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Absence of thermalization after a global quantum quench is a well-established numerical observation in
integrable many-body systems, and can be empirically related to a violation of the eigenstate thermalization
hypothesis (ETH) in such models. Still, in many of those examples, a weaker version of the conventional
ETH (WETH) has been numerically reported or even rigorously proven. In this paper, we show analytically and
illustrate numerically that the absence of thermalization is already possible after a local quench. A closely related
finding is a strong violation of the ETH, meaning that not even the wETH is fulfilled anymore. In our analytical
explorations, we focus on XX-spin-chain models with open boundary conditions, where the local quench is
generated by initiating the system in thermal equilibrium and then suddenly switching on (or slightly changing)
a single-spin impurity either at the end or in the center of the chain. Numerically, we observe qualitatively similar
phenomena also for more general XXZ models in the case of an end-impurity, but not in the case of a central

impurity.

DOL: 10.1103/zp5y-6d5w

I. INTRODUCTION

The problem of thermalization is a long-standing and still
not satisfactorily understood issue in statistical physics [1-3].
Essentially, it amounts to the question of why many-body
systems can usually be described so successfully by one of the
standard canonical ensembles at sufficiently late times, i.e.,
after the initial relaxation processes have died out.

Considerable new insights have been recently gained by
means of the eigenstate thermalization hypothesis (ETH)
[4-6], postulating that already the system’s energy eigenstates
reproduce very accurately its thermal equilibrium properties,
at least for generic, so-called nonintegrable models [7]. On
the other hand, integrable models are generally expected (or
defined) to exhibit an extensive number of conserved quan-
tities in the form of suitable sums of local operators [8].
As a consequence, they are furthermore expected to violate
the ETH and hence not to thermalize at least after a global
quantum quench [1,2,7,9], essentially meaning that the initial
condition exhibits some nonthermal features throughout the
entire system. While there is ample numerical evidence in
support of this very appealing general picture, a more rigorous
rationale has been provided until now at most in some special
cases.

A weaker version of the conventional ETH (WETH) pro-
poses that the system’s thermal equilibrium properties are well
captured by the vast majority of its energy eigenstates, but still
admits some sufficiently small fraction of exceptions [10]. In
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contrast to the conventional (or “strong”’) ETH, the wETH can
even be rigorously proven for a large class of Hamiltonians,
the main prerequisites being that the system is translationally
invariant and exhibits only short-range interactions, while the
issue of integrability does not seem to play any role. Further-
more, such systems have been analytically shown to exhibit
(re)thermalization after a local quantum quench, for instance,
in Refs. [11-13], and it has been argued that such a behavior
should be expected to occur very generally [14,15].

The main message of our present paper is that things are
actually more subtle. Namely, we will provide analytical ex-
amples exhibiting the absence of thermalization after a local
quench, accompanied by a violation even of the wETH, which
we dub a strong violation of the ETH. Note that this does
not contradict the above mentioned previous findings since
our present examples are not translationally invariant. It also
does not contradict the numerical observation of thermaliza-
tion after a local quench, for instance, in Refs. [14,16-20].
The reason is that in those latter examples the local quench
breaks the integrability of the system, but not in our present
examples.

Specifically, we will analytically explore the XX-spin-
chain model with open boundary conditions after switching-
on (or slightly changing) an impurity either at the chain-end or
in the middle of the chain. Furthermore, we will numerically
demonstrate that also the more general XXZ model behaves
qualitatively similarly for impurities at the chain-end, but very
differently for central impurities.

The rest of the paper is organized as follows. In Sec. II,
we provide the details of the considered spin-chain models
and local quenches, the notions of (non)thermalization and
strong violation of the ETH, and how they can be related to
temporal correlations at thermal equilibrium. In Secs. III and
IV, we analytically explore and numerically illustrate for the
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XX model with an end-impurity those correlations and their
implications regarding the issues of (non)thermalization and
strong violation of the ETH. In Sec. V, the same properties for
the XXZ model are recovered by numerical means. In Sec. VI,
we provide similar analytical and numerical explorations, but
now for the case of a central- instead of an end-impurity, and
resulting in a very different behavior of the XX and the XXZ
models with respect to (non)thermalization and the ETH.

II. GENERAL FRAMEWORK

A. Setup

Our starting point is the spin-1/2 XXZ-chain Hamiltonian
with open boundary conditions:

L-1

Hxxz = Z]J—(S?HSJIC + Sﬂly}’) + Jo874157 ey
=1

where the s{ with a € {x,y, z} are spin-1/2 operators at the
chain sites [ € {1, ..., L} and the coupling parameters J;, and
J; quantify the nearest neighbor interactions [21].

Upon adding a single magnetic impurity at an arbitrary
but fixed chain site v € {1, ..., L}, we obtain the modified
Hamiltonian

Hy = Hxxz + vs5, 2)

where y may be viewed as a localized transverse field. In the
first part of the paper (Secs. III and IV), we will focus on the
special case J; = 1 and J, = 0 (XX model). In the second part
of the paper and in the rest of the present section, we will deal
with the more general XXZ model.

The initial state of the system is assumed to be given by
a canonical ensemble (Gibbs state) associated with Hy from
Eq. (2),

p(0) := e P /tr{ePrhy, 3)

B = 1/ksT, “

where T is the temperature and kg Boltzmann’s constant.
The temporal evolution of this initial state is governed by a
perturbed Hamiltonian of the form

H = Hy + gV, (&)

with a local perturbation operator V and a coupling parameter
g. Working in units with 77 = 1, the system’s state at time f > 0
can thus be written as

pt) = e M p(0)e™, (6)

and the concomitant expectation value of an observable A
(Hermitian operator) as

(A) == tr{p(t)A}. (N

For generic perturbations in Eq. (5), the Hamiltonian H,
which governs the dynamics, is different from Hy and the
Gibbs state (3) amounts to a nonequilibrium initial condition.
Put differently, the system is in thermal equilibrium with
respect to the Hamiltonian Hy for all times ¢ < 0, experiences
an instantaneous parameter change at f = 0 (quantum quench)
and is governed by H fort > 0.

Throughout our present work, we will focus on perturba-
tions which are identical to the impurity in Eq. (2), i.e.,

V=s. ®)

Of particular interest are cases with y = 0 in Eq. (2), meaning
that an impurity is suddenly “switched-on” at t = 0. More
generally, i.e., for y # 0, the impurity is already present at
times ¢ < 0, and suddenly changes its strength at t = 0. We
also remark that generalizations to different spins in Egs. (2)
and (8), say s7, instead of 57 in Eq. (8), would, in principle,
be straightforward, but technically much more involved, and,
moreover, seem to us of relatively minor physical interest.

B. Thermalization and sufficient conditions
for nonthermalization

At the focus of our present work is the issue of
(non)thermalization, i.e., the question of whether or not the
expectation values in Eq. (7) approach for sufficiently large
chain-lengths L and after sufficiently long times ¢ their ther-
mal equilibrium value

<A>th = tr{pcanA}’ (9)
where 0., 1S the canonical ensemble
Pean = € PH [ urfe™ ) (10)

pertaining to the postquench Hamiltonian H, see also Egs. (5)
and (6).

The following four remarks will be of considerable impor-
tance later on. (i) Note that we tacitly have chosen the same
B in Egs. (3) and (10). The intuitive justification is that a
local perturbation [see Eqgs. (5) and (8)] should not notably
change the temperature for sufficiently large systems. A more
detailed and rigorous justification is provided in Appendix A.
(i1) Since our models amount to isolated systems, it might
appear more natural to work with a microcanonical instead of
a canonical ensemble in Eq. (9). We tacitly take for granted
that both ensembles would result in (practically) identical
thermal expectation values at least for those Hamiltonians and
observables we will consider in the following. A more rigor-
ous justification of this equivalence of ensembles is provided,
for instance, in Refs. [22-25]. Analogous remarks apply to
the initial condition in Eq. (3). (iii) Usually, the expectation
values in Eq. (7) are notably different from the thermal value
in Eq. (9) during some initial time-interval (relaxation pro-
cess), but also at certain, arbitrarily large times ¢ (quantum
recurrences or revivals). With increasing system size, those
exceptional times are furthermore expected to become more
and more rare. In other words, a necessary (but possibly not
sufficient) condition for thermalization is that the long-time
average of the expectation values in Eq. (7) approaches the
thermal value in Eq. (9) as the system size increases. In the
following, we will be mainly interested in examples, which
do not exhibit thermalization. Accordingly, we will utilize
as a sufficient condition for nonthermalization the criterion
that the difference between the long-time average and the
thermal value remains finite for arbitrarily large system sizes
(thermodynamic limit). (iv) In order to demonstrate nonther-
malization, it is furthermore sufficient that this criterion is
fulfilled at least for one physically relevant observable A. With
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respect to our specific model from Eq. (5), we will therefore
mainly focus on particularly simple observables of the form

A=s, (11)

where o € {1, ..., L} may be different or equal to the index v
of the perturbation V in Eq. (8).

C. The role of the temporal correlations

Exploiting Eq. (6) and the cyclic invariance of the trace,
the expectation values in Eq. (7) can be rewritten as

(A), = tr{p(0)A[)}, (12)
where
A(r) = e A (13)

is the observable at time 7 in the Heisenberg picture. Similarly,
the temporal correlation (also called, among others, dynamic
or two-point correlation function) of two Hermitian operators
V and A at thermal equilibrium is defined as

Cva(t) := (VAO)tn — (V)i (A)m- (14)

While V and A in this definition are still arbitrary, for our
present purposes it is sufficient to focus on the situation that
V is the local perturbation from Eq. (5) and A some local
observable, as exemplified by Eqgs. (8) and (11), respectively.
The reason is that in this way it becomes possible to utilize
the generalization of Onsager’s regression hypothesis from
Ref. [26], consisting in the approximation [27]

(A) — (A)n = gB Cya(1), (15)
. o (B
Cva(t) := g GrD ECVA(I) (16)

Note that the correlations in Eq. (14) are generally complex-
valued, and likewise for every single summand on the right-
hand side of Eq. (16), while the entire sum is provably real-
valued [26].

Roughly speaking, the relative error of the approximation
(15) becomes arbitrarily small for sufficiently small values
of gB. More precisely speaking, the neglected terms can be
rigorously shown [26] to be upper bounded (in modulus) by
g2,32||V||§p||A||Opq(ﬁ), where ||V ||op is the operator norm of
V (largest eigenvalue in modulus) and thus ||V [lop = |Allop =
1/2 for our standard examples from Egs. (8) and (11) (see also
Ref. [21]). Furthermore, the function ¢(f) is of order unity at
least for small-to-moderate values of 8J,, BJ,, and B(g+ y)
in the case of our Hamiltonians (5) of the specific form (1),
(2), and (8).

These general analytical predictions regarding the accuracy
of the approximation (15) have been numerically confirmed
by a wide variety of examples in Refs. [13,26]. A few more
such example will also be presented later. For the rest, our
present mindset and foremost objective will be different: Tak-
ing the relation (15) for granted, we will deduce from it
without any further approximation that certain models of the
form (1)—(8) do not exhibit thermalization after a local (and
sufficiently weak) quantum quench.

From Egs. (2) and (8), it follows that the Hamiltonian H in
Eq. (5) does not depend separately on y and g, but only on the

combination

p=2g+y), (17)

where the extra factor 2 has been introduced for later con-
venience. The same property is inherited via Eq. (10) by
the thermal equilibrium values in Eq. (9), the correlations
in Eq. (14), and the quantity Cy,(t) in Eq. (16). Moreover,
for observables of the specific form (11), it has been shown
in Ref. [28] (see Supplemental Material I.D therein) that the
thermal equilibrium values in Eq. (9) are odd functions of p,
while the correlations in Eq. (14) are even functions of p.
It follows that also the quantity Cy4(z) in Eq. (16) must be
an even function of p, i.e., invariant under a sign change of
p. For the correlations in Eq. (14) and the quantity Cvat)
in Eq. (16), exactly the same invariance can be shown to
apply under a sign change of the coupling parameter J, in
Eq. (1). Moreover, the same symmetry properties can be ex-
tended to arbitrary observables of the form A = s7. Analogous
generalizations are also valid for the modulus of the thermal
equilibrium values in Eq. (9), while the behavior of the sign is
more complicated [28].

D. Nonthermalization and strong violation of the ETH

Let us define the long-time average of an arbitrary function

f@)as
@) = lim l/rdtf(t). (18)
=00 T Jy

Under very weak assumptions regarding the long-time behav-
ior of Cy,(t), which we henceforth tacitly take for granted, it
readily follows that the long-time average of d"CVA(t)/d"t is
zero for any k > 1. We thus can conclude from Eq. (16) that

Cva(t) = Cya(0). (19)

According to items (iii) and (iv) above Eq. (11), the difference
on the left-hand side of Eq. (15) plays a key role with respect
to the question of (non)thermalization: a sufficient condition
for nonthermalization is a nonvanishing long-time average of
this difference in the thermodynamic limit, which in turn can
be written by means of Eqs. (15) and (19) as

{A), — (A = gBCva(d). (20)

In other words, a nonvanishing value of Cy4(¢) for at least
one local observable A implies nonthermalization [and given
this approximation itself is sufficiently accurate, as discussed
below Eq. (16)].

Denoting by &, and |n) the eigenvalues and eigenvectors of
the Hamiltonian H, choosing V = A, and exploiting Egs. (9)
and (14)—(19), one can readily show [28-30] that

N
() =Y pa (nlAln), @1
N n=1
Caa) =Y pal(nlAln) — (A, (22)
n=1

where p, := (n|pcan|n) = e’ﬂ‘g"/ ZI,ZZI e Pen is the popula-
tion of the energy level |n) in the canonical ensemble from
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Eq. (11), and where—in case that H exhibits degeneracies—
the eigenstates |n) must be chosen so that A is diagonal in the
corresponding eigenspaces of H.

Taking for granted the equivalence of ensembles [see also
items (ii) above Eq. (11)], a non-negligible value of the sum
in Eq. (22) is thus readily found [30] to be tantamount to
a violation of the wETH as defined in Refs. [10], and thus
to a strong violation of the ETH, see also Secs. I and IV D.
According to the discussion below Eq. (20), both properties
furthermore imply the absence of thermalization after a local
quench. Note that this is similar but different from the well-
established (mainly numerical) finding that a violation of the
conventional (strong) ETH implies nonthermalization after a
global quench [7].

We close with two noteworthy remarks. (i) Sections Il B—
IID and, in particular, the conclusions in the previous
paragraph, are not restricted to the specific XXZ model from
Egs. (1), (2), and (5), which we consider in the rest of the pa-
per, but are valid more generally. (ii) To prove the occurrence
instead of the absence of thermalization after a local quantum
quench, it is not sufficient to show that Eq. (22) approaches
zero in the thermodynamic limit. Instead, one has to show that
the time-average on the right-hand side of Eq. (20) approaches
zero for all local observables A [and the given perturbation V
under consideration in Eq. (5)]. Moreover, it is not sufficient
to show that the time-average (A), on the left-hand side of
Eq. (20) approaches the thermal value (A)y,. Instead, one has
to show that the time-dependent deviations (A); — (A)s be-
come negligibly small for all (sufficiently late) times ¢ [apart
from negligibly rare exceptions (quantum revivals), see also
item (iii) below Eq. (10)]. A more detailed investigation of
this issue has been carried out in Ref. [13].

