problematic regions [56] “sink” terms
with doy < 0 and non-space-like parts, with do*do, < 0.
In both cases, not all particles near the surface can cross it
ptdo, < 0, leading to negative contributions in the Cooper-
Frye formula (27).

To address this problem adequately, we adopt a prescrip-
tion proposed in Refs. [56,57], which suggests substituting

0.61 = 14.5 GeV; 79 = 1.00 fm/c; 75, = 3.00 fm/c
14.5 GeV; 75 = 2.00 fm/c; 7, = 5.00 fm/c
. —— 4.5 GeV; 79 = 5.00 fm/c; 7y, = 8.00 fm/c
0.5 4.5 GeV; 79 =7.00 fm/c; 7y, = 11.00 fm/c
=
:é 0.4
K
=
5 0.31
Sy
0.2
0.1
0.0 : ; ; " : ;
0 2 4 6 8 10 12 14

7 (fm/c)

FIG. 1. Ratio of the energy stored in the hydrodynamic part of
the system to the total energy as a function of 7. For each of the
lines, one event from 0—5% centrality is considered.

p* with a generalized momentum 7* in the near-equilibrium
distribution function in Eq. (30):

ah(x, p) = pol — ) +ut(p-w)b(h — 1), (33)
where 6 is the Heaviside step function and A is defined by
p-n
(p-u)n-u)|
In this formula, n** represents the normal vector to do. This
substitution modifies the distribution function in a manner that
preserves the number of emitted particles but slightly violates

energy conservation. We refer the reader to the paper [57] for
a more detailed explanation.

A=Alx,p)=|1 (34

4. Fluidization and particlization rates

Having discussed the mechanisms of converting particles
to fluid (thermalization or fluidization) and the reverse pro-
cess (particlization), we now turn to examining the rates
of these processes in typical simulations. To describe these
qualitatively, we calculate the ratio of the energy stored in
the hydrodynamic part of the system—corresponding to the
stress-energy tensor given by Eq. (20) (including the factor
‘P.)—to the total energy of the system, Eq. (14). The energy
(in the laboratory frame) is computed as the flux of the 7%
component of the stress-energy tensor through the hypersur-
face of constant proper time:

E(t) = / do, T, (35)

where for the hydrodynamic component we additionally ex-
clude parts where € < €, as they are needed for energy
conservation and smooth boundary conditions for hydrody-
namics, but they correspond to already hadronized matter. The
ratio Enydro/Eiora as a function of 7 is shown in Fig. 1. The
general trend is as follows:

(i) Before the onset of the thermalization stage (t <
79), the entire system is out of equilibrium and is
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described by the UrQMD cascade. In this work, we
neglect the slow, “natural” thermalization that occurs
within UrQMD (see Ref. [58]).

(i1) During the relaxation stage (tp < T < Ty), the dense
regions of the system begin to thermalize, leading to
a gradual increase in the hydrodynamic component.

(iii) At the periphery of the system, fluid elements be-
gin to hadronize, reducing the overall hydrodynamic
fraction. As a result, the maximum contribution of
the hydrodynamic component typically occurs before
Ty Figure 1 shows that the maximum fluid fraction
depends on the details of the thermalization process—
namely, the values of 7y and ry,—as well as on the
collision energy ./syy. Earlier thermalization and
higher collision energies lead to a larger portion of
the system reaching local equilibrium.

(iv) After the thermalization time 7y,—which may not be
reached at very low collision energies or in noncentral
collisions—the system continues to expand, cool, and
hadronize until the maximum energy density drops
below the switching threshold €.

(v) Beyond this point, the entire system is described as a
hadron gas.

In this context, let us briefly discuss the similarities and
differences between our approach and other hybrid models.
Similar to our model, the frameworks presented in Refs.
[55,59] employ transport models (SMASH and UrQMD,
respectively) and operate in Milne coordinates. However, un-
like our approach, these models do not include an explicit
thermalization stage. Instead, they assume instantaneous ther-
malization, typically occurring at the time of nuclear overlap
[see Eq. (36) in the next chapter]. In our model we expect
hierarchy of times 79 < Toverlap < Tin- The differences between
the models become increasingly significant at lower collision
energies, particularly below 5 GeV, where we expect only par-
tial thermalization of the system. Moreover, dissipative effects
during the early stages are expected to be more pronounced in
our model due to the nonequilibrium component, which may
lead to different inferred values for transport coefficients.

