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Nonlinear magnon magnetic moment transport in triangular-lattice f -wave anti-altermagnets
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We study the spin excitations in the frustrated coplanar 120◦ ground state of the triangular-lattice Heisenberg
antiferromagnet and demonstrate that they carry a magnetic moment perpendicular to the plane in which the
spins order, despite the ground-state sublattice moments having no out-of-plane component. The symmetry of
the momentum dependence of the magnetic moment and energy of the magnons renders the system an odd-parity
f -wave magnet. Extending this model to a stack of antiferromagnetically coupled triangular layers provides
a realization of magnons in a three-dimensional f -wave anti-altermagnet. We show that nonlinear thermal
transport effects of magnons, such as Edelstein and spin-splitter effects, provide clear experimental signatures of
magnons in f -wave anti-altermagnets.

DOI: 10.1103/zl26-y46s

I. INTRODUCTION

A combination of spin frustration and low dimension-
ality gives rise to a variety of new physical effects [1,2].
The triangular-lattice Heisenberg antiferromagnet is a canon-
ical model of geometric frustration: for nearest-neighbor
antiferromagnetic exchange, spins cannot satisfy all bonds
simultaneously. In the limit of zero temperature and for the
vanishing magnetic field, the ground state is a coplanar three-
sublattice “120-degree” state [3–7]; see Fig. 1. Remarkably,
this ground state is not destroyed by the quantum fluctuations
even for spin-1/2 systems [6,8–10]. The spectra of spin waves
excited on the top of the 120◦ state were extensively studied
analytically [8,11–14], numerically [15,16], and experimen-
tally [17–19]. It is also worth noting the works in which a
continuous field theory was developed that describes low-
energy excitations (linear as well as nonlinear) of the 120◦
state [20–24].

In many simple cases, e.g., in easy-axial antiferromagnets,
the direction of spin precession in the excited spin wave is
a well-defined property of a given magnon branch and the
terminology of chiral magnons is used in this context [25–27].
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In the general case, however, the spins in different sublattices
can precess in opposite directions, and/or demonstrate linear
polarization in some of the sublattices [25]. In these cases,
the concept of magnon chirality is ill-defined, so we use the
magnon magnetic moment

μν,k = −∂Bεν,k|B=0, (1)

which is well-defined in the general case. Here εν,k is the en-
ergy of the magnon of νth branch with the wave vector k and
B is the applied magnetic field. With three sublattices, we have
three magnon branches, which we number as ν = −1, 0, 1 for
convenience. The relation (1) can be obtained by considering
the total magnetic moment M of the Bose gas of magnons as
a thermodynamic variable M = −(∂F/∂B)T,V , with F being
the Helmholtz free energy [28–31]. For the triangular-lattice
Heisenberg antiferromagnet we find that μν,k = μz

ν,kn, where
n is a unit vector perpendicular to the plane in which spins
order. In what follows, without loss of generality, we assume
that n = ẑ, where ẑ is orthogonal to the xy plane in which the
lattice lies; see Fig. 1. This is rather counterintuitive, since
none of the sublattices are magnetized in the z direction.
Therefore, the magnetic moment (1) cannot be interpreted as a
fraction of the ground state magnetization of a sublattice taken
away by a magnon. The latter interpretation is commonly used
for the explanation of Bloch’s T 3/2 law for ferromagnets [28].
Nevertheless, the collinear spin polarization in the momentum
space, which is directed perpendicularly to coplanar spins in
the position space, is typical for the coplanar odd-parity wave
magnets [32,33] dubbed anti-altermagnets [34]. The latter are
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FIG. 1. Triangular lattice of frustrated spins with J > 0. Three
uniformly magnetized sublattices m1, m2, and m3 are shown by dif-
ferent colors. The magnetic unit cell is determined by the vectors e1

and e2 and is shown by the orange shading, while a1 and a2 represent
the primitive basis vectors of the triangular lattice. The magnetic field
B is applied perpendicularly to the lattice.

the odd-parity counterparts to the widely discussed altermag-
nets [35,36].

We find that, in the nonrelativistic limit, the spectrum of
magnons excited over the 120◦ state possesses symmetries

εν,k = ε−ν,−k, μz
ν,k = −μz

−ν,−k, (2)

which is typical for odd-parity magnets [32,34,37]. While the
general properties of the odd-parity-wave magnons for non-
coplanar magnets were recently analyzed in Ref. [37], here we
consider the 120◦ antiferromagnetic state as a case study of a
coplanar odd-parity-wave magnet. In particular, we demon-
strate that the magnon spectrum possesses f -wave symmetry
with respect to the magnetic moment defined in Eq. (1) and
elucidate the Zeeman splitting of the oppositely magnetized
magnon modes. We confirm our analytical findings by means
of numerical spin-lattice simulations: by reconstructing the
dynamics of individual spins, we investigate the "mechanics"
of the magnon modes in the low-energy regime and determine
the influence of the magnetic field upon them.

Next, we consider a three-dimensional (3D) extension of
our model as an infinite stack of monolayers. The multilayer
model possesses the T t symmetry [38] with the translation
along the z axis and therefore satisfies the defining symme-
try criterion of an anti-altermagnet [32,34]. For this system,
we predict two nonrelativistic thermally induced nonlinear
transport effects of magnons: spin-splitter effect [31,39–41]
and Edelstein effect [42,43], which are quadratic and cubic
in the temperature gradient, respectively. The first of these
effects is the generation of a flow of magnetic moment car-
ried by magnons, which we will also call spin current, in
response to an applied temperature gradient. This effect was
theoretically predicted [31,39,40] and recently observed ex-
perimentally [41] for d-wave altermagnets. The direction of
the generated spin current depends on the direction of the
applied temperature gradient relative to the crystallographic

directions [31,39,40,44]: it can be transverse or longitudinal,
mimicking the spin Nernst or spin Seebeck effect geometries,
respectively.

