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Emergence of many-body chaos in the presence of quasiparticles

Sibaram Ruidas ®,'-" Sthitadhi Roy®,">'" Subhro Bhattacharjee ®,">* and Roderich Moessner?:®

Unternational Centre for Theoretical Sciences, Tata Institute of Fundamental Research, Bengaluru 560089, India
2Max-Planck-Institut fiir Physik komplexer Systeme, Néthnitzer Straf3e 38, 01187 Dresden, Germany

® (Received 2 February 2026; revised 20 June 2026; accepted 24 June 2026; published 10 July 2026)

Many-body chaos is a default property of many-body systems; at the same time, near-integrable behavior
due to weakly interacting quasiparticles is ubiquitous throughout condensed matter at low temperature. There
must therefore be a, possibly generic, crossover between these very different regimes. Here, we develop a theory
encapsulating the notion of a cascade of lightcones seeded by sequences of scattering of weakly interacting
harmonic modes as witnessed by a suitably defined chaos diagnostic (classical decorrelator) that measures the
spatiotemporal profile of many-body chaos. Our numerics deals with the concrete prototypical case of a classical
Heisenberg chain, for either sign of the interaction, at low temperatures where the short-time dynamics are well
captured in terms of noninteracting spin waves—characteristic to continuous symmetry breaking. To model low-
temperature dynamics, we use ensembles of initial states with randomly embedded point defects in an ordered
background, which provides a controlled setting for studying the scattering events. The decorrelator exhibits
a short-time integrable regime followed by an intermediate “scarred” regime of the cascade of lightcones in
progress; these then overlap, leading to an avalanche of scattering events which finally yields the standard long-

time signature of many-body chaos.

DOLI: 10.1103/zkvh-dqqp

I. INTRODUCTION

How does chaos emerge from the dynamics of a many-
body system? While simply stated, this question is fundamen-
tal and rather subtle [1]. This is because the universal, low-
temperature properties of generic condensed matter systems
are not explicitly chaotic. Instead, they are often thought of as
being essentially integrable for a large class of systems: the
dynamics is governed by low-energy excitations of a ground
state which are well described by weakly interacting quasipar-
ticles [2]. And yet, at late times, the dynamics is chaotic. The
search for a, possibly generic, mechanism underpinning the
crossover from low-temperature near-integrability to late-time
chaos constitutes the central objective of this work.

Indeed, the spatiotemporal structure of many-body chaos
[3-8] in classical and quantum many-body systems has re-
ceived a lot of attention recently [9-44]. These studies have
focused on the characterization of the temporal and spatial
aspects via the Lyapunov exponent, A;, and butterfly veloc-
ity, vg, respectively. The out-of-time commutators (OTOCs)
[45,46] and their classical analog, the decorrelators [18]
reflect the time and length-scales of such spatiotemporal
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chaos. The classical decorrelators, D(i,t) [Eq. (3)], mea-
sure the evolution of the difference of two configurations
which initially (t = 0) are infinitesimally different only at the
origin (i = 0). In the chaotic regime, this difference grows
with a velocity-dependent Lyapunov exponent which is pos-
itive/negative inside/outside a lightcone, respectively—this is
a spatiotemporal representation of the celebrated butterfly ef-
fect [47,48]. The inside of the lightcone defines the butterfly
velocity |i| < vpt; here, as indicated in Fig. 1, the decorrela-
tor grows exponentially, exhibiting the extreme sensitivity to
initial conditions [49-52].

The fully developed chaotic regime is typically preceded
by an early-time nonexponential, but ballistically spreading,
decorrelator as schematically shown in Fig. 1. The nature of
this initial regime, alongside its crossover to fully developed
chaos, therefore, carries key information on the phenomenon
of the onset of many-body chaos [53,54].

Unlike that of typical difference maps of chaos such as
the logistic map [55] where the onset only occurs beyond a
certain regime of the parameters, in interacting many-body
systems, it is the nonlinear terms in the equation of motion
that generically lead to chaos via coupling of harmonic nor-
mal modes somewhat similar to chaotic scatterings [49] of
a particle, but in a dynamically evolving environment. How-
ever, a suitable choice of an ensemble from which the initial
conditions are drawn—one where nonlinear effects are initially
small-allows for a controlled study of the onset of chaos.
In this situation, two smooth initial conditions decorrelate
slowly at early times, only gradually giving way to a faster and
ultimately exponential form of the decorrelator as the effect of
the nonlinear scatterings accumulates.

A natural setting for such a separation of timescales is
a dilute gas of weakly interacting (quasi)particles with long
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FIG. 1. Schematic diagram of the different regimes leading to
the onset of many-body chaos, as measured by the decorrelator
[Eq. (3)], in classical unfrustrated spin systems. The initial state
can be viewed as a (quasi-)long-ranged ordered state interspersed by
disordered ‘defect’ regions of density p,; this constitutes a proxy for
a low-temperature initial state where the disordered regions can be
thought of as mimicking the excitations on top of a ground state.
The quasiparticles corresponding to the excitations, denoted by the
red circles, scatter off the primary lightcone of spatiotemporal chaos,
seeding secondary lightcones inside the primary one. At intermediate
times, this leads to a scarred regime, following which the secondary
lightcones proliferate and further scatter off each other, leading to
fully developed chaos at late times. The labels on the time axis
denotes estimates for scaling of the temporal extent of the different
regimes with p,, see Sec. I for details.

mean-free paths. In a condensed matter setting, this generi-
cally occurs as a consequence of the spontaneous breaking
of a (continuous) symmetry, resulting in long-lived Goldstone
modes [2]; but also for other reasons, as is famously the case
for Landau quasiparticles in a Fermi liquid [56]. Such almost
harmonic low temperature settings provide platforms for the
observation of the various stages of spatiotemporal chaos.

In this paper, we study the onset of chaos in classical
Heisenberg spin chains as a representative prototype of inter-
acting many-body systems showing spontaneous continuous
symmetry breaking and generic low-energy structures therein.
In particular, their spin-wave-like excitations have decreasing
(~~/T) amplitudes at low temperature, naturally suppressing
nonlinear effects in a tunable fashion. Building on the results
of Ref. [20], we examine three qualitatively and quantitatively
distinct regimes in the decorrelator, schematically drawn in
Fig. 1 preceding the final regime of fully developed chaos.
At the earliest times, the effect of the deviations from the
perfectly ordered spin configuration can be neglected locally,
such that the evolution of the free decorrelator is captured by
a spread of a localized wave-packet in a frozen magnetically
ordered background. Truncating the equation of motion for
the decorrelator at harmonic orders gives a quantitatively ac-
curate description of this regime. As the decorrelator evolves
and spreads, it senses the effect of deviation from the per-
fect order. This is captured by the mode-coupling between
the decorrelator and the harmonic spin-wave dynamics of
the local deviations. This seeds sharp streaks—secondary
lightcones—at the boundary of the (primary) decorrelator
lightcone, leading to the second stage, where the inside of
the lightcone appears scarred (see Fig. 2 for numerical data)

and heterogeneous. The increasing number of secondary light-
cones and their mutual scattering lead to the cascade of
tertiary and higher generation lightcones inside the primary
one. Notably, the tertiary and higher generation lightcones
are triggered by the scattering between spin waves due to
the underlying nonlinear anharmonic terms, and hence their
appearance signals the breakdown of the harmonic spin-wave
approximation. Indeed, the magnitude of the decorrelator
grows rapidly around isolated hotspots within the primary
lightcone. The number of such hotspots grows exponentially
in the third and final stage of the onset of chaos, ultimately
leading to the fully developed chaotic regime.

To reveal the different stages of the onset for the spin chain,
we choose initial states from a defect ensemble defined as
follows (see Sec. IIC and Appendix A for details). Starting
with the fully ordered state (fully polarized ferromagnet or
antiferromagnetic Neel state), we generate an ensemble of
configurations where on a fraction, p,, of sites, the spins
are randomly oriented away from the direction of ordering.
The strictly on-site nature of the defects restricts the spin
precessional dynamics [Eq. (1)], at early times, around the
defect sites in an otherwise frozen background and allows a
quantitative investigation of the origin of the secondary light-
cones and different stages of the onset. In particular, explicit
solutions of the mode-coupling equations derived in Ref. [20]
for a single defect trace the origin of the secondary lightcone
to the dynamics of the defects, which generate their individ-
ual spin-dynamics lightcones. With time, these spin-dynamics
lightcones then spread and reach the edge of the primary
decorrelator lightcone at well-defined points in space-time,
seeding the secondary lightcone inside the primary one. While
the broad phenomenological stages leading to spatiotemporal
chaos were identified numerically using a thermal ensemble
in Ref. [20], their quantitative characterization remained un-
solved. This was due in part because quasiparticle excitations
in a thermal state are typically delocalized over the entire sys-
tem which makes it difficult to isolate their interactions with
the primary lightcone of the decorrelator in space-time. By
contrast, in the initial states drawn from the defect ensemble,
the excitations are localized and their dynamics (the spin-
dynamics lightcones) are also tractable. This immediately
helps in identifying the scatterings of these quasiparticles off
the primary lightcone as the seeds for secondary lightcones
scatterings between which lead to tertiary lightcones and a
cascade ensues. The emergent picture is then amenable to a
quantitative characterization of the spatiotemporal anatomy of
these processes and their proliferation which eventually leads
to chaos.

