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Dynamical magnetic breakdown and quantum oscillations from hot-spot scattering
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Quantum oscillations (QOs) are a well-established probe of Fermi-surface (FS) geometry and in the presence
of long-range density wave order can display new QO frequencies from reconstructed FS pockets. We show
that such reconstructed frequencies can arise even in the absence of long-range density order. Considering
electrons coupled to a fluctuating bosonic mode that scatters quasiparticles between sharp hot spots on the FS, we
develop a semiclassical theory in which the interaction generates time-dependent tunneling processes analogous
to magnetic breakdown. This dynamical magnetic breakdown produces new semiclassical orbits corresponding
to reconstructed FS areas despite the absence of static order. Because tunneling probabilities depend on the
thermal population of bosonic excitations, the resulting oscillation amplitudes exhibit characteristic deviations
from standard Lifshitz-Kosevich behavior. Our results provide a mechanism to probe bosonic fluctuations in
quantum critical metals and provide a framework for dynamical magnetic breakdown.
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I. INTRODUCTION

Magneto-oscillations or “quantum” oscillations (QOs)
have long been a standard way of probing the Fermi surfaces
(FSs) of metals [1,2]. Their success relies on the fact that
their frequency, as a function of 1/B, is proportional to the
FS cross section that is transverse to the magnetic field, which
allows for FS tomography or “Fermiology” [3]. In turn, it
becomes possible to witness important changes in the FS ge-
ometry, such as Lifshitz transitions [4] and FS reconstruction
induced by the development of long-range density wave order
quantified by an order parameter [5,6]. Such reconstruction,
attributed in particular to a (spin) density wave instability
[7–9], was observed experimentally, for example, in the QO
spectrum of the parent compound cuprate superconductors
[10–13], in that of iron-based superconductors [14,15], or
heavy fermion systems [16,17]. The basic two-dimensional
(2D) picture is that of Fig. 1 (left), where the folding of a large
FS with area S©, upon development of an order parameter
〈φ〉 �= 0, reconstructs it into a new set of Fermi pockets with
different areas S() and S�. Crucially, it implies the appearance
of new QO frequencies (and the disappearance of that asso-
ciated with S©). Numerous theoretical treatments of QOs in
that context exist; see, e.g., Ref. [18] and references therein.
Normally, the formation of an order parameter 〈φ〉 �= 0 is
assumed as a prerequisite for the apperance of new recon-
structed QO frequencies, and the effect of bosonic fluctuations
of φ, investigated a posteriori within a perturbation theory
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framework, merely renormalizes the reconstructed QO spec-
trum and amplitudes.

Here, we address a key unsolved question, namely, whether
the appearance of a new QO frequency coincides with the
phase transition to long-range density wave order or precedes
it. In addition, we discuss how critical fluctuations influence
the QO amplitudes prior to the transition. The first question
belongs to the more general problem of how interactions and
scattering can generate new QO frequencies that are not sim-
ply related to free FS orbits, generally dubbed as non-Onsager
frequencies [19]. On the one hand, it has been established that
unexpected QOs can appear in inverted insulators without FSs
whatsoever [20–22]. On the other hand, unconventional QOs
can also appear in multiband metals as a result of interband
scattering mediated by a fluctuating boson [23], which in
particular display unusual temperature dependence. However,
existing theories always found new frequencies as combina-
tions of the existing frequencies1 (in particular, the highly
unusual difference frequency [24] or the related experimental
obervation of the QO of the quasiparticle lifetime [25]), unlike
those generated in a reconstruction scenario. A theory for how
the latter can emerge from near-critical bosonic fluctuations
has been missing.

The second question must be considered in the context
of longstanding results on properties of a Fermi liquid cou-
pled to bosonic excitations. In particular, the influence of
electron-phonon coupling on the amplitude of QOs was stud-
ied long ago [26,27], constraining the allowed temperature
dependences. We address whether these “no-go theorems” are
obeyed in the prereconstruction setting that we will consider
here.