II. SPIN WAVES IN A SINGLE LAYER

Although the spectrum of the linear spin waves excited on
top of the 120◦ antiferromagnetic state was previously ob-
tained [8,11–14], including the case with the applied magnetic
field [13], in this section, we focus on the magnetic moment
(1) carried by the magnons and analyze in detail the structure
of the magnon modes in terms of the single spin dynamics. As
a model, we consider a two-dimensional triangular lattice of
discrete magnetic moments described by the classical Heisen-
berg Hamiltonian with a magnetic field

H = J

2

∑
〈rn,r′

n〉
m(rn) · m(r′

n) − μsB
∑

rn

mz(rn). (3)

Here, m(rn) = μ(rn)/μs with μs = |μ(rn)| is a unit vector
in the direction of the magnetic moment located in the node
rn = n1a1 + n2a2. Furthermore, ni ∈ Z and a1 = a0x̂, a2 =
a0[x̂ + √

3ŷ]/2 are the primitive basis vectors which corre-
spond to the structural (crystal) unit cell; see Fig. 1. Finally,
a0 is the spacing between the nearest neighbors, r′

n labels the
six nearest neighbors of rn, and J > 0 is the antiferromagnetic
exchange. Without the external magnetic field, the ground
state of H is the coplanar 120◦ state with the arbitrarily ori-
ented plane containing the magnetic moments. Without loss
of generality, one can assume that the spin plane is the xy
plane. Application of the perpendicular magnetic field B = Bẑ
cants all spins towards the field, forming the “umbrella” state
in which all spins acquire a component mz = B/B0 along the
field, where B0 = 9J/μs is the spin-flip field. Assuming that
the dynamics of each magnetic moment is governed by the
Landau-Lifshitz equation

ṁ(rn) = γ

μs

[
m(rn) × ∂H

m(rn)

]
(4)

with γ = |g|μB/h̄ > 0 being the gyromagnetic ratio, we lin-
earize the set of equations arising from the vector components
of Eq. (4) in the vicinity of the “umbrella” state and, using the
Holstein-Primakoff formalism, we solve the corresponding
eigenvalue problem on the discrete lattice; for details, see Ap-
pendix A. The obtained spectra of the magnon eigenenergies
εν,k are as follows:

ε±1,k = ε0

√(
1 + �±

k

2

)[
1 − �±

k

(
1 − 3B2

2B2
0

)]
− μz

±1,kB,

ε0,k = ε0

√(
1 − �c

k

)[
1 + �c

k

(
2 − 3B2/B2

0

)]− μz
0,kB. (5)

Here, the characteristic energy ε0 = 3J|g|μB/μs determines
the energy scale for the magnons. We introduce the notations
�±

k = �c
k ± √

3�s
k, where �c

k = 1
3

∑
n cos(k · δn) and �s

k =
1
3

∑
n sin(k · δn). Here δ1 = a1, δ2 = a2 − a1, and δ3 = −a2

is the auxiliary basis of the triangular lattice; see Fig. 1. In
Eq. (5), we introduce the magnon magnetic moments accord-
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FIG. 2. (a) Isosurfaces of constant energy εν,k = ε0 are built from
the dispersion relations in Eq. (5) for the case B = 0. The value of the
magnon magnetic moment in Eq. (6) is shown by the color scheme.
The first Brillouin zone (1.BZ) corresponding to the magnetic unit
cell is shown in gray shading. (b) Distribution of the spin-splitting
parameter λ defined in Eq. (7) over the 1.BZ demonstrates the f -
wave character of the magnon spectra.

ing to the definition in Eq. (1):

μz
±1,k = |g|μB

2

(
∓�c

k + �s
k√
3

)
, μz

0,k = −|g|μB
�s

k√
3
. (6)

In the vicinity of the � point, the magnon magnetic moments
are approximately constants: μz

±1,k = ∓|g|μB/2 + O(k2) and
μz

0,k = O(k3) [45].
By applying the external field within the spin plane, we

find the corresponding magnon eigenenergies and show that
the in-plane components of the magnon magnetic moment
are absent, i.e., μν,k = μz

ν,kẑ; see Appendix B. This result is
consistent with symmetry arguments: for the spins lying in
the xy plane, there is a [C3z ‖ E |t] spin symmetry [46], which
suppresses the in-plane spin magnetic moment for any k. (In
spin symmetry notation [47], the element to the left/right of
the double bar acts exclusively in spin/real space.)

Applying the symmetry properties �c
−k = �c

k, �s
−k =

−�s
k, and �±

−k = �∓
k to (6) and (5) for the case B = 0, we

obtain the previously discussed symmetry relations (2). This
symmetry is reflected in Fig. 2(a), where the energy isolines
and the corresponding values of the magnon magnetic mo-
ment are shown within the first Brillouin zone (1.BZ). In order
to demonstrate the f -wave character explicitly, we compute
the spin-splitting parameter [25]

λk = 1

|g|μBε0

∑
ν

μz
ν,kεν,k (7)

and show its distribution over the 1.BZ in Fig. 2(b). On both
panels of Fig. 2, we show the 1.BZ, which corresponds to the
magnetic unit cell. The latter contains three spins and is deter-
mined by the basis vectors e1 = 2a1 − a2 and e2 = a1 + a2;
see Fig. 1.

Having a magnetic moment, magnons are subject to
the Zeeman-splitting effect, which is demonstrated for the
magnons ε±1,k0 in Fig. 3. We choose the fixed wave vector
k0 such that the modes ε±1,k0 are degenerate for zero field
and have opposite magnetic moments μz

1,k0
= −μz

−1,k0
. In the

small magnetic field B, these modes exhibit an energy splitting

FIG. 3. Effect of the Zeeman splitting of modes ε±1,k0 (B) for the
fixed wave vector k0 shown by the red dot in Fig. 2(a). Here, lines
show the eigenenergies (5) while the magnon intensities obtained by
means of the spin lattice simulations (see Appendix C for the details)
are shown by the color scheme.

that is linear in B. The latter is also confirmed by the full-scale
spin-lattice simulations; see Appendix C for details.

For the case B = 0, in the vicinity of the � point, all three
magnon modes are gapless and linear: εν,k ≈ h̄uν |k|, where
u±1 = (3/2)3/2a0Jγ /μs and u0 = √

2u±1 are the magnon ve-
locities; see Fig. 4(a). The Goldstone character of all three
modes is due to the fact that the 120◦ ground state spon-
taneously breaks continuous SO(3) symmetry related to the
arbitrariness of the orientation of the spin plane (modes ε±1,k)
and continuous SO(2) symmetry related to the arbitrariness
of the orientation of the 120◦ state within the spin plane
(mode ε0,k). The small magnetic field (0 < B � B0) applied
perpendicular to the spin plane acts on the magnon modes
in markedly different ways, depending on their magnetic
moments. While the mode ε0,k with the vanishing magnetic
moment remains unchanged in the vicinity of the � point,
the polarized modes ε±1,k change drastically. For k = 0, the
dispersions are ε±1,0 = |g|μB

2 (|B| ± B), i.e., the mode ε1,k with
the magnetic moment opposite to the field obtains a gap,
while the mode ε−1,k remains gapless. In the vicinity of
the � point, these two modes become quadratic [48]: ε1,k ≈
|g|μBB + h̄2k2/(2m∗) and ε−1,k ≈ h̄2k2/(2m∗), with m∗ =
4h̄2(B/B0)/(ε0a2

0); see Fig. 4(e). The applied magnetic field
breaks the SO(3) symmetry of the Heisenberg Hamiltonian
and, therefore, the modes ε±1,k are not Goldstone modes in
the field. The gaplessness of the mode ε−1,k is accidental.
In the next chapter, we demonstrate that this mode acquires
a gap for a 3D extension of the model when an additional
interlayer exchange coupling is taken into account.