III. THE XX MODEL

The XX model amounts to a special case of Eq. (1) with
parameters
Ji=1, J,=0. (23)
Exploiting Egs. (1), (2), (8), and (17), the Hamiltonian (5) thus
assumes the form [21]

L—-1
p
H=3 (sis) +515) + 555 (24)
=1

A. Jordan-Wigner transformation

It is well-known that the Hamiltonian (24) can be an-
alytically diagonalized by mapping it via a Jordan-Wigner
transformation to an equivalent model of free (noninteract-
ing, spinless) fermions, and is therefore often denoted as a
noninteracting integrable model [31]. For a very incomplete
selection of pertinent previous works, employing these well-
established concepts to similar models as in our present paper,
we refer to Refs. [9,32-36] and further references therein.
Accordingly, we confine ourselves to a very brief summary
of the main steps, the full details of which can be found, for
instance, in Ref. [13]. In a first step, the raising and lowering
Pauli matrices ali := o0} tio] are employed to define the

operators

-1

c =0, 7, Z = 1_[ ( — U,f), (25)

k=1

and their adjoint counterparts c,T, which are then shown to ful-
fill the anti-commutation relations characteristic of fermionic
annihilation and creation operators. Moreover, Eq. (24) can be
rewritten [21] as

L—-1

1 P
T i)
H = 3 12—1:(%16[ +cfern) + Ecjcv (26)

apart from an irrelevant additive constant. The second step
is based on the observation that for any given unitary L x L
matrix U with matrix elements Uy, the operators

L
= Z Unc (27

and their adjoint counterparts fkT are again fermionic annihi-
lation and creation operators. Moreover, by suitably choosing
the unitary U, the correspondingly transformed Hamiltonian
from Eq. (26) assumes the form

L
H =Y Eflfi (28)

with real valued energies E; [not to be confused with the
energies &, above Eq. (21)]. As shown in Appendix A of
Ref. [13], for our specific example from Eq. (24) the matrix
elements Uy, of this unitary U and the energies E;, must solve,
for any given k € {1, ..., L}, the L coupled linear equations
—p ) Uy, (29)
where [ runs from 1 to L, § j; is the Kronecker delta, and 5_,-k =
1 — 6.

Lejt us abbreviate by [0) :=| | --- |) the specific L-spin
product state where every single spin is in the “down” state
in the eigenbasis of sj, i.e. [21], 0/|0) = —|0) for any [ €
{1,...,L}. It follows that o;”|0) = 0, hence ¢;|0) =0, and
finally f;]0) =0 for all [ € {1,...,L}. In other words, |0)
plays the role of the vacuum state with respect to the fermionic
models in Egs. (26) and (28).

Denoting by b:=(by,...,by) a vector with L “binary”
components b; € {0, 1}, we define

)= (DD - (Db 10). (30)
One thus can infer from Eq. (28) that
H |b) = E(b) |b), 31)

UgiidiL + U 1811 = QE;

L
E®) =) b E. (32)

k=1

In other words, the 2L different vectors |l;) are the eigen-
states of H and E (b) the corresponding eigenvalues. [Hence,
there must exist a one-to-one relation to the eigenvectors |n)
and eigenvalues &, introduced above Eq. (21), apart from
some complications which possibly may arise in the case
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of degeneracies, see below Eq. (22).] Finally, in order to
evaluate Eq. (14), the above Jordan-Wigner and unitary trans-
formations must also be applied to the perturbations V' and
observables A of interest. For our particular examples from
Egs. (8) and (11), one thus may exploit Eq. (25) to infer [13]
the relation

5i=cjer—1/2. (33)

Finally, cjc; on the right-hand side of Eq. (33) must be ex-

pressed in terms of the operators f; and f: via the inversion
of Eq. (27), i.e.,

L
a =Y Uife (34)
k=1
and likewise for c;

B. Previous results and remaining task

By means of this formalism, it is possible to evaluate the
temporal correlations in Eq. (14) as well as the infinite sum
on the right-hand side of Eq. (16) in closed analytical form
without any further approximation. Referring to Ref. [13] for
the detailed calculations, the so-obtained result for Eq. (16)
can be written in the form

L
Cuat) = Y UpU3UpUsa fix €js (1), (35)
Jik=1
e tanh(BE;/2) — tanh(BE; /2)’ 36)
2B(E; — Ey)
ej(t) 1= e "ETE 37

It immediately follows that Eq. (36) and thus (35) are even
functions of . By interchanging the summation indices j and
k one furthermore sees that the right-hand side of Eq. (35) is
equal to its complex conjugate, i.e., we recover the general
prediction below Eq. (16) that Cya(t) must be a real-valued
function of 7.

The remaining task is the explicit solution of Eq. (29).
To simplify the notation, let us temporarily consider k €

{1, ..., L} as arbitrary but fixed, and employ the abbreviations
E :=Ey, (38)
ar =« U} (39)

Moreover, while the U, are normalized according to
Zl |Uk1|2 = 1, we do not require such a normalization con-
dition for the a;’s. This is accounted for by the still arbitrary
proportionality constant k € C in Eq. (39). Our only require-
ment is that ¥ # 0, or equivalently, that at least one of the
a;’s must be nonzero. Adopting these abbreviations, Eq. (29)
amounts to

Suiait1 + p Swar + Suyai—1 = 2Eay, (40)

where [/ runs from 1 to L.

It is instructive to rewrite those L equations in the form
Ka = Ea, where a is a L-dimensional column vector with
components a;, and K is a L x L matrix with elements Kj,, :=

[614+1m + PSvibim + 81—1m]1/2. Observing that K,,; = K, it fol-
lows that K is self-adjoint, i.e., we are actually dealing with
a Hermitian matrix eigenvalue problem. Moreover, we can
conclude from Egs. (38) and (39) that the eigenvector @ with
eigenvalue £ = E; can be identified (up to normalization)
with the k-th column vector of the unitary matrix U,

Altogether, we are thus left with the task to determine the
L solutions of the eigenvalue problem (40). The energies Ej
and matrix elements Uy, then readily follow as detailed in and
around Eqgs. (38) and (39).

Before doing so, some general properties of those solutions
are noteworthy. To begin with, we note that for any given
solution a; of Eq. (40), also the real and imaginary parts of a;
will be solutions. It follows that, if it is convenient, we always
may assume without loss of generality that the a; and hence
the Uy; in Eq. (39) are purely real quantities. We thus can infer
that Eq. (35) is symmetric with respect to the indices v and
a, and hence with respect to the perturbation V in Eq. (8)
and the observable A in Eq. (11). Moreover, one sees that a
sign change of ¢ is tantamount to a complex conjugation of
Eq. (35). Recalling that Eq. (35) is real-valued [see below
Eq. (37)], the result is an invariance under time-inversion.
Finally, given any solution of Eq. (40), let us define p’ := —p,
E':=—E,andq, := (—1)a;. It readily follows from Eq. (40)
that

Suid), + p' Sua; + 8ya;_ = 2E'a). 1)

In other words, for every solution of the original problem,
we found a solution with an inverted sign of p. Together
with the discussion around Eqgs. (38) and (39) one thus can
conclude that a sign change of p implies a sign change of the
energies E; (possibly after some suitable permutation of the
labels k), and that each matrix element Uy; acquires a factor
(—1)!. Moreover, one can conclude that a sign change of p
is tantamount to interchanging the summation indices j and
k on the right-hand side of Eq. (35). Recalling the discussion
below Eq. (37) it follows that the sum is invariant under a
sign change of p, i.e., we recover the general prediction below
Eq. (17) that Cy,(t) must be an even function of p.

IV. THE XX-MODEL WITH AN END-IMPURITY

We focus on impurities and perturbations s¢ in Eqs. (2) and
(8) [and thus in Eq. (24)] with

v=1L, (42)

i.e., we may imagine the impurity to be located at the right
chain-end [see also discussion below Eq. (8)]. Accordingly,
the L equations (40) can be rewritten as

a1 +aiy =2Eaq; forl=2,....L—1, (43)

a, =2Eay, 44)

ar—1 + paL = ZE(ZL. (45)

A systematic solution of these equations is still very dif-
ficult. Hence, we will start out from an ansatz with some
free parameter, and then show that it solves Egs. (43)-(45)
by suitably choosing the parameter. Moreover, we will show
that the ansatz indeed generates L different such solutions
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[see below Eq. (40)]. In other words, a complete solution of
the original problem is obtained, thus, justifying the ansatz a
posteriori.

A. Ansatz

Our starting point is the observation that the quantities
a; :=sin(pl) forall [ €Z (46)
satisfy for an arbitrary but fixed ¢ € C, the relations

a1 +oy_y =2cos(p)ay forall [ € 7. an

In view of Eq. (43), this observation suggests the ansatz

E = cos(p), (48)

a=o;=sin(pl) forl=1,...,L, 49)

with a generally complex valued parameter ¢. By exploiting
Egs. (46) and (47), one readily verifies that this ansatz indeed
solves not only Eq. (43) but also Eq. (44). We are thus left
to solve the remaining equation (45) by suitably choosing the
parameter ¢ € C. In fact, we have to show that there exist L
different solutions of this equation (see above).

Introducing Eq. (49) into Eq. (45) yields

2F ap — pop =dp -1 = 2EOlL —Or+1, (50)

where we exploited Eqs. (47) and (48) in the last step. It
follows that pa;, = o741 and with Eq. (46) that

sin(p(L 4+ 1)) = psin(gL). (51

Altogether, considering the quantities L and p as given,
we are left to determine L solutions ¢ € C of Eq. (51).
More precisely speaking, we are actually not interested in the
solutions ¢ of Eq. (51) themselves, but rather in the concomi-
tant eigenvectors and eigenvalues, encoded by {q; }f‘zl and E,
which derive from ¢ via Eqgs. (48) and (49). For instance, one
readily sees that ¢ and ¢ + 27 give rise via Egs. (48) and
(49) to exactly the same eigenvectors and eigenvalues, hence
we can and will restrict ourselves to ¢’s with the property
Re(p) € (—m, m]. Likewise, ¢ gives rise via Eqs. (48) and
(49) to the same eigenvectors and eigenvalues as —¢ [apart
from an irrelevant sign change of all a;, see below Eq. (39)].
Accordingly, we can and will restrict ourselves to ¢’s which
satisfy the extra condition

Re(p) € [0, ]. (52)

Finally, in the special cases ¢ = 0 and ¢ = 7 it follows from
Eq. (49) that g =0 forall l =1, ..., L, which we excluded
below Eq. (39). Hence, Eq. (52) must be complemented by the
additional constraint

¢ ¢1{0,7}. (53)

As mentioned below Eq. (28) (see also below Eq. (40)),
only real eigenvalues E are admissible in Eq. (38). Writing ¢
as x + iy with x, y € R, one readily sees that the right-hand
side of Eq. (48) is real if and only if sin(x) sinh(y) = 0, which
in turn is only possible in one of the following two cases.

Case A: sinh(y) =0 with y € R, implying y =0, and
thus ¢ € R. Together with Eqs. (52) and (53), this amounts

to the requirement
case A: ¢ € (0, ). 54)

Case B: sin(x) =0 with x € R, implying x/7 € Z and
thus ¢ =iy + nm with y € R and n € Z. Similarly as above
Eq. (52), one sees that it is actually sufficient to focus on
y € [Rar and n € {0, 1}. Together with Eqgs. (52) and (53), this
amounts to the requirement

case B: ¢ =iy+nm with y e R" andn € {0, 1}. (55)

In the latter case B, it is for practical purposes more con-
venient to replace ¢ in Eq. (49) by iy, yielding (apart from an
irrelevant factor i, see below Eq. (39))

a; = sinh(¢l) forl=1,...,L. (56)

Similarly, Eqs. (48) and (51) now assume the form
E = cosh(gp), (57)
sinh(¢(L + 1)) = psinh(pL). (58)

Observing that above Eq. (55) we could equivalently replace
the conditiony € R by the conditiony € R, the requirement
(55) now assumes the form

case B: ¢ =y-+inm with y € R" andn € {0, 1}. (59)

B. Analytical solution

In this section, we work out the details of the ansatz from
the previous Sec. IV A. In particular, we will treat the two
cases in and above Egs. (54) and (59) in two separate sections.
A summary and discussion of the so obtained solutions is
provided in the subsequent Sec. IV C, including the notions
of (de)localized modes appearing in the titles of the next
sections.

1. Case A: delocalized modes

According to Egs. (51) and (54), we have to solve
sin(p(L 4+ 1)) = p sin(¢L) with ¢ € (0, 7). (60)

To begin with, we show that there exists no solution of
(60) with the property sin(¢L) = 0 by means of a proof by
contradiction. Let us therefore assume that there exists a so-
lution with sin(¢L) = 0. The condition ¢ € (0, ) in Eq. (60)
implies that oL = 7n withn € {1, ..., L — 1}. Similarly, we
can conclude from Eq. (60) that sin(¢(L + 1)) = 0, and thus
o(L+1)=mmwithm € {1, ..., L}. In other words, we are
looking for solutions of the equation L/(L + 1) = n/m with
nef{l,...,L—1}andm € {1, ..., L}. One readily sees that
no such solution exists: Observing that n must be smaller
than L and smaller than m, it follows that n/m < n/(n+1) <
L/(L+1).

Accordingly, we can and will focus on sin(¢L) # 0 in
Eq. (60), and our goal is to find solutions of

fl)=p with ¢ € (0, ), (61)
__sin(x(L + 1))
Feo = sin(xL)
= cos(x) + sin(x) cot(xL), (62)
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FIG. 1. Black: the function f(x) from Eq. (62) for L =7 and
x € (0, ) [see Eq. (61)]. The dashed vertical lines are meant to
indicate the L — 1 poles of f(x). The intersections of the black curve
with the red horizontal line exemplify the graphical solutions of
Eq. (61) when choosing p = 2. Obviously, there are L — 1 intersec-
tions. Likewise, the intersections with the blue line exemplify the L
solutions when p = 0.5.

where we exploited that sin(x(L 4 1)) = sin(xL) cos(x) +
cos(xL) sin(x) in the last step.

Next we turn to a closer inspection of the function f(x)
from Eq. (62) with x € (0, ) [see Eq. (61)]. An illustration
for L = 7 is provided in Fig. 1. The following main properties
of f(x) can be readily verified analytically or by looking at
Fig. 1. (i) It exhibits the symmetry f(wr —x) = —f(x) [37].
(ii) It exhibits L zeros atx = nw /(L + 1) withn € {1, ..., L}.
(ii1) It exhibits L — 1 simple poles at x = mm /L with m €
{1,...,L — 1}, and is strictly monotonically decreasing for
all other x € (0, 7) (the analytical proof is provided in Ap-
pendix B). (iv) It approaches the value

L+1
pei=—7 (63)
for x — 0 and the value —p,. for x — 7. With these properties
of f(x) in mind, we are in the position to discuss the solutions
of Eq. (61).