Compared to the version of iHKM developed for ultra-
relativistic energies [15], which leads to full thermalization
of the bulk of the system at some hypersurface, the current
version additionally incorporates a smooth particlization of
the system during this stage. At LHC energies, the matter
density is significantly higher and thermalization occurs much
earlier; as a result, the effects of gradual particlization were
negligible due to their small magnitude.

In contrast to other models with continuous fluidization
[36-38], we do not explicitly prescribe a specific mechanism
for thermalization. As a result, our model lacks predictive
power in certain aspects; however, it is more general and
flexible. In principle, our approach allows for the possibility of
constraining the thermalization mechanism by implementing
more sophisticated forms of the function P [see Eq. ((14), for
example, by allowing it to depend on local energy density.
Such extensions, however, have not yet been implemented.

Concerning the thermalization rate, Ref. [37] presents the
evolution of the fluid fraction as a function of time at various

collision energies, which enables a direct comparison with
our model. It appears that at lower energies (below ,/syn ~
10 GeV), the maximum fluid fraction is reached near the
nuclei overlap time, while at higher energies it is attained
later. This behavior is particularly important for the develop-
ment of hydrodynamic flow and therefore significantly affects
key observables such as transverse momentum spectra, flow
harmonics, and the sizes of the particle-emitting source ex-
tracted via interferometric analysis. In particular, for \/syy =
14.5 GeV—the energy used for demonstration in this work—
the hydrodynamic phase in central collisions is expected to
end around 9fm/c, while in Ref. [37], this duration can ex-
ceed 15 fm/c in the central region of the system.

Another notable difference from other models concerns the
treatment of core—corona separation, which is implemented in
the aforementioned works as well as in other studies (e.g., Ref.
[60]). In iHKM, the corona is also spatially and temporally
separated at the periphery of the system, similar to those
models. However, a nonthermal component is also present
in the dense region of the system, in the sense of ensemble
averaging.

E. Hadronic cascade

At the final posthydrodynamical stage of the system’s evo-
lution, all particles from both equilibrium and nonequilibrium
sources are input into the UrQMD hadron cascade code [26].
In the iHKM framework, we aim to account for all reliably
known hadron resonance states, even those not processed
by UrQMD. Therefore, heavy resonances not present in the
UrQMD particle database are decayed right at oy, to ensure
energy-momentum conservation.

We generate 20 to 200 UrQMD events based on a sin-
gle hydrodynamic run to increase statistics in event-by-event
simulation. A detailed discussion of this procedure can be
found in Ref. [61]. It is worth noting that this approach saves
CPU time while, as demonstrated in similar models such
as Ref. [55] and the iHKM analysis, it does not significantly
impact the final observables, including Bose-Einstein corre-
lations. However, we expect that artificial correlations might
be present at several GeV energies when the multiplicities of
thermal particles are relatively low—due to this procedure.
Therefore, it is reasonable to stick with a pure event-by-
event simulation. However, this should not be the case for
the 14.5 GeV energies considered in all the simulation results
presented in this paper.

III. MODEL CALIBRATION AND RESULTS

For demonstration purposes in this paper, we focus ex-
clusively on Au + Au collisions at \/syy = 14.5 GeV within
the RHIC BES program. This energy serves as an intermedi-
ate point between lower-energy collisions at a few GeV and
higher-energy collisions reaching several tens of GeV.