1The fine structure of frequency peaks can also involve the boson’s
frequency; cf Ref. [23].
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FIG. 1. Left: Reconstruction scenario, where the large (deep-
purple) hole FS is folded in the presence of long-range density wave
order and 〈φ〉 �= 0 opens gaps at the (pink) hot spots, with holelike
(light-blue) and electronlike (orange) pockets. The two resulting FS
areas proportional to QO frequencies are sketched below. Right: Dy-
namical scenario without long-range order, where a fluctuating boson
φ (with 〈φ〉 = 0) scatters holes between hot-spot pairs, allowing new
semiclassical trajectories (e.g., the dashed pink orbit). The effective
areas enclosed by the breakdown paths are sketched below.

A crucial ingredient in our study will be the existence of
singular electron-boson scattering at sharp isolated FS “hot
spots.” This allows one to sharply define new semiclassical
orbits (see Fig. 1, right), similar to those appearing in the
reconstruction scenario. The central result of our work is to
show that these semiclassical orbits exist, even without assum-
ing boson condensation (i.e., formation of long-range order).
They appear directly in the QO spectrum. Moreover, we iden-
tify an intermediate magnetic breakdown regime where both
sets of oscillations (original and reconstructed) exist simul-
taneously, with distinct temperature dependence beyond the
standard Onsager-Lifshitz-Kosevich paradigm [28,29].

The rest of the paper is organized as follows. In Sec. II, we
introduce our (standard) electron-boson model with hot spots
and define the notations. In Secs. III A and III B, we perform
a saddle-point approximation to derive an effective problem
of electrons coupled to a time-dependent background. In
Secs. III C and III D, we solve this problem in a magnetic field
semiclassically, as a time-dependent tunneling problem. In
Sec. IV, we compute physical quantities from this semiclassi-
cal picture and discuss experimental implications. Throughout
the paper, we use units where h̄ = 1 = kB.

II. SETUP

We consider a single large Fermi surface of electrons (or
holes), coupled to a dynamical bosonic field. The free-particle
Hamiltonian is

Hf =
∫

k
εkc†

kck, Hb =
∫

q
ωqb†

qbq, (1)

and their coupling reads, in full generality,

H (0)
int =

∫
k,q

g(0)
q c†

k+qckbq + H.c., (2)

where g(0)
q is the bare coupling constant, which depends on

the nature of the collective mode (e.g., the boson could be a
spin-density or charge-density fluctuation, a soft phonon, etc.)
and details of its coupling to electrons.

We now assume that the boson dispersion has a global
minimum ωQ at momentum Q = (π/a, π/a) connecting the
hot spots on the Fermi surface, with a the square-lattice pa-
rameter. This scenario is well established to originate from
(quasi)nesting situations and increased scattering with se-
lected momenta [30], as represented in Fig. 1.

The effective low-energy theory of the coupling [31] in-
volves only electrons located near each hot spot K, described
as fermionic fields ψK (k) [whose conjugate in functional inte-
gral notations is ψ̄K (k)] coupled to a dynamical bosonic field
φ (with conjugate φ̄). To be more precise, defining ψK (k) =
(cK+k, cK+k+Q)�, the fermion sector of the theory may always
be rewritten as

L f = 1

2

∑
K∈HS

∫ ′

k
ψ̄K (k) i∂tψK (k) − Hf , (3)

Hf = 1

2

∑
K∈HS

∫ ′

k
ψ̄K (k)

[
εK+k 0

0 εK+k+Q

]
ψK (k), (4)

where HS is the set of hot spots and
∫ ′

k (relative to a given K)
integrates over all momenta K + k, whose nearest hot spot is
K. In a simplified model, the low-energy theory involves one
single bosonic field, with Hamiltonian Hφ = � φ̄φ (with the
boson frequency �), and the interaction

Hint = 1

2

∑
K∈HS

∫ ′

k
[φ g(k) + φ̄ g(k)∗] ψ̄K (k) σ̂ x ψK (k), (5)

where σ̂ x is the first Pauli matrix. Here, g(k) is an effective
coupling constant that takes finite values around k = 0 and
decreases at larger momenta, i.e., going away from the hot
spot. The derivation of this effective theory is described in
more detail in Appendix A, as it is not our focus here. The
precise form of g(k), as derived from g(0)

K+k, can, in principle,
be determined perturbatively from vertex renormalization, but
in the following we will simply assume a convenient form; see
Eq. (20). We now use Eq. (5) as a starting point and investigate
the semiclassical dynamics of electrons in the presence of
such an interaction.

