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Almost half-quantized planar Hall effects in X -wave magnets with X = p,d, f,g,i
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The planar Hall effect is a phenomenon that the Hall conductivity emerges perpendicular to the electric
field in the presence of an in-plane magnetic field. We investigate the planar Hall effect in two-dimensional
metal coupled with higher symmetric X-wave magnets with X = p, d, f, g, i, where those with X =d, g, i are
altermagnets. The X -wave magnet is characterized by the number Ny of the nodes in the band structure, where
Nx =1,2,3,4,6 corresponds to X = p, d, f, g i. Although the system is metallic, provided the Dirac gap is
tiny, we demonstrate that the Hall conductivities are almost half quantized and well approximated by the formula
Oy = +(e?/2h) sgn (J sin Ny @) , where J is the coefficient of the coupling between the X -wave magnet and the
electrons and @ is the direction of the applied magnetic field. Hence, the Hall conductivity is periodic in &, and
the periodicity is equal to the number Ny of the nodes. This property may be used to confirm that the target
material is indeed an X -wave magnet. Furthermore, the sign of J may be used as a bit for antiferromagnetic

spintronics.

DOLI: 10.1103/zt41-y18;

I. INTRODUCTION

The Hall effect is a prominent phenomenon in two-
dimensional materials. A current flows into a direction
perpendicular to the applied electric field when the magnetic
field is applied perpendicular to the plane, as illustrated in
Fig. 1(a). Similarly, a current flows into a direction perpen-
dicular to the applied electric field when the magnetic field is
applied parallel to the plane, as illustrated in Fig. 1(b). This
is the planar Hall effect [1-7]. We are interested in the planar
Hall effect in altermagnets and related materials.

An altermagnet is expected to be a promising candidate
for antiferromagnetic spintronics [8,9], where the direction of
the Néel vector is used as a bit. Antiferromagnets are thought
to be ideal for future spintronics memory with ultrafast and
ultradense application due to the lack of the stray field in
contrast to ferromagnets [10—16]. However, it is hard to detect
the direction of the Néel vector because net magnetization
is zero in antiferromagnets. Nevertheless, this is possible by
measuring anomalous Hall conductivity in altermagnets be-
cause the altermagnets break time-reversal symmetry [17-20].
Indeed, it is theoretically predicted [17,19,21,22] and, further-
more, experimentally observed [18,20,23-25]. Very recently,
the planar Hall effect in d-wave altermagnets has been dis-
cussed in Refs. [26,27], where it was found to be almost half
quantized [26].

In general, it is interesting to study the higher symmet-
ric X-wave magnets [8,9,28,29] with X = p, d, f, g, i. They
are characterized by the specific band structure, where the
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number of the nodes is Nx = 1, 2, 3, 4, 6, respectively. The
X-wave magnets with X = d, g, i are altermagnets. The ef-
fective Hamiltonian [29] for the X-wave magnet is concisely
described by a two-band model containing the term Jo, fx (k),
where J is the coefficient of the coupling between the X -wave
magnet and the electrons, o, is the Pauli matrix representing
the spin of electrons, and fx (K) is a symmetric function char-
acterizing the X -wave magnet.

In this paper, we show that Hall conductivities emerge in
two-dimensional metallic systems coupled with various X-
wave magnets provided the magnetic field is applied along
the in-plane direction. It is induced by the momentum shift
of the Dirac cone accompanied by the gap opening. The main
result is that the Hall conductivity is well approximated by the
half-quantization formula

& (—1)*
T

where sy = 1,1, -1, —1, 1 forX = p,d, f, g, i, respectively.
Here B > 0 is the applied magnetic field, ® is the direction
of the applied magnetic field, and A is the coefficient of the
spin-orbit interaction. It is curious that the Hall conductivity
is almost half quantized although the system is metallic. This
occurs when the Berry curvature is almost localized in the
vicinity of the Dirac point with a tiny Dirac gap. The Hall
conductivity is proportional to the sign of J. Hence, it is pos-
sible to use the sign of J as a bit, while it is possible to detect
the sign of J by observing the planar Hall effect. In addition,
the number of the nodes, Ny, is detectable by measuring the
periodicity of the Hall conductivity as a function of .