A. Smoothing procedure

To perform hydrodynamics simulations, starting with a
smooth initial distribution of thermalized matter is neces-
sary. However, capturing event-to-event fluctuations in the
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FIG. 2. Transverse-plane distribution of the energy density (logarithmic scale) at z = 0 for a single Au + Au collision event at /syy =
14.5 GeV in the 20-30% centrality class. Left: energy density extracted from the UrQMD tensor (11), constructed using a Gaussian kernel (8)
with R = 0.5 fm, at the thermalization proper time t = 7y, = 2. fm/c. Right: energy density obtained from the hydrodynamic tensor in iHKM
simulations at the same ty, (other model parameters chosen according to Set 1 in Table I). Black dashed lines separate regions with energy

density above and below 0.5 GeV /fm’.

system’s initial state is essential for accurately reproducing
experimental data. Models that rely on a transport approach to
describe prethermal dynamics typically derive the distribution
function from a single event by applying Gaussian smearing to
pointlike particles using a kernel similar to Eq. (7) or Eq. (8),
introducing free parameters into the model [45,59,62,63].

A distinctive feature of iHKM is the presence of a
continuous thermalization stage, which further smooths the
distribution of matter. In Fig. 2, we illustrate the energy den-
sity distribution in the transverse plane at zero space-time
rapidity n for scenarios with and without the thermalization
stage at the same proper time ty,. This noticeable difference
can significantly influence the final observables and, conse-
quently, our estimation of the model’s optimal parameters,
including the equation of state and transport coefficients.

B. Free parameters and calibration

Let us briefly summarize the free parameters of the model.
They can be categorized into three groups:

(1) Responsible for the thermalization stage:
(i) tp—start of thermalization stage
(ii) tei—relaxation time
(iii) T,—end of thermalization stage

(2) Smoothing parameter R

(3) Thermodynamical properties

TABLE I. Parameters of iHKM providing the best description of
bulk observables for Au+Au collisions at ./syy = 14.5 GeV.

Title EoS R To Tth n /S €sw

Set1 Chiral® 0.5fm 1.2fm/c 2.6fm/c 0.08 0.5GeV/fm®
Set2 PTI® 05fm 14fm/c 1.8fm/c 0.08 0.35GeV/fm’

2EoS with crossover transition from Ref. [48].
"EoS with first-order phase transition from Ref. [49].

(1) equation of state
(ii) transport coefficients, e.g., /s
(iii) particlization energy density €y

To calibrate 7y and 7y, we utilize experimental data for 7~
transverse momentum spectra varying values of these param-
eters around the typical scale of

2Ry
VO 2my ) =1

It represents the time required for two nuclei to overlap
completely as they move with their initial rapidities. In this
equation, Ry stands for the radius of one nucleus, and my
stands for the nucleon mass. To simplify the model calibra-
tion, reduce the number of free parameters, and save CPU
time, we use a simple ansatz for the relaxation time, fixing
it to a maximum allowed value as 7. = Ty — To-

To determine the shear viscosity n/s, we start from the
typical minimal value of 1/4m [64] and increase it if the flow
anisotropy v, is too strong in noncentral collisions compared
to the experimental data.

For the transition to the afterburner stage, we use a typical
value for the switching energy density, €4, = 0.5 GeV/fm?,
which lies in the range where the EoS for the liquid and
gas phases of strongly interacting matter are close. However,
reducing this value may improve the results, due to the less
intense hadron annihilation processes in UrQMD compared to
local-equilibrium hydrodynamics. In particular, we observe a
noticeable sensitivity of the p/p ratio to €, which motivates
us to treat €, as a free parameter when necessary. Similar
sensitivity of this ratio to the details of the EoS and the par-
ticlization energy density has been reported in other studies
(see, e.g., Ref. [53]), and has been addressed in numerous
theoretical works [65,66]. The final sets of parameters used to
simulate Au + Au collisions at /syy = 14.5 GeV with two
different equations of state are summarized in Table 1.

(36)

Toverlap =
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FIG. 3. Transverse momentum spectra of (anti)protons, and negatively charged kaons and pions from 0-5% (left) and 20-30% (right)
centrality classes. iHKM parameters are described in Table I. STAR data is taken from Ref. [67].

C. Bulk observables

This section presents our results using the tuned set of free
parameters. The transverse momentum spectra for the lightest
hadrons production in 0-5% and 20-30% centrality classes
are shown in Fig. 3. It is evident that the model underestimates
the p/p ratio, particularly noticeable in central collisions,
and adjusting the free parameters does not fully resolve this
discrepancy. This issue might be mitigated by considering dis-
sipative terms in the baryon current (24), which could reduce
the baryon chemical potential within the midrapidity region of
the system. However, it could also indicate an overestimation
of baryon stopping in the UrQMD model in combination with
the hydrodynamization in the intermediate collision energy
regime.