Let us first focus on the case |p| > p.. From the properties
(iii) and (iv) or from Fig. 1, one can conclude that every pole
of f(x) gives rise to exactly one solution of Eq. (61). Fur-
thermore, each solution is a strictly monotonically decreasing
function of p. Finally, the distance of every given solution to
the corresponding pole has the same sign as p and cannot ex-
ceed the distance between neighboring poles. In other words,
there are L — 1 pairwise distinct solutions of Eq. (61) of the
form

wk+ 1y

o = with k e {1,...,L—1},  (64)
where the “remainders” r; exhibit the same sign as p, are
strictly monotonically decreasing functions of p, and are
bounded according to

Ire| < 7. (65)
Finally, by combining Eq. (64) with Egs. (38), (39), (48), and
(49), we obtain
k
E, = cos <n ;rk), (66)

x=x33+x/5—...

lnk—l—lrk) (67)

U;d:fcklsin< 2

forke{l,...,L—1}and/ € {1, ...,

12
= (Zs (l”"”“)) (68)

is a normalization constant.

Our next observation is that f(x) in Eq. (62) can be approx-
imated by 1 + x cot(xL) for small x. For large L, this implies
that f(x) stays very close to unity with the exception of a very
small neighborhood of all those poles which are located near
zero. We thus can conclude that |r;| < 7 for all k < L. [This
can not be seen in Fig. 1 since the value of L = 7 is still too
small.] Analogous conclusions apply for x close to 7 and thus
for all £k with L — k « L. Finally, it is obvious from Fig. 1
that all r; approach zero for asymptotically large |p|. In all
the remaining cases, i.e., if neither of the conditions |p| > p,,
k <L, or L—k <L is fulfilled, the |r;| will not be much
smaller than required by (65). A more quantitative illustration
of those general features is obtained by introducing Eq. (64)
into Egs. (61) and (62), yielding after a straightforward
calculation

L}, where

sin(ry) = p~ ' sin(pery + wk/L). (69)

Together with the constraints in and above Eq. (65), one
thus can deduce for large |p| and any k € {1,...,L — 1}, the
asymptotics

re=p 'sin <ﬂ—k> (1 + 2 cos (n_k) + O(P_z))- (70)
L P L

Likewise, Eq. (69) implies for |p| > p. and sufficiently small
k/L (which is only possible if L >> 1) that

Iy =

k
=0+ 0 /17)), (1)
P~ Pc L
and analogously for sufficiently small k/L with k := L —k
that

1
p+p

Finally, for sufficiently large L, we can approximate p, in
Eq. (63) by unity. After a few steps, one thus obtains from
Eq. (69) the large-L asymptotics

P~ sm(”k)
1—plcos (”k)

For any given k € {1, ..., L — 1}, there exists a unique solu-
tion r; of this equation together with the constraints in and
above Eq. (65). Since |p~!'| < p-! <1 [see Eq. (63)], one
can moreover conclude that this solution must actually satisfy
the even stronger bound |r;| < /2 (compared to Eq. (65)),
and therefore can be explicitly obtained by acting with the
main branch of the function arctan on both sides of Eq. (73).
Finally, the denominator in Eq. (73) can always be rewritten
as a convergent geometric series. Together with arctan(x) =
this yields a convenient expansion of

— <1 + Ok /L*)). (72)

Iy =

tan(ry) = (73)
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rr in powers of p~!sin(k/L) and p~! cos(wk/L), thus sys-
tematically generalizing Eq. (70) in the special case L > 1
and thus p, >~ 1.

Turning to the case |p| < p., a similar qualitative discus-
sion as above Eq. (63) applies. The main differences can be
briefly summarized as follows. The salient point is that, as p
crosses the critical value p. from above, an additional solution
of Eq. (61) appears in the interval between x = 0 and the
first pole of f(x) at x = w /L, see also Fig. 1. Likewise, one
solution disappears when p crosses the value —p, from above.
Altogether, we thus always obtain L solutions of Eq. (61) if
|p| < p.. In the special case p = 0, all those solutions must
coincide with the zeros of f(x), see item (ii) above. As p
moves away from zero, the distance of each solution to the
corresponding zero of f(x) must decrease strictly monotoni-
cally with p, must be opposite in sign to the sign of p, and
cannot exceed the distance between neighboring zeros (see
Fig. 1). In other words, we now obtain L pairwise distinct
solutions of Eq. (61) of the form

n'k—l—rk
L+1

o = with k € {1,..., L}, (74)
where the ry are again bounded as in Eq. (65) and are strictly
monotonically decreasing functions of p, while their sign must
now be opposite to the sign of p. Likewise, the counterparts
of Egs. (66)—(68) now assume the form

Ey = cos (nfi—lrk> (75)
Ui = " sin (%) (76)
Lo imk+in))
Kp o= (l;sm <L—+1)) (77)
but now for all £,/ € {1, ..., L}. As before, the r; are fur-

thermore seen to become even much smaller than required by
(65) in the special cases |p| K 1,k K L,or L+ 1 —k KL
(which is only possible for L >> 1), but not in any other case.
Finally, upon introducing Eq. (74) into (61), one now finds
after a straightforward calculation that

sin(r) = p sin (p,'re — wk/(L + 1)), (78)

complemented by the constraints below Eq. (74). We thus
recover the same equation as in (69) upon replacing p by
—p~ L, p.by —p-!, and L by L + 1. The same correspondence
is inherited by the results (70)—(72). For small p and any
k € {1,..., L}, one thus obtains

k k
ry = —p sin (LZ— 1)(1 + pﬁccos (LJZ- ]) +(9(p2)>.

(79)

Likewise, one finds for |p| < p. and sufficiently small k/L
that

P Tk ow ), (80)

r=——"
k 1—p/pcL+1

and analogously for sufficiently small k/L with k :== L+ 1 —
k that
14 wk 7272
—————— (1 + Ok /L)). 81
1+p/pCL+l( (k*/L7)) (81)
Finally, for sufficiently large L we can approximate p. in
Eq. (63) by unity. Similarly as in Eq. (73), one thus can deduce
from Eq. (78) the large-L asymptotics

Iy =

(ko
tan(ry) = — — o\ (1) (82)

1 — pcos (L”—fl)

As long as |p| < 1, the discussion of this result is analogous
as below Eq. (73) and therefore not repeated here. The case
|pl = 1 will be separately considered below. The remaining
case |p| > 1 is of limited interest. Indeed, any given p with
|p| > 1 will violate for sufficiently large L our present overall
assumption |p| < p. = (L + 1)/L. We thus restrict ourselves
to two brief remarks concerning this case 1 < |p| < p.. (i)
The approximation (82) now becomes questionable since we
assumed in its derivation that p. can be approximated by unity.
(i1) This is the only case where the inequality |r;| < /2 (see
below Egs. (73) and (82)) may possibly be violated. A simple
example arises for p 1 p. and kK = 1, where one can readily
infer from Fig. 1 that ¢; — 0 and hence from Eq. (74) that
ry —> —T.

Yet another special case which can be solved exactly is
when |p| = 1 (note that this still implies |p| < p.). Namely,
one can show (see Appendix C) that

L+1—-k
T = _NZL——H for p=1,
Tk :nm for p=—1 (83)

and k € {1, ..., L}, implying with Eq. (74) that

k—1/2

<,0/<=71L+1/2 for p=1,
k

¢k:ﬁL—|—1/2 for p=—1. (84)

By combining the monotonicity property below Eq. (74) with
Egs. (83), one readily obtains a further refinement of the
previously obtained bound |ry| < 7 /2 [see below Eqgs. (73)
and (82)]. Incidentally, these results for |p| = 1 are equivalent
to those obtained by Tasaki in Sec. 3.1 of Ref. [38].

Altogether, in the case |p| < p. we thus found all the L
solutions required below Eqgs. (40) and (45). On the other
hand, in the case |p| > p. we only found L — 1 solutions, i.e.,
one solution is still “missing.” The latter will be obtained in
the next section.

2. Case B: localized modes

According to Egs. (58) and (59), we have to solve

gy) = £p with y € RT, (85)
__ sinh(x(L + 1))
80 = =D (86)

where the plus sign arises when choosing n = 0 in Eq. (59)
and the minus sign when choosing n = 1.
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FIG. 2. Black: The function g(x) from Eq. (86) for x > 0 (see
Eq. (85)) and L = 7. Similarly to Fig. 1, the intersection of the black
curve with the red horizontal line is the graphical solution of Eq. (85)
when choosing p = 2. Blue dashed curve: the approximation g(x) ~
¢* mentioned in the main text.

Restricting ourselves to x € R™ [see Eq. (85)], the function
g(x) exhibits the following properties (see also Fig. 2). (i) It is
strictly monotonically increasing. (ii) g(x) — p. for x — 0,
where p. is defined in Eq. (63). (iii) g(x) ~ ¢* for x > 1/L
(see also the blue dashed curve in Fig. 2).

From (i)—(iii), one can infer that there exists no solution
of Eq. (85) if |p| < p., and exactly one solution if |p| > p,,
in accordance with the discussion at the end of the previous
section. Moreover, the choice n = 0 applies in the case p >
pe and n = 1 in the case p < —p,.. Denoting this solution for
|p| > p. asyr, and focusing on large L, we moreover can infer
from Egs. (85), (86), and (iii) the approximation

yo = In(|p|) if In(|p)) > 1/L. 87)

Note that for large L, the latter condition In(|p|) > 1/L
is equivalent to |p| — p. > 1/L. Finally, (59) implies ¢, =
yp if p> p. and ¢ =y, +im if p < —p.. Together with
Egs. (38), (39), (56), (57), and (87), the so far still “missing”
solution with index k = L (see end of the previous section)
can thus be approximately rewritten for large L and |p| —
pe > 1/L as

EL=(p+1/p)/2, (88)

U =+/1—1/p2(1/p), (89)

where

I:=L-1 (90)

is the distance of the site / from the right chain-end (at the site
L). A more detailed analysis reveals that the relative error of
the approximation (88) is on the order of p~2¢. Regarding the
approximation (89), it is the absolute rather than the relative
error which is of foremost interest, and which is found to be
on the order of p~(+D),

Observing that |1/p| < 1/p. < 1 it follows that U, is
maximal (in modulus) for / = L (chain end) and decreases
exponentially with increasing distance / from the end. More-
over, for p > p., the energy in Eq. (87) satisfies E;, > 1 and all
Uy, in Eq. (88) are positive, whereas for p < —p,, the energy
in Eq. (87) satisfies E;, < —1 and the Uy, in Eq. (88) exhibit
alternating signs [37].

Roughly speaking, that particular solution of type A, which
approaches zero and then disappears when p crosses the criti-
cal value p. from below [see discussion above Eq. (74)], may
thus be imagined as actually “turning from real to imaginary”
and then reappearing as a solution of type B, and likewise
when p crosses the value —p.. A more detailed discussion
is provided in the next section.

3. The case |p| ~ p.

If | p| approaches p,. from above, one readily confirms that
there are still L — 1 solutions of the form (66)—(68), satisfying
Egs. (65) and (69). Concerning the remaining (or “missing”)
solution, let us first focus on the case p = p. + € with 0 <
€ < 1. According to the properties (i) and (ii) below Eq. (86),
the solution y of Eq. (85) must approach zero from above
as € — 0. Moreover, the plus sign must be chosen in (85)
and thus n = 0 in Eq. (59), implying ¢ = y. For sufficiently
small €, it furthermore follows that ¢ <« L and with (56)
that a; >~ ¢l, i.e., a; must be proportional to /. Together with
Egs. (38), (39), and (57), this leads us to the conjecture that
the “missing” solution with k = L assumes the form

ELZ 1 and ULIZKZII 1fp:pm (91)

where kp :=[Y 1, 12]'? = [L(L + 1)L + 1)/6]'/2. This
conjecture can be readily verified by noting that Eq. (91)
indeed satisfies Eqs. (43)—(45) [together with Egs. (38) and
(39)] even exactly. Analogously, one finds the exact results
[37]

Ep=-1 and Uy =k ' (=D if p=—p. (92)

Without going into the details, we remark that the very same
findings could also be deduced in the limit |p| 1 p. from the
results in Sec. IV B 1 (case A). Moreover, for any given L with
L > 1 one can show that Egs. (91) and (92) still remain very
good approximations as long as ||p| — p.| < 1/L. [We may
also recall that the case |p| = 1 corresponds to ||p| — p.| =
1/L and is solved exactly by Egs. (75)—(77) with r; from
Eq. (83).]

C. Interim summary and discussion

As detailed below Eq. (40), our basic Egs. (29) or (40)
may be viewed as an L-dimensional Hermitian matrix eigen-
value problem. For |p| < p,, the solutions (L eigenvalues and
eigenvectors) are given by Eqs. (74)—(77), where the r; are
determined via Egs. (78) and (65). Likewise, for |p| > p.,
there are L — 1 solutions of the form (66)—(68), where the ry
are determined via Egs. (69) and (65). In addition, there is one
more solution which is of the form (88) and (89) if |p| > p.
and of the form (91) and (92) if |p| = p..

In view of Eq. (65), the quantities r; in Egs. (66) and
(75) become negligible for sufficiently large L. However, it is
important to realize that those r; are generally not negligible
in Egs. (67) and (76) as soon as the indices [ are comparable
in order of magnitude to L [since the quantities /ry/L on the
right-hand side of Egs. (67) and (76) are no longer small].
Exceptions are asymptotically large or small values of |p|
since all r; then approach zero according to Eqs. (70) and
(79), respectively. Further very important exceptions are the
normalization constants «; from (68) and (77). Namely, as
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shown in Appendix D, they can be approximated for large L

as
Kk =+/L/2, (93)

where the omitted relative error approaches zero for L — oo.

Put differently, the presence of an impurity (p 7 0) at the
right chain-end (at / = L) entails a marked asymmetry of the
matrix elements Uy; with respect to the second index / (while
k is arbitrary but fixed). For instance, focusing on |p| < p.
and setting formally / = 0 or / = L + 1, the matrix elements
in Eq. (76) are zero in the former and nonzero in the latter
case [namely, U1 ~ sin(r¢)]. An analogous asymmetry—
governed by ry—arises when comparing / = 1 with / = L or
when |p| > p. [see Eq. (67)].

Returning to the above mentioned L-dimensional Hermi-
tian matrix eigenvalue problem, its solutions may also be
viewed as L eigenvalues of the form (38) and L eigenvectors d
with components a; of the from (39) [see also below Eq. (40)].
From Egs. (76), (77), and (93), one can infer that, for any
given k € {1, ..., L}, most of those components assume val-
ues which are of comparable order of magnitude in the case
|p| < p.. Henceforth, we will thus often employ the common
notion of delocalized (or extended) modes (or eigenvectors)
for this type of solutions (see Ref. [39] and further references
therein). In the same vein, there are L — 1 delocalized solu-
tions in the case |p| > p. according to Eqgs. (67), (68), and
(93), and likewise for |p| = p. (see Sec. IV B 3).

On the other hand, the components of the Lth eigenvector
in Eq. (89) are largest (in modulus) at the right chain-end,
corresponding to / = 0 in Eq. (90), and decrease exponentially
with increasing distance [ from the chain-end. Accordingly,
we will often refer to such solutions as localized modes [39].
More precisely speaking, Eq. (89) amounts to a strongly
(exponentially) localized solution, while the corresponding
solution for |p| = p. in (92) is weakly localized in the sense
that the components only decrease algebraically with increas-
ing distance from the right chain-end.

D. Absence of thermalization and strong violation
of the ETH for |p| > p.

In this section, we derive the first analytical key results
of our present paper, namely nonthermalization after a local
quench with the property |p| > p., and a concomitant strong
ETH violation (see also Sec. I).