B
sgn(JkNx s1and>>, (D)

II. HIGHER SYMMETRIC X-WAVE MAGNETS

We analyze a metallic system where an X-wave magnet
is placed on a substrate as in Fig. 1. The minimal two-band
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FIG. 1. Tllustration for (a) the Hall effect and (b) the planar Hall
effect. In the planar Hall effect, when the electric field is applied
along the x axis and the magnetic field (Bcos @, Bsin ®, 0) is ap-
plied parallel to the system, the Hall current flows along the y axis.
The Hall conductivity is predicted to be given by the formula (1).

Hamiltonian is given by

212
Hk) = hZ_m + ik xo), +Jfx(kKo,+B-0c  (2)

in two dimensions with the use of the Pauli matrix o. The
first term represents the kinetic energy, making the system
metallic, the second term the Rashba interaction introduced
by making an interface between the X-wave magnet and the
substrate, the third term the X-wave term with the X-wave
function fx(k), and the last term the applied magnetic field
B = (B,, By, 0). The Rashba interaction forms a Dirac cone at
the I point. The Rashba interaction is introduced by placing
an altermagnet on the substrate [8,9,30-35].

The X-wave function fx(k) reads as follows
[8,9,28,29,36]:

fi=1, (3

fp=ke =kcos¢, @

fa = 2kk, = k*sin 2¢, %)

fr =ke(ki — 3k;) = Kk’ cos 3¢, (6)

fo = 4kky (k] — k) = k* sin4g, @)

fi = 2keky (3k; — k3) (k — 3k;) = k®sin6p,  (8)
where k, = kcos¢ and k, = ksin ¢.

III. HALL CONDUCTIVITY

We review the Hall conductivity in the two-band Hamilto-
nian in the form of

H=hy+ Y hjoj. )

Jj=x3.z
We define a normalized vector:
n(k) = h/|h| = (sin 6 cos ¢, sin 6 sin ¢, cos H). (10)

The Berry curvature is expressed in terms of the solid angle of
the vector n as [37-39]

Q4i(k) =£in- (3,0 x dn), (11)

for the upper band (+) and the lower band (—). The integration
of the Berry curvature over the whole Brillouin zone gives the

Chern number C;. as

1 Qi(k)dk =Cy. (12)
2 BZ
It is interpreted as the wrapping number of the vector n known
as the Pontryagin number.
According to the Thouless—Kohmoto—Nightingale—den
Nijs formula, the Hall conductivity is related to the Berry
curvature as

_ ¢ 2
Oxy = ﬁ;/d k f(E,(K))$2,(k), (13)

where f(E+(k)) = 1/[exp Ei,ﬁ:# + 1] is the Fermi distribu-
tion function and p is the chemical potential. In an insulator at
zero temperature, the Hall conductivity is proportional to the
Chern number C_ of the bottom band,

2

Oyy = EC_. (14)
In the Dirac system, the Chern number is half quantized if the
chemical potential is within the Dirac gap. Hence, the Hall
conductivity per Dirac cone is given by

2

e
O = £ (15)

This quantization formula is exact only for insulators.

IV. PLANAR HALL EFFECTS

The above argument is not applicable to a metallic system
in general. However, it is possible to define the Berry curva-
ture in the two-band Hamiltonian (2) provided two bands are
gapped and nondegenerate.

The Dirac point shifts in the presence of the in-plane mag-
netic field. The shifted Dirac point is given by (k;, k;) = 0,
where

k. =k +ﬂ k’:k,—& (16)
X )\’ ’ y y )\’ ’
by solving the equation
A(koy, — kyo,) + Biox + Byo, = 0. a7

In terms of the shifted momentum, the Hamiltonian (2) is
given by

H= Hléine + Hl/{ + Hr;lass’ (18)

up to the first order of k. and k)/,, where H/. . is the kinetic

kine
energy at the shifted Dirac point,

H. = w1 (BY 2By + 2B: (19)
kine = 2 | \ & PR

Hy, is the Rashba interaction term,
Hy = Mk oy — k;ox), (20)

and H, . is the Dirac mass term,
Hyose = J(A + gk + gyk)o, (2D

with the Dirac gap

A = fx(k, =0, k; =0) (22)
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and
d fx (ks k) d fx (ks k)
=, g=— (23)
ok, ok,
The Dirac gap is explicitly determined as
BMx
— Sx 1
A=(-1) N sin Nx ®. (24)
Then, the Hamiltonian is rewritten as
b i | (B\? 2By, 2B,
~2m| \ A Ao
+ A(kLoy — k;ax)
+J(A + gk, + gyky)o. (25)

The Berry curvature (11) is calculated in the (ky, k) space
as »
TFJAN?