We also compare iHKM results for pr dependence of the
elliptic flow obtained via n-substraction method v,{n — Sub}.
Three centralities presented in STAR collaboration paper [67]
are considered. In Fig. 4 one can see that the chiral EoS
(Set 1) results are very close to the data. Meanwhile, iHKM
calculations with a phase transition (Set 2) struggle to reach
the experimental value of the flow in noncentral collisions
even at low share viscosity to entropy ratio n/s = 0.08. Fur-
ther viscosity reduction improves only the high-pr behavior
(pr > 1GeV/c) while dramatically worsening the spectra.
The model results for v, could be improved by decreasing
thermalization time t,, but too fast thermalization seems un-
realistic. Another possibility to improve results is to treat 7
and ty, as free parameters for different centrality classes. How-
ever, this is out of the scope of this paper.Last, we present our
two-pion interferometry results for 5% most central collisions.
Particle selection was done according to STAR acceptance
[68]: |y| < 0.5, pr > 0.15GeV/c. Correlation functions in
longitudinal comoving system (LCMS) frame were fitted in
low relative momenta region |g| < 0.15GeV/c via the thee-
dimensional Gaussian function:

2 2 2 2 2 2
C(kTv Q) =1+ €Xp [_qoutRout - qsideRside - qlongRlong]’

37

where we wuse standard Bertsch-Pratt notation for
out-side-long coordinate system [69,70]. Resulting Roy side,long
dependencies on kr presented on Fig. 5. Since experimental
data for pion femtoscopy at 14.5 GeV has not been published
yet, we present experimental data for two neighboring
energies 11.5 GeV and 19.6 GeV [68], assuming that
expected values must fall between them.

As shown in Fig. 5, similar to the elliptic flow v, results,
iHKM performs significantly better when the EoS with a
crossover-type transition is used. The substantial overestima-
tion of Ryong in model calculations with Set 2 can be attributed
to the relatively long hydrodynamic stage compared to the

A/SNN = 14.5 GeV

0.201 RHIC 30-40% x 1.3

RHIC 20-30%

RHIC 10-20% x 0.7 g
=0 — iRM St
% ————— THKM Set 2
Ej-‘()‘l()‘

3
0.051
0.001

T T T T

0.4 0.6 08 1.0 1.2 1.4
pr (GeV/e)

FIG. 4. Elliptic flow coefficients v, dependents on transverse
momenta based on n-substraction method. The experimental data
is taken from Ref. [67]. The dashed region accounts for statistical
error. Additional multipliers were added to visually separate plots
from different centrality classes. Parameters of iHKM are described
in Table L.
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FIG. 5. iHKM results for the m; dependence of Roy, Rsige, and Ry for negatively charged pions in 5% of the most central collisions of
gold nuclei at /syy = 14.5 GeV. Left: iHKM results obtained with crossover equation of state, and right: with first-order phase transition.
Shaded regions cover values between STAR measurements for 11.5 GeV and 19.6 GeV [68]. Additionally, experimental results from the NA49
collaboration for Pb + Pb collisions at 17.3 GeV [72] are included for reference.

Set 1 scenario. This difference arises from both the charac-
teristics of a softer (lower-pressure) EoS at low temperatures
and a later transition to the hadronic stage due to the lower
switching energy density €.

A qualitatively similar result for the Rjon; component using
the same equations of state, including the hadronic EoS, was
reported in Ref. [71], which agrees with findings. However,
quantitatively, in calculations with the crossover EoS, we
achieve a better description of the “long” and “out” com-
ponents, but a worse description in the “side” direction. A
detailed beam energy scan study of pion interferometry within
our model is left for future work.