III. SEMICLASSICAL SOLUTION

A. Saddle-point approximation

We study semiclassical quantum oscillations, which in-
volve the physics of electrons at the Fermi surface. Their
interaction with a boson φ, that may describes collective
electronic modes or phonons in an effective way, is therefore
elastic at the semiclassical level. In that case, it is possible
to treat the boson at the saddle point (i.e., as a classical
field) and evaluate properties of Fermi-surface electrons in
this classical background, eventually averaging over bosonic
configurations. This approach has been successfully applied to
the physics of weak localization [32,33], of spin density wave
fluctuations [34] and of gauge field fluctuations [35] in doped
antiferromagnets, and of phase fluctuations in doped d-wave
superconductors [36].
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Thus, within the full Lagrangian of the problem,

L = L f − Hint + φ̄(i∂t − �)φ, (6)

we perform a saddle-point approximation of the bosonic
fields, replacing φ(t ) → φ0 e−i�t and φ̄(t ) → φ∗

0 e+i�t in the
fermion’s functional integral, where φ0 is a complex number
that still needs to be averaged over. The precise formulation of
this saddle-point approximation within the full functional in-
tegral description of the problem is discussed in Appendix B.
Physically, this assumption requires that the backaction of
electrons on the boson dynamics is negligible, which can
ensue, for instance, from Migdal’s theorem [37] or a large-N
approximation (notably the number of hot spots in the geom-
etry of Fig. 1 can be used as N ; see Ref. [31]).

Crucially, this is not equivalent to condensing the bosonic
field because fluctuations are still accounted for by the average
over φ0, φ

∗
0 . Rather, in the present case, bosonic fluctuations

are only assumed to retain coherence over timescales that are
much larger than the typical electronic scales appearing in
dynamical properties, e.g., the cyclotron period 2π/ωc, but
the bosonic field does not have to be static or even slow (in
particular, �/ωc need not be small). Thus, contrary to the
Fermi-surface reconstruction scenario where the boson indeed
condenses and opens gaps at the hot spots (see Fig. 1), here
we investigate the case where the boson is dynamical and
fluctuates, which we treat in the saddle-point approximation.

The resulting theory is a collection of independent prob-
lems, indexed by a complex number φ0, such that for a given
fixed φ0, the theory has become purely electronic and is that
of free electrons with a time-dependent Lagrangian,

Leff = 1

2

∑
K∈HS

∫ ′

k
ψ̄K (k) [i∂t1 − HK (k)] ψK (k), (7)

where 1 is the two-by-two identity matrix and

HK (k, t ) =
[

εK+k 
(k, t )

(k, t ) εK+k+Q

]
≡ Heff , (8)

where


(k, t ) = g(k)∗ φ∗
0 e+i�t + g(k) φ0 e−i�t (9)

is an effective time-dependent potential felt by the electrons.
We stress that the latter depends on the bosonic field’s con-
figuration at the saddle point and ultimately will always be
averaged over to extract physical quantities.

Our objective is to study the semiclassical dynamics of
electrons in such a time-dependent Hamiltonian, given by
Eq. (7), in a fixed φ0 sector. The semiclassical dynamics
of electrons is governed by their Fermi-surface properties.
Here we will be focusing on a subset of observables (namely,
quantum oscillations within the standard Onsager [28] and
Lifshitz-Kosevich [29] picture) that are dictated by the Fermi-
surface geometry (as regards the oscillations’ frequency) and
average mass (as regards their temperature dependence).