Q. = .
T T 202K + (JA + T gk, + Jgy k)P

(26)

We consider a simple case in which the Fermi surface is a
circle with the radius k.. This is realized for small J, where k.
is calculated as

ke = \/Zm\/u +mA2 4+ A2+ 2umA2 + m2At. (27)

We assume that the chemical potential is within the gap. We
integrate the Berry curvature (26) with a cutoff k. for the
bottom band as

kc
/ kdk/dd)Q_ = —%sgnJA-i-/d(ﬁW(kc,(ﬁ), (28)
0

where
JA 4 keg (@)
Wike, ¢) = ——————<AI SO
2/A22 + [TA + keg)(#)]
with
81(¢) = gy cos$p + gy sin . (30)
The Hall conductivity is given by
21 JA
nyz—%z - VAL lnsa. 6D
JUIA? + A2k2
It follows from Eq. (31) that
e’ 1
ol < —=. 32
loy| < "3 (32)

The Hall conductivity is not half quantized for a metallic
system. However, for JA /Ak. < 1, we obtain the half quanti-
zation
e’ 1
Oyy = _ZESgHJA’ (33)

which is equivalent to the formula (1) with the use of Eq. (24).

This phenomenon is understood as follows. The integral
of the Berry curvature over the whole Brillouin zone gives
an exactly half-quantized value if the chemical potential is
within the gap for the insulating system. However, the present

system is metallic due to the presence of the kinetic term.
Then, the integration is done only within the Fermi surface. It
gives a non-half-quantized Hall conductivity, which is smaller
than the half-quantized value as in Eq. (31). The accuracy
of the half quantization depends on how the Berry curvature
localizes. It follows from Eq. (26) that

lim € oc §(k"). (34)
A—0

Namely, if the Dirac gap A is tiny, the Berry curvature is
sharply localized to the shifted Dirac point (k;, k;) = 0, and
the Hall conductivity is almost half quantized as in Eq. (33).
On the other hand, if the Dirac gap is large, the Berry cur-
vature widely spreads over the Brillouin zone, and the Hall
conductivity is not half quantized as in Eq. (31).

We have derived the formula (31) perturbatively. In the
following section, we check numerically the half-quantization
formula, Eq. (33), with Eq. (24) without using perturbation

based on the tight-binding model.

V. TIGHT-BINDING MODEL

The tight-binding representation is constructed by replac-
ing kj > sin ak; and sz. > 2(1 — cos ak;) in the Hamiltonian
(2), where j = x, y, and a is the lattice constant. The Hamil-
tonian is defined on the square lattice for the p-wave magnet,
the d-wave magnet, and the g-wave magnet, while it is defined
on the triangular lattice for the f-wave magnet and the i-wave
magnet.

The tight-binding Hamiltonian corresponding to Eq. (2) is
given by

H:HKine+HR+Hx+B~O'. (35)

The kinetic term and the Rashba term are
2

Hkine,sq = —2(2 — cos ak, — cos ak,), 36)
ma

Hgsq = Aoy sink, — o, sink,) 37

on the square lattice. We use them for the p-wave magnet, the
d-wave altermagnet, and the g-wave altermagnet.
On the other hand, they are

72
Hiinemri = — 3 — cosak, — E cos
ma

+

o=V Qﬁk}), (38)

2 ky 3ak
Hrmi = )»oyg (sin ak, + sin a? cos %)

2 cos “’2‘* sin ‘/gzc’k-“
- )\.TGX 39)

on the triangular lattice. We use them for the f-wave magnet
and the i -wave altermagnet.
The X-wave terms Hy are given by

H, = Jo,sinak, 40)
for the p-wave magnet [28,40-42],

H; = Jo,sinak, sin ak, 41
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Dirac point

&

akx e

FIG. 2. p-wave magnet. (a) Contour plot of the energy of the
bottom band. (b) Berry curvature for the bottom band. (2"), (b") Color
palette for panels (a) and (b). We have chosen ® = 7 /2. We have set
Jaky = 9/2, Aky = &9, and i*k3 /(2m) = /2.