D. Maximal emission times estimate

Recently, a simple method for extracting the times of max-
imal emission for kaons and pions has been developed. This
method utilizes a combined fit of their transverse momentum
spectra and the dependence of the longitudinal interferometry
radii on the pair transverse momentum kr [73]. For details, we
refer the reader to our previous works, where this method was
applied to ultrarelativistic heavy-ion collisions [13,74,75].
Here, we present only the final analytical expressions:

3
Ripekr) = rzxz(l + EAZ), (38)

pof% o exp (-(g + “)ﬁ) (39)

where T is the effective temperature of the freeze-out hyper-
surface, my is the transverse mass of the particle pair in the
LCMS frame, and
k
b= ———— (40)
mr +aT

is the transverse collective velocity at the saddle point. The
parameter «, which differs for pions and kaons, characterizes

the intensity of the collective transverse flow.> The parameter
A is related to the homogeneity length in the longitudinal
direction in the presence of transverse flow:

A2 T
A2 = 1";‘% =1 -2 41)
T mr

Using Eqgs. (38) and (39), we estimated the maximal emis-
sion time t of pions and kaons in the 5% most central
collisions. First, we extracted the effective temperature by si-
multaneously fitting the pion and kaon transverse momentum
spectra using Eq. (39), yielding T = 141 £ 4.5 GeV. Then,
the remaining parameters were obtained from the Riong(m17)
dependence using Eq. (38) for both scenarios considered
in this study. The results are presented in Table II and
Fig. 6.

In both cases (Set 1 and Set 2), pions are emitted slightly
earlier than kaons, consistent with our previous findings at
ultrarelativistic energies [13]. This time difference arises pri-
marily from the substantial decay of K*(892) mesons during
the afterburner stage. Additionally, the fit indicates a stronger
influence of collective flow on kaon emission compared to
pions, as reflected by the smaller values of «. This leads to
kr or my scaling at higher transverse momenta.

A direct analysis of the last scattering times (i.e., particle
emission times) from the UrQMD afterburner confirms the
consistency of these results with those reported in Ref. [76].
Specifically, the maximal emission times correspond to par-
ticles with intermediate to high transverse momenta (0.5 <
pr < 1.5GeV/c), which is the momentum range used in the
fits (the region where the spectra usually exhibit exponential
decay). As observed previously at LHC energies, these emis-
sion times—especially for pions—are slightly smaller than

3An infinite @ corresponds to the absence of flow, while small «
values indicate strong flow.
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TABLE II. Parameters obtained from the fit of transverse mo-
mentum spectra and HBT interferometry in iHKM simulations for
Au+Au collisions at /syy = 14.5 GeV. The temperature 7 in both
fits is 141 = 4.5 MeV.

Title o' ag 7, (fm/c) % (fm/c)
Setl 1.744+£026 0.244+022 6.594+0.13 7.74+0.21
Set2 1.824+0.36 0.07+£0.06 7.57+0.19 9.18+0.18

the end times of the particlization stage. For instance, in the
case of the crossover equation of state (Set 1), the pion emis-
sion time is approximately 6.6 fm/c, while the particlization
ends around 9 fm/c, as shown in Table II and Fig. 1.

Finally, as discussed in the previous section, our calcula-
tions with different equations of state yield different system
lifetimes while still reproducing the momentum spectra. This
result aligns well with the generally longer lifetime of the sys-
tem in the case of a softer equation of state (Set 2), which leads
to larger homogeneity lengths in the long and out directions,
as shown in Fig. 5.

IV. SUMMARY

In this work, we extend the previously developed inte-
grated hydrokinetic model (iIHKM), originally designed to
describe soft physics in ultrarelativistic nucleus-nucleus col-
lisions at top RHIC and LHC energies, to a different category
of nucleus-nucleus collision experiments characterized by
high central net baryon densities. Namely, those carried out
at intermediate and low relativistic energies in the current
BES RHIC, HADES GSI, and future CBM FAIR exper-
iments. In both ultrarelativistic and semirelativistic cases,
we are dealing with the stage of the initial formation of
a state (quark-gluon or nucleon) that begins just after the

6.0
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FIG. 6. Transverse momentum dependence of the two-pion and
two-kaon Ry (k7 ) radii obtained from the iHKM simulation with
two different parameter sets (see Table I). The dashed lines show the
fits using Eq. (38).

