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Photoemission tomography of excitons: Momentum-space signatures of correlated
electron-hole wave functions
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The momentum-space signatures of excitons can be experimentally accessed through time-resolved
(pump-probe) photoelectron spectroscopy. In this work, we develop a computational framework for exciton
photoemission orbital tomography (exPOT) in periodic systems, enabling the simulation and interpretation
of experimental observables within many-body perturbation theory. By connecting the GW + Bethe-Salpeter
equation (BSE) approach to photoemission tomography, our formalism captures exciton photoemission in
periodic systems, explicitly incorporating photoemission matrix element effects induced by the light-matter
interaction via the probe pulse. The correlated nature of electrons and holes introduces distinct consequences
for excitonic photoemission. Using the prototypical two-dimensional material hexagonal boron nitride, we
demonstrate these effects, including a dependence of the photoemission angular distribution on the pump pulse
polarization. Moreover, our framework extends to excitons with finite center-of-mass momentum, making it
well-suited to studying momentum-dark excitons. This provides valuable insights into the microscopic nature of

excitonic phenomena in quantum materials.

DOI: 10.1103/z2w9-2q3c

I. INTRODUCTION

Excitons—bound electron-hole pairs—play a fundamental
role in determining the optical and electronic response of
semiconducting and insulating materials. From a theoretical
perspective, describing excitonic effects requires going be-
yond single-particle approximations and typically involves
time-dependent density functional theory (TDDFT) with suit-
able long-range xc-kernels, or many-body perturbation theory
(MBPT) within the GW plus Bethe-Salpeter equation (BSE)
framework [1-3]. Excitation energies and optical spectra com-
puted in such a way can then be compared to absorption or
luminescence spectroscopy. While theory naturally provides
detailed information about the quantum mechanical nature of
the underlying exciton wave function in real and momentum
space, optical experiments provide only limited microscopic
insights.

Here, time- and angle-resolved photoemission spec-
troscopy (trARPES) has emerged as a promising tool to
dynamically probe excited states in energy and momentum
space, thus offering enhanced insight into the microscopic
nature of excitons [4-10]. It is therefore highly desirable
to have a theory that can connect trARPES signatures with
first-principles calculations. The arguably most direct way of
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simulating trARPES is a numerical photodetection scheme,
as implemented in real-time TDDFT [11,12], which not only
allows for pump-probe simulations in linear and nonlinear
regimes but also captures final-state effects in the photoe-
mission process [13,14]. Unfortunately, the only practically
applicable approximation for the xc-kernel in such real-time
TDDFT simulations is the adiabatic local density approxima-
tion, which fails to capture excitonic effects.

This stands in contrast to Green’s function methods, where
the inclusion of Coulomb correlation between electron and
hole, in conjunction with the screened exchange interac-
tion, successfully describes bound electron-hole states. The
nonequilibrium Green’s function (NEGF) method is par-
ticularly powerful for simulating excited systems through
explicit time propagation, capturing the effects of many-body
interactions, such as electron-electron and electron-phonon
scattering, via self-energy corrections [15]. The photoemis-
sion signal is then derived from the lesser Green’s function
and the matrix element [16], with the former resulting from
the nonequilibrium occupation due to the pump pulse and the
latter accounting for the effects of the probe pulse. However,
due to the complexity of the method, trARPES simulations
within the NEGF framework have so far been restricted to
model systems or Wannier-Hamiltonians [17,18], often ne-
glecting the transition probability to the photoelectron state
induced by the probe pulse [19,20].

In one-step models for photoemission, these effects are
encoded in the photoemission matrix element. Matrix ele-
ment effects are not only crucial for accurately describing
the photoemission process itself, but also encode rich infor-
mation about quantum geometrical effects [21,22], such as
the Berry curvature [23,24] or orbital angular momentum
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[25,26]. Moreover, in organic or hybrid organic/inorganic
systems, matrix element effects may easily become the dom-
inant contribution to the observed angular dependence in the
photoemission signal, forming the basis of the successful pho-
toemission orbital tomography (POT) approach [27-29].

For organic molecules, POT has recently been conceptu-
ally extended to exciton photoemission orbital tomography
(exPOT) [30], which establishes a direct connection be-
tween the angular distributions observed in trARPES and
the real-space and momentum-space structure of excitonic
wave functions. However, this earlier work was limited to
nonperiodic systems, such as isolated molecules, thereby ex-
cluding its applicability to condensed-phase materials and
low-dimensional crystals.

In the present work, we introduce exPOT for periodic
systems, an ab initio scheme to simulate trARPES from first
principles. In contrast to explicit time-propagation methods,
we build our framework on exciton wave functions from
GW + BSE calculations in frequency space. Among the many
possible experimental conditions realized in trARPES exper-
iments [10,31], we thus restrict our approach to pump fields
in the linear response regime, excluding Floquet and other
nonlinear effects. Moreover, we assume an incoherent exciton
population established after fast enough dephasing, such that
any coherence with the pump field, and thus any memory
of the excitation process, is lost. Finally, the probe photon
energies are assumed to lie in the 15 to 50 eV range of typical
laser experiments. Under these conditions, we show that the
photoemission signal from a pure exciton state (i.e., an eigen-
state of the BSE Hamiltonian) can be expressed in terms of the
Fourier-transformed single-particle Bloch functions, weighted
by the exciton’s BSE eigenvector, thus reflecting the entangled
many-body character of electron-hole correlation. Given a
pump-probe delay time that is longer than the dephasing time
but shorter than the excited state’s lifetime, the experimentally
measured photoemission signal can then be deconvoluted into
an incoherent sum over photoemission from contributing pure
exciton states. Our numerical implementation builds upon
solutions of the BSE expressed in a plane-wave basis set and
is therefore suited to treat surfaces of crystalline solids and
2D semiconductors in the repeated-slab approach. We use the
plane-wave approximation for the final state in the photoe-
mission process, including effects of the light polarization.
We emphasize that our generalized theory can also describe
excitons with finite center-of-mass momentum, allowing for
the treatment of optically dark excitons—a key feature in
transition metal dichalcogenides and other layered materials
[8,32-34]. The exPOT approach in periodic systems thus
enables access to a new class of excitonic observables in
photoemission [35], bridging the gap between theoretical
many-body wave functions and experimental momentum-
resolved spectra.