for the d-wave magnet [8,9,30-35,43],

ak, + +/3ak,
) Sin

—ak, + «/§aky

Hy; = 4Jo, sin ak, sin

42)
for the f-wave magnet [29],

H, = 2Jo, sin ak, sin ak,(cos ak, — cos ak;), 43)

for the g-wave magnet [29], and

16 ky 3ak —ak; 3ak,
H; = ———Jo, sinak, sin aks + V3a Y sin ak +v/3a ?
KIVE] 2 2

3ak, 3ak, . —3ak, 3ak
x sin v/3ak, sin — + V3aky sin 22t 3ak,

2
(44)

for the i-wave magnet [29].

A. p-wave magnets

We show the contour plot of the energy of the bottom band
in the Brillouin zone in Fig. 2(a), where the positive-energy
and negative-energy regions are made clear with the color
palette given in Fig. 2(a’). The negative energy part contains
one shifted Dirac point as indicated by an arrow.

The Berry curvature of each band is analytically calculated
based on the tight-binding model as Q. = F, with

Q= ByJ X cos ky cos ky,
T 2[2sink, + (By + Asink,)? + (B, — Asink, 22
(45)

We show the Berry curvature ©2_ of the bottom band in
Fig. 2(b), where it is found to be sharply localized in the
vicinity of the shifted Dirac point.

We calculate numerically the Hall conductivity (13) by
integrating the Berry curvatures 2. below the chemical po-
tential. The result is shown as a function of the chemical
potential u in Fig. 3(a), where we have set ® = 7 /2. There is
a plateau where the Hall conductivity is almost half quantized,
when the chemical potential is within the Dirac gap, as is
found in the energy spectrum given in Fig. 3(b).

We show the Hall conductivity as a function of the angle
in Fig. 3(c), where we have set the chemical potential to the

;@ 112
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FIG. 3. p-wave magnet. (a) Hall conductivity in units of e?/h as
a function of chemical potential w. (b) Energy spectra for —m <
ak, < m and k, = 0. (c) Hall conductivity as a function of angle ®.
In these figures, red curves indicate B = 0.1¢, blue curves indicate
B = 0.3¢p, and green curves indicate B = 0.5¢¢. (d) Hall conduc-
tivity as a function of magnetic field B. A magenta curve indicates
® = /2 and a cyan curve indicates ® = 37 /2. We have chosen
® = 7 /2 in panels (a), (b), and (d). See also the caption of Fig. 2.

Dirac energy, it = Epjrac, given by

W B?
EDirac = ——. 46
Dirac ImA2 ( )
The Hall conductivity is almost half quantized, o,, = —%%

forO<<I><71andcrxyz‘;l—z%forn<d><27t.ltwellre—

produces the angle dependence of the Hall conductivity (1).

We also show the Hall conductivity as a function of the
magnetic field B in Fig. 3(d), where a magenta curve describes
it for ® = /2, and a dashed cyan curve describes it for =
3w /2. It is around +1/2 for small B.

B. d-wave altermagnets

The band structure is shown in Fig. 4(a). The Berry curva-
ture is sharply localized as in Fig. 4(b). The Hall conductivity
is numerically calculated as a function of the chemical po-
tential p in Fig. 5(a), while the energy spectrum is shown in

(a) @) () (b

TT 1 n 100 71T
Dirac point
aky aky
0——0
Tl ~ =
-TT aky T aky T

FIG. 4. d-wave altermagnet. (a) Contour plot of the energy of the
bottom band. (b) Berry curvature for the bottom band. (a’), (b") Color
palette for panels (a) and (b). We have chosen & = /4. We have set
2Ja*k} = &0/2, ko = &9, and P2/ (2m) = &y/2.
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FIG. 5. d-wave altermagnet. (a) Hall conductivity in units of
€% /h as a function of chemical potential . (b) Energy spectrum for
(ky, ky) = k(cos 7, sin T), with —7 < ak < 7 . (c) Hall conductivity
as a function of angle ®. (d) Hall conductivity as a function of
magnetic field B. A magenta curve indicates ® = /4 and a cyan
curve indicates ® = 5 /4. We have chosen ¢ = 7 /4 in panels (a),
(b), and (d). We have set 2Ja’k3 = g9/2. See also the caption of
Fig. 4.