We quantify the heterogeneity caused by the secondary
lightcones and their scattering within the primary one via
an appropriately defined (inverse-) participation ratio for the
normalized decorrelator, g(¢) [Eq. (12)]. The time depen-
dence of g(z) ~ t* reflects the different regimes (Fig. 3) via
the exponent a(> 0). The temporal extents of the different
regimes, as evidenced by g(¢), depend on the initial defect
density, pg.

The early-time free evolution of the decorrelator corre-
sponds to defect-density-independent regime (Fig. 4), but
its duration scales with defect density as ,od_]/ . As more
secondary lightcones are formed, scattering among them
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increases in importance, accelerating the growth of the decor-
relator around the scattering space-time points. In the ensuing
second regime, the decorrelator is dominated by a few such
points at which it has parametrically large magnitude in a
background which otherwise mirrors the decorrelator for a
defect-free, ordered initial state. This results in a plateau-like
feature in g(?), i.e., a small value of a, Fig. 3.

With time, however, the increasing density of the sec-
ondary lightcones leads to their overlap, rapidly amplifying
the effect of the nonlinearity. In particular, these nonlinear
effects almost coincide with the appearance of the tertiary
and a cascade of higher generation of lightcones. This leads
to exponential amplification of the decorrelator around the
hotspots, which provides positive feedback to the growth of
the decorrelator locally around these sites. This ultimately
leads to chaos. The mechanism is reflected in the fat-tailed
distribution, P (D) of the decorrelator (Fig. 6). The exponen-
tially growing number of hotspots truncates the plateau in g()
(Fig. 3) via a sharp knee [Eq. (23) and Fig. 7].

The fully developed chaotic regime is characterized by
Az and vp, which can be extracted from the decorrelator
[Eq. (27)] via the velocity-dependent Lyapunov exponent
(VDLE) [Egs. (7) and (26)]. While the Lyapunov exponent
A increases with the increasing defect density py, the but-
terfly velocity vp decreases. This compares favorably with
the characterization of chaos with increasing energy den-
sity in thermal ensembles. At even longer times, the full
decorrelator saturates, leading to a homogeneous lightcone,
such that at long times g(¢) ~t~'. The saturation can be
indefinitely delayed by a decrease in the size of the initial
perturbation; in the limit of vanishing perturbation, studying
the “linearized” decorrelator [Eq. (6)] eliminates the late-time
saturation. While the decorrelator still spreads ballistically
with vg, almost its entire weight (the core) spreads in a sub-
ballistic fashion (Fig. 9).

The emergence of the inner core is rooted in the statistics of
the timescales required for a spatial point to transition into the
fully developed exponential-chaos regime. Consider a point i
reached by the primary lightcone at time ¢ = i/vg, where the
decorrelator remains small, D(i, i/vg) < 1. The subsequent
crossover to exponential growth does not occur immediately
but proceeds through a sequence of onset stages whose timing
is dictated by the statistics of defect dynamics. Scattering
of defects off the primary lightcone generates secondary and
higher-order lightcones, each further amplifying the decorre-
lator. Points closer to the origin encounter statistically more
such higher-order lightcones than points farther away, and
therefore enter the exponential regime earlier. This spatial
variation in the crossover times produces the inner core, while
the underlying statistics of scattering events, as discussed in
Sec. IV B, determine its subballistic expansion.

The rest of the paper is organized as follows. We start
by concretely describing the particular setting of our calcu-
lations, including the Hamiltonians, the defect ensemble, the
summary of the decorrelator and essential numerical details in
Sec. II. This is followed by a detailed quantitative characteri-
zation of the four different states of the decorrelator, from free
evolution to fully developed chaos, as well as the origin of the
secondary lightcones in Sec. III. Finally, in Sec. IV we study
the form of the decorrelator in the fully developed chaotic

regime and show the dependence of both the Lyapunov ex-
ponent and the butterfly velocity on the defect density. We
conclude with a summary of our results in Sec. V. Various
technical details are discussed in the Appendixes.

II. PRELIMINARIES AND DEFINITIONS

We start with laying out the basic definitions and describ-
ing the central setting used throughout this work. Specifically,
in the following, we describe the model, the ensemble of
initial states, and the formalism of the classical decorrelator
as a measure of spatiotemporal chaos.

A. Classical Heisenberg spin chain

To put our ideas on a concrete footing, we will employ
the well-studied classical Heisenberg spin chains consisting of
three-component classical spins, S; = (S¥, 57, S7) (with |S;| =

1) at each lattice site and interacting via nearest-neighbor
spin-spin interactions, given by the Hamiltonian

H=-I) S8, (1)
(i)

where J is the strength of the ferromagnetic (J > 0) or anti-
ferromagnetic (J < 0) interaction. For the former, the lowest
energy configuration consists of spins oriented in parallel
along any particular direction on the Bloch sphere, while for
the latter neighboring spins are antiparallel, forming the Neel
state. The classical precessional dynamics is given by the
Landau-Lifshitz-Gilbert equation

%ZSJXJ(SJ,1+Sj+1). 2)
The dynamics conserves the total spin, S; = >, S;, in addi-
tion to energy.

B. Classical decorrelator

To characterize the spatiotemporal chaos quantitatively, we
utilize the recently developed formalism of the decorrelation
function [18-21] defined as

DG, 1) = (S{1) = S))’, 3)
where S?(b) are the spins on the two copies, copy a and copy
b of the system. The two copies are initialized in an identical
state except at a single seed site where they differ infinitesi-
mally, such that

S/ =S{+8S08i0; 8So=e(h xSf), )
where fi = (&, x S§)/|é, x S§|. Physically, this means that
the spin at the site i =0 of copy & is infinitesimally (of
strength ¢) rotated about the unit vector f relative to that of
copy a. The choice of fi is general as long as we get a nonzero
perturbation at the seed site. As a matter of notation, for a sys-
tem with N spins, we label the sites with integers (—N/2, N/2]
and the seed site is chosen to be the origin i = 0. We will
study the decorrelator dynamics averaged over an ensemble
of initial states. The ensemble is described in Sec. II C and we
denote the averaged decorrelator via (D(i, t)).
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Note that the decorrelator, as defined in Eq. (3), is bounded
between 0 and 4. At the same time, at ¢+ = 0, the decorrelator
at the seed site D(i = 0, t = 0) ~ &2. Therefore, for any finite
& however small (as required in the numerical calculations),
there exists a temporal window only parametrically large in
e~! over which the decorrelator can show an exponential
growth before it saturates. To extract a Lyapunov exponent
in a meaningful way, we therefore also study the decorrelator
directly in the limit of ¢ — 0. Defining z;(¢) = lim,_.¢ 8S;(¢),
a linearized equation in this limit can be written as

2, =JS; x (Zi1 +2i11) +Jz; x (Sic1 +Siv1), (5)

where the spin dynamics for S;(¢) is calculated via the full
nonlinear evolution in Eq. (2). Naturally, the solution for z;(¢)
does not exhibit a saturation and grows unboundedly with
time. The ensemble-averaged linearized decorrelator is given
simply by

(DG, 1) = (lz()]?), (6)

which grows exponentially at late times. This allows us to
define the VDLE [57] as

A (v) = lim In((D(i = vt, 1)))/2t. 7

For classical systems of the kind considered here, the VDLE is
expected to be positive inside the lightcone (v < vg) and neg-
ative outside it (v > vp), indicating the exponential growth
and decay with time of the decorrelator, respectively, in the
two cases. In fact, the velocity where A, (v) changes sign is a
useful estimate of vg.

C. “Defect” ensemble of initial states

Our ensemble of initial states, which we refer to as the de-
fect ensemble, is defined as follows. Starting from a perfectly
aligned ferromagnetic or antiferromagnetic configuration, we
randomly select N; defect sites, corresponding to a defect
density p; = N;/N. These sites, labeled by indices {i;}, host
spins that are rotated relative to the order direction (local in
case of antiferromagnet) by a polar angle 6;, and an azimuthal
angle ¢;,, where each 6;, is drawn independently from a dis-
tribution such that cos 6;, is sampled uniformly in [1, cos O],
and ¢;, is sampled uniformly in [0, ¢/]. The ensemble of
states generated by varying both the choice of defect sites and
the rotation angles {6;,, ¢;,} thus defines our defect ensemble,
characterized by three parameters (04, Oy, dur)-

At this stage, it is useful to elaborate on how the defect
ensemble sheds more light on the underlying mechanisms
for the onset of chaos, the phenomenology of which, starting
from a low-temperature state, was already reported earlier
in Ref. [20]. In thermal equilibrium at low temperature,
typical spin configurations deviate from the perfectly or-
dered ferro- or antiferromagnetic ground state due to a
finite density of spin-wave excitations spanning a range
of wavelengths. These excitations correspond to transverse
fluctuations of the spins about the direction of perfect align-
ment. Previous work [20] demonstrated that interactions
between the decorrelator and thermally excited spin waves
give rise to secondary lightcones—the hallmark of the scarred
regime that precedes the onset of chaos. However, because

thermal fluctuations involve a continuum of coupled spin-
wave modes, it is difficult to quantitatively trace the
emergence of these secondary lightcones or to isolate the
microscopic mechanism by which spin-wave interactions gen-
erate chaotic dynamics.