As explained below Eq. (19), in order to show the absence
of thermalization, it is sufficient that the long-time average of
Cya(t) does not approach zero for large L. The latter property
is derived in the next section, followed by a discussion of its
implications in Sec. IVD 2.

1. Derivation

Focusing on |p| > p. and L > 1, we observed above
Eq. (64) that the quantities ¢; in Eq. (64) are pairwise distinct
and contained in the interval (0, &), implying that the E} in
Eq. (66) are pairwise distinct and contained in the interval
(—1,1), where k € {1, ..., L — 1}. Moreover, from Eq. (88)
and the discussion above Eq. (88) it follows that Ey is larger
than unity in modulus. Altogether, it follows that the E; are
pairwise distinct for all k € {1,...,L}. As a consequence,

the long-time average of the quantities in Eq. (37) is given
according to Eq. (18) by ejx(t) = §x. From Eq. (35), we thus
can conclude that

L
Coat) = Y _ UL’ |Ukal” fis (94)
k=1

where we set v = L according to Eq. (42). With the help of
the auxiliary quantities
L1

Rpo =Y U’ |Utal’ fuas 95)
k=1
St = Ul |Ural* fir, (96)

we can rewrite Eq. (94) as

Cyat) =Rpo + Sta- 7

Moreover, by employing I’Hopital’s rule to evaluate the right-
hand side of Eq. (36) in the limit E; — Ej, we can conclude
that

1
= 4cosh(BE/2)

Our next goal is to derive upper and lower bounds for the
quantity in Eq. (95). In a first step, we can infer from Eq. (98)
that 0 < fix < 1/4. Furthermore, by observing Eq. (67) and
the large-L approximation (93) it follows that |Uy|> < 2/L
forallk e {1,...,L —1}and [ € {1,..., L}. Altogether, we
thus can conclude from (95) that

Ry, €10, 1/L]. (99)

Sk (98)

Turning to the quantity in Eq. (96), we can exploit Egs. (88),
(89), and (98) to infer

o= (1) () s
Lo -— - 5 Y YT N
P*) \P*/) 4cosh? (B %”])

where @ := L — «. [Incidentally, the invariance of Eq. (100)
under a sign change of p is in accordance with the general
symmetry considerations around Eq. (41).]

Observing Eq. (99), we thus can conclude that the long-
time average in Eq. (97) converges to Sy, from Eq. (100) for
large L (and fixed &), which in turn is generically nonzero.

(100)

2. Discussion

The latter finding of a nonvanishing long-time average in
Eq. (97) implies the absence of thermalization for the observ-
able A = s, [see below Eq. (19)]. With Eqgs. (19) and (20), we
furthermore obtain the approximation

<sgt>]‘ - (slz)t)th = gﬂ SL,aa

where Sy 4 is given by Eq. (100), and where |p| > p, is tacitly
taken for granted. As expected, the nonthermalization effect
is most pronounced if the observable-site o coincides with
the site v = L of the perturbation [see Egs. (8) and (42)], and
decreases exponentially with increasing @ := L — «.

We also remark that an arbitrarily small (nonzero) pertur-
bation strength g in (101) is sufficient for nonthermalization
provided the prequench impurity strength y is notably larger
(in modulus) than 1/2, see also the discussion below Eq. (8)

(101)
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and the definitions (17) and (63). Moreover, for small g, all
our analytical approximations become asymptotically exact,
as discussed below Eq. (16).

Finally, these conclusions regarding nonvanishing long-
time averages in combination with the considerations in
Secs. IID immediately imply that our present model with
|p| > p. must exhibit a strong violation of the ETH in the
sense that neither the strong nor the weak ETH is satisfied.
An alternative, more direct derivation of the same result is
provided in Appendix E.

Obviously, the above finding of nonthermalization and
strong ETH violation for |p| > p. has its origin in the contri-
bution of the localized mode (see Sec. IV C) with index k = L
to the sum in Eq. (94). Accordingly, the absence of such a
mode in the case |p| < p. rules out a similar conclusion. The
same applies to the weakly localized case |p| = p., as can be
inferred from the results in Sec. IV B 3 or by taking the limit
Ipl = p. = (L + 1)/L in Eq. (100).

We finally mention that the thermal expectation values
(8% ) do not exhibit any kind of “transition” at |p| = p. (see
Appendix G for the details).

E. Numerical methods and results

The first purpose of this section is to illustrate and com-
plement the analytical predictions and approximations from
the previous sections by quantitative numerical examples. On
the one hand, we therefore solved Egs. (1)-(11) by means
of standard, numerically exact diagonalization methods. As
usual, such computations are only practically feasible for rel-
atively small system sizes L. [On the machines available to us,
up to L = 24 was doable with reasonable effort and by taking
advantage of dynamical typicality concepts.] Furthermore, we
numerically evaluated the analytical approximation (15) by
exploiting the exact analytical result from Egs. (35)-(37),
where the energies E; and the unitary matrix elements Uy,
were obtained by numerically solving Eq. (29) [or the equiv-
alent Egs. (43)—(45)]. Finally, we also found a way of how
those energies Ej and matrix elements Uy, can be exploited to
numerically evaluate Eqs. (1)—(11) up to quite large L values
[for instance, L = 10* turned out to be still easily doable]. A
more detailed account of this numerical method is provided in
Appendix F.

The second purpose of this section is to “gauge” how
well the behavior in the thermodynamic limit L — oo can
be extrapolated from the numerical data up to L = 24, i.e.,
by means of the above-mentioned standard numerical meth-
ods. The underlying rationale is as follows: In our present
explorations of the XX model, we are able to compare the
latter numerical data with our approximate or even exact an-
alytical findings, as well as with the above mentioned more
sophisticated numerical methods for much larger L-values.
However, in our later explorations of the XXZ model, the only
remaining tool will be the standard numerical methods. Thus
only data up to L = 24 will be available for the extrapolation
to the thermodynamic limit. In doing so, it seems reasonable
to expect and will be tacitly taken for granted that the quality
of such an extrapolation is comparable to that in our present
case of the XX model.

0 1L 0.1

FIG. 3. Red crosses: Numerically exact time-averaged expec-
tation values (s7), — (sj)m versus 1/L for the XX model from
Egs. (1)—-(11) with parameter valuesJ, = 1,/,=0,v=a =L, =
1,y =0,and g = 0.3 in (a), g = 0.6 in (b). Hence, p = 0.6 < p. in
(a) and p =1.2 > p, in (b), see Egs. (17) and (63). Blue crosses:
Corresponding analytical approximations from Eq. (15), see also
main text. The leftmost crosses correspond to L = 10*, followed
by L =24,22,...,10, 8. The black lines are a guide to the eye,
representing a linear extrapolation towards 1/L = 0 based on the red
crosses with L < 24. The closeness of the lines to the red crosses at
L = 10* thus quantifies the reliability of such an extrapolation. The
green bar in (b) indicates the analytical approximation for L — oo
from Eqgs. (100) and (101).

The red crosses in Fig. 3 exemplify the time-averaged
expectation values (A), — (A)n for A =57, obtained by the
above-mentioned numerical solutions of the XX model with
parameter values as specified in the figure caption. In other
words, the prequench Hamiltonian Hj appearing in the initial
Gibbs state (3) is given by the basic XX-Hamiltonian from
Eq. (24) with p = 0 (no impurity, see also Eq. (17)). Similarly,
the postquench Hamiltonian is given by Eq. (24) with p = 0.6
in (a) and p = 1.2 in (b), i.e., it exhibits an impurity at the
right chain-end (V = s7) as specified in and around Eq. (42).
According to Eq. (63) this means that p < p. in (a) and
p > pein (b).

Comparing the blue and red crosses in Fig. 3 illustrates
that the approximation (15) is very accurate in (a) and notably
less accurate in (b), in accordance with the general analyti-
cal predictions below Eq. (16). More precisely speaking, the
value of g8 = 0.3 in (a) is still not really small, and all the
more so for the value g8 = 0.6 in (b). We have purposefully
made this choice in order to obtain some still clearly visible
differences between the blue and red crosses. In other words,
Fig. 3 illustrates that the analytical error bound below Eq. (16)
is, in general, not very tight. We also validated (not shown)
that the differences indeed become even much smaller upon
decreasing gB, as predicted below Eq. (16). Another notewor-
thy observation is that the approximation (15) obviously is
(again as analytically predicted) not restricted to large system
sizes L.

The straight black lines in Fig. 3 depict the extrapolation
of the numerically exact results (red crosses) for L < 24 into
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FIG. 4. Time-averaged expectation values (s3), — (s3)m Vs & €
{L-10,..., L} for the same XX model as in Fig. 3(b). Red crosses:
Extrapolations of the numerically exact results for L = 8, 10, ..., 24
to L — oo by means of the same procedure as indicated by the black
lines in Fig. 3. In particular, the red cross for o« = L corresponds
to the black line in Fig. 3(b) at 1/L = 0. Blue crosses: analogous
extrapolations based on the approximation from Eq. (15). Green
curve: corresponding approximations from Egs. (100) and (101).
(Inset) Semilogarithmic plot of the same numerical results as in the
main plot.

the regime L > 24. The main point is that these extrapolations
are still quite close to the “true” numerical values at L = 10*
(leftmost red crosses). We thus can conclude that already the
numerically exact results up to L = 24 admit a quite faithful
extrapolation of the behavior in the thermodynamic limit (see
also second paragraph of this section). In other words, the
extrapolation would change very little if also the leftmost
cross at L = 10* would be taken into account. Moreover, such
an even better extrapolation would hit the origin even more
closely in Fig. 3(a) but definitely not in (b). All this quite
convincingly confirms the absence of thermalization for |p| >
pc but not for |p| < p. [40], as analytically predicted in the
previous section. Finally, the practically perfect agreement of
the green bar and the leftmost blue cross in Fig. 3(b) illustrates
the very high accuracy of the analytical approximation from
Egs. (100) and (101).

Figure 4 was obtained by similar extrapolations to asymp-
totically large L as in Fig. 3, but now depicting results for more
general observables A = s, with o close to L (right chain-
end). Moreover, we confined ourselves to the case g = 0.6,
corresponding to panel (b) in Fig. 3 with p = 1.2 > p,. (Sim-
ilarly to panel (a), g = 0.3 yields identically vanishing results
for L — 00). Once again, the analytical approximations from
Eq. (15) (blue) and from Eqgs. (100) and (101) (green) are
seen to work quite well. In particular, they faithfully reproduce
the numerically observed “localization” of nonthermalization
near o« = L, as predicted below Eq. (101) and discussed in
more detail in Sec. IV G. The inset as well as the green
curve in the main plot corroborate an exponential decay of
the numerical results with L — ¢, as analytically predicted by
Eq. (100).

F. Temporal relaxation behavior

While the focus in the previous sections was on time-
averaged expectation values, the present section provides

some analytical approximations as well as numerical results
regarding their time dependence.

1. Analytical approximations

Similarly as in Sec. IVD [see also discussion below
Eq. (16)], we take the approximation (15) for granted and
focus on the behavior of the quantity Cy,(z) from Eq. (16).
Moreover, the perturbations V' and observables A are again
assumed to be of the specific form (8), (11), and (42), hence
we can employ the exact result (35) as our starting point.

For simplicity, we focus on the most interesting case

a=L, (102)

meaning that both the perturbation V and the observable A are
given by the spin 57 at the right chain-end. Moreover, we focus
on sufficiently high temperatures such that

|BE| <« 1 forall ke {l,...,L}.

Therefore all fj; in Eq. (36) can be approximated by 1/4, and
the double sum in Eq. (35) can be rewritten as the product
of two simple sums. In those cases where explicit analytical
approximations for E; and Uy, are available (see Sec. IV B),
and under the additional assumption that

(103)

L>1, (104)

those sums can be furthermore approximated very well in
terms of Bessel functions by means of a very similar line of
reasoning as, for instance, in Ref. [13]. Thus, omitting the
detailed calculations, the final results are as follows.

For |p| < p. [where p. ~ 1 according to Egs. (63) and
(104)], we can exploit Eq. (79) to deduce the approximation

2
Coaty = "D e 1, qa0s)
b(t) == [Jo(t) + I ()], (106)
c(t) == [1(t) + I
—2[Jo(t) + (O] 2 (t) + Ja(®)],  (107)

where J,,(¢) are the Bessel functions of the first kind. Similarly,
by expoiting Eq. (83), one obtains

Cva(t) ~ w for |p| = 1. (108)

Finally, one can utilize Eq. (69) to infer
Gy = 2200 s a9
d(t) :=1—[Jot) + Jo(t)] cos(Ept), (110)

where E} is approximately given by Eq. (88). Note that for
large values of |p|, as required in Eq. (109), also the energy E;
in Eq. (88) becomes large (in modulus), hence the condition
(103) becomes quite restrictive with respect to .

The most important observation is that all Bessel func-
tions J,,(t) approach zero for large ¢. Hence, Egs. (105) and
(108) approach zero for large ¢, while the long time-limit in
Eq. (109) agrees with the long-time average from Eq. (100)
[wherein @ = 0 and the last factor approaches 1/4 according
to Egs. (88) and (103)].
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FIG. 5. Red: numerically exact time-dependent expectation val-
ues (s7), — (sj)m for the same XX model as in Fig. 3(b) with
L =28, 16, and 24 in (a), (b), and (c), respectively. Blue: corre-
sponding analytical approximations from Eq. (15). Main plots: initial
relaxation behavior for ¢ € [0, 50]. (Insets) Long-time behavior for
t €[50, 200]. The blue curves are sometimes nearly covered by the
red ones.

Second, we recall that Cy4(¢) must be an even function of
B and of p, see below Egs. (37) and (41), respectively. Our
present approximations are in accordance with these predic-
tions. In particular, they are independent of 8, i.e., corrections
of order B2 have been neglected [see also Eq. (103)]. More-
over, the approximation (105) includes terms up to second
order in p, i.e., corrections of order p* have been neglected.
Likewise, corrections of order 1/p* have been neglected in
Eq. (109). A quantification of the finite-L corrections [cf.
Eq. (104)] is analytically less obvious (but numerically easy,
see next section).

A more detailed discussion by exploiting the well-known
properties of the Bessel functions is straightforward but not of
central interest with respect to the main issues of our present
work. Likewise, a generalization to other values of « than in
Eq. (102) is readily feasible in principle, but the analytical ex-
pressions would become even more involved than in the above
findings. Finally, going beyond the approximations (103) and
(104) and beyond the p values in Eqs. (105), (108), and (109)
becomes very arduous by analytical means.

2. Numerical examples

Here we illustrate the detailed temporal relaxation behavior
by employing the same numerical methods as in Sec. IV E.
Moreover, we compare the analytical approximations from the
previous section with such numerically exact results.

The red curves in Fig. 5 exemplify the numerical expecta-
tion values (A); — (A)w for A = s7 and the same XX model as
in Fig. 3(b). Their very good agreement with the blue curves

in Fig. 5 confirms once again (see also Sec. IVE) that the
approximation (15) is very accurate, and works practically
equally well for largely arbitrary system sizes L and times
t. Likewise, we confirmed (not shown) that the agreement
becomes even better for smaller values of g, as predicted
below Eq. (16).