This work is structured as follows. First, we formulate
the theoretical foundations in Sec. II, starting from Fermi’s
golden rule for the photoemission process, and including the
many-body excitonic effects in terms of a Dyson orbital-
like construction for Bloch functions. For energy-degenerate
excitons, the resulting expression for photoemission from ex-
citons also carries an additional dependence on the pump
polarization, which is discussed thereafter. As an example,

we present results in Sec. III, where we apply our method to
monolayer hexagonal boron nitride (hBN), a prototypical 2D
semiconductor with well-characterized excitonic properties.
We further show that the resulting photoelectron angular dis-
tribution maps depend not only on the character of the exciton
but also on the polarization of the pump pulse, and discuss the
implications of our theory on the rich information contained
in exciton photoemission.

II. THEORY

A. Derivation of exPOT for periodic systems

In this section, we derive the formalism on which we base
our interpretation of photoelectron spectroscopy in terms of
exciton wave functions and under the following conditions.
First, we assume that the optical excitation (i.e., the pump
pulse) is weak, such that we stay in the linear regime and
well below the exciton Mott transition threshold. Moreover,
the pump pulse is considered to be long enough to minimize
energy broadening. Second, we focus on timescales beyond
the dephasing of the optical population, where the system has
evolved into an incoherent exciton population [36,37], which
serves as the initial state for our theoretical treatment.

We consider systems with a finite band gap and model the
system’s excited state using a correlated electron-hole wave
function, expressed in terms of single-particle Bloch states
as the basis set. To distinguish between electron and hole
states, we write the valence state wave functions as ¢, 4(r),
with v denoting the band index and ¢ the crystal momen-
tum. Similarly, conduction state wave functions are written as
&.,4(r). With these single-particle basis sets and employing the
Tamm-Dancoff approximation (TDA), we can write the m-th
exciton wave function W@ (r,, r,) in terms of electron- and
hole coordinates, r, and ry, respectively [2]:

BZ Noce. 00

WOy, r) =Y 3N X "O¢r (e grolre), (1)
q v c

with the normalization Z?Z S Nowe 5700 | x D2 — | n this
expression, @ represents the center-of-mass momentum of
the exciton, and X,ff?:g) encode the exciton character. They
are the elements of the transition density matrix, which we
obtain as eigenstates from the BSE Hamiltonian, with the
corresponding excitation energies denoted as Q2. In the
language of second quantization, the excitonic state may also
be written as

BZ
|‘III]1\1],Q> = Z Z Xﬁf’ﬁié’)@lﬁgﬁv,q |wy)- 2
q vc

Here, &, 4 annihilates an electron with crystal momentum ¢ in
the valence band v (or creates a hole) in the ground state |\IJ{)V ),
and &I’ g+0 Creates an electron in the conduction band ¢ with
momentum ¢q + Q.

Analogous to the ground state POT [29], and under the
conditions stated above, we treat the photoemission due to the
probe pulse in first-order perturbation theory. As outlined in
Ref. [38], we apply Fermi’s golden rule for the transition rate
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from an N-electron initial state |¥") to a final state |¥}):
Wir = 21| (WA - P|ON) 5w+ E - E), ()

with the Dirac delta function enforcing energy conservation
between the initial and final states, and the energy o car-
ried by the photon field A. Here, and in the following, we
use the velocity gauge within the dipole approximation, with
P= vazl Ppi denoting the N-electron momentum operator,
and we use atomic units unless denoted otherwise.

The final state |\Il£V ) describes the system after the
photoemission event. Here, we make use of the sudden ap-
proximation [39] and thus neglect correlations between the
photoelectron described by the one-electron state |yy) and
the remaining (N — 1)-electron state |lI/§v ~1Y. Therefore, |\If£" )
can be written as an antisymmetrized product:

A @ i) = |ASN ), @)

where we additionally assume the (N — 1)-electron final state
to be of the form

') =

(wit) = a4 9), (5)

with @; 5 annihilating an electron (creating a photo hole) in
band j, and with crystal momentum g, from the N-electron
ground state |\If(])" ). Via this approximation, we neglect possi-
ble relaxations in the final (N — 1)-electron system.

In the following, we take the m-th excited state with center-
of-mass momentum @ as defined in Eq. (2) as the initial state,
and assume that in the final state, the emitted electron has
momentum k, while the photo hole resides in |¢; ). Then, the

matrix element (WY |A - P|WY) of Eq. (3) takes the form

Y
M7 (A)=

(AW i |A - Pl ). (6)
Note that with this matrix element, we can calculate the tran-
sition rate from |\IIN ) to one specific final state |.A\I!N~ "),
where an electron has been removed from the j-th band (and
carrying crystal momentum §). To account for all possible
photoemission final states, we will sum up the transition rates
of all final hole quantum numbers at a later stage.