Our construction of the defect ensemble circumvents this
difficulty. We replace the thermal ensemble with an ensem-
ble of states containing a finite density of randomly oriented
single-spin defects such that at early times the dynamics
of the system is localized to the neighborhood of the de-
fect spins. Subsequent overlap of these dynamical regions
(spin-dynamics lightcones) activates the underlying nonlin-
ear scattering of the spin waves and thus separates different
aspects of the physics of the crossover to chaos. This sim-
plification preserves the essential ingredients, namely, local
transverse deviations from perfect order, while allowing us
to systematically track how the resulting perturbations evolve
in space and time and eventually interact with the primary
lightcone of the decorrelator. In this way, the defect ensemble
provides a minimal, tractable, and tunable setting in which
to uncover the microscopic origin of secondary lightcones in
the decorrelator and to elucidate the transient scarred regime
that ultimately leads to fully developed spatiotemporal chaos.
We expect the underlying mechanism to be the same as in
the thermal case, with the defects effectively mimicking the
role of finite temperature. In particular, for p; approaching
1 and small (6y, ¢ur), the defect magnitude varies almost
continuously—akin to thermal fluctuations, albeit at short
wavelengths.

In Appendix A, we characterize these configurations vis-a-
vis the thermal ensemble. However, for much of the numerical
results in the following, we set 6y = m and ¢y = 27 un-
less otherwise stated, and study the physics as a function
of Pd-

D. Methodology

Before delving into the results, we briefly outline the gen-
eral methodology of our analysis. For initial conditions drawn
from the “defect” ensemble discussed above, we simulate
the Hamiltonian precessional dynamics using a fourth-order
Runge-Kutta (RK4) method, where we set J = 1(—1) for
the ferromagnet (antiferromagnet). The numerical time step
At = 0.005 is chosen such that the usual O(At*) errors con-
serve total energy and spin to our acceptable precision. The
two copies, a and b, with the initial condition being different
at a single site [see Eq. (4)] are evolved independently using
the RK4 dynamics and the decorrelator is calculated from the
difference in Eq. (3). For the numerical computation of the
linearized decorrelator, the spin dynamics in a single copy is
solved for using the RK4 method without any perturbation.
The solution for {S;(¢)} is then fed back into Eq. (5) to solve
for the dynamics of z;(¢). This numerical analysis constitutes
the core method for obtaining many of the results in this work.

However, as motivated earlier, a key ingredient in our the-
ory for the onset of chaos is the scattering of the dynamical
defects in the initial conditions off the primary decorrelator
lightcone. To get an analytical handle on how they seed
secondary decorrelator lightcones, we use a mode-coupling
theory [20] adapted to the present setting as follows. In a given
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initial spin-configuration, each spin can be decomposed as
Si(t) = &:v/'1 — [Li()* + Li(1), ®)

where L;(¢) is the component perpendicular to the order direc-
tion (L; L &), taken to be &, here without loss of generality.
Simplifying to the case of a single defect such that

Li(t = 0) = |Lg|d;,, )

where L; = (sin 6, cos ¢4, sin 6, sin ¢4, 0) and focusing on
the FM case, the defect dynamics can be solved for up to linear
order, leading to

Li(t) = [Lal Jji—iy)(20)[cos(pg — 2t + 7w|i — igql/2)ex
+ sin(pg — 21 + i — ia|/2)2,), (10)

with J;(¢) denoting the Bessel function of the first kind. The
above expression encodes the spreading of the defect in space
with time, and acts as a proxy for the dynamics of thermally
excited spin waves in a finite-temperature state.

Defining §S;(t) = Sf’(t) — S¢(¢), the dynamics of the
decorrelator in Eq. (3) can now be expressed through the
equation for the precessional dynamics [Eq. (2)] as

dsS;t
T() =2, x (Zjasj - 2]88,-)

jei

+Lix Y J8S;+688 x Y _JL;

jei jei

L,
— S x <|L,4|ZZJ(SS<,- —as,-ZJ|L_,-|2),

jei jei
(11)

up to the second order in spin-wave amplitude |L;|. Analyzing
the above equation with the form of the defect dynamics from
Eq. (10) as input to it, as we elaborate later, sheds insights into
the origin of the secondary lightcone.

III. ANATOMY OF THE LIGHTCONE: CROSSOVER
TO CHAOS

We now turn to the main focus of this work, namely, to
understand how the collective effect of several defects dy-
namically scattering amongst themselves, eventually leads to
fully developed chaos with an intermediate scarred regime en
route. To address this, here, we present a detailed analysis
of the anatomy of the decorrelator in the presence of finite
defect density and identify different temporal regimes. As
mentioned in Sec. II C, we will consider initial states drawn
from the defect ensemble characterized by (pg, Oy, ¢$ar).- Un-
less stated otherwise, the results in this section are for 6y, = 7
and ¢y = 2.

To first present a broad brush view of the spatiotempo-
ral structures inside the lightcone, in Fig. 2, we show the
decorrelator as a density plot for a single initial configuration
drawn from the defect ensemble. Three qualitatively distinct
temporal regimes are evident in the plots for both the FM and
the AFM case. At early times, the decorrelator is devoid of
any effect of the defect sites and the spin-dynamics lightcones
emanating from them; this is the regime where, in a statisti-
cal sense, none of the spin-dynamics lightcones—emanating

10°
1072
107 =
8
1076
1078
FM AFM B
0 10710
—1000 —500

? 500 1000 —500 (L) 500 1000

FIG. 2. The decorrelator, D(i, t), shown as a heatmap (with log-
arithmic color-scales) in space-time for a single initial configuration
drawn from the defect ensemble. The scarred regime, indicated by
the streaky patterns inside the lightcone, at intermediate times arising
out of the secondary lightcones, is clearly visible along with their
proliferation at late times, leading to chaos. The left and right panels
correspond to the FM and AFM cases, respectively. For these plots
pa = 0.05,0y =7, ¢y = 27, and & = 10~* with L = 2048.

from the defect sites—have yet reached the edges of the
primary lightcone. This results in the free evolution of the
decorrelator similar to the ultrashort-time integrable region in
Ref. [20].

This free decorrelator evolution is followed by the scarred
regime where the secondary lightcones seeded by the defects
hit the edge of the spreading primary decorrelator lightcone,
resulting in visible streaks of the former inside the latter. With
time, the number of such secondary lightcones and their inten-
sity increase such that they are not only visible but also are the
dominant feature inside the lightcone, giving rise to tertiary
lightcones within the primary one due to the scattering of the
secondary lightcones. Notably, the scattering arises from the
nonlinear terms in the equation of motion [Eq. (2)]. In this
sense, the appearance of the tertiary lightcones due to the
overlap of the secondary ones activates the nonlinear terms,
setting up an avalanche process. Finally, at even later times,
these secondary, tertiary and higher-order lightcones grow
further and proliferate to give way to the fully developed chaos
indicated by a statistically uniform decorrelator at its satura-
tion value inside the lightcone. The heatmaps in Fig. 2 can
be considered the quantitative counterpart to the schematic
shown in Fig. 1, obtained for the classical Heisenberg spin
chain.

The above discussion makes it evident that the key to
understanding these different regimes quantitatively is via the
statistical properties of the decorrelator over space in these
different temporal regimes. In particular, to characterize quan-
titatively the possible heterogeneity of the decorrelator due to
the secondary lightcones, we define

D*(j, t)
sy = (= ZUD Y (12)

which can be understood as an inverse participation ratio
of the “normalized” decorrelator over space. The function
g(t) has one physical interpretation as follows. At any given
time ¢, the decorrelator will be supported over a region of
length o ¢ due to the finite butterfly velocity. Therefore, if the
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FIG. 3. The participation function g(¢#) [defined in Eq. (12)]
plotted for different defect densities p; = 0.05, ..., 0.50 for fer-
romagnetic (upper panel) and antiferromagnetic (lower panel)
couplings. The defect-free behavior for the respective cases is shown
in a red dashed line. For each defect density, we can distinguish three
different regimes. Within the early times (up to O(1)), g(¢) coincides
with the defect-free behavior go() (dashed cyan line). The onset of
chaos in the intermediate time regime, as denoted by the plateau and
the avalanche decay in g(¢), happens at the same time for FM and
AFM cases, and therefore is independent of the sign of the interac-
tion between the spins. Thereafter, the chaotic regime is indicated
by g(t) ~ 1/t as denoted by the black dashed line. In the insets,
we show the scaling of the deviation A,(t) = |g(t) — go(¢)| from
the free behavior with defect density p,. For these plots, 6y = 7,
¢u = 27, system size N = 2048 and the results are averaged over
10240 configurations.

decorrelator is statistically homogeneous inside the lightcone,
g(t) ~ t~1. However, if the decorrelator values are dominated
by O(1) number of relatively large values inside the lightcone,
then g(t) ~ t°. An intermediate scaling of g(t) ~¢t~* with
0 < @ < 1 indicates a nontrivial distribution of the D(i, t)
over space.