Another interesting observation in Fig. 5 is that the curves
seem to be (practically) independent of L as long as the time
t is smaller than about 1.75L (in our present units), while
exhibiting quite notable and strongly L-dependent pseudoran-
dom “fluctuations” for even larger times . In other words,
moderately large L values (such as in Fig. 5) already emulate
very well the behavior in the thermodynamic limit L — oo
up to times of about 1.75L. Indeed, our numerically exact
results for L = 10* would be indistinguishable for r < 1.75L
from the blue curves in Fig. 5 and are therefore not shown.
The intuitive physical explanation is that the system’s behav-
ior after a local quench at the right chain-end needs some
time (proportional to L) to “notice” that the chain is of finite
rather than infinite length. A more detailed explanation and
additional examples of these well-known general features can
be found, for instance, in Ref. [13].

The insets of Fig. 5 indicate that the typical amplitudes
of the above mentioned pseudorandom fluctuations for ¢ >
1.75L decrease with increasing L. (Incidentally, also the
mean-value of those fluctuations depends on L, see also
Fig. 3.) A much more detailed analytical and numerical in-
vestigation of this issue has been carried out in Ref. [13]
for a somewhat different model. We found that largely the
same observations and conclusions are also recovered for our
present model, and hence are not repeated here. The main
result is that the behavior for a given, large but finite system
size L at very large times ¢ cannot be easily related to the be-
havior at a fixed, large but finite time ¢ for very large systems
sizes L. Yet, if both ¢t and L approach infinity, the sequence
of the limits becomes irrelevant. Moreover, the behavior in
this double-limit can already be recovered in very good ap-
proximation for relatively small L when focusing on times
t < 1.75L.

We emphasize that our analytical demonstration of non-
thermalization in Sec. IV D and its numerical confirmation in
Sec. IV E remain entirely unaffected by all these quite subtle
large-t versus large-L issues.

Finally, we turn to the comparison of our analytical approx-
imations from the previous section with numerical examples,
see Fig. 6. Note that p = 0.2 < p. in (a), p =1 =~ p, in (b),
and p =2 > p, in (c), where p. = (L + 1)/L = 1.0001, see
also Egs. (17) and (63). The black curves in Fig. 6 exemplify
the approximations from Egs. (105)—(110). In order to fulfill
the requirement (103) in those approximations, we have cho-
sen in Fig. 6 a smaller value of § than in Fig. 5. While the
agreement between the blue and black curves is very good in
(a) and (b), the deviations in (c) are somewhat larger. The main
reason seems to be that the condition |p| > 1 in Eq. (109) is
not yet very well fulfilled for the choice of p = 2 in Fig. 6(c).
We numerically found that the agreement indeed becomes bet-
ter upon further increasing p (not shown). On the other hand,
for larger p-values, correspondingly smaller S-values must
be chosen in order to still fulfill Eq. (103). Moreover, upon
increasing p the overall temporal variations become smaller
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FIG. 6. Red: numerically exact expectation values (s7), — (7 )
for the XX model from Egs. (1)—(11) with parameter values J, =1,
J.=0,v=a=L=108=1/4,y =0,andg=0.1, 0.5, and 2
in (a), (b), and (c), respectively. Blue: corresponding analytical pre-
dictions (15). Black: corresponding approximations from Eqgs. (105),
(108), and (109) in (a), (b), and (c), respectively. The blue and black
curves are (almost) covered by the red ones in (a) and (b).

and smaller, as can be most easily deduced from Eq. (109).
In other words, the choice p = 2 in Fig. 6(c) amounts to a
compromise between a nearly trivial time-dependence and a
breakdown of the analytical approximation (109).

Note that we restricted ourselves in Fig. 6 to the regime
t < 1.75L (see also the discussion above). As expected, in
the regime ¢t > 1.75 L, one finds (not shown) that the black
curves will remain (practically) constant, while the red and
blue curves will exhibit the usual pseudorandom fluctuations
(see above), whose typical amplitudes are, however, already
very small due to the quite large value of L = 10*. As detailed
in Ref. [13], this is accompanied by a breakdown of the
approximation mentioned below Eq. (104).

Physically speaking, the case p > p. in Fig. 6(c) amounts
to yet another example of nonthermalization (nonzero long-
time average). Likewise, the case p < p. in Fig. 6(a) gives rise
to a vanishing long-time average [40]. Finally, the case p = p.
in Fig. 6(b) may be viewed as a “critical point,” exhibiting a
particularly slow relaxation towards zero.

G. Signatures of localization

As detailed at the end of Sec. IV C, for |p| > p. a so-called
localized mode (with index k = L) arises, whose character-
istic signature is that Uy, in Eq. (89) or Eq. (91) decreases
(in modulus) with increasing distance [ := L — [ from the
right chain-end (exponentially for |p| > p. and algebraically
for |p| = p.). Moreover, the appearance of such a localized
mode is essential for the absence of thermalization, as ob-
served at the end of Sec. IVD2. It is however important to
realize that this notion of localization refers to the auxiliary
eigenvalue problem in and around Eq. (40). The latter, in turn,
arises by mapping the original XX model (24) by means of a

Jordan-Wigner transformation to an equivalent model of free
fermions, see Eq. (28). Since the same kind of transformation
will not be possible for our later considered XXZ model, also
such a notion of localization will be meaningless as it stands,
and thus needs to be adapted in some suitable way.

Therefore we first address the question whether and how
these localization features of the Jordan-Wigner transformed
model manifest themselves already in the original XX model
from Eq. (24). Two particularly important such manifestations
are obviously the absence of thermalization and the strong
violation of the ETH from Sec. IV D. But are there also some
immediate signatures of “localization” already in the original
Hamiltonian (24)?

To begin with, let us consider those eigenvectors b) of H
[see in and around Eq. (31)] for which the general definition
(30) takes the particularly simple form of a “one-particle exci-
tation” |k) := f,le) with an arbitrary but fixed k € {1, ..., L}.
Observing that f: = ZzL=1 Uk*lc;r according to Eq. (27), ex-
ploiting Eq. (25) to infer clT = o;’Zl, and noting that Z;|0) =
|0) [see below Eq. (29)], we thus can conclude that

L
k) = ZU,jlo,+|o>. (111)
=1

Recalling the definition of |0) below Eq. (29) it follows that
o;"|0) may be viewed as a “one-spin excitation,” i.e., a product
state where the /th spin points “up” and all other spins point
“down.” Accordingly, |k) in Eq. (111) thus represents a linear
combination of all possible one-spin excitations with coeffi-
cients U};. Choosing k = L, the above mentioned localization
properties of Uy, then translate into a localization property
of |L) in the sense that one-spin excitations near the right
chain-end contribute with a much larger weight Uj; than all
the others.

Analogously, we may consider any eigenstate in Eq. (30)
(apart from |0)) as some n-particle excitation of the general
form

ks k) o= £ £ 10) (112)

with ky,...,k, e {l,...,L} and k| <k, < ... < k;,. Simi-
larly as above, one thus can conclude (see Appendix A in
Ref. [13]) that

Kty ka) = Y ull, . L)oo 010), (113)

where Z' indicates a sum over all [;,...,[, €{l,...,L}
with I} <, < --- < [, and thus consists of (ﬁ) summands.
Furthermore,

uly, ... L) =Y t(MANU, Uy
I

(114)

where the sum is meant to run over all permutations IT of
{1, ..., n} and thus consist of n! summands, and where (1) is
either +1 or —1, but for the rest depends in a very complicated
wayonl := (I, ...,1I,), ultimately caused by the anticommu-
tation relations mentioned below Eq. (25).

Similarly as before, the last factors o, ---0,7|0) in
Eq. (113) may now be viewed as “n-spin excitations.” More-
over, one expects that the localization properties of U, must
somehow enter the game if k, = L. However, the large num-
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ber of summands in Eq. (113) and the complicated form of
the coefficients in Eq. (114) make a more tangible physi-
cal interpretation quite difficult. Therefore we now turn to
the signatures of localization, which do not manifest them-
selves directly in the system’s energy eigenstates, but rather
in certain characteristic features of some suitably chosen ex-
pectation values.

A first such signature arises for that specific eigenvector
|1;) whose components are of the particular form by = &1
(and which thus coincides with the one-particle excitation |L)
from above). Namely, its expectation values for the observ-
ables A =% + 1/2 [see also Eq. (11)] may be viewed as
being localized near the right chain-end (at o« = L), as can
be inferred from Eq. (E1) in Appendix E. However, this only
concerns the above very special energy eigenstate |b), whose
energy is moreover located somewhere “in the middle of the
spectrum of H” according to Eq. (32). (In particular, it is far
from the ground state.) For more general eigenstates |l;), ie.,
many-particle excitations with by = 1 not only for k = L, the
traces of the localization properties of U;; become less clean
due to the additional “pseudorandom” summands |Uy; |*> with
k < L, see also Egs. (67), (93), and (E1).

A second signature consists in the fact that the strong
violation of the ETH is most pronounced for small & values,
i.e., near the right chain-end, as discussed in Appendix E
around Eq. (E4). A third signature arises by observing that
the absence of thermalization from Sec. IV D may again be
viewed as being localized near the right chain-end according
to Egs. (100) and (101). A quantitative numerical example is
provided in Fig. 4.

Note that the first two above signatures are of rather theo-
retical character in the sense that properties of single energy
eigenstates are quite difficult to observe in an experimental
many-body system. The third one is experimentally unprob-
lematic but is of a rather “indirect” character in the sense
that it admits little insight into the basic physical mechanism
behind it.

In any case, the most fundamental signature of localization,
namely the existence of a localized mode Uj;, seems hardly
seizable beyond the very special class of systems which can be
mapped to an equivalent model of free fermions. On the other
hand, the second and third above signatures are independent of
whether or not such a mapping is available. Moreover, they are
in fact very closely related to each other via our key relations
(20) and (22).

Finally, it also seems noteworthy that the thermal expecta-
tion values (s5)m (see also Appendix G) do not exhibit any
signature of the onset of localization when p exceeds the
critical value p,.

V. THE XXZ MODEL WITH AN END-IMPURITY

The XXZ model may be viewed as a generalization of the
XX model from Eq. (24) when abandoning the requirement
J. = 01in Eq. (23), i.e., the Hamiltonian is now of the form

-1
, . p
H = ; (S;CHS? + y1v+1S; +‘IZSI+1S7) + zsi’

(115)

|
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FIG. 7. Same as Fig. 3 but now for the corresponding XXZ
model with J, = 0.3 in Eq. (115).

see also Eqgs. (1), (2), (5), (8), and (17). Moreover, we focus
again on the case of an end-impurity as specified in and around
Eq. (42). The main goal of this section is to show that quali-
tatively similar results as for the XX model are also recovered
for the XXZ model.

To the best of our knowledge, a pertinent extension of the
general analytical framework from Sec. III is not available
for our present XXZ model with an impurity in Eq. (115).
Hence, we confine ourselves to purely numerical explorations,
analogous to those in Secs. IVE and IVF2.

In Fig. 7, we show the same type of numerically exact
time-averaged expectation values as in Fig. 3, but now for
the XXZ model (115) with J, = 0.3 instead of the XX model
(corresponding to J, = 0). Moreover, the numerical results
for L = 10* (leftmost crosses in Fig. 3) as well as analytical
approximations (blue crosses and green bar in Fig. 3) are no
longer available in Fig. 7 (see also previous paragraph and
Sec. IVE). Apart from that, the numerical findings in Fig. 7
are indeed quite similar to those in Fig. 3. Finally, we recall the
remarks in Sec. IV E (paragraphs 2 and 4 therein) concerning
the reliability of our large-L extrapolations by means of the
black lines. Altogether, Fig. 7(b) thus provides once again
very convincing numerical evidence that the system does not
exhibit thermalization after a local quantum quench, see also
the more detailed discussion of this issue in Sec. IV E.

As usual (see Sec. II D), once the absence of thermalization
has been established for a given system, we can conclude that
the system also must exhibit a strong violation of the ETH.
Moreover, it seems reasonable to expect that the second and
third main signatures of localization from Sec. IV G will be
handed down from a nonthermalizing XX to the correspond-
ing XXZ model as well. A numerical confirmation is provided
by Fig. 8.

Likewise, Fig. 9 is the counterpart of Fig. 5, but now
with J, = 0.3 instead of J, =0, and without any analyti-
cal approximations (blue and black curves in Fig. 5). For
the rest, the numerically exact results (red curves) are again
qualitatively and even quantitatively quite similar in the two
figures for small-to-moderate times with ¢ < 1.75L, see also
Sec. IV F2. On the other hand, the pseudorandom fluctuations
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FIG. 8. Same as Fig. 4 but now for the corresponding XXZ
model with J, = 0.3 in Eq. (115).

for + > 1.75L in Fig. 9 are still qualitatively similar as in
Fig. 5, but quantitatively much weaker [41]. Such quantita-
tive differences have also been reported in related previous
investigations. Without going into the details, these differ-
ences can be traced back to the fact that we are dealing with
so-called interacting and noninteracting integrable models in
the case of our present XXZ and XX models, respectively
[31].

A more detailed and systematic numerical exploration of
how all these various features of the XXZ model depend on
J;, and possibly also on g, ¥, L, and B, is a quite interesting
issue in its own right, which goes beyond the scope of our
present work (see also Sec. VII).

VI. INNER IMPURITIES

A. The XX model with an inner impurity

For the sake of simplicity, we will mainly focus on odd
chain lengths L and on impurities and perturbations s% in

—
o
~

~
ot
s}

FIG. 9. Same as Fig. 5 but now for the corresponding XXZ
model with J, = 0.3 in Eq. (115).

Egs. (2) and (8) [and thus in Eq. (24)] with
_L+1

v e
2

i.e., we may imagine the impurity to be located exactly in the
middle of the chain (henceforth denoted as central impurity),
see also below Eqgs. (8) and (42). Generalizations to even L
and arbitrary inner impurities are in principle straightforward,
but require more lengthy calculations and case differentia-
tions, and will therefore only be briefly summarized at the
end of this section. For the rest, the detailed calculations are
largely analogous to those in the previous Sec. IV, and are
therefore relegated to Appendix H.

Similarly as in Sec. IV C, the first main implication of
those analytical calculations in Appendix H is that there are
L — 1 delocalized modes and one localized mode whenever
| p| exceeds the critical value

2 4
Pe= T v
where we utilized Eq. (116) in the last step. Furthermore, one
thus can infer—similarly as in Sec. IV D—that the system
exhibits no thermalization after a local quench whenever |p| >
p.. Quantitatively, by focusing on the most interesting regime
1/L < |p| < 1, the counterpart of Egs. (100) and (101) now
assumes the form

(116)

(117)

2 o= lpllv—al
pe
B

il = el = P 5 o)

(118)

Likewise, a strong violation of the ETH immediately follows
by similar arguments as in Sec. IV D, and the concomitant
signatures of localization in the system’s Hamiltonian (24) are
analogous to those in Sec. IV G.

The most important difference compared to the end-
impurities considered in Sec. IV is that in the present case of
a central impurity the critical value in Eq. (117) approaches
zero for large L. In particular, a quench in the form of an
arbitrarily weak central impurity thus always gives rise to non-
thermalization in a sufficiently long spin-chain [see also the
discussion below Eq. (101)]. We also remark that the choice
y = 0 is particularly natural in our present case [see below
Eq. (8)], and implies together with Eq. (17) that the right-hand
side of Eq (118) scales as g°. In other words, the observable
manifestations of nonthermalization are quantitatively quite
weak for small g.