Fig. 5(b). There is a plateau where the Hall conductivity is
almost half quantized.
‘We show the Hall conductivity as a function of the angle ®

in Fig. 5(c). It is almost half quantized, o, = —%% for 0 <
® <m/2and r < & < 37/2. On the other hand, o,, = %%

for /2 < ® <7 and 37 /2 < ® < 2x. It well reproduces
the angle dependence in the formula (1).

We also show the Hall conductivity as a function of the
magnetic field B in Fig. 5(d), where a magenta curve describes
it for & = 7 /4, and a dashed cyan curve describes it for & =
Sm /4. It is around +1/2 for small B.

C. f-wave magnets, g-wave altermagnets, and i-wave magnets

The Hall conductivity is numerically calculated and shown
in Fig. 6 for the f-wave magnet, in Fig. 7 for the g-wave
altermagnet, and in Fig. 8 for the i-altermagnet, respectively.
They well reproduce the formula (1).

For the g-wave altermagnets, the Hall conductivity is zero
for B = 0. It is around +1/2 for small B.

For the i-wave altermagnets, the Hall conductivity is
around zero for small B. It contradicts to the half quantization
in Eq. (1). It would be an artifact in numerical calculations
because the Dirac gap is proportional to B°. It is too small for
small B, where the Dirac energy (46) is away from the gap in
the tight-binding model.

VI. FINITE-TEMPERATURE EFFECT

‘We show the Hall conductivity as a function of temperature
in Fig. 9 for the p-wave magnet in panel (a) and for the d-wave
altermagnet in panel (b). Its magnitude decreases with the
increase of temperature and leaves the half-quantized value.

112, @ 12,9
BFO0.1ig
ny O_xy BE0.3g,
BF0.5
J : ?
N ]
0 Mgy
AR
0 21T
) e
D=11/6
ak O'xy
0
0 i
| | O=711/6 _ -
1 Fe, 02 T Bieg 1

FIG. 6. f-wave magnet. (a) Hall conductivity in units of e*/h
as a function of chemical potential . (b) Energy spectrum for
(ky, ky) = k(cos %, sin ¥), with — < ak < 7. (c) Hall conductivity
as a function of angle ®. (d) Hall conductivity as a function of
magnetic field B. A magenta curve indicates ® = /6 and a cyan
curve indicates ® = 77 /6. We have chosen ® = 7 /6. We have set
Ja*k} = &0/2, Mko = &9, and 2k2/(2m) = &y/2.

VII. DISORDER EFFECT
The Chern number is rewritten as [44—48]

C=Qnr)? / d’k / ~ do Q, 47

where the Berry curvature is rewritten as

Q = Lo, TrG,G'GA,G'Go,G' (48)

12 @ 12 ad @yl

=0.1 0
Oxy Oxy =0.35,
0 =0.5 0

J @

00— -
gy
'1/2 T Al A \J
(b) L) 2m

™ 112
\

k g Oxy

B o ey 02 0

d=11/8
$=977/8

Bleyg1

FIG. 7. g-wave altermagnet. (a) Hall conductivity in units of ¢ /h
as a function of chemical potential ;. We have chosen ® = /8.
(b) Energy spectrum for (k,, ky) = k(cos §, sin §), with —7 < ak <
7. (c) Hall conductivity as a function of angle ®. (d) Magnetic field B
dependence of the Hall conductivity. A magenta curve indicates =
7 /8 and a cyan curve indicates ® = 97 /8. We have set 4Ja*kj =
0/2, ko = &9, and k2 /(2m) = &y/2.
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FIG. 8. i-wave altermagnet. (a) Hall conductivity in units of
e?/h as a function of chemical potential . (b) Energy spectrum
for (ky, ky) = k(cos {5, sin {5), with -7 < ak < 7. (c) Hall conduc-
tivity dependence on angle ®. (d) Hall conductivity as a function
of magnetic field B. A magenta curve indicates ® = 7 /12 and a
cyan curve indicates ® = 137 /12. We have chosen ® = /12 for
panels (a), (b), and (d). We have set 2Ja®k$ = &9/2, Ako = &, and
k2 /(2m) = &y/2.

in terms of the Green function
G(k) = [iw — H(k) —i[']"!, (49)

where k,, k,, and k, run through ky = iw, k., and k,, with iw
referring to the Matsubara frequency (w: real), and I" is the
self-energy representing the effect of disorder or interactions.
" is renormalized by shifting the frequency as ' = w + T'.
Then, the Berry curvature is irrelevant to I' because the inte-
gral of w is taken as —0o < @ < 0.