In Fig. 3 we present the results for g(¢) as a function of
time ¢ for both the FM and AFM, for different defect densities
pq- Again, distinct temporal regimes are clearly visible. In the
following, we discuss these regimes in detail one by one in
accordance with the schematic Fig. 1.

A. Early-time free regime

The early-time regime is indicated by the absence of any
dependence of g(¢) on the defect density p,. In fact, in this
regime, the function g(¢) follows the no-defect case, denoted
by go(¢) where the latter is given by Eq. (12) with D(i, ¢) given
by the Bessel function solution for the FM and an integral
form for the AFM case, as detailed in Ref. [20]. This is de-
noted by the cyan dashed lines in Fig. 3. As mentioned earlier,
this is the regime where the times are short enough such that
the spin-dynamics lightcones of none of the defects reach the
edges of the primary decorrelator lightcone. The decorrelator
in this regime is then identical to that of the case of a fully
ordered initial state. This implies that the free temporal regime
extends up to shorter timescales for larger defect densities.
That this is indeed the case is evident in the data in Fig. 3 as
the curves of g(¢) for higher p,; deviate from those of go(r)
at earlier times. A local and arguably more direct probe of
the above physics is the comparison of the decorrelator at the
origin for a finite defect density with that of the no-defect
case. This is shown in Fig. 4 (left), where the cyan dashed
line denotes the decorrelator at the origin in the absence of
any defect. The decorrelators for finite defect densities (solid
lines) follow the no-defect case at early times and deviate
from it at a timescale which decreases with increasing defect
density.

The free evolution for the decorrelator continues up to a
time, fee(0q), till the first defect hits it. The distribution of
this time is governed by the conditional probability that the
nearest defect occurs at iy from the origin (either left or right)
and is given by

N72i0C
. Ny—1
P(ip) = 2——~——, (13)
Cy,
10°
Pd = 0.01 100 Pd = 0.01
10-2 pa=0.05 pa=0.05
— p4=0.10 O pa=0.10
. » Pd . 10-! \ Pd
= 10 — pa=020
=) W T 0.30
8 10 - Dy(0,1)
1078.
10—10 i
102 100 102 0 25 50
t t[rcc

FIG. 4. Early-time free behavior of the decorrelator for FM. Left:
On-site time evolution of the decorrelation function at the i =0
site for different defect densities. The cyan dashed line denotes the
defect-free case given by the Bessel function solution. The finite
defect curves follow the free behavior up to the time #g... Right:
The distribution of time of free propagation for the decorrelator
obtained numerically for N = 1024 with 10240 configurations. The
black dashed lines denote the analytical results obtained from g, =
io/(2vp) and using the distribution of iy in Eq. (13). Given that the
lowest probability we can attain is O(10™*) due to a finite number of
samples, the numerical calculation of P(D) has a sharp cutoff at this
value near the right edge.
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where N; = pyL and the factor 2 appears because the nearest
defect can occur on either side of the origin. From the above
distribution, the distribution of #..(p,;) can be obtained by
using teee(0g) = ip/(2vp) and setting vg = 2 at these early
times of free propagation of the decorrelator and the defect
magnetization. The resultant comparison is shown in Fig. 4
(right) for p; = 0.01,0.05 and 0.1 for N = 1024 with ~10*
configurations.

The dependence of f..(p4) on the defect density is further
evident from the collapse of the difference Ag(t) = [g(t) —
go(t)| under the rescaling ¢+ — ¢,/p4 as shown in the insets of
Fig. 3. The particular scaling can be understood as a geometric
effect of the area within the decorrelator lightcone that is
getting filled up by the secondary ones, causing its departure
from the free value. The deviation of the decorrelator, AD,
at a given time-slice occurs over a spatial region within the
primary lightcone that scales as ~¢ while the number of de-
fects that contribute to AD ~ tp; (where we have neglected
the contributions from the tertiary or higher-order lightcones
and dependence of vg on p; at these early times) such that

Ag~ AD xt ~t*py, (14)

which explains the ./p; scaling of the timescale of free
evolution.

B. Origin of the secondary lightcones

The early-time regime is immediately followed by a
timescale when the defect dynamics start to interact with
the primary decorrelator lightcone. We now show explicitly,
using numerical and analytical calculations, how they seed the
secondary lightcones. To first establish the phenomenology
numerically, we simulate the case for a single defect which is
placed initially at a site i; = d while the primary lightcone is
seeded at i = 0. The primary lightcone, as well as the initially
localized defect at site i,, start to spread ballistically with
time. Since both the perturbation seeding the lightcone and
the defect are completely localized in space, they have overlap
with the entire spin-wave spectrum. The pilot waves for both
the fronts therefore travel with the maximum group velocity
vg = 2J and therefore intersect at a time f, = d/2vp. For
t < t,, the decorrelator is unaffected by the defect and follows,
for example, for the FM, the free Bessel function behavior,
denoted by Dy(i, t) [20]. By contrast, at t = t,, the defect-
front hits the decorrelator-front at site i = d/2 and seeds a
secondary lightcone there. This is shown clearly in the data
in Fig. 5 where the difference between the free decorrelator
and the decorrelator in the presence of a defect, AD(i, 1) =
|Do(i, t) — D(i, t)] itself takes the form of a lightcone seeded
ati =d/2 and t = t,. The results in Fig. 5 establish numer-
ically the phenomenology that indeed the scattering of the
defect dynamics off the primary decorrelator lightcone seeds
secondary lightcones.

We now show that the seeding can be understood analyti-
cally for the single defect (see Appendix B for further details).
The starting point for this analysis is the equation for the
difference in the spin configurations between the two copies
in Eq. (11). The first term on the right-hand side in Eq. (11)
yields the free (Bessel function for FM) solution, Dy (i, t). The
presence of a defect, effected by L, # 0, leads to corrections

200

1501

+ 1001

501

0 0
—500  —250 0 250 500 =500 —250 0 250 500

FIG. 5. Seeding of a secondary lightcone due to a single defect
illustrated for the FM case. The left panel shows the difference
between the decorrelators AD(i,t) = |Dy(i,t) — D(i, t)| (rescaled
by &2 for visibility) where Dy (i, t) and D(i, t) are the decorrelators
in the absence of any defects and the presence of a single defect
at site iy, = 200, respectively. The red and gray solid lines denote
the boundaries of the primary decorrelator lightcone and the defect
dynamics lightcone, respectively. The three dashed horizontal lines
denote three different time slices (at t = 20, 50, 80) at which D(i, t)
and the defect profile, 1 — S (¢) (multiplied by 10 to put it on visible
scales) are shown in the right panels, in red and gray, respectively.
Note that at + = 50 (right middle panel), the two profiles meet,
and that is precisely when the secondary lightcone is seeded at site
i =1i4/2 and t, = iy/(2vp) manifested in AD(i, t) taking on a finite
value for ¢ > t,. Results are for 6; = 7 /10 and ¢, = 0.

to the free behavior which can be expanded in orders of
|Ld| = sin Gd.

It is more convenient to analyze these equations in momen-
tum space, where we denote by §S;(¢) the difference between
the two copies at momentum mode k. Defining €, = §S;(0) as
the initial perturbation in k-space, the solution can be split as
88x(1) = 88 (1) 4 8Si"(z). The former, given by

88V (1) = ni(cos(yt + r)e, + sin(mt + dr)ey) + €2,
(15)

is the free solution with y, =2J(cosk — 1), m = (e, +
e,iy)l/z, and ¢y = tan~'(ex /€ ). The second term, §S{™(7),
is the correction to the free spin dynamics due to the defect.

With these definitions, the correction to the decorrelator up
to leading order is given by

™ dki dky ik ‘
ADV(j, 1) = / s OO HO)
-7
(16)

Without loss of generality, we choose the ferromagnetically
ordered state to be polarized along the +2 direction. It is there-
fore useful to resolve the vectors parallel and perpendicular to
the ordering direction as §Sy = (8Sk, 1, 65k ;) and decompose
the correction to the decorrelator also similarly,

T dky dky :
ADD(G 1 :/ dki dka ik
w G0 x 27 ¢

x (Z as,ﬁ?)'“(r)ssik‘;““(r)) (17
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where o € (x,y) for the perpendicular (x =1) component,
and o = z for the parallel (u =||) component.