As an outlook we mention that for more general impurities
and perturbations s% in Eqs. (2) and (8) [and thus in Eq. (24)]
with an arbitrary location v € {1, ..., L}, one finds (after sim-
ilar but more involved calculations) that the critical impurity
strength is given by

1 1
pe = (119)

Ty + L+1—v’
and that the same conclusions as in the previous paragraph
apply whenever |p| exceeds this critical value. In particu-
lar, one readily recovers Eqgs. (63) and (117) in the special
cases from Eqs. (42) and (116), respectively. Moreover, p, in
Eq. (119) approaches zero whenever the impurity site v scales
with the system size L in such a way that both v and L — v
diverge for large L. On the other hand, whenever either v or
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FIG. 10. Same as in Fig. 3 but now for v=a = (L +1)/2
(central impurity), g=0.2 in (a), g=0.4 in (b), and L =
10001, 25, 23,...,11,9. The green bars indicate the analytical ap-
proximation for L — oo from Egs. (118).

L — v remains finite as L — o0, the critical value in Eq. (119)
approaches a nonvanishing limit. Pictorially speaking, the im-
purity may be said to be located in the “bulk” of the spin-chain
in the first case and in one of the “end-regions” in the second
case.

A numerical illustration of these predictions is presented
in Fig. 10 (see also Secs. IVE and V). As required at the be-
ginning of this section, odd system sizes L have been chosen,
and the values of g = p/2 [see Eq. (63)] are still relatively
small. Overall, the main features and the discussion are largely
the same as in the case of an end-impurity, see Fig. 3 and
Sec. IVE, apart from one very prominent exception: We
now observe absence of thermalization both in (a) and (b),
in agreement with our above analytical predictions [see in
particular below Eq. (118)]. Note that we have purposefully
chosen in Fig. 10 even smaller values of g = p/2 than in
Fig. 3 in order to highlight this key difference between the two
cases even more strikingly. The fact that the deviations of the
green bars from the leftmost blue crosses are quantitatively
larger in Fig. 10 than in Fig. 3 can be traced back to the
extra assumption |p| < 1 mentioned above Eq. (118). We also
remark that our numerical results for even system sizes L and
v = a = L/2 (not shown) are found to be very similar to those
in Fig. 10, i.e., the restriction to odd L and exactly centralized
impurities in our above analytics indeed seems to be of minor
importance.

1. Periodic boundary conditions

A further, quite minor and natural extension is to consider
periodic instead of open boundary conditions. Formally, this
amounts to replacing the upper summation limit L — 1 in
Eq. (24) by L and setting s7_; := s{. Obviously, in such a case,
the actual position v of the impurity in Eq. (24) becomes irrel-
evant. Moreover, it seems reasonable to expect that the system
behaves similarly as an open system with a central impurity. A
confirmation of this expectation follows upon comparing the
numerically exact findings in Fig. 11 with those in Fig. 10.

0 l/L 0.1

FIG. 11. Same as in Fig. 10, except that periodic instead of open
boundary conditions have been employed. For more details, see the
main text.

We remark that also an analytical confirmation is in principle
possible by a pertinent generalization of the calculations in
Secs. Il and IV (see also Appendix H). We omit them here in
view of the already quite considerable length of our paper as
it stands. Accordingly, also the leftmost red crosses, the blue
crosses, and the green bars in Fig. 10 are no longer available.

B. The XXZ model with a central impurity

As in Sec. V, we consider the XXZ model from Eq. (115),
and we confine ourselves to numerical explorations. As in
the previous Sec. VI A, we furthermore focus on odd chain
lengths L and a central impurity according to Eq. (116).

In Fig. 12, we show the same type of numerically exact
time-averaged expectation values as in Fig. 10, but now for
the XXZ model (115) with J; = 0.3 instead of the XX model
(corresponding to J; = 0), see also Fig. 7 and its discussion in
Sec. V. Obviously, there is a very striking difference between

0 1 I 1 1 | L
0 1/L 0.1

FIG. 12. Same as Fig. 10 but now for the corresponding XXZ
model with J, = 0.3 in Eq. (115). For more details, see the main
text.
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Figs. 10 and 12. While the XX model exhibits absence of
thermalization in both Figs. 10(a) and 10(b), the same is no
longer the case for the XXZ model both in Figs. 12(a) and
12(b) [40].

Analogous results for the same or closely related models
have been reported previously, for instance, in Refs. [14,16—
20]. In this sense, the example from Fig. 12 has only been
included here in order to make the paper self-contained, while
the observation of thermalization is in itself nothing new.
Likewise, the basic physical explanation of this finding has
been previously established and goes as follows: As numeri-
cally shown in Refs. [14,16-20], the well-known integrability
of the XXZ model without any impurity is broken by a central
impurity. More precisely speaking, it has been numerically
found that the XXZ model with a central impurity satisfies the
conventional (strong) ETH (see also Sec. I) and that its energy
spectrum exhibits a so-called Wigner-Dyson level statistics,
widely considered as a characteristic signature of “quantum
chaos” and thus of nonintegrability. Similar features are also
numerically seen for XXZ models with periodic boundary
conditions in the presence of an impurity. Moreover, the
numerics in Refs. [14,16-20] suggests that the integrability-
breaking effect will persist (in the thermodynamic limit) even
for arbitrary weak (but finite) impurities, and likewise for
arbitrarily strong (but finite) impurities.

Incidentally, the XXZ model with open boundary condi-
tions is well-known to remain integrable in the presence of an
end-impurity [42-44], and similarly for the XX model with
any (local) impurity [see below Eq. (24)]. On the other hand,
the XXZ model with periodic boundary conditions is provably
nonintegrable in the presence of an impurity [45]. Finally, it is
reasonable to expect that a central impurity in a system with
open boundary conditions results in similar properties as an
impurity in a system with periodic boundary conditions. All
our numerical findings are, of course, in perfect agreement
with those general predictions.

VII. CONCLUSIONS

Our main finding is that already a local, and in princi-
ple arbitrarily weak quantum quench may be sufficient to
prohibit a many-body system from exhibiting thermalization.
Specifically, we explored the behavior of some basic local
observables in XX- and XXZ-spin-chain models, initiated at
thermal equilibrium (Gibbs state), and then suddenly switch-
ing on (or slightly changing) a single-spin impurity either at
one of the chain’s ends or in the middle of the chain. We more-
over showed that whenever a given system and observable
exhibit such an absence of (re)thermalization, this observable
also exhibits a strong violation of the ETH, meaning that it
does not even obey the weak ETH [10]. Incidentally, this is
somewhat reminiscent of the connection between the absence
of thermalization after a global quench and the violation of the
conventional (strong) ETH in integrable systems, which has
been previously observed in numerous numerical examples
(see also Sec. I).

In the case of the XX model, a fully analytical solution
of the problem was possible. After employing a standard
Jordan-Wigner transformation, the main achievement was to
determine the eigenmodes and eigenvalues of the transformed

Hamiltonian in the presence of an impurity in the original
model, see Secs. IV A, IV B, and Appendix H. We remark
that somewhat similar results have been previously obtained
for the transverse field Ising model with an end-impurity in
Ref. [46], but that no tangible connection between the two
cases can be established since they differ in too many impor-
tant respects. Once these eigenmodes and eigenvalues were
available, we took advantage of the recently developed general
formalism from Refs. [13,26] to arrive at explicit expressions
for the time-dependent expectation values. Along these lines,
we analytically demonstrated the absence of thermalization
in the case of an end-impurity, provided its strength exceeds
some finite (nonzero) threshold value. On the other hand,
in the case of an impurity in the middle of the chain, the
corresponding threshold value was found to be zero, i.e., an
arbitrarily weak impurity is sufficient for nonthermalization.
More precisely speaking, in both cases the threshold value
refers to the postquench impurity strength, while the dif-
ference between the pre- and postquench impurity strengths
is even admitted to assume arbitrarily small (nonzero) val-
ues. Moreover, our analytical approximations actually become
asymptotically exact when this difference becomes small.

Essentially, the absence of thermalization was found to
be rooted in the appearance of a localized mode in the
Jordan-Wigner transformed model. While this notion of
localization—originally introduced in Ref. [39]—is of a quite
formal character with respect to the original XX model in
which we are actually interested, we found that its main
directly observable manifestation is a localization of nonther-
malization, meaning that a local quench may permanently
keep the system out of equilibrium near the location of the
quench, but not far away from it.

Turning to the XXZ model, analogous explorations could
only be accomplished by numerical means. In the case of an
end-impurity, we recovered a quite similar behavior to that of
the XX model, but not anymore in the case of an impurity in
the middle of the chain. As detailed in Sec. VIB, the basic
reason seems to be that the XX model remains integrable in
the presence of impurities at the end as well as in the middle
of the chain, while the XXZ model remains integrable for end-
impurities, but not anymore for impurities in the middle of the
chain.

Straightforward generalizations of our analytical explo-
rations include periodic instead of open boundary conditions
(see also Sec. VIA 1), the XY instead of the XX model, or
more general types of impurities and observables, to name but
a few. Working out all the technical details is, however, quite a
tedious task which goes beyond the scope of our present work.
The same applies to a more detailed numerical exploration
of the XXZ model (see Sec. VI), and likewise for the XYZ
model, which may be considered as a generalization of either
the XY or the XXZ model.

As explained at the end of Sec. IID, in cases where a
system does not exhibit our present signature of nonthermal-
ization, this is not yet sufficient to answer the question of
whether or not the system actually does thermalize. Instead,
a solution of this task has been worked out in our companion
paper [13]. Most importantly, the occurrence of thermalization
after a local quench has been rigorously established therein
for the same XX model as in Secs. IV and VI, however, under
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the extra condition that g = —y and thus p = 0 in Eq. (17),
meaning that the prequench system in Eq. (2) exhibits an
impurity, which is switched-off at time ¢ = 0, resulting in
an postquench system in Eq. (5) without any impurity [47].
Together with the findings of our present work, this implies
that small details such as whether an impurity is switched
on or off, may be of great importance with respect to the
question of whether a system thermalizes or not. Moreover, to
obtain truly reliable answers, a careful analytical exploration
of any given specific model may be practically indispensable
in general [48].

We finally note that there are also a number of similari-
ties as well as differences between our present investigations
and the topic of Hilbert space fragmentation [49]. Notable
similarities are that autocorrelation functions, localization,
and a strong violation of the ETH play important roles in
both cases. An essential difference regarding the issue of
(non)thermalization is that in the context of Hilbert space
fragmentation the focus is predominantly on global quenches,
or on the infinite temperature limit and some not explicitly
specified nonequilibrium initial states. More detailed investi-
gations along these lines are the subject of our ongoing work.
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APPENDIX A: SAME g IN EQS. (3) AND (10)

In this Appendix, we provide a detailed justification of why
B can be chosen equal in Egs. (3) and (10) for sufficiently
large L [see also the discussion above Eq. (9)].

We adopt the same definition of the system’s initial state
p(0) as in Eq. (3) with an arbitrary but fixed value of S.
However, instead of pg,, in Eq. (10), we now consider more
general canonical ensembles of the form

Pean(B) := ¢ P e Py,

where B is for the moment still arbitrary. According to text-
book statistical mechanics, given a system with Hamiltonian
H and some initial state p(0), the pertinent canonical ensem-
ble is of the general form (A1). Moreover, the value of B must
obviously be chosen such that the system’s energy (which is
a conserved quantity) is correctly reproduced. Denoting this
particular f value as #’, and employing the definition

(A)

AE(B) := tr{p(0)H} — tr{pean (B)H}, (A2)
we thus require that 8’ satisfies
AE(B) = 0. (A3)

Setting
8B :=p -5, (A4)
the objective in the remainder of this Appendix is to show that
8 =0(/L), (A5)

which is equivalent to our original claim at the beginning of
this Appendix.

More precisely speaking, for our general XXZ model of
the form (1), (2), (5), and (8), we will derive (A5) under the
physically very reasonable extra assumption that the system’s
heat capacity is extensive. Moreover, for our XX model from
(24), we will derive (A4) even without this extra assumption.

To begin with, let us define a set of auxiliary Hamiltonians
H, and concomitant canonical ensembles p,,

H, := Hy + r(H — Hy), (A6)
pri=e Pz, (A7)
Z, = tr{e PH}, (A8)

where r € [0, 1] is a parameter. Recalling the basic relations
—% InZ, = tr{p,H,} and H = Hy + gV [see Eq. (5)], we can
conclude from Eq. (A2) that

3 Z
AE(B) = gtr{p(0)V} + — In 7 (A9)

ap
Furthermore, by exploiting Egs. (C.9) and (C.11) in the sup-
plemental material of Ref. [11] and the cyclic invariance of
the trace, one can infer the relation

1
In é = —g,B/ drir{p,V}, (A10)
Zy 0
yielding with (A9) the result
AE(B) = glCi(B) — Co(B) — BG3(B)], (Al1)
Ci(B) = tu{p(0)V}, (A12)
1
G(B) = / dri{pV}, (A13)
0
Ld
C3(B) :=/(; drﬁ tr{p,V}. (A14)

Observing that |tr{o,V}| < [|[V|op for all r (where || - |lop
denotes the operator norm, see also below Eq. (16)), and
utilizing the abbreviations

v = [[Vllop. (AL5)

1
— max
v 0<r<l1

0
@ tr{prv}

we can upper bound the modulus of the three quantities in
Egs. (A12)-(A14) and then conclude with Eq. (A11) that

D = , (A16)

[AE(B)| < Iglv(2 + |BID). (A17)
Next, we can infer from (A3) that
B
sE@) = [ apwip). (A18)
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9
W(B) = —ﬁAE(ﬂ) (A19)

and with (A2) that
W(B)

_ —% tt(Pean(B) H). (A20)

Invoking (A4), we can evaluate (A18) by the mean-value
theorem and introduce the result into (A17), implying

Iglv(2 + |BID)
08l < ——F 7 (A21)
P W (Bn)]
for some B, with the property 8 — [68] < B < B+ 1881.

1. Evaluation of D and W (§3,,)

Let us first remark that the derivation of (A21) is still valid
for entirely general Hamiltonians H and Hy. Furthermore, our
final result (AS) follows immediately from (A21) under the
following three conditions: (i) v in (A15) remains bounded
for L — oo, (ii) D in (A16) remains bounded for L — oo,
and (iii) |[W (B,,)| in (A19) grows asymptotically linearly with
L.

Condition (i) is trivially fulfilled for any local operator V.
In particular, for our standard example from Eq. (8), one finds
that

v =55 llop = 1/2, (A22)

see also below Eq. (16). Conditions (ii) and (iii) are in gen-
eral more difficult to verify mathematically, but physically
speaking it seems very reasonable to expect that they will
be fulfilled in many cases. For instance, the quantity W (8,,)
in Eq. (A20) can be immediately related to the system’s heat
capacity. Hence, it is expected to be an extensive quantity in
many cases, including our XXZ model of the form (1), (2), (5),
and (8). Similarly, (ii) is expected to hold as long as there is no
(first-order) phase transition at inverse temperature 8 and with
an order parameter related to V, which again can be excluded
for our present one-dimensional models.