To proceed, we reduce the N-electron matrix element of
Eqg. (6) to an effective one-electron matrix element by intro-
ducing the Dyson orbital as the overlap between the initial
N-electron and the final (N — 1)-electron system [38,40,41].
In contrast to existing literature for isolated systems, we here
perform this step for Bloch functions that carry an additional
crystal momentum quantum number. We then get for the ab-
solute of the matrix element

el = | [ enion- vl o

where we have defined the effective single-particle Dyson
wave function with Bloch momentum ¢ as

DI (r) = Jﬁ/ Erye Py, ry)
: , :

X \D,],Y,Q(r, r,...,Fy). 8)

Here, the volume of integration V' is the volume of the crystal,
as defined by the unit cell and the sampling of the Brillouin

zone in the periodic directions (using sufficient vacuum in the
nonperiodic direction of the slab).

Next, we evaluate the formal definition of the Dyson wave
function, starting from an alternative form, which employs
the basis of valence- and conduction bands and is derived in
Appendix A:

Q) _
Djg~ ) =

BZ
ZZ \IJN l‘av .q |\IJmQ>¢v q(r)

+ZZ

Inserting Egs. (2) and (5), we get

|ac .q ’lIJm Q>€L .q (). 9

D)

DR R

v,v'.c q.q9

~ At ~ N
av’,q’aé,q+gav»q|‘y0 >¢v’,q’ (r)

v&l

+y Zx,f"; D) |af jac ga] 4., olto.g| V0 Voo g ().

v,ce,c’ 4.9

(10)

For simplicity, we assume the ground state |¥)') to be a
single Slater determinant constructed from the Kohn-Sham
valence orbitals ¢, 4. This allows us to work with the GW +
BSE method carried out on top of density functional theory
(DFT) calculations, but we note that the restriction to a sin-
gle determinant also removes the anti-resonant (de-excitation)
amplitudes of a beyond-Tamm-Dancoff solution, since these
couple only to (N — 1)-electron states of the form &C,q|\ll{)v ),
which vanish for a single-determinant ground state. The first
term in Eq. (10) containing the sum over v’ then vanishes
because the conduction electron created by &Z’ g+0 femains in
the resulting determinant, which can therefore not coincide
with |'). Evaluating the one surviving contraction of the
second term, ¢’ =c¢, v=j, ¢ =§, and ¢’ = q + Q, we thus
find

DO(r) =Y XDt 4. o(r). )

Inserting Eq. (11) into Eq. (7), we arrive at

MDA = ‘ / Eryi A -V Y XD ge0()|.
\%4 c
(12)

To further evaluate the matrix element, we follow the
commonly applied strategy in POT and approximate the pho-
toelectron wave function by a plane-wave final state (PWES):
Ye(r) = ¢*7//V . For static ARPES with photon energies of
15 to 50 eV, this simplifying assumption has been shown
to yield photoelectron angular distributions in good agree-
ment with experiment, not only for organic molecular layers
[42—45], but also for 2D materials [46,47]. We expect a similar
behavior for excited states [35]. It should be noted that for a
such-defined final state, the surface-perpendicular component
of the photoelectron’s momentum %, is given by its kinetic en-
ergy only; the PWFS assumption is thus not compatible with
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a sampling of the BZ in this direction. This is not a restriction,
since photoemission from solids in this probe-energy regime
effectively always probes a surface and therefore breaks the
periodicity in the surface-perpendicular direction. We also
remark that it is customary in parts of the community to sim-
ulate ARPES from bulk systems by calculating the spectral
function. If, however, matrix elements are to be taken into
account, one must rather approach the bulk limit by taking
multiple layers and an appropriate damping of the final state
into account [48,49]. In principle, our approach can also be
extended to more accurate descriptions of the photoelectron
final state, such as the recently suggested ones based on the
solution of the Lippmann-Schwinger equation [50], but this
is beyond the scope of the present work. Inserting y; into
Eq. (12), integrating by parts and dropping the surface term,
allows us to furthermore write the matrix element as a sum
over Fourier-transformed Bloch functions:

. Ak ”
MDA = ‘W > XD FlE giolk)|.  (13)

Before putting everything together, we also take the energy
conservation defined in Eq. (3) into account. To this end,
we identify the energy of the initial state as the sum of the
ground state energy EJ and the excitation energy Q2). The
energy of the final state consists of the photoelectron kinetic
energy Eyi, = k*/2 and the energy of the (N — 1)-electron
state EII)V 7 ! The latter can be expressed as the ground-state
energy plus the ionization energy of the v-th valence band at
q: &y,4. This leads to

S+ E —E) =80+ Q" —e,, — En).  (14)

Combining this expression for the energy conservation
with the matrix element of Eq. (13), we can now rewrite the
transition rate W in Eq. (3). This rate gives the probability for
the m-th exciton, with excitation energy Q%) and center-of-
mass momentum @, to end up in a state with photoelectron
momentum k if the photohole resides in valence orbital ¢, 4:

2

> XD Flg g4010k)

c

2
Won,0)— (v,q.0) = 7|A k|

x 8(w+ Q"L — e, , — Ein). (15)

Summing up the transition rates for all final-state quantum
numbers v and ¢, we get an expression which is proportional
to the overall photoelectron intensity,

BZ 2
Lug() o< |A kY D 1Y XD FLE, 4101 (K)
v q c
x 8(w+ Q"L — &, , — Eyin), (16)

where I, (k) denotes the number of photoelectrons of mo-
mentum k that are emitted from the m-th excited state carrying
center-of-mass momentum Q. Finally, if we want to simulate
photoemission not only from a single pure state, but rather
from an incoherent population of multiple exciton states,
we can incoherently sum the contributing photoemission sig-
nals, that is, perform a sum I(k) = }_,, > Wi, 0ln,o(k) with
weights w,, g. In turn, for a given experimental pump-probe

photoemission signal, its composition in terms of pure exciton
states can be determined.