As detailed in Appendix B, the parallel (to ordering) com-
ponent of S contains contribution only from linear order in
|L;| whereas the perpendicular component contains contribu-
tions from both, linear and quadratic, orders in |L,|. Within
the linear spin-wave regime, the first significant correction
that captures the onset of secondary lightcone comes from
the O(|L4|?) terms in the perpendicular component of the
correction. Systematically including terms order by order, the
correction to the perpendicular component of the decorrelator
can be written in integral form

ADV () Ly
n? 2

X (Wi (t,11) = Wy —(2,11))],  (18)

. N-l
e [ an Y 17.en)
0 m=0

where
Wi+, 1) = ‘ﬂfn_(idil)‘(zh VT j—mey 2 — 11)).  (19)

and n = (ef + evz)l/ 2. While the final result, given in terms of
Egs. (18) and (19), is somewhat unwieldy, the two essential
takeaways are clearer. First, the convolution of the Bessel
functions is such that ADj_l)( J» 1) becomes nonnegligible only
after the decorrelator-front and defect-front hit each other and
J lies inside the so seeded secondary lightcone. Second, the
correction at site j and time ¢, in fact, has a nonlocal memory
kernel. As such, the correction arises since the defect lies ini-
tially at a finite distance from the seeding of the decorrelator.
In Appendix B, we compare the above analytical results with
numerical simulations of the perpendicular component of the
linearized decorrelator and find these results to be in excellent
agreement with each other. A more detailed comparison is
shown in Fig. 13. This concludes our analytical understanding
of the origin of the secondary lightcones.

C. Intermediate-time scarred regime

The secondary lightcones, whose origins were explained
in the above section, and their interactions are the dominant
features in the intermediate-time scarred regime, which fol-
lows the early-time regime; this manifests itself in the streaky
patterns in the heatmap in Fig. 2. The statistics of D(i, ¢) in
this regime are akin to those of “strong multifractal” distri-
butions [58]. Physically, this means that there are a few sites
where D(i, t) is anomalously large, relative to the background
of mostly small D(i, t). The former corresponds to the set
of sites that are within the secondary lightcones seeded by
the defects, whereas the latter corresponds to the set of sites
where D(i, t) continues to take small values characteristic of
the bulk of the free solutions. This feature leaves its imprint
on the distribution of D(i, t) over sites i as a power-law dis-
tribution, as shown in Fig. 6 (left panel). More specifically, at
timescales where the plateau in g(¢) is not fully developed, the
distribution P(D) falls off faster than a power law, indicating
the overwhelmingly large fraction of sites where D <« 1 and
only a few sites with relatively large D. This is also reflected
in the cumulative density function (CDF), which reveals the
small span of the magnitudes of D. However, as the plateau in
g(¢) develops fully, the distribution P(D) begins to develop a

power-law tail. This is the first quantitative indication of the
scarred regime being dominated by rare sites with large values
of D, which are the seeds of the higher-order lightcones. In
this case, the above conclusion continues to hold—and hence
the plateau—where n; now applies to the number of sites with
the largest magnitude of the decorrelator.

To understand the behavior of g(t) where only a few sites,
say ng, out of the total number of sites inside the lightcone,
2vpt at any time ¢ contributes, let us consider the extreme
case that the value of the decorrelator on these rare sites is Dy
while that at the rest n, = 2upt — n; sites is D, ~ &* where
Ds/D, > 1 but Dy K 1, i.e., far away from saturation. It is
useful to write ¢ = tyee + T such that ng(t = 0) = 0. Within
this approximation,

( ) DgnY + D[zlnp 1 14 DgDpa + t
8@) ~ =
(Dsns + Dpnp)2 2vptfree [1 + o+ tL]z
free
(20)
where o = Dgpp” ZUZ;ﬁee. At the beginning of the plateau

T/tiee < 1 and hence can be neglected. Further, if n; <
22 VBt ree /2D;, we have
1 Dfnx

8(t) ~ 55— —3
4vBtfree €

; 2

such that for n, ~ O(1), g ~ tr;eze. This explains the quasilo-
calized or “strong multifractal” profile of the decorrelator
inside the lightcone, resulting in a scaling of g(¢) ~ ¢~ with
a Z 0. In Fig. 3, the approximate plateau or very weak decay
of g(¢) with ¢ in this regime provides numerical evidence
for this picture. Note that as ffee pd_l/ 2, the above picture
suggests that the plateau height increases linearly with defect
density. To estimate the timescale over which the plateau in
g(t) persists we note that in Eq. (20) develops a time de-
pendence when Tt /tge. = o With o ~ ng/tgee Where ng is the
number of sites with anomalously large decorrelators. This is
expected to scale as n; ~ py; which suggests that the timescale
until which the plateau persists is fxe. + constant X py or in
other words, the temporal extent of the plateau scales ~p .

D. Onset of chaos

The scarred regime gives way to fully developed chaos via
a proliferation of the higher-order lightcones and scatterings
between them, over a rather short time window. This is evident
in Fig. 3 where the plateau or slow decay of g() rapidly falls
off and catches up to the 1/¢ behavior characteristic of the
chaotic regime. This rapid fall-off of g(#) provides insight
into the mechanism underpinning the onset of chaos from the
scarred regime, as we discuss next.

The distribution of D(i, t) during this onset of chaos con-
tinues to be fat-tailed, described by a power-law, P(D) ~ D!
as evidenced by the data in Fig. 6 (middle). The corresponding
CDF is marked differently from the left figure for earlier
times. Not only does the span of the magnitude of D cover
the entire window till saturation, but also the weights of the
high magnitude locations are sizable. This suggests that the
decorrelator is dominated by “hotspots”—rare sites where
it is anomalously large compared to the background—as is
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FIG. 6. Normalized probability density function P(D) of the decorrelator values for defect density p; = 0.5 over space (and 10240 initial
configurations) inside the primary lightcone of an L = 2048 lattice with FM coupling. The three panels correspond to three temporal regimes,
namely the scarred regime with a plateau in g(¢) (left), the regime of onset of chaos (middle), and the chaotic regime (right). The black dashed
line in the first two panels denotes the power law decay of the distribution. In the insets, we show the cumulative distribution function (CDF)

as a function of decorrelator values D for the same time slices.

evident from the increased support of P(D) shown in the
figure. The anomalously large value of the decorrelator at the
hotspots possibly owe their origin to the spin-wave scatterings
mediated by the nonlinearities which become active almost
simultaneously with the overlap of the secondary lightcones
seeding the tertiary and higher generation ones.

Heuristically, the decorrelator profile can therefore be mod-
eled as a sum over Dirac-§ functions centered on those rare
sites, such that D(i, t) x Zimm 8i.ine(t)» Where {iano(?)} de-
notes the set of sites on which the decorrelator is anomalously
large at time ¢. Such a model for the decorrelator would imply

that
ZD%‘, 1) ZD(:‘, 1).

The data in Fig. 7, which shows that, indeed, the above
conjecture is satisfied to an excellent approximation over the
timescales of the onset of chaos, thereby providing credence
to the heuristic model. Using Eq. (22) in the definition of g(z)
in Eq. (12), we have

(22)

gt) ~ (23)

1
> D, 1)’
Alternatively, turning back to Eq. (20), now o dominates
over the other terms and hence we have

1
g(t) ~ —. (24)
n

)
Since ) D(i,t) ~ (Dsns + Dpnp) ~ n, in this region, the
above equation is consistent with Eq. (23) and the numerical
observation in Fig. 7.

To obtain g(¢) in this region, we therefore have to estimate
the number of such hotspots. Assuming that the scattering be-
tween each pair of higher-order lightcones generates a hotspot
at the site of the intersection of their edges, it stands to
reason that the number of such hotspots grows exponentially
with the number of spin-dynamics lightcones intersecting the

primary decorrelator lightcone.' Since the latter is statistically
expected to be O(pyt) at time f, we have g(t) ~ e~ 90",
which provides a possible explanation for the rapid fall-
off in the data for g(¢) between the scarred and chaotic
temporal regimes. This concludes a heuristic picture of an

'This is analogous to the picture that in a random branching
process, such as a tree, the number of branches at generation ¢ is
exponentially large in ¢.

103
® >.D(i,1)
® 3, D(it)
102_
® g(t)
1014 * 1/ Y, D(1)
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10°4 AL .
. 10
~ .
04 o ‘
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FIG. 7. The main panel shows the comparison between
Y. D, ) and Y, D*(i,t) for a single initial configuration. The
data corresponds to L = 2048 and p, = 0.5. For this defect density,
the best estimate for the onset regime (from the data in Fig. 3)
is 30 <t < 40 indicated by the grey shaded regime and indeed,
Eq. (22) holds to an excellent approximation in this regime. The inset
shows the same phenomenon equivalently by comparing g(¢) with
1/ 3", D(i, 1), suggesting the validity of Eq. (23) in the onset regime.
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avalanche-like scenario as a possible mechanism underpin-
ning the onset of chaos following the scarred regime.