Moreover, in cases where the Hamiltonian H, is given by
a sum of local operators of the general structure H, = >, iy
(which applies, for instance, for our present XXZ model), one
readily verifies that

% o VY ==Y GV, hu), (A23)
l

where

G(A, B) := tr{p,AB} — tr{p,A} — tr{p, B}

is the correlation of the operators A and B. For the canonical
ensembles p, and local perturbations V we are considering
here, one can furthermore show that the correlations G(V, h;)
exhibit a so-called cluster decomposition property [51], from
which one can deduce that the sum in (A23) can be upper
bounded (in modulus) by a finite value when L — co. Note
that this argument applies separately to any given parameter
value r, hence it also applies to that r value which maximises
the right-hand side of (A16) in the limit L — oo. Incidentally,
one might think that similar arguments may also be applicable
with respect to the above condition (iii). The problem is that,

(A24)

in contrast to (ii), it is necessary to establish some suitable
kind of lower bound in order to guarantee (iii).

Finally, we provide a more rigorous justification of (ii) and
(iii) for the XX model within the setup considered in Secs. III
and VI A. Regarding (ii), we can identify tr{p,V'} with the left-
hand side of Eq. (G1) with « = v, while the r dependence of
tr{,0,V} is buried in the quantities Uy, and E}, on the right-hand
side of Eq. (G1). Ut1hzmg ~ tanh(x) = 1/ cosh?(x), one thus
obtains

aa tr{p,V}

8‘3 __Z| kv

A2
cos hz(ﬂEk/2) (A23)

Furthermore, one can readily infer from the discussions in
Sec. IV B and Appendix H that

|Ex| < h(p)

for all admissible k and L, where h(p) is an L-independent
function with A(0) =1 and h(p) =~ O(|p|) for p> 1. Re-
calling that Zi:l |Uul? =1 (see below Eq. (39)) and that
cosh(x) > 1, we thus can conclude that

(A26)

h(p)
—t .V A27
op r{o,V} < 4 (A27)
independent of r, and with (A17) that
h
D < % (A28)

independent of L, i.e., condition (ii) is fulfilled.

Turning to (iii), our first observation is that the pertinent
quantity |W(8)| can be identified W1th ln Z; [see also be-
low Eq. (A8)]. Our next observation is that In Z; can be readily
evaluated by means of the eigenbasis |l;) of H as specified in
and around Egs. (30)—(32) and recalling that H; = H accord-
ing to Eq. (A6). The detailed calculations are straightforward
and very similar as, for instance, those in Appendix B.1 of
Ref. [13]. Along these lines, one finally arrives at the result

L

E2
W(Bn)| = — L A29
W (Bl ; 4 cosh?(B,E;/2) (429
Upon utilizing (A26), we thus can conclude that
1 L
W(Bw| = EZ. (A30)
4 cosh?(Buh(p)/2) ,; :
Denoting by N, the number of indices [ € {1, ..., L} with the
property |E;| > % it follows that
Np
W(Bn)| = . A3l
W 2 G o2 Bt (p2) (A3

Focusing on energies E; of the type discussed in Sec. IVB 1
and Appendix H, one readily sees that for large L at least
half of them satisfy the condition |E;| > 5, ie., N > L/2.
Together with Egs. (A21), (A22), (A28), and (A31) we thus
can conclude that
4|g|(8 h h?(B.h(p)/2

58] < 1g1(8 + 1] (p))LCOS (Buh(p)/2) (A32)
The remaining task is to show that the right-hand side ap-
proaches zero for L — oo. Recalling that g, 8, and p are

144304-20



ABSENCE OF THERMALIZATION AFTER A LOCAL ...

PHYSICAL REVIEW B 113, 144304 (2026)

considered as arbitrary but fixed, it is thus sufficient that 8,
remains finite for L — 0o. According to (A4) and the speci-
fication of B,, below (A21), the latter in turn is guaranteed if
the solution B’ of the equation (A3) remains bounded for L —
oo. It seems reasonable to expect that the latter, very weak
condition can safely be taken for granted in most cases of
physical interest. Indeed, an unlimited growth of 8’ essentially
corresponds to the zero temperature limit and would mean
that the system assumes an extremely low energy after a local
quantum quench (and likewise if 8/ — —o0). Tacitly ignoring
such cases, the numerator in (A32) stays bounded for L — oo,
and we recover our final result (AS5). [Incidentally, once we
know that §8 is small, we can approximate §,, in (A32) by g
according to the specification of §,, below Eq. (A21).]

APPENDIX B: MONOTONICITY

The objective is to show that for any n € N, the function

g(x) := sin(x) cot(nx) (B1)
is strictly monotonically decreasing for all x € (0, 7) with
nx/m ¢ Z. [Note that g(x) is not defined (exhibits poles) for
nx/m € Z.] Since cos(x) is monotonically decreasing for all
x € (0, ), it readily follows that also the function
f(x) := cos(x) 4 sin(x) cot(Lx) (B2)
is strictly monotonically decreasing for all x € (0, 7) with
Lx/m & Z, as claimed in item (iii) above Eq. (63).
We therefore rewrite the derivative of g(x) as

g (x) = —h(x)/ sin*(nx), (B3)
h(x) := — cos(x) cos(nx) sin(nx) + n sin(x)
= nsin(x) — cos(x) sin(2nx)/2. (B4)

It is thus sufficient to show that A(x) > 0 for all x € (0, 7).
Observing that h(w — x) = h(x), it is furthermore sufficient
to focus on x € (0,  /2]. Since | cos(x) sin(2nx)/2| < 1/2 for
all those x, it readily follows that 2(x) > O for all x € (0, 7 /2]
with the property sin(x) > 1/2n. We are thus left with those
x € (0, r /2] with the property sin(x) < 1/2n. Since cos(x) <
1 for all those x, it is sufficient to show that
2n sin(x) > sin(2nx) (BS)

for all x € (0, w /2] with sin(x) < 1/2n.
Our next observation is that cos(cy) > cos(y) for all y €

[0, ] and arbitrary o € (0, 1], implying

. y y
sm((xozy) = / dx cos(ax) > / dycos(x) = sin(y). (B6)
0 0

Choosing « =1/2n and y = x/a = 2nx it follows that
Eq. (BY) is fulfilled for all x € [0, 7 /2n]. Observing that the
solution x € (0, /2] of sin(x) = 1/2n satisfies x < 7 /2n for
any n € N, we can conclude that, indeed, Eq. (BS) is fulfilled
for all x € (0, 7 /2] with sin(x) < 1/2n.

APPENDIX C: DERIVATION OF EQ. (83)

Focusing first on p = 1, our goal is to find L solutions ry of
Eq. (78) under the extra constraint ry, € (—m, 0), see Egs. (60),
(64), and below (74). Introducing

X = — T, (Cl)

wk L )
= —t —X,
R R b

it follows that x; € (0, 7) and y; € (0,27) for all k €
{1,...,L}, while Eq. (78) together with Eq. (63) can be
rewritten as

sin(xg) = sin(yg). (C3)

One readily sees that this equation admits at most two possi-
ble solutions under the extra constraints x; € (0, 7) and y; €
(0, 2m), namely, (i) xy =y and (i) x; — 7 /2 =7/2 — y;. In
the case (i), one can conclude with Eq. (C2) that x;, = ko, thus
violating one of the constraints. Likewise, in the case (ii) one
recovers with Egs. (C1) and (C2), the result from Eq. (83).

Turning to the case p = —1, one recovers again Eq. (C3) if
one defines
X = Ik, (C4)
wk L
= — = ——X, C5
L I R I R ©

satisfying x; € (0, w) and y; € (—m, ), and implying again
the two possible solutions (i) and (ii). However now, (i) im-
plies Eq. (83), while (ii) violates the constraints.

APPENDIX D: DERIVATION OF EQ. (93)

Our objective is to show that Eq. (93) amounts to an ap-
proximation whose relative error decreases as 1/L for L —
oo. In particular, we always take for granted that L is large.
More precisely speaking [see around Eq. (93)], the quan-
tity xx in Eq. (93) may either be defined via Eq. (68) with
kef{l,...,L—1} (corresponding to the case |p| > p.) or
via Eq. (77) with k € {1, ..., L} (corresponding to the case
[Pl < pe).

We first consider the case |p| > p.. Since sin(0) = 0, we
can replace the lower summation limit / = 1 in Eq. (68) by
! = 0. Observing sin?(x) = [1 — cos(2x)]/2, we thus can in-
fer from Eq. (68) that

Kkt =[L+1—R]/2, (D1)
L

R:="cos(yl). (D2)
=0

Vo= 2¢y, (D3)

where ¢y is defined in Eq.‘ (64). Since ¢, € (0, ) for all k, see
Eq. (61), it follows that ¢’V # 1 and thus

R = Re(Q),

L .
: 1—e%
R Wl
0:=3 M= =5

(D4)

(D5)
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where x := (L 4+ 1)¥. Together with Eqs. (D3) and (64), it
follows that x = v + 2(k + r¢). As far as the quantity e'X in
Eq. (D5) is concerned, we therefore can equally well employ
the definition

X = w+2rk.

Let us first focus on k values with k < L, say k/L < € with
some small € > 0. It follows with Egs. (64) and (71) that ¢
in Eq. (D3) as well as x in Eq. (D6) are small quantities (of
order € or smaller). Hence Q in Eq. (D5) can be approximated
as

(D6)

, D7)

where we used Eqgs. (D3) and (D6) in the second step, and
Eq. (64) in the last step. Observing Eq. (71), it follows that
the last term in Eq. (D7) can be approximated by 1/(p —
pe+ 1/L) and thus by 1/(p — p.) for sufficiently large L.
Together with (D4) and (D7), this yields R >~ 1+ 1/(p — p.).
Rewriting Eq. (D1) as

L
KE = 5(1 +a), (D8)

1—-R
a:=—-,
L
we thus recover the approximation (93) with a relative error a
which decreases as 1/L for large L. Analogous considerations
apply for all k with k/L < €, where k := L — k. Next we turn
to the remaining k values with the properties k/L > ¢ and
k/L > e. Taking into account Eqs. (64) and (65) it follows that
Y from (D3) must be larger than € := we — /L and smaller
than 27 — €. For sufficiently large L, we thus can conclude
that ¢ > € and ¥ < 2w — €. Since € is small it follows that
|1 — Y| can be lower bounded by € apart from corrections of
order €2. Hence, |Q| in Eq. (D5) and |R| in Eq. (D4) can be
upper bounded by 2/¢. Together with Egs. (D8) and (D9), this
yield once again the approximation (93) with a relative error
ax1/L.

Finally, we turn to the case |p| < p. (see also the first
paragraph). One readily sees that essentially the same line of
reasoning as before can be employed, except that one now has
to work with Egs. (74), (80), and (81) instead of Egs. (64),
(71), and (72), respectively. Moreover, in the special case p =
0, one finds the exact result ki = /(L + 1)/2 (for arbitrary L)
as an improvement of the large-L approximation (93).

DY)

APPENDIX E: STRONG VIOLATION
OF THE ETH FOR |p| > p.

In this Appendix, we provide a direct proof of the strong
violation of the ETH for |p| > p., as announced at the end of
Sec. IVD2.

To begin with, we recall [7] that the ETH essentially means
that the diagonal matrix elements (n|A|n) of any (local) ob-
servable A must be similar for energy eigenstates |n) with
similar eigenvalues &£,, see also in and around Eqgs. (21) and
(22). More precisely speaking [7], it is sufficient to focus
on large system sizes, and the variations of (n|A|n) must be
negligible as long as the differences of the energies &, are
small compared to the typically extensive energy scale of the

system itself. The conventional (or strong) ETH requires that
all eigenstates |n) (with energies &, not too close to the edges
of the spectrum) exhibit this property [7]. On the other hand,
a few exceptional eigenstates are still admitted in the case of
the weak ETH (WETH) [10], but their fraction is required to
approach zero with increasing system size.

As already noted in brackets below Eq. (32), instead of the
eigenvectors |n) and eigenvalues &, of H as introduced above
Eq. (21), we can equally well work with the eigenvectors |l;)
and eigenstates E (B) from Egs. (31) and (32), respectively.
Taking into account Egs. (30), (33), (34) and the fermionic
anticommutation relations for fkT and f;, a straightforward
calculation then yields for the diagonal matrix elements of the
observable A = 57, [see also Eq. (11)] the result

L
(blsi1b) = (Zbk |Uka|2> - 1/2,

k=1

(ED)

where by are the binary components of b [see above Eq. (30)].

Let us choose an arbitrary but fixed eigenstate |b) and
define a second eigenstate |b') with b, = by for all k €
{I,....,L—1} and b} # by (i.e., b) =1 if by = 0 and vice
versa). Hence, the difference of the two energies is, according
to Eq. (32),

|E(') — E(b)| = |EL|. (E2)

Focusing on the case |p| > p. and exploiting the large-L ap-
proximation (88), it follows that

|E(B) — E(b)| = Ip+ 1/pl/2. (E3)

Likewise, the difference of the corresponding diagonal matrix
elements is, according to Eq. (E1),

[(B|s5|B') — (BISSIB)| = |Upal® = (1 — 1/p*)(1/p)*%, (E4)

where we exploited Egs. (89) and (90) in the last step. Hence,
the difference in Eq. (E4) is non-negligible compared to the
two possible measurement outcomes £1/2 of the observable
A =55, [21], for instance, if o =L and |p| is not too close
to p. =~ 1. Likewise, the energy difference in Eq. (E3) might
appear not to be really small. However, as said in the second
paragraph of the present Appendix, it is not this energy differ-
ence itself that counts, but rather the difference is required to
grow not too fast (usually sublinearly) with the system size L,
which is clearly the case.

In summary, for every given energy eigenstate, there ex-
ists a “partner state” which is energetically close while the
diagonal matrix elements are notably different at least for one
local observable A = s7. It follows that both the ETH and
the wETH are violated, i.e., we recover the announced strong
violation of the ETH for |p| > p..

APPENDIX F: NUMERICAL EVALUATION
OF THE EXACT QUENCH DYNAMICS

This Appendix provides the details of our optimized
numerical treatment of long XX-chains, as announced in
Sec. IVE.
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As a slightly more general starting point, we consider cases
where H in Eq. (5) as well as H in Eq. (2) can be written in
the form

L
H =" Bucjc, (F1)

k,I=1

L
= > Bucla, (F2)

k=1

with fermionic creation and annihilation operators C; and ¢y,
respectively, and arbitrary coefficients By; and By, apart from
the hermiticity conditions By, = B}, and By, = B},. In partic-
ular, XX models with Hamiltonians H as in Eq. (24) can be
recast by means of a Jordan-Wigner transformation into the
form (26) and thus (F1), and likewise for Hy. Similarly as in
Egs. (27) and (28) there furthermore must exist unitary L x L
matrices U and U with entries Uy; and Uy, respectively, so
that

L
H =Y"Ef fi. (F3)
Z ~. ~
Ho =Y Ecf{ fo (F4)
k=1
where
L
=Y U, (F5)
i L
fe= " Oue, (F6)

and their adjoints fkT and fkT are again fermionic annihilation
and creation operators. In other words, U is the unitary matrix
diagonalizing the matrix B with entries By, while U diagonal-
izes B with entries By;. Inverting Eq. (F6) and introducing the
resulting expression into Eq. (F5) yields

L
Jie = ZSklﬁ, (F7)

L
= Ul (F8)

m=1

Adopting the same definition as in Eq. (13),
A(r) := M1 Ae™ 1 (F9)

but now for arbitrary (not necessarily Hermitian) operators A,
and utilizing Eq. (B14) from [13], which takes the form

fi@) = e fy (F10)
in our present notation, we can conclude that
L
) =Y Ui fi) (F11)
k=1
L
Z Uge " Z St fon- (F12)

Exploiting Eq. (F9) it follows that [cfcl](t) = [c;(O]Te; (D),
and together with Eq. (12) that

L
(e =Y UpUge ™" T, (F13)
Jik=1
L
= Y 5.k P (F14)
m,n=1
Pmn = tr{p(0) f} fi}. (F15)

To further evaluate the right-hand side of Eq. (F15), we focus
on our specific initial conditions from Eq. (3). By exploiting
(F4), one thus finds after a straightforward calculation (see
e.g. Egs. (B21)-(B29) in Ref. [13] for the details)

1
Prn = 1 ohE Smn (F16)
Hence, Eq. (F14) simplifies to
L
S* Skn
. — Jn
Ty = ; T (F17)
and with Eqgs. (33), we arrive at our final result
(s7), = (cfery — 172, (F18)

which can be evaluated by employing Eqs. (F8), (F13), and
(F17).