In summary, photoemission from a static (or, in practice,
long-lived, quasistatic) exciton state is given by a sum over
crystal momentum and hole state contributions, for which
the photoelectron kinetic energy is determined by the energy
conservation between the probe-, pump-, and hole energy.
At each allowed kinetic energy, the photoelectron angular
distribution is given by the absolute square of a coherent
sum over electron contributions, weighted by the respective
electron-hole transition coefficients, which are obtained from
the solutions of the BSE. In contrast to other formulations of
exciton photoemission that only consider the spectral function
[19,20], our formalism includes photoelectron matrix element
effects due to the probe pulse and at the level of the PWFS ap-
proximation. For simplicity, we have restricted the derivation
to systems with a closed-shell spin-singlet ground state, such
that excitons are obtained as spin-singlets and spin-triplets
[2,51]; we remark that an extension to a more general spin
treatment in terms of spinors is straightforward.

B. Pump-induced effects on exciton photoemission

In the preceding derivation, we assumed the system to
be in an eigenstate of the BSE Hamiltonian |m, Q) whose
real-space representation is given in Eq. (1). The resulting
expression for the photoelectron intensity [Eq. (16)] applies
to such an eigenstate and does not consider how the system
was initially prepared by the pump pulse. In general, however,
the pump pulse typically generates a superposition state—a
linear combination of the calculated eigenstates—which ne-
cessitates an adaptation of our formalism, as detailed below.
In preparation for Sec. III, we restrict the discussion to optical
excitations (Q — 0), allowing us to denote the eigenstates of
the BSE Hamiltonian as |m, Q = 0) =: |m). The superposi-
tion state |S;), created by the pump laser, then becomes

1S1) =Y cllm). (17)

As mentioned above, the presented formalism [Eq. (16)] is
only suitable for photoemission from an eigenstate of the BSE
Hamiltonian. Assuming that the superposition state |S;) cre-
ated by the pump field is a combination of energy-degenerate
eigenstates (obtained from solving the BSE), it is itself an
eigenstate of the BSE Hamiltonian, thus allowing us to still
apply the formalism. Therefore, we define a small enough
energy difference n > 0, which spans the degenerate subspace
around excitation energy €2;, and get the expansion coeffi-
cients cfﬂ, dependent on the polarization E of the pump pulse,
via the optical transition matrix elements:

cl, oc (mlE - P10) 1(1Q™ — Q| < n), (18)

where |0) denotes the ground state and where the indicator
function 1() evaluates to 1 if its argument is true and else
becomes 0. The transition matrix elements may alternatively
be calculated based on the velocity operator for a more so-
phisticated treatment of the electron-photon interaction [2].
These velocity-based transition matrix elements are directly
available in the BERKELEYGW code [1,2,52] and were used to
form the superposition states throughout this text.
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As a consequence, for photoemission intensity from the
superposition (eigen)state |S;), the transition density matrix
elements are also linearly combined, and thus Eq. (16) must
be modified accordingly (Q = 0):

BZ
Is () oc|A K2 D 1Y S el X Flée 10k
v q c m

X §(w + ) — Evg — Eiin). (19)

2

Note that the new transition density matrix ), ¢/, X" can
readily be identified as the BSE eigenvector of the super-
position state. The procedure presented in this section can
thus also be understood as a simple basis change within the
subspace of degenerate eigenstates, or, in other words, as a
change from the basis obtained through solution of the BSE
to a basis determined by the pump polarization.

In 2D systems, excitons typically occur as degenerate
pairs, and only their superposition should be considered as
the physical exciton, which then, for instance, also respects
the symmetries of the system [53,54]. In contrast to those
eigenstates, the pump pulse in general breaks the system’s
symmetry and may create superimposed exciton states that de-
pend on the pump polarization. As we will show in Sec. IIIC,
such pump polarization effects have a considerable imprint on
exciton photoemission.

III. RESULTS

A. Calculation of hBN quasiparticle and optical properties

In the following, we exemplify our formalism by the sim-
ulation of excitonic photoemission in monolayer hexagonal
boron nitride (hBN) as a prototypical 2D system. As a start-
ing point, we obtain wave functions and energy levels from
DFT calculations with QUANTUM ESPRESSO [55-57], using
the PBE-GGA exchange-correlation functional [58] and a
lattice constant of 2.507 A; see Fig. 1(a). To compensate
for the systematic underestimation of the band gap within
semilocal DFT, we apply the GoW, method to correct the
energy levels. Utilizing the BERKELEYGW code [1,2,52], we
obtain a direct (indirect) band gap of 7.7 eV (7.2 eV), which
is comparable to literature values from similar methods; see,
e.g., Ref. [59] for a comparison. We show the GoW, band
structure in Fig. 1(b) and detail the computational methods in
Appendix C.

Subsequently, we use the DFT wave functions and GoW,
energy levels, and solve the BSE within the TDA and for
0 = 0. This yields the excitation energies €2,, and the BSE
eigenvectors |m, Q = 0) = |m), which we use to simulate
optical spectra (compare Ref. [2]). As shown in Fig. 2(a),
the BSE spectrum features a range of excitonic peaks below
the band gap. These are often interpreted as hydrogen-like
solutions of the Wannier equation [60], though they have also
been found to deviate from that model [53]. For compari-
son, we include the optical spectrum computed within the
independent-particle approximation, shown as a dashed blue
curve in Fig. 2(a). In the following, we focus on the two lowest
excitons, located at 5.3 eV (§;) and 6.2 eV (S>).

Both S and S, are composed of two degenerate eigen-
states of the BSE Hamiltonian. This results in an additional

10.0
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7.5

<
FT TN .