VIII. DISCUSSIONS

Studying planar Hall effects in the X-wave magnets, we
have revealed a universal feature common to all of them.
When the Dirac gap is tiny, the Hall conductivity induced
by the in-plane magnetic field is almost half quantized as
in Eq. (1). This formula implies that the magnitude of the
Hall conductivity is proportional to sgn (J sin Ny ®). It is

00 (@) keTlgy 1/2 00 (b) ksTlgy 1/2

Oxy Oxy

p-wave magnet d-wave altermagnet

B=0.1¢, B=0.1g,
B=0.35, B=0.35,
B=0.5¢, B=0.5¢,

112 112

FIG. 9. Finite-temperature effect of the Hall conductivity for var-
ious values of B. The Hall conductivity in units of ¢?/h as a function
of temperature kg7'/&o. We have set Lky = &9 and hzkg /(2m) = gy/2.
(a) p-wave magnet. We have set Jaky = &¢/2. (b) d-wave altermag-
net. We have set 2Ja’k3 = /2.

possible to determine Ny by measuring the ® dependence.
On the other hand, the Dirac gap is given by A o< BN, Then,
the fine tuning of the chemical potential is necessary to adjust
the chemical potential within the Dirac gap for large Ny and
for small B.

The absolute value of the Hall conductivity takes the maxi-
mum value at & = (£ /2 + 2nr)/Nx, withn =0, ..., N, —
1 in the X-wave magnet. In particular, we have studied the
Hall conductivity as a function of the magnetic field B by
fixing ® = 7 /(2Nx) and 7 /(2Nx) + 7 in Figs. 3(c), 5(c),
6(c), 7(c), and 8(c) by the following reason. The external
magnetic field is introduced by applying current to a solenoid.
By changing the direction of the applied current continu-
ously, the angle ® = w/(2Nx) is continuously flipped to
® =7 /(2Nx) + . The Hall conductivity is odd for & =
7 /(2Nx) and 7w /(2Nx) + m for the p-wave magnet and the
f-wave magnet. On the other hand, it is even for the d-
wave altermagnet, the g-wave altermagnet, and the i-wave
magnet.

The d-wave, g-wave, and i-wave altermagnets have
collinear antiferromagnetic spin texture, while p-wave mag-
nets have helical spin texture. By applying an external
magnetic field, the spin texture is canted to the direction of the
magnetic field. It produces an additional term, M - o, where
M is the additional magnetization induced by the magnetic
field. However, it is renormalized by setting a new magnetic
field, B = B + M. Hence, the effect of the magnetization
can be included in the magnetic field term as B’ - o in the
Hamiltonian [Eq. (2)].

It was theoretically proposed that CeNiAsO is a p-wave
magnet [28] . It was also theoretically proposed that a p-wave
magnet is realized in graphene by introducing spin nematic
order [49]. Experiments on p -wave magnets in Gd;RusAl,;
[50] and in Nil, [51] have been reported. A d-wave magnet
has been realized in RuO, [18,52-55], MnsSi3 [20], FeSb,
[56], organic materials [57], perovskite materials [58,59], and
twisted magnetic Van der Waals bilayers [60]. It has been
theoretically proposed that an f-wave magnet is realized in
rhombohedral trilayer graphene by introducing spin nematic
order [49]. A g-wave altermagnet and an i-wave altermagnet
have been realized in twisted magnetic Van der Waals bilayers
[60].

The sgnJ = %1 of the d-wave altermagnet has been pro-
posed to be used as an Ising bit, where the bit is expected
to flip very fast [8,9,30]. In a similar way, we may use the
sgnJ of other X -wave magnets as a bit. As in the case of
the d-wave altermagnet, there is zero-net magnetization in the
X -wave magnets, which would provide us with ultra-fast and
ultradense nonvolatile memories.
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