To estimate the p; dependence of the timescale over which
the avalanche happens, recall from the previous subsection
that the height of the plateau preceding the avalanche scaled
as ~py. For the exponential decay g(t) ~ =% to catch
up to the 1/4/7 behavior, characteristic of fully developed
chaos, it therefore follows that the avalanche happens over a
temporal extent of ~1/p, to leading order modulo logarithmic
corrections.

E. Late-time chaotic regime

At late times, the proliferation and scattering of higher-
order lightcones lead to fully developed chaos inside the
primary lightcone. In such a scenario, the decorrelator be-
comes approximately homogeneous across space (inside the
lightcone) and takes on its saturation value, D, set by the
total initial magnetization, which is in fact conserved by the
dynamics. This is revealed in both P(D) and the CDF in Fig. 6
(right). For an initial state with an average magnetization
density of my, the saturation is given by Dy, = 2(1 — [myg|?).
In the FM, a defect density of p,; leads to an average initial
magnetization of my = (1 — py)é, such that Dgy = 2p04(2 —
pq). However, for the AFM, the average initial magnetiza-
tion is zero and therefore Dy, = 2 independent of the defect
density pg.

The approximate homogeneity of the decorrelator inside
the lightcone reflects itself in the distribution of D(i, t) over
space as the fat-tailed power-law distribution in the scarred
regime, giving way to a distribution which has a significant
weight on O(1) values of D. This manifests itself as the
bump-like feature in the distributions at O(1) values of D
as shown in the right panel of Fig. 6. In fact, this is more
clearly seen in the cumulative distribution function (inset),
which picks up and rapidly approaches 1 only for D > O(1)
values. This also implies that g(t) ~ ¢~'. To understand this,
note that the profile of the decorrelator in this regime can be
described approximately as D(i, t) = Dg, O (vpt — i) modulo
the broadening of the front of the edges. Using this form in
Eq. (12) yields g(t) = 1/(vgt) which explains the ¢ ~! scaling.
The numerical results in Fig. 3 confirm that this is indeed the
case, wherein the black dashed line denotes the ~! behavior.

A point to note here is that the distributions in Fig. 6
are those of the decorrelator as defined in Eq. (3), which is
bounded from above by 4. Hence, in this saturated, chaotic
regime, the mean of the decorrelator is of the same order as its
fluctuations [both O(1)], resulting in the tail of the distribution
at very small values of D as well, albeit with a very small
weight. The distribution of the linearized decorrelator would
show a rather sharp peak at a value which grows exponentially
with ¢, indicating the relative homogeneity of the decorrelator
inside the lightcone. This exponential growth of the averaged
linearized decorrelator is evidenced in Fig. 4 (left).

IV. CHARACTERISTICS OF LATE-TIME CHAOS

A. Defect-density dependence of chaos characteristics

The late-time chaos in the system can be minimally char-
acterized by two quantities, the Lyapunov exponent [defined

0.5 . an" ; H i ' i FM
& s (] § AFM
0.4 1.9
i (]
Tosi 1
) 0.3 218
= & -
.
021 ¢
] 1.7 *
011 & ¢ FM
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. ¥ 1.6
0.0 02 04 06 08 1.0 00 02 04 06 08 10
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FIG. 8. Left: The Lyapunov exponent, A, (v = 0), at zero ve-
locity as a function of defect density of p,. They are extracted by
averaging the traces in Fig. 14 for t > 400 and the errorbars denote
the fluctuations in the time traces. Right: The butterfly velocity, vg,
as a function of p, extracted by tracking where the VDLE, A (v),
in Fig. 15 changes sign. The errorbars are obtained by tracking the
range of velocities over which the VDLE’s fluctuations over different
space-time points itself straddles zero.

in Eq. (7)] and the butterfly velocity vg. It is therefore natural
to study the dependence of these characteristics as a function
of pg, and understand the correspondences with those as a
function of temperature in thermal ensembles [20].

These quantities can be extracted by studying the linearized
decorrelator, D(i, t) as a function of ¢ along various velocity
rays v = i/t. While the details of how the VDLE and vp are
extracted are relegated to Appendix C, here we describe the
main results and their physical import. The Lyapunov expo-
nent at v = 0, shown in Fig. 8 (left) initially grows with py
at small p; before eventually saturating to a p,-independent
value.

This can be straightforwardly understood as, at large pg,
the patches of (quasi-)long-range order in the initial states are
very short, leading to the state mimicking a short-range corre-
lated state, analogous to a high-temperature state effectively.
With the local energy scales bounded, the dynamic scales are
therefore set solely by |J|~!. However, at very low p,, the
patches of (quasi-)long-ranged order are quite large, and over
these long length- and timescales, the decorrelator behavior is
akin to that of a zero-temperature state. As the dynamics in
Eq. (2) conserve energy, this leads to an effective restriction
in the accessible phase-space volume. From the point of view
of the decorrelator, the restriction is relaxed via the defects
scattering off it; it is therefore natural that A; depends strongly
on the defect density in this regime.

The analysis used to extract Ay (v = 0) can be generalized
to arbitrary v by tracking the linearized decorrelator along
specific velocity rays at late times and using the expression in
Eq. (7). The velocity vp can then be identified as the one where
the Az (v) changes sign. The results in Fig. 8 (right), show that
vp decreases slightly with increasing p,; at small values of p;
before eventually becoming approximately independent of p,.
This dependence of vg on p; can again be understood using
arguments similar to those for A;. At very low p,, there are
well-defined quasiparticles with rare scatterings between them
and also between them and the primary lightcone. Hence, the
decorrelator front picks out the maximum group velocity,
|J], over the spectrum of excitations and propagates with that.
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On increasing p, in this regime, the excitations with lower
group velocities but possibly higher density of states also
scatter off the primary lightcone; this interplay decreases vp
ever so slightly. At much larger py, there are no well-defined
quasiparticles, but the lightcone continues to be ballistic. In
the absence of any other energyscale, the velocity is again
set by the coupling constant |J| and is therefore essentially
constant with p,.

B. Subballistic core in the lightcone

We finally discuss a notable feature of the global picture:
the build-up of a subballistic core in the lightcone. To probe
this, we introduce a normalized version of the linearized

decorrelator as
D, t
_Dao (25)
Zi D(ls t)

Note that the normalization is done at the level of the decor-
relator for each initial configuration, and then the normalized
decorrelator is averaged over the realizations.
_ Figure 9 shows the results for the resulting contours of
Dhorm- The key point is that the contours bend inwards, in-
dicating their subballistic profile. In the following, we discuss
this as a manifestation of the profile of the VDLE with v (see
Fig. 15) and provide a heuristic picture for this in terms of the
density of scattering defects.

The linearized decorrelator can be expressed in general in
the form, D(i, t) ~ €=/ Taking inspiration from the data
in Fig. 15, we postulate a form of the VDLE as

[ <|v|>y]
ALy =1 —=|—] |, (26)
Up

where Ag = AL (v = 0) and y appears to decrease from a large
value toward 2 with increasing p,, evident from the inverted
parabolic shape of the VDLE profile. For this form of the

VDLE
. 14
exp [ o) |
27

coti=Vr ’

5norm(ia t) = <

5norm(iv t) =
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N FIG. 9. Contours of the linearized, normalized decorrelator,
Dhroms Eq. (25), for the FM/AFM (left/right). Different colors corre-
spond to different values of ﬁwrm as mentioned in the legend. All
contours bend inwards, indicating a build-up of weight in a core
that spreads subballistically. The dotted line is a fit of the highest
density curve to a “diffusive” power law, +/¢. Data are for L = 2048,

pa = 0.3, averaged over ~10* initial configurations.

where the constant ¢y depends on the parameters v, Ao, and
y. The contours of D(i, t )porm = D are thus described by

. v _
i () ~ k%unm x =17 (28)
0

neglecting a logarithmic in ¢ correction. Given y appears to be
> 2 1in Fig. 15, the contour i,(z) is subballistic/superdiffusive.
It tends toward diffusion, y — 2, for sufficiently large pg4
when the initial defect ensemble has spin rotation symmetry
and hence ), 8S;(t) [Eq. (3)] is conserved. Therefore, the
average decorrelator, [8S;(2)]?, shows diffusive scaling as
discussed in Ref. [20]. -

As an aside, we note that besides the contours of Dyorm,
one can study the distance iy from the origin within which a
fraction of f of the total mass of decorrelator lives:

ir(t)

Y Doomlist) = f. (29)

i=—is(1)

Again using the form in Eq. (27), one obtains
1/y
Up 1 )\0
50 | ——cf | (30)
)\'(1)/7/ < Vg )

where G(x) = ffx dze ¥ . i ¢(t) thus has the same subballis-
tic/superdiffusive scaling as i,(¢), reflecting the dependence
of the VDLE on v.