5.0

=

25

(b) 125 F

T T
I I
I I
I I
I I
1 I
I I
I I
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I I
I I
I I
I I
I I
I I
I I
I I
I
] I
I
I I
I I
I I
I I
I
1 1
K M

Path in BZ

FIG. 1. (a) Atomic structure of hBN. Boron and nitrogen atoms
are depicted in red and blue, respectively. The vectors a; and a,
span the primitive unit cell, which contains one atom of each kind.
(b) GoW, band structure of hBN. Quasiparticle energies are shown
along the I' — K — M — I" high-symmetry path. The calculated band
structure exhibits an indirect band gap, with the valence-band maxi-
mum and conduction-band minimum being located at K (and K”) and
I', respectively.

dependence on the pump polarization, as discussed in
Sec. IIB, and which will become relevant at a later stage
in Sec. Il C. For §; at 5.3 eV, the two degenerate valence-
conduction transitions occur at K and K’, respectively, with
their momentum-dependent transition weights indicated in
Fig. 2(b). The situation is similar for S, at 6.2 eV, albeit with
transition weights being more spread out along the Brillouin-
zone boundary, as can be seen in Fig. 2(c).

B. Exciton photoemission in hBN

With the quasiparticle and optical properties at hand, we
now illustrate consequences of our theory for exciton pho-
toemission from monolayer hBN. In the following, we use
a 26.5 eV probe energy with a Gaussian energy broadening
of 0.1 eV. For better insight into the pump-induced effects
on the momentum maps, we ignore the trivial effect of probe
polarization, stemming from the |A - k|? prefactor in Eq. (16).
Note that our formulation only considers excitonic photoe-
mission, thereby neglecting photoemission from the initially
populated electronic structure and associated effects like its
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FIG. 2. Optical excitation of monolayer hBN. (a) Independent-
particle spectrum, based on a GyW, calculation in dark blue and the
BSE spectrum in pink. In the latter, S; and S, energies are marked
by arrows. Panels (b) and (c) show the GoW; band structure with
overlays indicating the BSE eigenvector composition of the S; (blue)
and S, (green) excitations of the system, respectively.

depopulation due to exciton creation. This decoupling is a
direct consequence of energy conservation in excitonic pho-
toemission [Eq. (16)]. The exciton energy QD) is transferred
to the photoelectron, yielding higher kinetic energies than
those obtained from photoemission out of the initially pop-
ulated electronic states (see Fig. 3).

In Fig. 3, we show the simulated band map for photoe-
mission from the §; exciton together with the GyW, band
structure (full blue lines) along the I' — K’ — M, path (corre-
sponding to the k, direction, see inset). According to Eq. (16),
the energy dispersion of exciton photoemission is determined
by the hole component of the exciton. Consequently, the
exciton’s trARPES signature appears at the photoelectron

—_
o
"'\

E — Eygm (eV)

-2

| B N 1 (LI B L B N B L

-4

_|
A
<

N

Path in BZ

FIG. 3. ARPES band map for the S; exciton in k, direction (cut
of the BZ along I' — K’ — M,, see inset with three neighboring
BZs). The GyW, band structure is overlaid in full blue lines, with
a duplicate of the valence band, shifted by €2, as a blue dashed line.

kinetic energy corresponding to the valence band energy
plus the pump energy 2 (blue dashed line). This finding,
which is well-established in the literature [19,61], enables the
estimation of the exciton’s spatial extent from photoemission
data under the assumption of an s-like envelope function
[4,5,62].

Next, it is expedient to compare momentum maps of ex-
citon photoemission with those for photoemission from the
ground state, which we obtain by the standard way of sim-
ulating POT [48]. In Fig. 4(a), we present such a map for
a kinetic energy slightly below the valence band maximum
(VBM) (E — Eygm = —0.2 eV), which is comprised of six
triangular features, each around the K/K’ points. This pattern
is analogous to the case of graphene, where the triangular
features are also broken in the outgoing direction of the Bril-
louin zone, leading to croissant- or horseshoe-like shapes.
This “dark corridor” is due to matrix element effects in the
photoemission process and has already been described in great
detail for the case of graphene [14,63,64]. When assuming a
static population of the conduction band, the latter would also
be accessible to photoemission from the ground state, which
we simulate in panel (b) of Fig. 4, using a kinetic energy
of 26.6 eV, which is above the conduction band minimum

2 a T 1 T I_:
7o e ]
< ]
T 0fD (o
O F
X _1FE -
P s o 1 ]
_2 :-I....I....I....I....l_: :_I....I..u.l....l....l_: ._I....I....I....I....I_: O
2-1012-2-1012-=2-101 2
kx (1/A) kx (1/R) ky (1/R)

FIG. 4. Momentum maps for three different cases: (a) valence
band at E — Eygy = —0.2 eV (Ey, = 18.6 eV), (b) conduction
band at E — Ecgy = +0.6 eV (Eyn = 26.6 €V), and (¢) S| exciton at
E — Evgm = Q — 0.2 eV (Ey, = 23.9 V).
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FIG. 5. Decomposition of exciton ARPES maps for §; in row (a) and S, in row (b), with black arrows indicating the polarization of the
pump laser. First column: Fourier-transformed conduction-band wave functions. Second column: energy-conservation delta function. Third
column: BSE eigenvectors. Fourth column: resulting exciton ARPES maps as products of the first to third columns. Each map is individually
normalized to one. For S; in row (a), the horseshoes point away from I', with minor modulations along their contours. For S, in row (b), four of
the six horseshoes are rotated when compared to the first exciton. This is a direct result of the differences in the momentum-space distribution

of their BSE eigenvectors.