Computing the eigenvectors for the magnon modes and
using the Holstein-Primakoff representation, we reconstructed
the single-spin dynamics; see Figs. 4(b)–4(d), 4(f)–4(h), and
Appendix A for details. We chose a wave vector very close to
the � point. In this case, the trihedron {m1, m2, m3} formed
by the neighboring magnetic moments belonging to different
sublattices exhibits a quasi-rigid-body dynamics, such that
all three vectors stay in one plane. Each magnetic moment
exhibits linearly polarized oscillations within the ground-
state plane (mode ε0,k) or perpendicular to it (modes ε±1,k).
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FIG. 4. Influence of the applied magnetic field on the magnon modes is shown in terms of the dispersion relations, see panels (a) and (e),
and in terms of the reconstructed single spin dynamics, see panels (b)–(d) and (f)–(h). The green, red, and blue arrows show three neighboring
magnetic moments m1, m2, and m3 belonging to three different sublattices. The 120◦ ground state lies in the xy plane. The insets show the
dynamics of the vector spin chirality K and the total magnetization m for the cases without (upper row) and with (bottom row) an applied
magnetic field, respectively. The applied field is B = 0.1B0 ẑ. For panels (b)–(d) and (f)–(h), the wave vector k = 10−3x̂/a0 is fixed and close
to the � point.

The difference between modes ε1,k and ε−1,k is the oppo-
site directions of the trihedron wobbling, which coincides
with the direction of precession of the vector spin chirality
[3] K = m1 × m2 + m2 × m3 + m3 × m1; see the insets in
Figs. 4(b)–4(d). The mechanics of the described low-energy
modes for the case B = 0 has been identified in a number of
previous works; see Refs. [23,49].

The applied magnetic field does not qualitatively change
the dynamics of the unpolarized mode ε0,k; see Fig. 4(g).
However, it significantly changes the dynamics of the po-
larized modes ε±1,k. Magnetic moments mi exhibit elliptical
precession, with the major axis of the ellipse aligned with the
field. Although all mi in both modes precess in the same di-
rection, due to the different phase shifts between the magnetic
moments, vector K precesses in opposite directions for modes
ε1,k and ε−1,k, and its dynamics is similar to the case B = 0.
The total magnetic moment vector m = ∑

i mi, however, pre-
cesses in the same direction for both modes; see Figs. 4(f)
and 4(h). One should note the following unusual properties
of the mode ε−1,k whose magnetic moment is directed along
the magnetic field: (i) vectors K and m precess in opposite
directions, (ii) vector m makes two rotations per period, (iii)
the trihedron {m1, m2, m3} does not exhibit the rigid-body
dynamics, and (iv) it is a gapless non-Goldstone mode.

III. MULTILAYER SYSTEM—MAGNONS
AND TRANSPORT PROPERTIES

Here, we introduce a 3D generalization of our model as
an infinite stack of the monolayers considered in the previous

section. The layers are coupled by the antiferromagnetic ex-
change interaction of strength Jz. In the ground state, the two
magnetic moments, one above the other in adjacent layers,
point in opposite directions (in the absence of a magnetic
field). Thus the number of sublattices doubles. As a con-
sequence, we obtain three additional magnon modes, ε′

±1,k,
and ε′

0,k, so six in total; see Fig. 5. Magnetic field applied
perpendicularly to the spin plane forms the “umbrella” state,
however, with a smaller canting mz = ςB/B0, where ς =
(1 + 4

9
Jz

J )−1 < 1. Modes ε′
ν,k and εν,k have the same magnetic

moments, i.e., μ̄′z
ν,k = μ̄z

ν,k = ςμz
ν,k; see Appendix D for de-

tails. Remarkably, due to the scaling factor ς , the magnon
magnetic moment μ̄z

ν,k vanishes in the limit Jz 
 J . Easy-
plane anisotropy leads to a similar suppression of the magnon
magnetic moment. In both cases, the suppression occurs due
to an increase in the stiffness of the magnetic subsystem with
respect to the applied magnetic field.

In the limit Jz → 0, the modes become doubly degener-
ate, i.e., ε′

ν,k → εν,k; see Fig. 5(a). However, the finite Jz

gaps out the new modes, turning them to the form ε′
ν,k =


′
ν + O(k2

i ) in the vicinity of the � point. In the limit
Jz/J � 1 and B/B0 � 1, the gaps are 
′

0 ≈ 2ε0
√

Jz/J and

′

±1 ≈ 3
2ε0[

√
B2/B2

0 + 8Jz/(9J ) ± B/B0]; see Fig. 5(b). Thus
the gaps do not vanish even for a vanishing magnetic field.

For the case B = 0, in the limit Jz/J � 1, the Goldstone
modes are trivially modified due to the presence of kz vector:
εν,k ≈ h̄

√
u2

ν (k2
x + k2

y ) + u2
ν,zk

2
z , where u0,z = 3c0γ

√
JzJ/μs

and u±1,z = u0,z/
√

2 are the vertical components of the
magnon velocity, with c0 being the interlayer spacing. For
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FIG. 5. Influence of the interlayer coupling on the magnon spec-
tra is shown in panels (a),(b). The isosurfaces of the constant energy
εν,k = 0.6ε0 for all six modes for the case Jz/J = 0.05 are shown in
panels (c),(d) for different values of kz. The isosurface color shows
the magnon magnetic moment. Magnetic field is B = 0.1B0 and
B = 0 for panels (a),(b), and (c),(d), respectively.

the case B > 0, the mode ε0,k is the only Goldstone mode.
Being unpolarized (in the � point), it experiences a negligible
effect of the applied small magnetic field, while the polarized
modes are gapped in the field: εν,k = 
ν + O(k2

i ). In the
limits Jz/J � 1 and B/B0 � 1, the mode ε1,k, which is po-
larized against the applied field, has the same gap 
1 ≈
|g|μBB as for the monolayer case, while the mode ε−1,k,
which is gapless for the monolayer, in 3D, obtains gap 
−1 ≈
4
9 |g|μBBJz/J . The latter shows that the gaplessness of this
mode for a monolayer is accidental.