B. Geometry of hot-spot pairs

We note that because 
(k, t ) is only significant close to the
hot spots, its primary effect will be to generate time-dependent
dynamics connecting the hot spots pairwise. In particular, in
the FS reconstruction picture, 
(k, t ) opens a time-dependent

FIG. 2. Tunneling geometry at a hot spot. In a given (φ∗
0 , φ0) sec-

tor and at fixed t , the local FS geometry is hyperbolic with parameters
(δkx, δky ). The local system of axes (kx, ky ) and tunneling coordinate
z are those of Eqs. (14). The tunneling of a (deep-purple) particle
through the junction can be described by a relation such as Eq. (24)
between wave-function amplitudes a±

L/R.

gap at the hot spots, which strongly affects the (instantaneous)
Fermi-surface geometry—and, more generally (away from
that picture), the instantaneous semiclassical orbits’ geometry.
Meanwhile, insofar as the hot-spot regions are small com-
pared with the total Fermi-surface perimeter, the average mass
is little affected.

For future use, we note that it is easy to see (see
Appendix C 1 for details) that only the squared modulus,

|
(k, t )|2 = 1
2 |g(k)|2 φ∗

0φ0 [1 + cos (2�t − 2α0)], (10)

where α0 = arg[g(k) φ0], appears in the effective dynamics at
the hot spots.

We now focus on one given pair of hot spots, whose ge-
ometry in the FS reconstruction picture is depicted in Fig. 2.
The local geometry is that of two hyperbolae, that can be
parameterized in terms of

δkx = k2
F/q × 
/EF, (11a)

δky = k2
F/

√
k2

F − q2 × 
/EF, (11b)

where EF is the Fermi energy, kF the Fermi momentum, q =
|Q|/2 = π/

√
2a, and having assumed a quadratic dispersion

for the large circular FS—which, we emphasize again, is
still physically the only Fermi surface present, as the boson
φ has not condensed and remains a dynamical field. In the
above, as long as 
(k, t ) varies over momentum scales (later
denoted 
x,
y) that are much larger than δkx, δky, one need
not specify its k dependence as its effect on Eqs. (11a) and
(11b) is negligible. The ratio of parameters δkx, δky defines
the asymptotic geometry of the crossing (i.e., the slope of
dashed blue lines in Fig. 2); meanwhile, their product is the
momentum-space area of that region near hot spots where the
electronic semiclassical dynamics is strongly affected by cou-
pling to the boson (i.e., the dashed pink rectangle in Fig. 2).
The latter quantity,

l−2
B μ̃(t ) = 1

2δkxδky, (12)

will be useful in the following. Here we stress that it involves

(t ); therefore, it is a fluctuating quantity: not only is it time
dependent within a given φ0 sector, but physical observables
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only involve its averaged value over bosonic configurations
(i.e., at the saddle point, over φ0). The momentum dependence

(k, t ) is kept implicit at this stage; however, it will play a
role in the time-dependent problem. We note, for future use,
the more explicit form

l−2
B μ̃(k, t ) = (

1/v2
F

)
σ |
(k, t )|2, (13)

where vF = kF/m© is the Fermi velocity, |
(k, t )|2 is given in
Eq. (10), and σ , given by Eq. (33), is a dimensionless factor
that only depends on the broad geometrical features of Fig. 2.

C. In a magnetic field: Effective tunneling problem

When a magnetic field is switched on, the theory near the
hot-spot pair can be formulated as a tunneling problem. For a
crossing of two Fermi-surface portions that are both electron-
like (or both holelike), the resulting problem has a two-band
structure, while for tunneling between one electronlike and
one holelike Fermi pocket, the problem is effectively single
band. This determines the form of the scattering matrix S at
the junction, which, in our case (the former), will be given
by Eq. (25) below. All physical quantities in the scattering
matrix are determined as a function of a single parameter ζ ,
which, in the static case (recovered in the limit � → 0), is
identical to μ̃(t ) ≡ μ (that is, t independent), but crucially in
the dynamical case can be strongly enhanced.