(CBM) (E — Ecgm = +0.6 eV). Note that this is a hypotheti-
cal example for illustration purposes; in an actual experiment,
this would correspond to the situation where a formerly
unoccupied state gets populated by, e.g., a charge-transfer
process across an interface. In contrast to the valence band
case depicted in panel (a), the features around the Dirac point
are now elongated in the directions going to the M/M’ points,
which is reasonable when looking at the band structure (see,
e.g., Fig. 1). Remarkably, the dark corridor from the matrix
element effect is now pointing to the inside of the BZ. Return-
ing now to the simulation of exciton photoemission, we show
a momentum map of the S exciton in Fig. 4(c), using a kinetic
energy of 23.9 eV and a pump polarization, as indicated by a
black arrow. As already discussed in the preceding paragraph,
the exciton inherits the energy dispersion of the hole (here,
the highest valence band), but, in light of Eq. (16), follows
the momentum distribution given by the Fourier-transformed
electron part of the exciton wave function (here, the lowest
conduction band). As a direct imprint of the latter, the dark
corridor is also pointing to the inside of the BZ, which we can
see clearly in Fig. 4(c). Having established the unoccupied
part of the electronic structure as another direct marker of
exciton photoemission, we will now examine the different
contributions to the momentum maps in more detail.

Using Eq. (16), we dissect the photoemission maps for both
excitons, S; and S,, in order to understand the influence of
each contributing factor. Since—in this case—both excitons
only involve transitions from the highest valence to the lowest
conduction band, the sums over v and ¢ in Eq. (16) collapse.
Consequently, we are left with a single product of | F[£]|?, 8,
and |X|?, involving only wave functions from the lowest con-
duction band, energies of the highest valence band, and BSE
transition coefficients from the highest valence band to the

lowest conduction band. Figure 5 shows these three factors,
as well as the full photoemission maps, for the two excitons
in row (a) (S1) and row (b) (S,), respectively. The direction
of the pump polarization is indicated in the rightmost column.
For both excitons S; and S,, the triangular patterns are gen-
erated by the 8z factor, with |F[£]]?> only leading to slight
modifications. The maps in the first two columns, | F[£]|*> and
3, are very similar between the two excitons, S| and S,, with
minor differences arising due to the unequal photoelectron
kinetic energies (23.9 eV for S; and 24.8 eV for S,). Since
all other areas already have vanishing intensity, the additional
multiplication with the BSE eigenvector can at most lead to
intensity differences within the area of the horseshoes. As
can be seen from the third column, the BSE eigenvectors
of the two excitons differ, leading to the differences in their
respective photoemission maps (rightmost column of Fig. 5).
In the following, those differences are inspected more closely.

For S;, the BSE eigenvector [third column in Fig. 5(a)]
mostly exhibits a sixfold symmetry. It is centered around the
K and K’ points and varies weakly along the contours of
the horseshoes, thus leading only to small intensity varia-
tions [fourth column in Fig. 5(a)] along them. Contrary, in
the case of S, in row (b), the BSE eigenvector exhibits a
nodal line perpendicular to the pump polarization—which has
broken the sixfold symmetry—while being nonzero along the
remaining four sides of the hexagonal BZ. Since the pump
polarization was chosen along a high-symmetry direction (in-
dicated by black arrows in the rightmost column), it acts as
a symmetry axis for the BSE eigenvector and, consequently,
for the resulting photoemission map. In contrast to the case
of S}, the regions around K and K’ show much more detail
for S,, particularly featuring small nodal lines, which, upon
multiplication of the BSE eigenvector with the horseshoe
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FIG. 6. Influence of pump laser’s polarization on exciton photoemission. The four columns show ARPES photoemission maps for different
polarizations of the pump laser (black arrows). (a) shows photoemission from the lowest-energy exciton, while (b) shows the second exciton.
In the case of the first exciton, only small differences in the intensity distribution along the horseshoes are visible, while for the second exciton,
there is a strong dependence on the pump polarization, with different polarizations leading to different rotations of the horseshoes. In the case
of both excitons, the photoemission maps are mirror symmetric across the (high-symmetry) polarization directions.

pattern produced by | F[£]|* and 8, suppress photoemission
intensity. Moreover, the local maxima are shifted off K and K.
As can be seen in the last column of Fig. 5, the combination of
all three factors effectively leads to a redistribution of spectral
intensity within the horseshoes. By selectively accessing the
different factors in Eq. (16), we are thus able to deconvo-
lute different contributions to the momentum maps. In the
general case of multiple transitions within an exciton, how-
ever, the sums over different valence and conduction bands
remain and, as a result, the above analysis would become less
straightforward, especially due to the coherent summation
of the electron part. Since in the present case of the hBN
example we found the most asymmetry to arise due to
the BSE eigenvectors in conjunction with the pump polar-
ization, we will discuss this effect in more detail in the
following.

C. Pump polarization effects in 2D hBN

As outlined in Sec. IIB, the summation of energy-
degenerate BSE eigenvectors, in order to form a superimposed
exciton, involves coefficients that depend on the polarization
of the pump pulse. The influence of pump polarization is
illustrated in detail in Fig. 6. Panels (a) and (b) of Fig. 6
depict the photoemission from the §; exciton (5.3 eV) at a
kinetic energy of 23.9 eV and the S, exciton (6.2 eV) at
24.8 eV, respectively. The black arrows indicate the polariza-
tion direction of the pump pulse. Photoemission from the first
exciton is only weakly dependent on the pump pulse’s polar-
ization and retains the horseshoe intensity pattern. Varying the
polarization reveals minor variations in the intensity distribu-
tions along the horseshoes. For the second exciton, however,
there is a strong dependence of the photoemission intensity
distribution on the pump pulse, where different polarization
directions lead to different redistributions of spectral weight

within the horseshoes. Although the probe pulse polarization
may introduce an overall attenuation in a trARPES exper-
iment, pump-induced effects on exciton photoemission are
therefore expected to be observable, provided that sufficient
energy and momentum resolution are achieved.