Overall, the numerical effort to evaluate the expectation
value (F18) along these lines only grows algebraically with
the system size L, while it grows exponentially when employ-
ing standard methods based on a direct diagonalization of the
Hamiltonian H in Eq. (24), see also Sec. IVE.

APPENDIX G: EVALUATION OF (5%)w

The thermal expectation value in Eq. (9) for our standard
observables A = %, [see Eq. (11)] and Hamiltonians H [see
Eq. (24)] can be analytically evaluated without any approxi-
mation, as shown in Ref. [13] [see Eq. (B41) therein], yielding

L
= L3 Ukl tanh(BE/2). GD)
k=1

l\)

We recall that Eq. (G1) must be an odd of function p [see
below Eq. (17)]. Furthermore, Eq. (G1) is obviously an odd
function of 8.

In order to obtain more detailed quantitative results, we
henceforth focus—as in Sec. IV of the main paper—on im-
purities at the right chain-end [i.e., with v = L, see in and
around Eq. (42)]. Hence, we can exploit our results for Uy
and Ej from Sec. IV B.

Let us first address the case |p| < p.. Exploiting Egs. (64),
(66), and (67), we obtain

Ure = &~ ' sin(grat), (G2)

E; = cos(gy). (G3)
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Since the Uy, are the elements of a unitary matrix [see below
Eq. (26)], we can conclude with Eq. (G2) that

L L
> w7 sin(gem) sin(gen) = Y U Ukn = Sy
k=1 k=1

forallm,n e {1,...,L}.

To make further progress, we adopt the same assumption as
in Eq. (103) and approximate the tanh function in Eq. (G1) by
its leading order approximation in . Together with Eqgs. (G2)
and (G3), we thus obtain

(G4)

L
(s2), = _g >k sin® (grer) cos(gp). (G5)
k=1

Observing that sin(x) cos(y) = [sin(x + y) + sin(x — y)]/2, it
follows that

(sé)th = _g (S;_ + S;)’ (G6)
L
S(f = ZK,:Z sin(gror) sin(gy (¢ £ 1)). (G7)

k=1

With Eq. (G2) we can conclude that S; =0 for all a €
{2,...,L}. For « = 1, the same follows immediately from
Eq. (G7). Likewise, one sees that S} =0 for all « €
{1,...,L — 1}, yielding

(%) aaLg S, (G8)
L
S = "k sin(gL) sin(pr(L + 1)). (G9)
k=1

Finally, we recall that all the ¢, are solutions of Egs. (61) and
(62), Le., sin(¢(L + 1)) = psin(g;L), implying

L
S:=pY Kk sin*(gL) = p, (G10)

k=1
where we exploited Eq. (G4) in the last step. With Eq. (G8),
we thus obtain in leading order S the result

() = —Bar—— (G11)

8

Most importantly, Eq. (G11) tells us that, in leading order
B, only the spin at the right chain-end o = L is affected
by an impurity at the right chain-end v = L. Furthermore,
Eq. (G11) is in agreement with the prediction below Eq. (G1)
that (s%)n must be an odd function of p and of 8. Moreover,
it follows that the neglected corrections on the right-hand side
of Eq. (G11) must be (at least) of order A3. On the other hand,
we did not assume that p is a small quantity, i.e., the linearity
of Eq. (G11) in p applies for all |p| < p. (at least in leading
order 8.)

From the structure of Egs. (G1) and (G5)—(G10) it is quite
obvious that keeping higher and higher powers of § in the
expansion of the tanh function in Eq. (G1) has two main
effects. (i) On the right-hand side of Eq. (G11) there will
appear additional summands with higher and higher (odd)
powers of B, each multiplied with an (odd) polynomial of p
of the same order as f. (ii) Analogously to the Kronecker

8 in Eq. (Gl11), the coefficients of these polynomials will
depend on « such that more and more spins near the right
chain-end assume nonvanishing values (which, however, are
expected to still decrease with increasing distance from the
chain-end). Working out the details is straightforward but not
further pursued here.

Next we turn to the case |p| > p.. The salient point consists
in the following observation: If we do not replace ¢ by iy, as it
is done in case B below Eq. (56), then those ¢’s will become
purely imaginary quantities, but for the rest they still satisfy
exactly the same equations as in case A, most importantly
Egs. (48), (49), and (51). As a consequence, also Egs. (G2)—
(G11) can be taken over, except that the first factor sin(gm)
in Eq. (G4) has to be replaced by its complex conjugate, and
analogously in Egs. (GS5), (G7), (G9), and (G10).

Altogether, the main result (G11) is thus found to be valid
both for |p| < p. and |p| > p.. The validity in the case |p| =
p. follows by continuity. In conclusion, Eq. (G11) as well
as the discussion below (G11) is valid for arbitrary p. Since
the left-hand side of Eq. (G11) is bounded in modulus by
1/2 it follows that the neglected higher order corrections on
the right-hand side will become more and more important
with increasing values of p. In particular, the same (odd)
power series in 8 mentioned below Eq. (G11) is expected to
apply (and converge) for arbitrary p. Hence, the qualitative
properties of the thermal expectation values on the left-hand
side of Eq. (G11) do not exhibit any kind of “transition” when
| p| crosses the critical value p..

Incidentally, the result (G11) and its generalization to arbi-
trary v can be obtained even more easily by exploiting Eq. (15)
for t =0 and the small-8 asymptotics of Egs. (35)-(37),
yielding
2

8B

= _801\1-

. (G12)

(Ao — (A = %

L
Z UI:J Uka
k=1

Apart from the small-8 approximation [see also Eq. (103)],
this result becomes asymptotically exact for small g accord-
ing to the discussion below Eq. (16). In view of Egs. (3)
and (4), the first term (A) in Eq. (G12) is the thermal ex-
pectation value for the prequench Hamiltonian (2) with an
arbitrary but fixed value of y. Observing Eqgs. (5), (9), and
(10), the left-hand side of Eq. (G12) can be identified with
the (negative) change of the thermal expectation value when
increasing y in Eq. (2) by g. According to Egs. (17) and (24)
we thus can increase p by means of many small steps in g,
and add up the corresponding small (negative) changes of the
thermal expectation values on the left-hand side of Eq. (G12).
Moreover, from the symmetry properties below Eq. (G1), we
can conclude that the thermal expectation value vanishes for
y = 0. Starting with y = 0 and letting the step size go to zero
one thus obtains

(Stzl>th = _8"“’%'
[The extra factor of 1/2 in (G13) compared to Eq. (G12) has
its origin in the factor 2 on the right-hand side of Eq. (17).]
While this way of deriving the leading-order-in-8 behavior is
even easier than in our previous calculations, the generaliza-
tion to higher orders in 8 turns out to be more involved.

(G13)
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APPENDIX H: ANALYTICAL SOLUTION
FOR A CENTRAL IMPURITY

For the central impurities from Eq. (115), we can rewrite
Eq. (40) as

ajy1 +a—1 =2Ea; forle{2,...,L—1}\ {v},(H])

avy1 + a1 = (2E — pla,, (H2)
a, =2Fay, (H3)
a;_1 = 2Eay. (H4)
Similarly as in Egs. (46)—(49), this suggest the ansatz
a=o forlefl,...,v—1}, (H5)
a=p8 forle{v+1,...,L}, (H6)
o :=sin(pl) forall [ € Z, (H7)
B :=Bsin(p(L+1—1)) forall [ €Z, (HS8)

involving three, generally complex valued parameters ¢, B,
and a,. Observing that

Q41+ oy =2cos(p)ey forall 1€ Z, (H9)

Bis1 + Bi—1 =2cos(p) B forall [ € Z, (H10)

it follows that Eqgs. (H5) and (H6) indeed solve Eq. (H1) for
all=2,...,v—2and I =v+2,...,L— 1, respectively,
if and only if

E = cos(¢p), (H1D)

independently of the actual choice of the parameters ¢, B € C.
Likewise, Eqs. (H3) and (H4) are seen to be fulfilled.

The parameter a, [see below Eq. (H8)] can be fixed by
choosing / = v — 1 in Eq. (H1), implying

a, =—ay_>+2Ea,_ | = —a,»+2Ea,_ | =a,, (HI2)

where we exploited Eq. (HS) in the second step and Egs. (H9)
and (H11) in the last step. Analogously, one verifies by
choosing / = v + 1 in Eq. (H1) that a, = B,. Together with
Egs. (H5)—(HS), we thus obtain

a; = oy =sin(pl), forle{l,...,v}, (H13)

a =B =Bsin(p(L+1—1)) forle{v,...,L}. (H14)

Choosing ! = v in Egs. (H13) and (H14) yields the first rela-
tion that the two remaining parameters ¢ and B have to fulfill,
namely,

sin(pv) = Bsin(¢(L + 1 —v)) = Bsin(pv), (H15)

where we exploited Eq. (115) in the last step. The second
relation can be deduced from Eq. (H2) by rewriting it with
Egs. (H13) and (H14) in the form 8,41 = —«,—1 + QE«®,, —
p)a,. Exploiting Egs. (H9) and (H11), the right-hand side can
be identified with &, — pc,. Observing Eqs. (H7) and (HS),

we thus obtain
Bsin(p(L — v)) = sin(p(v + 1)) — psin(pv).

Our next goal is to show B must be nonzero by means of
a proof by contradiction. Let us therefore assume that B =
0. With Eq. (H15), it follows that sin(¢v) = 0 and then with
(H16) that sin(p(v + 1)) = 0. A straightforward calculation
shows that

(H16)

sin(z) =0 with z € Cimplies z =7mn with n € Z(H17)

We thus can conclude that (v + 1) = n and pn = rn’ with
n,n’ € Z, implying ¢ = wm with m € Z. With Egs. (H13)
and (H14), this yieldsa; = Oforalll € {1, ..., L}. According
to the discussion below Eq. (39) this is not an admissible
solution, thus completing our proof by contradiction.

In a next step, we take B # 0O for granted and separately
discuss the cases sin(pv) = 0 and sin(gpv) # 0. Considering
first the case sin(¢v) = 0, we can conclude from Eq. (H17)
that ov = n with n € Z. In particular, ¢ must be purely real.
Similarly as before, ¢ = 0 would imply a; = O for all / and
can thus be excluded. Moreover, ¢ and —¢ lead to equiv-
alent solutions in Egs. (H11), (H13), and (H14) [see below
Eq. (39)]. Likewise ¢ and ¢ + 27 are equivalent. Hence, we
can restrict ourselves to ¢ € (0, 7). Altogether, the admissible
¢ values then must be of the form

wk 2rk

90 —_—

. L—1
withkeil,...,v—1=—1,
v L+1

2
(H18)

where we exploited Eq. (116) in the last equalities. Finally,
we can conclude from (H16) by rewriting L —v as L+ 1 —
(v 4+ 1) and observing Eq. (H18) and sin(¢v) = 0 that

Bsin(—¢(v + 1)) = sin(p(v + 1)).

Similarly as below Eq. (H17), or directly from Eq. (H18) one
finds that sin(¢(v 4+ 1)) # 0, hence Eq. (H19) implies

B=-1.

(H19)

(H20)

Altogether, we thus obtained (L — 1)/2 solutions of the form
(H11), (H13), (H14), (H18), and (H20). A particularly impor-
tant property of all those solutions is that they are of odd
symmetry about / = v, meaning that a,_; = —a,; for all
j €{0,...,v— 1}. Also quite remarkable is that the impurity
strength p does not play any role. The reason is that a, =0
for all those solutions, hence the value of p in Eq. (H2) does
not matter.

Next we turn the case sin(¢v) # 0, implying with
Eq. (H15) that

B=1. (H21)

Together with Eq. (H16), this yields, after a short calculation,
the following equation for ¢:

2 sin(p) cot(pv) = p. (H22)

In a next step, one can show similarly as in Sec. IV A that
with respect to the solutions of Eq. (H22) it is sufficient to
focus on the following two cases. Case A: ¢ € (0, w). Case
B: ¢ =iy +nm with y € RT and n € {0, 1}. In case A, one
encounters, similarly as in Sec. IVB 1, a critical impurity
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strength of the form (116), and one finds that whenever |p| >
p. there are v — 1 solutions of Eq. (H22) of the form

o= w(k+1/2) 4+ rg

. L—1
withkeil,...,v—1=—14,
v

2
(H23)

where the “remainders” r; are bounded according to |ry| <
7 /2 [cf. Eq. (65)]. Compared to Eq. (63), the main new feature
of (116) is that p. approaches zero for large L. Hence, the
case |p| < p. is of minor interest and not further pursued here.
Likewise, a more detailed discussion of ry is quite similar to
that in Sec. IV B 1 and therefore omitted.

Similarly as below Eq. (H20), the (L — 1)/2 solutions from
Egs. (H21) and (H23) are of even symmetry about / = v,
meaning that a,_; = a,4; for all j €{0,...,v —1}. Alto-
gether, we thus obtained L — 1 solutions so far, half of them
of odd and half of even symmetry. As in Sec. IV B 2, the still
“missing” Lth solution is obtained by exploring the above
mentioned case B. Omitting the details, one arrives along
these lines at

E = £ cosh(y), (H24)

a; = (£1)' sinh(yl) forle{l,...,v}, (H25)

a; = (£1) sinh(W(L + 1 —1)), forle{v,...,L}, (H26)

where the plus sign applies when p > p. and the minus sign
when p < —p.. Moreover, y is defined as the (unique) solution
of the equation

2 sinh(y) coth(yv) = |p| (H27)

with the property y € RT. In particular, this solution (H25),
(H26) is once again of even symmetry about / = v [37].

Under the very weak extra assumption that |p| > 1/L it
follows with Eq. (115) that the solution of Eq. (H27) must
satisfy yv > 1. Hence, the factor coth(yv) in Eq. (H27) can
be approximated by unity, yielding

y = arsinh(|p|/2). (H28)

Under the even stronger assumption 1> |p| > 1/L, this
yields the even simpler approximation

y=Ipl/2. (H29)

On the other hand, for p = p. one readily verifies [similarly
as in Eq. (91)] that

E=1 andg =I1l=a,+1y forl=1,...,v (H30)

indeed satisfies Eqs. (H1)-(H4) even exactly, and analogously
for p = —p. [37].

Finally, by employing the approximation (H29), one re-
covers Eq. (117) by means of analogous calculations as in
Sec. IVD.
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