The main obstacle for modeling the (possibly universal)
aspects of the normalized decorrelator, Dyom, Eq. (25), is the
nonlocality inherent in its normalization process: growth at
one point in space suppresses the value of the decorrelator at
an arbitrary distance. This in turn suggests that for a suffi-
ciently uniform/smooth spatial dependence of the normalized
decorrelator, a heuristic treatment may be possible by ap-
proximating it as a locally rather than just globally conserved
quantity. This is most likely the case for high defect density,
where isolated scars of the decorrelator are rare on account of
their relatively dense seeding by the defects.

We note that Eq. (27) has the appearance of a scaling
solution of the form

~ , 1 i
Drorm (i, 1) = mg<m) €19}

One possible equation of motion that admits such a scaling
solution [for a class of scaling functions, g(y)] is given by

on(x, t) = d[n " (x, 1)on(x, 1), (32)

with = (v —2)/(y — 1).
The form of the equation in Eq. (32) can post facto be
rationalized as it (i) manifestly conserves the total integrated
density, f dx n(x,t) = constant, and (ii) is of the form of a
diffusion equation where the diffusion constant decays with
the density as ~n~* [59]. A possible motivation for the latter
is the following. The scattering events have two effects. First,
they amplify the decorrelator locally, leading to larger-than-
average n(x,t) at those sites. Second, they disrupt the free
ballistic propagation of the decorrelator by creating regimes
of larger decorrelators in the interior of the lightcone, thereby
adding to the inner core. This suggests that a larger n(x,t)
locally disrupts the spread of the decorrelator more, whence a
diffusion constant that decays with density in Eq. (32).

ip(t) =117 x
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With the initial condition n(x,t = 0) = §(x), Eq. (32) has
a solution of the form

f 1/
The contours of n(x, t) at n, < 1 then follow
X, (1) ~ t12n 12, (34)

up to subleading, p-dependent powers of ¢. This recovers the
diffusive spreading of the contours, characteristic of high p,.
As a matter of numerical demonstration, the black dashed
curves in Fig. 9 denote parabolic fits to the contours of Dy e -

V. SUMMARY AND OUTLOOK

The search for a generic mechanism underpinning the
crossover from low-temperature integrable-like behavior to
fully developed chaos at late times in many-body systems
constituted the main motivation for this work. The question
stems from the fact that a wide class of condensed matter
systems, with and without spontaneously broken symmetry,
allow for low-energy/temperature descriptions in terms of
weakly interacting quasiparticles. The leading-order harmonic
Hamiltonian governing the dynamics of these low-energy
modes amounts to an integrable description. Yet, the un-
derlying weak nonlinearities ultimately lead to equilibration,
enabling a description of the system in terms of kinetic theory
and/or hydrodynamics. The validity of such a coarse-grained
description crucially hinges on the emergence of chaos at
microscopic scales, thereby sharpening the question of how
near-integrable low-temperature dynamics crosses over to
chaotic behavior at late times.

In this work, we addressed this question by analyzing the
spatiotemporal structure of a standard chaos diagnostic—the
classical decorrelator—in paradigmatic classical many-body
systems, namely spin chains with nearest-neighbor inter-
actions. This allowed us to identify distinct stages of the
crossover and to elucidate the physical processes govern-
ing each regime. At early times, quasiparticle interactions
are negligible, and the decorrelator exhibits integrable-like
short-time behavior. At intermediate times, nonlinear scat-
tering of quasiparticles with the primary lightcone of the
decorrelator gives rise to a scarred regime characterized by
a cascade of secondary light cones. The ensuing overlap of
these secondary light cones triggers an avalanche of scattering
events, ultimately driving the system toward fully developed
chaos.

These systems, at low temperature when the correlation
length diverges, allow for an effective description in terms of
long-lived harmonic spin waves. At early times, quasiparti-
cle interactions are negligible, and the decorrelator exhibits
integrable-like short-time behavior. At intermediate times,
nonlinearities lead to scattering of quasiparticles with the pri-
mary light cone of the decorrelator, giving rise to a scarred
regime characterized by a cascade of secondary lightcones.
The ensuing overlap of these secondary lightcones triggers an
avalanche of scattering events, ultimately driving the system
toward fully developed chaos.

As a tractable, yet faithful, proxy for the thermal ensemble,
we consider a suitably defined ensemble—the defect ensem-
ble. By controlling the density of excitations in a suitably

defined ensemble of initial conditions, the defect ensemble,
we mimic the thermal ensemble at different temperatures. The
defect ensemble used in this work, though different from the
thermal ensemble studied in Ref. [20], shares a common phe-
nomenology regarding the onset of chaos. Indeed, at higher
density of defects and small deviations from the direction of
ordering, the defect ensemble essentially mimics the continu-
ous fluctuations in the thermal ensemble.

The various stages leading to chaos identified in this work
would appear to be generic and should hence be present
in a wide variety of situations where the system allows
for weakly interacting, well-defined harmonic modes (such
as spin waves). The late-time chaotic regime can then be
described within a kinetic theory of the weakly interact-
ing harmonic modes/quasiparticles. Thus, the various stages
of crossover to chaos form the basis of the applicability
of kinetic theory in such systems based on the ergodic
behavior of such weakly interacting harmonic modes or
quasiparticles.

While our analysis focused on a classical many-body sys-
tem, an immediate and natural question concerns the fate
of the mechanism we have uncovered in quantum many-
body settings. None of the salient features of this mechanism
are intrinsically classical, suggesting that the emergence of
quantum many-body chaos may likewise be governed by
similar physical processes. In particular, the central ingredi-
ents, namely, the existence of long-lived quasiparticles (with,
however, possibly different amplitudes/densities on account
of their quantum statistics) at low energies and weak inter-
actions among them, are also generic to interacting quantum
systems.

The usual obstacles to identifying quantum chaos are, of
course, ever-present: the finite local Hilbert-space dimension
typically leads to a rapid saturation of chaos diagnostics such
as OTOCs, precluding the identification of quantities like
a Lyapunov exponent in a parametrically long-lived regime
outside special cases admitting large-N or semiclassical de-
scriptions. Nonetheless, pinning down signatures of the above
mentioned regimes as part of settling the broader question
of a generic mechanism governing the emergence of quan-
tum many-body chaos at late times from low-temperature
near-integrability clearly merits detailed investigation, both
theoretically and, potentially, on near-term quantum simula-
tion platforms.
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APPENDIX A: EFFECTIVE “TEMPERATURE”
OF THE DEFECT ENSEMBLE

The defect ensemble of initial states discussed in Sec. IIC
is employed as a proxy for a thermal ensemble, with the
parameters (o4, 0r) controlling the effective temperature, o,
of the corresponding thermal ensemble. Of course, the defect
ensemble at 1+ = 0 is not equivalent to a thermal ensemble
as arbitrary correlation functions in the two need not coin-
cide. Nevertheless, we can assign a temperature Ty to the
defect ensemble from its average energy density (¢),, 4, and
thermalization at late times would imply that the ensemble
of states at late times is indeed the thermal ensemble with
temperature T Specifically, for any given (pg4, 6)) pair, we
estimate numerically the average energy density (¢),, 4, I
the defect ensemble and equate it to the thermal value (e)7,
and thence solve for Te.

The thermal expectation value can be computed from the
partition function of the classical Heisenberg chain, which for
a chain with N + 1 spins with open boundary conditions is
given exactly by [60]

sinh(BJ)\"
Inii=——1 . Al
N+1 ( 51 (A1)
which is also correct for N spins and periodic boundary condi-
tions up to the leading order for N >> 1. The partition function

yields the average energy density in the thermal ensemble as
(€)1, = Tesr — coth(1/Tesr). (A2)

However, to compute (e),,q,) Dumerically, we generate
O(10%) initial states for each (4, 6y) and average the energy
density over these states. This is shown in Fig. 10 (left).
The corresponding T as a function of (pg4, 8y) is shown
in Fig. 10 (right). Consistent with expectations, the effective
temperature is the lowest (highest) for the smallest (largest)
values of (pg4, Oy).
We also discuss briefly the dynamical spin correlations in
the defect ensemble, defined as
1N
Ci(rt)= < v 2 [SLOSE, (0 + S8y, ,(r>]>,
k=1
1 & 1 & ’
_ [ _ 4 4 Y Z
Cy(r 1) = < v ;sk(0>sk+,(t>> < v ;sk<0)> :

(A3)

FIG. 10. Left: The average energy density of the defect ensemble
as a function of (g, ). The data is obtained by sampling O(10*)
configurations for each (pg4, 6)) point for L = 2048. Right: Effective
temperature of the defect ensemble as a function of (o4, 6,) obtained
by equating the data on the left panel to the thermal form in Eq. (A1).
Note that the data is on logarithmic scales.

where C,| and Cj are the perpendicular (transverse) and paral-
lel (longitudinal) components of the correlation functions, and
the average, denoted (- - -), is over the initial states drawn from
the defect ensemble.