Since the Mermin-Wagner theorem does not forbid mag-
netic ordering at sufficiently low finite temperatures in 3D
systems, we consider in the following two magnon transport
effects caused by a temperature gradient.

A. Magnon spin-splitter effect

Here, we consider the magnon-driven spin current (the
flow of magnetic moment) induced by a temperature gradient
for the case B = 0. We start from the general quasiclassical
expression for the spin current

J = 1

V

∑
ν

∑
k∈1.BZ

μ̄z
ν,kvν,k δnν,k, (8)

where V is the sample volume, ν numerates all six magnon
branches, k runs over the 3D Brillouin zone, vν,k = h̄−1∂kεν,k

is the group velocity, and δnν,k denotes the nonequilibrium
part of the distribution function, caused by the coordinate
dependence of temperature. Using the Boltzmann transport

(a) (b)

(c)

FIG. 6. Temperature dependencies of the dimensionless
strengths of the nonlinear spin-splitter and Edelstein effects are
shown in panels (a) and (b), respectively. Functions G and F are
introduced in Eqs. (10) and (15), respectively. Panel (c) demonstrates
the dependence of the orientation of the thermal spin current J on
the orientation of the temperature gradient relative to the Brillouin
zone.

equation in the relaxation-time approximation, for the case of
constant temperature gradients [50], one can write

Jα = Gαβ∂βT + G(2)
αβγ ∂βT ∂γ T + · · · , (9)

where α, β, γ ∈ {x, y, z}. For details, see Appendix E. While
the linear thermal spin conductivity vanishes Gαβ = 0 for
the considered model [51], the nonzero components of its
nonlinear counterpart are related as −G(2)

xxx = G(2)
xyy = G(2)

yxy =
G(2)

yyx ≡ G(2), where

G(2) = τ 2
rlxk2

Bε0a0|g|μB

c0 h̄3 G
(

kBT

ε0
;

Jz

J

)
, (10)

and the dimensionless function G is shown in Fig. 6(a).
Here, the relaxation time τrlx is the average time between
two magnon collisions. Note that the obtained nonlinear spin-
conductivity tensor G(2)

αβγ exhibits the same symmetry features
as those recently predicted for the electron spin currents in
f -wave magnets [51,52]. In the low-temperature limit kBT �
ε0

√
Jz/J and for the case Jz � J we estimate

G
(

kBT

ε0
;

Jz

J

)
≈ 6

√
6π2

175

√
J

Jz

(
kBT

ε0

)2

. (11)

Since the application of the temperature gradient in the z
direction does not produce the spin current, in the following
we consider only in-plane gradients ∇T = |∇T |(x̂ cos χ +
ŷ sin χ ). In this case

J = G(2)|∇T |2(−ex cos 2χ + ey sin 2χ ). (12)

Thus the relative orientation of J and ∇T is not fixed; it de-
pends on how ∇T is applied relative to the lattice directions;
see Fig. 6(c). Namely, the orientation of ∇T in one of the
six directions towards a nearest (next-nearest) neighbor corre-
sponds to the longitudinal (perpendicular) relative orientations
of ∇T and J .

Since the magnon spin (angular) momentum [53] is pro-
portional to the magnon magnetic moment [30], the same
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experimental setup used to measure the thermally induced
spin currents in insulating compensated magnets [41,54] is
well suited for the measurement of J .

B. Magnon Edelstein effect

Here, we consider the effect of the system’s total magnetic
moment generation in response to the applied temperature
gradient. The magnetic moment is directed in the z direction
and its density is

M = 1

V

∑
ν

∑
k∈1.BZ

μ̄z
ν,k δnν,k. (13)

Here, as previously, we consider the summation over six
magnon branches in the 3D Brillouin zone. The contribution
to M from the equilibrium part of the distribution function is
averaged out because of the symmetry of the distribution of
μ̄z

ν,k over the magnon branches. With the help of the Boltz-
mann equation, we obtain

M = Fα ∂αT + F (2)
αβ ∂αT ∂βT + F (3)

αβγ ∂αT ∂βT ∂γ T + · · · ,

(14)

where, as previously, we assumed the constant temperature
gradients; see Appendix E. We find that Fα = 0 and Fαβ = 0,
and the leading-order contribution comes from the third-order
nonlinear terms, which have the following symmetry: F (3)

xxx =
−F (3)

xyy = −F (3)
yxy = −F (3)

yyx ≡ F (3). Here

F (3) = τ 3
rlxk3

Ba0|g|μB

c0 h̄3 F
(

kBT

ε0
;

Jz

J

)
, (15)

where function F is presented in Fig. 6(b). One can show that
F (x, y) = ∂xG(x, y); see Appendix E for the details. In the
low-temperature limit kBT � ε0

√
Jz/J and for the case Jz �

J we estimate

F
(

kBT

ε0
;

Jz

J

)
≈ 12

√
6π2

175

√
J

Jz

kBT

ε0
. (16)

Taking into account the symmetry of tensor F (3)
αβγ , we derive

M = F (3)|∇T |3 cos 3χ (17)

meaning that the extrema values of M appear when ∇T is
applied in the directions of maximum spin splitting.

Let us estimate the order of magnitude of the maximal
magnetization Mmax expected in an experiment. Assuming
that a0 ≈ c0 and using the prefactor in Eq. (15) as a figure of
merit to estimate F (3), we obtain

Mmax ∼ μB|g|

L3

(
kB
T

�k

)3

, (18)

where �k = h̄/τrlx is the decay rate and we denote |∇T | =

T/
L. Based on the data of inelastic neutron scattering
for metallic CrB2 [55], we estimate 〈�k〉 ∼ 0.5 meV as the
integral averaged [56] for |k|a0 < 0.1 [57]. The corresponding
relaxation time is τrlx ≈ h̄/〈�k〉 ∼ 10−12 s. For the insulators,
it is reasonable to assume that the relaxation time is at least
two orders of magnitude larger, i.e., τ ins

rlx ∼ 10−10 s. For the es-
timation, we use the temperature gradient value |∇T | ≈ 0.01
K/nm achievable for transport experiments [58]. Note that this

value satisfies the limitation |∇T | � 〈�ins
k 〉/(a0kB) ≈ 0.05

K/a0 required for the performed perturbative treatment of the
Boltzmann equation. The magnetization estimated in (18) is
Mmax ∼ 10−8μB/nm3 and Mmax ∼ 10−2μB/nm3 for the cases
of a metal and an insulator, respectively. While the Edelstein
magnetization is hardly measurable for metals, for insulators
it can be detected by NV-center diamond magnetometry [59].