We close this section by making the experimental require-
ments for observing the predicted signatures explicit. Our
formalism describes photoemission from a pure exciton state
and therefore applies to a pump-probe delay that is longer
than the dephasing of the optically induced polarization, but
shorter than the lifetime of the exciton population. Moreover,
the energy and momentum resolution must be sufficient to
separate the excitonic species of interest, both from the re-
maining exciton manifold and from the photoemission signal
of the occupied ground-state electronic structure. While these
conditions are demanding, they are within reach of current
experiments: time resolutions of several tens of femtoseconds
are achieved in modern time- and momentum-resolved pho-
toemission [65]. Such fine resolution has already allowed us
to follow the dynamics of short-lived excitonic states [66], and
both dephasing and population relaxation times can exceed
100 fs in 2D materials, in particular at low temperatures [67].
Likewise, such energy and momentum resolution allows us to
distinguish different excitonic species in monolayer semicon-
ductors [4,6], and their energetic separation could, to some
extent, be tuned externally, for instance by strain or magnetic
fields. The situation is naturally less favorable for higher-lying
states, such as the S, exciton discussed above, and for materi-
als hosting a dense manifold of excitons formed from different
valleys. We stress, however, that a spectral overlap of several
species does not invalidate the analysis: as discussed at the
end of Sec. II, the measured intensity is then given by an
incoherent sum over the contributing exciton states, each of
which carries its own characteristic momentum fingerprint, so
that the composition of the excited-state population remains
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accessible through a comparison with simulated momentum
maps. The feasibility of such an analysis has recently been
demonstrated for excitons in an organic semiconductor, where
time-resolved photoemission orbital tomography was used to
image the momentum-space distribution of the exciton wave
function and its time evolution [35].

IV. CONCLUSIONS

We have developed a framework for exciton photoemis-
sion orbital tomography (exPOT) in periodic systems, thereby
enabling the computation and interpretation of photoemission
angular distributions from excitons in two-dimensional mate-
rials and surfaces of crystalline solids. The exPOT formalism
is derived from first principles, using many-body perturba-
tion theory and the Dyson orbital concept, and connects the
photoemission intensity to results from GW 4 Bethe-Salpeter
calculations. As a manifestation of the electron-hole corre-
lation, for each hole configuration, exciton photoemission
is expressed as a coherent sum over Fourier-transformed
conduction-band wave functions, weighted by the Bethe-
Salpeter eigenvector components.

We have implemented the formalism in a computational
workflow compatible with standard plane-wave basis set
GW + BSE, using DFT wave functions, GW energies, and
BSE eigenvectors. As a proof of concept, we have applied
our formalism to the prototypical case of monolayer hexag-
onal boron nitride. The resulting exPOT maps exhibit distinct
patterns for different excitonic states. These patterns are
characterized by an energy dispersion that follows the hole
states, while the electron part of the exciton wave function
is reflected in the photoemission matrix element. Both con-
tributions are further modified by the BSE eigenvectors. The
latter introduces an additional dependence on the pump po-
larization, resulting in the suppression of spectral weight in
the momentum maps as a direct consequence of the excitonic
character.

The exPOT formalism for periodic systems provides a
powerful tool for gaining microscopic insight into the internal
structure of excitons and offers a predictive framework for
designing and interpreting next-generation trARPES exper-
iments on quantum materials. Our formalism also includes
excitons with finite center-of-mass momentum, making it par-
ticularly suited for elucidating the nature of momentum-dark
excitons by bridging the gap between ab initio many-body
theory and experimentally measurable momentum-resolved
spectra.
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APPENDIX A: EXPANSION OF DYSON ORBITALS
IN BLOCH STATES

In this section, we derive the expansion [Eq. (9)] of the
Dyson orbitals, as given in Eq. (8), in terms of Bloch func-
tions.

Since this expansion holds in general, we start with the
Dyson orbital formed by the overlap of an arbitrary (N — 1)-
and N-electron wave function:

D(r)=Jﬁ/d3r2...d3rprN—1(r2, BT o3 1\ AN (3 ST S )
v

(AT)

Next, since the Dyson orbitals are one-electron wave func-
tions, they can be expanded in any set of one-electron basis
functions. For a set of (Born-von Karman-periodic, BvK-

periodic, just like D) orthonormal basis functions {v/;(-)}, we
can thus write

D)= cjy;(r), (A2)
J

with linear coefficients
¢j= / & ry;r)* D), (A3)
1%

where V is the crystal volume; see text below Eq. (8). Inserting
the Dyson orbital and renaming r to r;, we get

cj:\/N/d3}’1d3}’2...d3rN'¢/j(rl)*
1%

UV, ) WY, ). (A4)
Next, we rename r; to r, and vice versa to get
¢ :Jﬁ[ Erd®r..dryy;r)*
1%
UV, ey YN ()
:Jﬁf &Eridir. . Eryyir)
1%
N, ) (=Y (L, . rN), (AS)

where we used the antisymmetry of the wave function in
the last step. Using the same argument, we find for any i in
{1,..., N},

¢j= W/V & ridry (DY)

Wy, NN, ).

(A6)

s Fi—1,F g1, -
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We can thus write ¢; as a sum over i as

N
1 )
cj = N E VN/ d3r1...d3rN(—1)1+’w_,~(r,~)*\IJN_1(rl, e Fi1, ik, - e ,rN)*\IJN(h, e ,I‘N)
i=1 v

*
(_ )1+l
=/d3r1...d3rN\IJN(r1,...,rN)~ (Z ()L A (ST VIR STE BRI v | I
v

(A7)

Now we can identify the expression in parentheses with the wave function of the antisymmetrized product state | Ay ; WV -1
(see, e.g., Ref. [38]). Using the creation operator &; corresponding to |;) and a bra-ket notation, we can thus write

1
¢j = N,fd Py (e [ (8N

N

3 3 N—14
d V]...d rN(\IJ |aj|r1,...