overlapping of the wave packets of colliding nuclei. The pos-
sible thermalization (full or partial, depending on the collision
energy) of the formed matter, and subsequent stages of the
evolution of such matter are investigated. The most striking
difference between the mentioned collision energy intervals
is based on the timescales of collision processes. The simple
estimates of the ratio of the overlapping times of wave packets
at the energies per colliding nucleon pair at 5.02 TeV versus
at 7.7 GeV are about 1073, Accordingly, the nature of the
initial prethermal collision processes changes dramatically,
particularly the time onset of thermalization of the matter
evolution and its duration. These values at energies like those
at BES RHIC are significantly higher than in the case of
ultrarelativistic collisions.

Summarizing, a model has been developed to de-
scribe the soft physics processes at the relativistic energies
2 - 50 GeV per nucleon pair. A radical modification com-
pared to the well-known iHKM model is the simulation
of the initial stage of collisions at (relatively) low en-
ergy in the quasi-classical UrQMD model instead of the
CGC+GLISSANDO representation for ultrarelativistic colli-
sions. In addition to the basic theoretical foundations of the
model, we also gave examples describing within its frame-
work the spectra of pions, kaons, protons, and antiprotons
for the intermediate energy of 14.5 GeV. Publications have
also been prepared to describe the spectra, elliptical fluxes,
and femtoscopy radii of the mentioned particles in the en-
ergy region from 7.7 to 39 GeV/nuclear pair, describing the
data and aiming to investigate the possible phase transition
interval.

In this work, we developed a formalism that, in principle,
can serve as a basis for the analysis of collisions at very
low relativistic energies, around 2 GeV per nucleon pair, as
relevant for the GSI HADES and future FAIR CBM experi-
ments. However, several modifications become necessary in
this low beam energy regime. First, as the energy of the nuclei
decreases and the nuclear overlap time increases, interactions
between nucleons during the earliest stages of the collision
must be taken into account. Such features are implemented in
modern transport codes. Furthermore, one cannot expect sig-
nificant thermalization or hydrodynamization of nuclear mat-
ter, and the conventional hydrodynamic freeze-out criterion
likely loses its applicability. As discussed in this paper, this
situation may require a more computationally expensive but
physically motivated construction of the particlization hyper-
surface based on the full energy-momentum tensor. A detailed
analysis and application of our model to collisions at a few
GeV per nucleon pair is planned for a separate publication.
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APPENDIX: NONEQUILIBRIUM DISTRIBUTION
FUNCTION IN MILNE COORDINATES

Let us now discuss the construction of a nonequilibrium
distribution function during the relaxation stage. In this work,
we utilize the UrQMD model to simulate the initial dy-
namics; however, this approach can be generalized to most
transport models. An important point to note is that such
models typically operate in Cartesian coordinates, where the
system’s state (the coordinates and momenta of all particles)
is recorded at fixed time steps, proportional to Az. Hydrody-
namics codes, however, are generally implemented in Milne
coordinates. Therefore, we require a distribution function of
the system between two hypersurfaces of constant proper
time, [t — At/2, T + At /2]. For convenience, we choose the
proper time step in the hydrodynamics simulations to be the
same as the time step in UrQMD, i.e., At = At.

To illustrate the consequences of transitioning to curvilin-
ear coordinates, we consider an artificial yet realistic case,
as shown in Fig. 7. Suppose that in UrQMD we follow
the evolution of three hadrons moving freely with differ-
ent rapidities. Assume that the time step is Ar = 1fm/c.
This value is exaggerated compared to what is used in
the model, but it has been chosen for demonstrational
purposes.

9 T .
S T
4 )i //Q
3 3 o 8
S .
=
£ :
= t =const
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| : 5 o
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Now, let us consider a volume in space-time enclosed
between two hypersurfaces of constant time, t — Af/2 <t +
At /2. As seen in the left plot of Fig. 7, in this region, which
is painted in blue, we encounter each particle exactly once.
However, if we instead consider a slice of constant proper time
T in the same range, T — At/2 < t + At/2, depending on
the initial position and velocity of the particles, we may en-
counter a particle zero times (orange track), once (red track),
or even two or more times (green track).