IV. CONCLUSIONS

We find that the magnons excited on the top of the frus-
trated 120◦ state of the triangular lattice carry a magnetic
moment directed perpendicular to the spin plane. The appear-
ance of this magnon magnetic moment is counterintuitive,
since none of the sublattices is magnetized in the perpendic-
ular direction. Recently, it was shown [23] that the magnons
in this system possess an additional quantum number isospin,
beyond energy and momentum. The relationship between the
magnon magnetic moment and the isospin will be analyzed in
detail in a subsequent paper.

We predict measurable thermal transport effects that rely
on the found magnon magnetic moment, namely the nonlinear
magnon spin-splitter and magnon Edelstein effects. The value
of the net magnetization, which is generated due to the Edel-
stein effect in response to the applied temperature gradient, is
estimated to be in the range accessible for the experimental
observations.

The bond-dependent anisotropy [60], which is present in
realistic materials, introduces an additional source of frustra-
tion and its influence on the magnon magnetic moment should
be considered. This influence can be especially large in the
regimes close to the phase transition between the 120◦ and
stripe states [60]. The latter transition can also take place
under the combined action of the uniaxial anisotropy and
interfacial Dzyaloshinskii-Moriya interaction [61] or the next-
nearest-neighbor exchange interaction [62]. The additional
next-nearest-neighbor exchange couplings can also lead to the
formation of the spin-liquid phase [62,63]. The study of the
evolution of the magnon magnetic moment in these regimes
and the related transport properties constitutes the direction of
further development of this project.
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APPENDIX A: SPECTRUM OF SPIN WAVES
FOR THE SINGLE LAYER

We consider a triangular lattice of spins shown in Fig. 1.
The antiferromagnetic Heisenberg exchange with J > 0 acts
between the nearest neighbors and a magnetic field B is
applied perpendicularly to the lattice. The discrete position
vector Rn = n1e1 + n2e2 with n1, n2 ∈ Z numerate magnetic
unit cells determined by the basis vectors e1 = δ1 − δ2 and
e2 = δ1 − δ3; see the orange shadowing in Fig. 1. For the
convenience of subsequent calculations, it is convenient to
write Hamiltonian (3) as a sum over Rn:

H = J
∑
Rn

⎧⎨
⎩m1(Rn) · [m2(Rn + δ1) + m2(Rn + δ2) + m2(Rn + δ3)] + m2(Rn) · [m3(Rn + δ1) + m3(Rn + δ2) + m3(Rn + δ3)]

+ m3(Rn) · [m1(Rn + δ1) + m1(Rn + δ2) + m1(Rn + δ3)]} − Bμs

∑
Rn

[m1z(Rn) + m2z(Rn + δ1) + m3z(Rn + 2δ1)]. (A1)

When writing Hamiltonian (3), we used the property∑
Rn

m�1 (Rn + δR1) · m�2 (Rn + δR2) = ∑
Rn

m�1 (Rn) ·
m�2 (Rn + δR2 − δR1), which is equivalent to redefinition
of the summation variable Rn.

The ground state of Hamiltonian (A1) is

m0
� = sin �[ex cos �� + ey sin ��] + ez cos �,

�� = 2π (� − 1)

3
+ ϕ0, cos � = Bμs

9J
, (A2)

where � = 1, 2, 3 and ϕ0 is an arbitrary phase. Figure 1 shows
a particular case ϕ0 = π/2. Deviations of magnetic moments
m� from their ground states m0

� are described by the complex-
valued functions ψ� defined by means of the classical form of
the Holstein-Primakoff representation

m� =
(

1 − |ψν |2
S

)
m0

� +
√

2 − |ψν |2
S

(e+
� ψ� + e−

� ψ∗
� ),

(A3)

e±
� = 1

2
√

S
[(cos � cos �� ∓ i sin ��)ex

+ (cos � sin �� ± i cos ��)ey − sin �ez], (A4)

where S = μs/(|g|μB). Here vectors e±
� = 1

2 (a� ± ib�)/
√

S
with a� = ∂�m0

� and b� = m0
� × a� compose a basis in the

plane perpendicular to m0
� . In terms of ψ�, Landau-Lifshitz

equation (4) obtains the following form:

ih̄ ψ̇�(R�
n) = ∂H

∂ψ∗
�

(
R�

n

) . (A5)

By distributing all spins into the sublattices, we can identify
each spin m� using vector R�

n = Rn + (� − 1)δ1 instead of rn.

Applying the Fourier transform

ψ�(R�
n) = 1√

N

∑
k∈1.BZ

ψ̂�(k)eiR�
n·k,

ψ̂�(k) = 1√
N

∑
R�

n

ψ�

(
R�

n

)
e−iR�

n·k,
(A6)

supplemented with the completeness relation∑
R�

n
ei(k−k′ )·R�

n = Nδk,k′ with N being the number of the
primitive magnetic unit cells, to the linearized (with respect
to ψ) Eq. (A5), we obtain

ih̄ ˙̂ψ�(k) = ∂H(2)

∂ψ̂∗
� (k)

. (A7)

Here H(2) is the harmonic (with respect to ψ̂�) part of H. The
substitution of (A3) into (A1) with the subsequent application
of the Fourier transform results in

H(2) = ε0

∑
k∈1.BZ

{
1
2 [|ψ̂1(k)|2 + |ψ̂2(k)|2 + |ψ̂3(k)|2]

+ Aαk[ψ̂1(k)ψ̂∗
2 (k) + ψ̂2(k)ψ̂∗

3 (k) + ψ̂3(k)ψ̂∗
1 (k)]

+ Bαk[ψ̂1(k)ψ̂2(−k) + ψ̂2(k)ψ̂3(−k)

+ ψ̂3(k)ψ̂1(−k)] + c.c.

}
, (A8)

where A = 1
4 (1 + i

√
3 cos �)2, B = 3

4 sin2 �, and αk =
(e−ik·δ1 + e−ik·δ2 + e−ik·δ3 )/3.