SN, ey |, (A8)

Finally, we want to arrive at a basis-independent representation of ¢, which allows for efficient handling of the ladder-operator
matrix elements. To do so, we make use of the fact that for every wave function W(-) that satisfies BVvK periodic boundary
conditions for a large crystal, there is a nonperiodic wave function W(-) that is equal to W(-) inside the crystal, but vanishes

quickly outside of the crystal. Then, we get

¢ = N

1
]\”/dr1 Ly (TG, )

1
—/d3r1...d3rN(\IJN_l|€z‘,~|r1,...,
Vv

) re, .y EY)

ry| V), (A9)

where 3.,- is the destruction operator for | i), which is the nonperiodic equivalent of basis vector |/;). Assuming the nonperiodic

functions vanish quickly outside of V, we then get

C: N —
7N

= (P12, 1 9"),

where we used

A

1

1=— | &r..Erylr,...or)en . eyl (A1D)
N! Jrs

We can thus perform operations in a basis-independent man-

ner using the nonperiodic wave functions and then transform

back to the BvK wave functions. Symbolically, we can thus

write

= (UN g, "), (A12)

as a shorthand for the above-shown steps.

Inserting this into Eq. (A2), we get our final result for the
expansion of the Dyson orbital D in an arbitrary, orthonormal
basis set {y;(-)}:

D(r) =Y (Vo W)y ().

J

(A13)

To get to Eq. (9), we then simply use the Bloch functions as
basis functions and split the sum over bands into a sum over
valence bands and a sum over conduction bands.

APPENDIX B: IMPLEMENTATION DETAILS

This section provides Eq. (16) in an alternative form that
allows for efficient implementation when using a plane-wave

3 TN—1|4
Eri By (T Na ey, e,
3

ry| ")

(A10)

(

basis set. We begin by expanding &.,.0(r) in a plane-
wave basis (using Born-von Kdrman, BvK, periodic boundary
conditions):

1 : )
Egr0(r) = 5 D Ceqro(@)e O,

G

Ceqro(G) = /V & grore @O (BI)

When restricting k to values for which ¢*" satisfies BVK
boundary conditions over V, the Fourier transform

Fleegrolk) = / Eré o™, (B2)
14

vanishes unless ¢ + G + Q = k for at least one of the recipro-
cal lattice vectors G. Now, since ¢ is restricted to the Brillouin
zone (BZ), and G is a reciprocal lattice vector, there is only
a single combination of ¢ and G that satisfies this condition.
Thus, the BZ summation is reduced to a single contributing ¢
vector and

Fléeqroll) =) ceqro(@gigron-  (B3)

G
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The photoemission intensity may then be written as

BZ
Lug(k) o |A kY>> 844640k
v qg G

2

X S(w+ Q"D — e, , — Ein).

D XD, 410(G)
C

(B4)

This can be used for an efficient implementation of the pre-
sented formalism: The grid of G vectors, determined by the
used unit cell, and the grid of ¢ vectors, determined by the
used BZ sampling, create a grid of k vectors,k = ¢+ G + Q,
for which we get

Y Xt q10(G)

c

Lug(k) o |A - kI> >

x 8w+ QP — ¢, . — Eyin),
with g+ G +Q =k. (B5)

For any photoelectron momentum k on this grid, we can thus
directly use the plane-wave coefficients c. 4+9(G), BSE eigen-

vector components lef'ij;)) and GW energies —é&, 4 (which
are the negative of the ionization energies) to obtain the
photoemission intensity I, o(k), without the need for a BZ
summation over ¢. Given a sufficiently fine BZ sampling, the
photoemission intensity for any k not on this grid (but within

range of the energy cutoff used for wave functions in the DFT

calculation) can then be obtained using efficient interpolation
techniques.

APPENDIX C: COMPUTATIONAL DETAILS

For the example of monolayer hBN, we calculate
Kohn-Sham DFT wave functions and energies in QUAN-
TUM ESPRESSO [55-57] using the Perdew-Burke-Ernzerhof
exchange-correlation functional, ONCV pseudopotentials,
and a cutoff energy of 50 Ry and 200 Ry for the wave
functions and the representation of the density, respectively.
The lattice constant was set to 2.507 A (bulk experimental
value: 2.506 A [69]), and we used a vacuum layer of 20 A,
as well as a truncation of the Coulomb interaction in the z
direction [70], to avoid spurious interaction between repeated
slabs from the periodic boundary condition. Based on these
ground-state properties, we perform a GoW, calculation using
BERKELEYGW [1,2,52]. For the GyW, calculation as well as
for all other BERKELEYGW calculations, we use the slab trun-
cation scheme [52]. In particular, we use the NNS subsampling
technique, which, for systems with reduced dimensionality,
accelerates convergence with respect to the Brillouin-zone
sampling [71]. For the calculation of the static inverse dielec-
tric function, we use a 12 x 12 x 1 sampling of the Brillouin
zone, a cutoff energy of 30 Ry for reciprocal lattice vectors,
and sum over 200 bands. Based on this, we calculate the GoW,
energies for four valence and 44 conduction bands, using the
same k-space mesh and reciprocal lattice cutoff as for the
inverse dielectric function.

Finally, we construct the BSE Hamiltonian using four va-
lence and nine conduction bands on a 12 x 12 x 1 k-space
mesh, interpolate it to a 96 x 96 x 1 k-space mesh (four
valence, four conduction bands) and diagonalize it.
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