The aforementioned under- or overcounting of particles
could, in principle, lead to a violation of conservation laws.
The contribution of each particle i, with momentum p!" and
mass m;, to the particle flow in the laboratory frame, when it
appears in the blue region, is given by

ni,up?
0
pi
where n!* is the normal vector to the chosen hypersurface at

the position of the particle x!* (pointing toward the future).
For the hypersurface of constant time,

n' =(1,0,0,0),

N; = , (AD)

(A2)

so N/ =1 for any particle i and the conservation of flow is
clear. In the case of constant proper time,

n’* = (coshn, 0, 0, sinh n), (A3)
we get
h (n; — yi
NF = cosh (n y)’ (Ad)
cosh y;

which is generally not equal to one for an arbitrary particle
with rapidity y; located at space-time rapidity 7;.

This flow accounts for the under- or overcounting of parti-
cles that occurs when using curvilinear coordinates. In the toy
example shown in Fig. 7, the values of N7 would be close
to one for the red track, less than one for the green track,
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FIG. 7. Tracks of three freely propagating particles crossing a layer of constant time ¢ (left) and proper time 7 (right). The blue regions
correspond to one time or proper time step At = Atr. The positions of the particles are known only at fixed time steps, with ¢ o« At. Dashed
lines are added to guide the eye. Filled circles represent the parts of the tracks that lie inside the blue region, while hollow circles indicate the
parts outside. In the left plot, all three particles, regardless of their initial position and rapidity y, enter the blue region exactly once. In the right
plot, depending on their initial position and velocity, a particle may appear zero times (orange track), once (red track), or even multiple times

(green track) in the blue region.
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and not applicable to the orange track, as that particle does
not intersect the blue zone. However, if we sum N/ over all
tracks that intersect the blue region, then on average, for an
arbitrary t slice and arbitrary particle trajectories defined by
n; and y;—we should recover the total number of particles. In
this example, that number is 3.

In realistic simulations, one is primarily concerned with the
conservation of total energy, baryon charge, and other con-
served quantities. These can be calculated using the following

expressions:
§ : On7T
Etotal = P,N, s
i

Btotal = ZBiNvita
i

(AS5)
(A6)

where the summation is performed over all tracks appearing
in the constant-t slice, p? is the energy of the i-th particle,
and B; is its baryon number. Our numerical simulations for
RHIC Beam Energy Scan energies show that the violation of
conservation laws at each proper time step At remains close
to 1%. This violation decreases with increasing multiplicity
in more central collisions and at higher beam energies, and
vanishes on average during the relaxation stage (i.e., averaged
over 7).

Now, we demonstrate that the kernel (8) is properly
normalized and does not lead to significant violations of con-
servation laws. In the continuous limit, it takes the form

] n}u;,
K(x;xi, pi) = R
(o —x)% — (x - u; — x; - )’
X exp < e ., (A7)

where x; is the space-time position of the particle, and u!' =
Pl /m; is its velocity. Then, the flow contribution (A4) must be
adjusted as follows:

d
Nf = /Jl.“dou = / p’poa"l((x;xi,pi),

1

(A8)

or, explicitly,

NT — nlu;, do,
= | G

2 (e — )2
Xexp((x X)) — (x-u —x; uz))' (A9)

R2

The integral in this expression can be easily evaluated in
the particle’s rest frame, where pf“ = (m;,0,0,0), and it
equals the mass of the particle, m;. Since this integral is a
Lorentz scalar by construction, its value remains unchanged
in any frame. Therefore, in the laboratory frame, we obtain

NT = mini”b(t)iu _ nfz(?)iv

p; p;
which exactly matches the expression in Eq. (A4). Thus, in the
continuous limit, introducing the smoothing kernel (8) does
not violate conservation laws. Numerically, for RHIC BES
energies, we observed violations of total energy and baryon
charge that usually do not exceed 0.5%, attributed to the
discreteness of the lattice with spacing Ax = Ay = 0.3 fm,
An = 0.05, and a Gaussian radius parameter R in the range of
0.5-1.0 fm.

__cosh (y; — ;)

, Al10
cosh y; ( )
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