Introducing the Nambu spinor �̂k =
[ψ̂1(k), ψ̂2(k), ψ̂3(k), ψ̂∗

1 (−k), ψ̂∗
2 (−k), ψ̂∗

3 (−k)]T , we
formulate Eqs. (A7) in the form of a Schrödinger equation

i ˙̂�k = ε0ηHk�̂k, (A9)
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(a) (b) (c)

(f)(e)
(d)

FIG. 7. Dispersion relations (5) are shown for B = 0 (upper row) and for B = 0.1B0 (bottom row).

where

Hk =
[
Ak Bk

B∗
−k A∗

−k

]
, η = diag(1, 1, 1,−1,−1,−1),

Ak =
⎡
⎣ 1 A∗α∗

k Aαk

Aαk 1 A∗α∗
k

A∗α∗
k Aαk 1

⎤
⎦, Bk =B

⎡
⎣ 0 α∗

k αk

αk 0 α∗
k

α∗
k αk 0

⎤
⎦.

(A10)

Note that α∗
−k = αk; therefore, B∗

−k = Bk. Here Hk is a
Hermitian matrix which determines the harmonic part of
the Hamiltonian H(2) = ε0

2

∑
k �̂

†
kHk�̂k. The solution �̂k =

�̂
0
ke−iεt/h̄ reduces Eq. (A9) to the eigenvalue problem (EVP)

ε

ε0
�̂

0
k = ηHk�̂

0
k (A11)

for matrix ηHk. Note that, although ηHk is not a
Hermitian matrix, ηHk is a Hermitian operator in
Hilbert space with pseudo-Euclidean metric η. There-
fore, the eigenvalues ε are real and the eigenvectors
�̂

0 = [ψ̂0
1 (k), ψ̂0

2 (k), ψ̂0
3 (k), ψ̂0∗

1 (−k), ψ̂0∗
2 (−k), ψ̂0∗

3 (−k)]T

form an orthogonal basis (for the nondegenerate case).
The positive eigenvalues εν,k are presented in Eq. (5). The
remaining three eigenvalues of EVP (A11) are negative.
They correspond to nonphysical directions of precession of
magnetic moments m� around their equilibrium directions
m0

� . Therefore, they will not be considered here. In detail,
dispersion relations (5) are shown in Fig. 7 for two different
values of magnetic field B.

Substituting (A6) into (A3), in the linear approximation,
we write

m�(R�
n) ≈ m0

� +
√

2

N

∑
k∈1.BZ

[
e+
� ψ̂�(k) + e−

� ψ̂∗
� (−k)

]
eik·R�

n .

(A12)

If a spin wave with the wave vector k is excited, then the
single-spin dynamics can be reconstructed as

m�(R�
n) ≈ m0

�+
√

2

N
Re
{[

e+
� ψ̂0

� (k) + e−
� ψ̂0∗

� (−k)
]
ei(k·R�

n−ωt )
}
,

(A13)

where eigenfrequencies ω = ε/h̄ and components of the
eigenvectors ψ̂0

� (k) and ψ̂0∗
� (−k) are found from the EVP

(A11).

APPENDIX B: ABSENCE OF THE IN-PLANE
COMPONENT FOR THE MAGNON MAGNETIC MOMENT

Let us first find the component of the magnon mag-
netic moment along the first sublattice. To this end, we
apply the magnetic field B = Bm0

1, where m0
1 is deter-

mined by (A2) for the case � = π/2. In this case,
magnetic Hamiltonian H = HAFM + HZ has the same ex-
change contribution HAFM as in (A1), but the Zee-
man part is different: HZ = −Bμs

∑
Rn

[m1(Rn) + m2(Rn +
δ1) + m3(Rn + 2δ1)] · m0

1. Assuming the coplanar ground
state, we obtain the following energy per magnetic unit
cell: HMUC = 3J[(1 − 3b) cos(�1 − �2) + cos(�2 − �3) +
(1 − 3b) cos(�3 − �1) − 3b], where b = B/B0. The equilib-
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rium values of �ν are as follows:

�1 = ϕ0, �2 = 2π

3
+ ϕ0 − ϕ, �3 = 4π

3
+ ϕ0 + ϕ,

(B1)

where ϕ is determined by the equation

(1 − 3b) cos
(π

6
− ϕ

)
= cos

(π

6
+ 2ϕ

)
. (B2)

For b � 1, Eq. (B2) has solution ϕ ≈ √
3b; thus

(∂ϕ/∂B)B=0 = μs/(3
√

3J ). The corresponding component of

the magnon magnetic moment is

μν,k · m0
1 = − ∂εν,k

∂ϕ

∂ϕ

∂B

∣∣∣∣
B=0

= − μs

2
√

3J

∂εν,k

∂ϕ

∣∣∣∣
B=0

.

Note that μν,k · m0
1 = 0 if εν,k = εν,k(ϕ2), because ϕ|B=0 = 0.

In order to find the magnon spectra, we utilize Holstein-
Primakoff representation (A3) with m0

ν = ex cos �ν +
ey sin �ν and e±

ν = 1
2 [∓i sin �νex ± i cos �νey − ez]/

√
S,

where angles �ν are determined in (B1). In terms of ψ̂ν (k),
the harmonic part of the Hamiltonian is

H(2) = ε0

∑
k∈1.BZ

{
1

2
[|ψ̂1(k)|2 + |ψ̂2(k)|2 + |ψ̂3(k)|2] + Aϕαk[ψ̂1(k)ψ̂∗

2 (k) + ψ̂3(k)ψ̂∗
1 (k)]

+ Bϕαk[ψ̂1(k)ψ̂2(−k) + ψ̂3(k)ψ̂1(−k)] + A′
ϕαkψ̂2(k)ψ̂∗

3 (k) + B′
ϕαkψ̂2(k)ψ̂3(−k) + c.c.

}
, (B3)

where Aϕ = 1
2 [1 − sin( π

6 − ϕ)], A′
ϕ = 1

2 [1 − sin( π
6 + 2ϕ)],

Bϕ = 1
2 [1 + sin( π

6 − ϕ)], and B′
ϕ = 1

2 [1 + sin( π
6 + 2ϕ)].