The results are shown in Fig. 11 where we have taken
Oy = . For pg = 0.5 (left column), both C (r, ) and Cy (7, t)
show diffusive scaling as the curves collapse onto a form
Ciyy =t"Y2f1(x/t'/?). This is consistent with p; = 0.5
being representative of high-temperature, where the model is
chaotic. This, along with the conservation of magnetization,
mandates diffusion of the correlation functions [61].

For p; = 0.05 (right column), representative of low tem-
perature, the dynamics of C (r, ) and Cy(r, t) are completely

x10~2 x10~%
107, =05 } a=005 o1
081 © 0.05 ©
: Q b.00 é 0.00
0.61 11 —0.01
= —-10 0 10 —10 0 10
=041 r/Vt r/Vt
<
0.2 0]
0.0
—0.21 . =
s x10~3 x10~*
pa=0.5 _ 005 pa = 0.05 %104
M 5 5.0
61 < _
t= =000 ) © 251
= 100 —-10 0 10 J"'"L_
T 44 200 IV N -25 0./(; 2.5
bl ”
2] ]
500 2
04 M’ 19 M
—200 0 200 —1000 0 1000

r T

FIG. 11. Dynamical spin correlations [defined in Eq. (A3)] in
the defect ensemble. The top and bottom rows correspond to the
perpendicular and parallel components, respectively. The left and
right columns show data for p; = 0.5 and 0.05, respectively. The
insets show scaling collapses of the data to show the diffusive or
ballistic spreading of the correlations. All data for L = 2048 for a
ferromagnetic chain.
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x10~*

B numerical
B analytical (Eq. B3)

x10~7

x10~7

—400 —200 0 200 400
J = Jd
FIG. 12. Comparison between the analytical result [Eq. (B1)]
and numerical data for the dynamics of the spin-wave excitation from
an isolated defect at site j,;. Three different time slices at r = 80, 120,
and 200 are shown. The defect has 6; = 0.17 and ¢, = 7 /2 in the
background of ordered spins for ferromagnetic interaction.

different. C, (r, t) again shows diffusion due to the U (1) con-
servation in their x-y plane. However, C)(r, ) shows ballistic
spreading. This is again consistent with p; = 0.05 corre-
sponding to low temperature, C;(r, t) reflecting the ballistic
propagation of the quasiparticles excited by the defect sites.

APPENDIX B: CORRECTION TO THE FREE
DECORRELATOR: SINGLE-DEFECT NONLINEAR
SPIN-WAVE CALCULATION

The spin dynamics, as given by Eq. (2), can be used to
write the equation for the linearized dynamics for the differ-
ence, 8S;(t) = Si(t) — S}’(t), for ferromagnetic interactions
as given by Eq. (11). For an isolated defect at j = i;, con-
sidered in Sec. IIIB, we have L;(0) =L44§;;, with Ly =
(sin 6, cos ¢y, sin O, sin ¢4, 0) for a given realization. Within
the linearized dynamics, this spin-wave packet evolves [20] as
given by Eq. (10). From this, the dynamics of the spin-wave
excitation emanating from the defect, M;(t) =1 — Sj(t), is
obtained as

M;(t) =1 — (1 — (|Lg| Jjj—iy 22 (B1)

The comparison of the above analytical result and the one
obtained from numerics is shown in Fig. 12 for defect strength
6, = 7 /10.

The decorrelator in Eq. (3) can be expressed in Fourier
(momentum) space as

1 ; ,
DG =17 D ¢ MO8, (1) 88,(),  (B2)
k],kzéBZ

where k;, k, are the lattice momenta restricted within the first
Brillouin zone [—, 7] and §S;(¢) is the Fourier transform of
8S;(t). The latter, therefore, satisfies the equation of motion,

d Sy
dr

1
= NE -8+ Xq:m,q 88, (B3)

where Z is the matrix associated with the cross product

0 -1 0
Z=1 0 0], (B4)
0 0 O

and Ry, is the time-dependent nonlinear spin-wave matrix
given by

' 0 Ay/2 Ltyl7
Riq(t) = V(g — Vq) —Aq/2 0 —L;
—Lz L; 0
(B5)
In the above equation,

Ly (1) = [Lal(cos(yqt + ¢a)ex + sin(yyt + ¢a)éy)  (BO)

is the Fourier transform of Eq. (10) and
T dq’ N 5 )
Ayt) = T Ly - Ly—y = |Lal"Jo(41 sin(g/2)), (B7)

where the last expression in the above equation is the leading
order in |Ly|. Using this, to leading nonlinear order, we have

b4 t
55ty =620+ [ 29 [t iy, — i) €
k k 2 ), 1 Wk—qi — Yaqu

x gl?—qn(t - tl)Rk,ql(tl)gg_ql(l‘l) +- ] -€,
(B8)

where 6S;(0) = € is the infinitesimal initial condition differ-
ence that we put to seed the decorrelator at the origin j = 0
and g,?(t) is the Green’s function of the linearized spin-wave
dynamics [20]

cos(yxt) —sin(yt) O
Gt) = | sin(mt)  cos(mt) O]. (B9)
0 0 1
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200 e ) t=060
175 Eess it b 57 B AD, /e
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FIG. 13. Left: The difference between the perpendicular com-
ponents of the linearized decorrelators, AD, (i,t) = |D(i,t) —
DY (i, )|, in the presence of a single defect at site iy = 200. Right:
Comparison between the analytically computed leading order correc-
tion (green lines), ZDT)(j, 1)/n?* [see Eq. (18)], to the perpendicular
component with the numerical results (blue lines), at three different
times as mentioned in the panels.
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05
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FIG. 14. Linearized decorrelator (5(0, 1)) at site i = 0 as a func-
tion of time, appropriately taken logarithm of and scaled with 2z.
Different colors denote different values of p, as mentioned in the
legend. The late time saturation value provides an estimate of the
Lyapunov exponent A; (v = 0). The left and right panels correspond
to the FM and the AFM, respectively. The results are for L = 2048
and averaged over ~10* initial configurations.

The defect free evolution is obtained by setting L; = 0
whence the first term of the left-hand side of Eq. (B8) leads to
Eq. (15). Using this in Eq. (B2), we obtain the free decorrela-
tor [20]

DO3j, 1) = (1 — n*)8j0 + n*(T;(21)). (B10)

The deviation from the free propagation, AD(j,t) =
D(j,t) — D°(j, 1), is then given by Eq. (16). Resolving the
vectors 8S into components parallel (||) and perpendicular
(L) to the direction of the magnetic ordering, we find that
the leading contribution to the decorrelator is from the per-
pendicular component, which, for the above isolated defect,
is given by Eq. (17). In Fig. 13, we plot the analytically
calculated |AD$)( j, 1)|/n? from Eq. (17) and compare it with
the full numerical data for |D, (j, t) — D‘J)_(j, t)|/&2, showing
excellent agreement.

APPENDIX C: EXTRACTION OF LYAPUNOV EXPONENTS
AND BUTTERFLY VELOCITY

In this Appendix we provide additional details for the ex-
traction of the Lyapunov exponents and the butterfly velocity

3 pa = 0.05

i = 0.1
0.4 “"‘II...-"'-\. P

$ pa=02
031 N =04
. 5 I Pd = 0.8
0.2 5, e

0.14 "
K3

L33 ¥
0.0 fmmmmmmmmmmmmmmmm oo T oo

)\L<’U)

FIG. 15. VDLE as a function of v for different defect densi-
ties (denoted by the different colors as mentioned in the legend).
They are extracted by tracking the saturation (with f) value of
[In (ﬁ(vt, 1))1/2t along different velocity rays. The errorbars denote
the fluctuations in [In (D(i = vt, t))]/2¢ over different space-time
points (i, t) on the same velocity ray. The results are for L = 2048
and averaged over ~10* initial configurations.

from the linearized decorrelator by studying the linearized
decorrelator, D(i, t) as a function of ¢ along various velocity
rays v = i/t. For instance, in Fig. 14 we show the results for
In((D(i = 0,¢)))/2¢t as a function of ¢ for different values of
pq- Note that, at late times, the traces seemingly flatten out
and become independent of 7 such that the saturation value is
a faithful proxy for the value in the limit of # — oo and hence
the value of A (v = 0). While in Fig. 14 we show the data only
for a few values of p,, doing the same thing for several of them
leads to the data in Fig. 8 (left). Generalizing the same analysis
to In({(D(i = vt, t)))/2t allows us to extract the VDLE, A, (v)
as a function of v and py. This is shown in Fig. 15 for a
few values of p; from which two aspects are immediately
apparent. First, inside the lightcone, the VDLE grows with
increasing p; for all velocities; this is simply the manifes-
tation of the fact that higher p; corresponds effectively to
a higher temperature and hence is more chaotic. Second,
the VDLE changes sign at a specific velocity which can be
identified with vg and which is shown as a function of p,; in
Fig. 8 (right).
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