Writing (B3), we utilized the relation between b and ϕ

determined by Eq. (B2). The corresponding eigenvalue
problem coincides with (A11), but the form of matrices Ak

and Bk:

Ak =
⎡
⎣ 1 Aϕα∗

k Aϕαk

Aϕαk 1 A′
ϕα∗

k
Aϕα∗

k A′
ϕαk 1

⎤
⎦,

Bk =
⎡
⎣ 0 Bϕα∗

k Bϕαk

Bϕαk 0 B′
ϕα∗

k
Bϕα∗

k B′
ϕαk 0

⎤
⎦. (B4)

For ϕ � 1, the corresponding positive eigenenergies are

ε±1,k = ε0

[√
1 − 1

2
�±

k

(
�±

k + 1
)+ O(ϕ2)

]
, (B5a)

ε0,k = ε0
[√(

1 − �c
k

)(
1 + 2�c

k

)+ O(ϕ2)
]
. (B5b)

The absence of the terms linear in ϕ results in μν,k · m0
1 = 0,

as it was discussed above. Since the first sublattice is not
distinguished, we conclude that the projections of the magnon
magnetic moment onto all three directions m0

1, m0
2, and m0

3 are
also zero. From this, it follows that the in-plane component of
μν,k vanishes.

APPENDIX C: SPIN-LATTICE SIMULATIONS

The dynamics of magnetic moments are described by the
Landau-Lifshitz equations

(
1 + α2

G

)
ṁ(rn) = γ

μs
m(rn) × ∂H

∂m(rn)

+ αG m(rn) ×
[

m(rn) × ∂H
∂m(rn)

]
, (C1)

where αG is the Gilbert damping parameter and H is defined
in (3). The dynamical problem is considered as a set of 3N1N2

ordinary differential equations (C1) with respect to 3N1N2

unknown functions mX(t ), mY(t ), mZ(t ). Parameters N1 and
N2 define the size of the system. For the given size and initial
conditions, the set of time evolution equations (C1) is inte-
grated numerically using the Runge-Kutta method in Python
with integration step 3
tJγ /μs � 1.

To simulate the spin waves, we consider a system with a
size of N1 × N2 = 291 × 336 magnetic moments. The sim-
ulations are carried out in two steps. In the first step, we
simulate the dynamics of the system in the external mag-
netic field B = Bez with B/B0 ∈ [0, 0.3]. As an initial state,
here we considered an “umbrella” state with sinc modulation,
i.e., m� = m0

�+δm
|m0

�
+δm| , where m0

� is defined in (A2) and δm =
0.05 sinc(2π k · rn)(a� + b�).

In the second step, we perform a space-time Fourier trans-
formation for the complex-valued parameter mX(t ) + imY(t ).
The resulting eigenfrequencies are plotted in Fig. 3.

APPENDIX D: MAGNON SPECTRA FOR A MULTILAYER
3D GENERALIZATION

Here, we consider a 3D generalization of the proposed
model in the form of a stack of infinitely many monolayers,
which are considered above and shown in Fig. 1. The distance
between layers is c0. The layers interact antiferromagnetically
with the exchange constant Jz > 0. In magnetic field B =
Bez the ground state is m0

� = sin �̄(ex cos �� + ey sin ��) +
cos �̄ez and m′0

� = − sin �̄(ex cos �� + ey sin ��) + cos �̄ez

for the odd and even layers, respectively. Here

cos �̄ = Bμs

9J + 4Jz
= ς cos �, (D1)

where ς = (1 + 4
9

Jz

J )−1. The primitive magnetic unit cell is
a prism composed of three vectors e1, e2, and e3 = 2c0ez.
The number of sublattices is doubled and equal to six: m1,
m2, m3, m′

1, m′
2, and m′

3. In the following, we perform
the same calculation technique as described in Appendix A.
The harmonic part of the 3D generalized Hamiltonian in k
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space is

H(2)
3D = ε0

∑
k∈1.BZ

{
1

2
[ψ̂�(k)ψ̂∗

� (k) + ψ̂ ′
�(k)ψ̂ ′∗

� (k)]

+ Aαk[ψ̂1(k)ψ̂∗
2 (k) + ψ̂2(k)ψ̂∗

3 (k) + ψ̂3(k)ψ̂∗
1 (k) + ψ̂ ′

1(k)ψ̂ ′∗
2 (k) + ψ̂ ′

2(k)ψ̂ ′∗
3 (k) + ψ̂ ′

3(k)ψ̂ ′∗
1 (k)]

+ Bαk[ψ̂1(k)ψ̂2(−k) + ψ̂2(k)ψ̂3(−k) + ψ̂3(k)ψ̂1(−k) + ψ̂ ′
1(k)ψ̂ ′

2(−k) + ψ̂ ′
2(k)ψ̂ ′

3(−k) + ψ̂ ′
3(k)ψ̂ ′

1(−k)]

+ j

[
1

2
cos 2�̄[ψ̂�(k)ψ̂∗

� (k) + ψ̂ ′
�(k)ψ̂ ′∗

� (k)] − cos(kzc0)ψ̂�(k)[sin2 �̄ψ̂ ′
�(−k) − cos2 �̄ψ̂ ′∗

� (k)]

]
+ c.c.

}
, (D2)

where j = 2Jz/(3J ), A and B are the same as in (A8), and summation over the repeating indices � is assumed. The corresponding
eigenvalue problem coincides with (A9)–(A11), but the form of matrices Ak and Bk:

Ak =

⎡
⎢⎢⎢⎢⎢⎢⎣

F A∗α∗
k Aαk −C 0 0

Aαk F A∗α∗
k 0 −C 0

A∗α∗
k Aαk F 0 0 −C

−C 0 0 F A∗α∗
k Aαk

0 −C 0 Aαk F A∗α∗
k

0 0 −C A∗α∗
k Aαk F

⎤
⎥⎥⎥⎥⎥⎥⎦

, Bk =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 Bα∗
k Bαk S 0 0

Bαk 0 Bα∗
k 0 S 0

Bα∗
k Bαk 0 0 0 S

S 0 0 0 Bα∗
k Bαk

0 S 0 Bαk 0 Bα∗
k

0 0 S Bα∗
k Bαk 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, (D3)

where F = 1 + j, C = j cos(kzc0) cos2 �̄, and S = j cos(kzc0) sin2 �̄. Thus Hk is a 12 × 12 matrix, as well as metric η =
diag(1, 1, . . . , 1,−1,−1, . . . ,−1), which contains six "1" and another six "−1" along the diagonal. The corresponding six
magnon branches have the following dispersion:

ε±1,k = ε0

⎧⎨
⎩
√(

1 + �±
k

2
+ 2 j cos2 qz

2

)[
1 − �±

k

(
1 − 3

2
cos2 �̄

)
+ j(1 + cos 2�̄ cos qz )

]
± cos �̄

(
�±

k

2
+ �∓

k

)⎫⎬
⎭,

ε′
±1,k = ε0

⎧⎨
⎩
√(

1 + �±
k

2
+ 2 j sin2 qz

2

)[
1 − �±

k

(
1 − 3

2
cos2 �̄

)
+ j(1 − cos 2�̄ cos qz )

]
± cos �̄

(
�±

k

2
+ �∓

k

)⎫⎬
⎭,

ε0,k = ε0

{√(
1 − �c

k + 2 j sin2 qz

2

)
[1 + �c

k(2 − 3 cos2 �̄) + j(1 − cos 2�̄ cos qz )] +
√

3 cos �̄�s
k

}
,

ε′
0,k = ε0

{√(
1 − �c

k + 2 j cos2 qz

2

)
[1 + �c

k(2 − 3 cos2 �̄) + j(1 + cos 2�̄ cos qz )] +
√

3 cos �̄�s
k

}
, (D4)

where qz = kzc0. For the case j = 0, one obtains ε′
ν,k = εν,k.

From (D4), we obtain the magnetic moments for the 3D sys-
tem μ̄z

ν,k = −∂εν,k/∂B|B=0, μ̄′z
ν,k = −∂ε′

ν,k/∂B|B=0, and find
that μ̄′z

ν,k = μ̄z
ν,k = ςμz

ν,k.

APPENDIX E: NONLINEAR SPIN SPLITTER
AND EDELSTEIN EFFECTS

Here we use the standard sharp-quasiparticle Boltzmann
treatment, assuming that the nonlinear contributions to the
spin Hamiltonian are suppressed due to the large spin. That is,
we assume that S = |g|μs/μB 
 1. The spin current (flow of
the magnetic moment) (8) in the spin-splitter effect, as well
as the total magnetic moment (13) in the Edelstein effect,
are determined by the nonequilibrium part of the distribution
function δnν,k. The latter can be found from the steady-state
Boltzmann transport equation, which, in our case, in the
relaxation-time approximation, is as follows:

vν,k · ∇nν,k = −δnν,k

τrlx
. (E1)

Here nν,k = n0
ν,k + δnν,k is the total distribution function with

n0
ν,k = 1

eεν,k/(kBT ) − 1
(E2)

being the equilibrium part. In the limit δnν,k � n0
ν,k, the Boltz-

mann equation (E1) can be solved for δnν,k perturbatively. To
this end, we present

δnν,k = δn(1)
ν,k + δn(2)

ν,k + δn(3)
ν,k . . . , (E3)

where δn(1)
ν,k 
 δn(2)

ν,k 
 δn(3)
ν,k 
 · · · . The latter condition is

valid if |∇T | � 1/(�rlx∂T n0
ν,k), with �rlx being the mean free

path. For large temperatures, this condition can be simpli-
fied to |∇T | � ε0/(�rlxkB) ≈ h̄/(τrlxa0kB) ≈ �k/(a0kB). By
substituting (E3) into (E1) and equating terms of the same
order of smallness, we obtain the cascade of equations, whose
solutions are

δn(1)
ν,k = −τrlx(vν,k)α∂αn0

ν,k,

δn(2)
ν,k = τ 2

rlx(vν,k)α (vν,k)β∂2
αβn0

ν,k,

δn(3)
ν,k = −τ 3

rlx(vν,k)α (vν,k)β (vν,k)γ ∂3
αβγ n0

ν,k.

(E4)
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With (E4), the expansion coefficients in (9) can be written as

Gαβ = −τrlx

V

∑
ν,k

μ̄z
ν,k(vν,k)α (vν,k)β∂T n0

ν,k,

G(2)
αβγ = τ 2

rlx

V

∑
ν,k

μ̄z
ν,k(vν,k)α (vν,k)β (vν,k)γ ∂2

T n0
ν,k,

(E5)

where the summation over ν runs over all six branches. We
find that Gαβ = 0 and the nonzero components of G(2)

αβγ are
−G(2)

xxx = G(2)
xyy = G(2)

yxy = G(2)
yyx ≡ G(2). Performing the transi-

tion
∑

k(. . . ) → V
∫

dk
(2π )3 (. . . ), we write G(2) in form (10),

where the dimensionless G is as follows:

G(T , jz ) = −ς
∑

ν

∫
dq

(2π )3
μ̃z

ν,q(ṽν,q)3
x

f2(ε̃ν,q/T )

ε̃2
ν,q

. (E6)

Here T = kBT/ε0 denotes the dimensionless temperature and
jz = Jz/J . The integration is performed over the dimension-
less wave vector with components qx,y = a0kx,y and qz = c0kz.
Here qz ∈ [−π/2, π/2] and the horizontal cross section of
the dimensionless Brillouin zone is shown in Figs. 5(c) and
5(d) by the gray shadowing. μ̃z

ν,q = μ̄z
ν,k/(|g|μB) and ε̃ν,q =

εν,k/ε0 are dimensionless magnon magnetic moment and en-
ergy, respectively. ṽν,q = ∂qε̃ν,q denotes the dimensionless
group velocity. For the function f2 in (E6) we use the follow-

ing definition:

fn(x) = L̂n
x

1

ex − 1
, L̂x = x2∂x. (E7)

The coefficients in expansion (14) are as follows:

Fα = −τrlx

V

∑
ν,k

μ̄z
ν,k(vν,k)α∂T n0

ν,k,

F (2)
αβ = τ 2

rlx

V

∑
ν,k

μ̄z
ν,k(vν,k)α (vν,k)β∂2

T n0
ν,k, (E8)

F (3)
αβγ = −τ 3

rlx

V

∑
ν,k

μ̄z
ν,k(vν,k)α (vν,k)β (vν,k)γ ∂3

T n0
ν,k.

We find that Fα = 0, F (2)
αβ = 0, and nonzero components of

tensor F (3)
αβγ are related as F (3)

xxx = −F (3)
xyy = −F (3)

yxy = −F (3)
yyx ≡

F (3), where F (3) is defined in (15) with

F (T , jz ) = ς
∑

ν

∫
dq

(2π )3
μ̃z

ν,q(ṽν,q)3
x

f3(ε̃ν,q/T )

ε̃3
ν,q

. (E9)

From definition (E7), it follows that ∂x fn(x) = fn+1(x)/x2.
Using this, we derive

∂T
fn(ε̃ν,q/T )

ε̃n
ν,q

= − fn+1(ε̃ν,q/T )

ε̃n+1
ν,q

. (E10)

Now, comparing (E6) and (E9), we conclude that F = ∂T G.
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