Apart from the form of S(ζ ), the parameter ζ itself can
be determined independently from the matrix structure of
the tunneling problem, be it one band or two band—see
Appendix C 2 for details. Therefore, for notational simplicity,
in the following we adopt a single-band description. First
we consider the static case, in a magnetic field B, using the
Landau gauge kx → kx − y/l2

B, with lB = (eB)−1/2 the mag-
netic length. The Schrödinger equation H̄effψ = Eψ , at the
particular energy value E = μ l−2

B (mxmy)−1/2, upon changing
variables

kx 
→ l−1
B

√
δkx/δky (mκ )−1/4 i∂z, (14a)

ky 
→ l−1
B

√
δky/δkx (mκ )+1/4 z, (14b)

and ψ̃E = e−ikxkyψE , becomes[
− 1

2m
∂2

zz − κ

2
z2 − E

]
ψ̃ = 0, (15)

where m and κ are arbitrary parameters and one defines E =
− 1

2 (κ/m)1/2μ. Thus, the problem of electron dynamics at a
pair of hot spots has been rewritten as a tunneling problem
through an inverted parabola [38].

Crucially, nothing in the above is specific to the static
problem and the problem with a time-dependent μ → μ̃(t )
takes exactly the same form as Eq. (15) upon replacing E →
− 1

2 (κ/m)1/2μ̃(t ). Differences appear in the solution methods:
while solving the static problem can be done exactly in terms
of asymptotics of special functions (see Ref. [39] for a re-
view), solving the time-dependent problem can only (as far
as we know) be done perturbatively, e.g., by Floquet-type
expansions [40] or in the classical action picture, which we
will discuss in Sec. III D.

Explicitly, the problem we endeavor to solve is now the
following: [

− 1

2m
∂2

zz + V (z, i∂z, t ) − E0

]
ψ̃ = 0, (16)

where E0 = − 1
2 (κ/m)1/2l2

Bv−2
F σ
2

0 is the (uniform, constant)
energy, with 
2

0 = 1
2 |g(0)|2 φ∗

0φ0, and all the momentum and
time dependence of the problem is now contained in

V (z, i∂z, t ) = −κ

2
z2 + 1

2
l2
Bv−2

F σ (κ/m)1/2 1

2
φ∗

0φ0

× |g(k)|2
k=

[
kx (i∂z )
ky (z)

]ε cos (2�t − 2α0),

(17)

where kx(i∂z ), ky(z) are given by Eqs. (14a) and (14b). Here, ε
is formally a small parameter, which will govern the perturba-
tive expansion of the tunneling dynamics and ultimately will
be taken to be ε → 1.

Notice that in the change of variables given by Eqs.(14), we
introduced the unit parameters m, κ that make Eq. (15) look
intuitive, as they identify as a mass and a spring constant. Such
scales do not appear in the original (static) problem, i.e., they
are basically a “gauge” freedom, so any physical result (in the
static case) should be independent of them—which we will
check below. Meanwhile, the time-dependent problem sets a
unit of time, and we will see below that the value of κ/m
must be fixed in that case, in order for Eq. (16) to describe
the physical hot-spot problem. Even in the time-dependent
problem, κm remains a “gauge” redundancy, i.e., no physical
result depends on it.

D. Perturbative analytical solution and calculation
of the scattering matrix

We now formulate the tunneling problem using the classi-
cal action,

S (E0) =
∫

dt

[
pż − 1

2m
p2 − V (z, p, t ) + E0

]
, (18)

where the time integral is over the Hamilton-Jacobi contour
(see details in Appendix D), and we identified p ≡ i∂z. We
may now employ the tools of semiclassical tunneling through
a time-dependent barrier [41,42], with the notable difference
that V (z, p, t ) is not a potential, strictly speaking, as it de-
pends on position z but also on momentum p. We are now
in a position to evaluate the tunneling parameter ζ , that will
ultimately determine the full scattering matrix S(ζ ) perturba-
tively in ε. Namely, from S = S0 + εS1 + · · · , one obtains
ζ = ζ0 + εζ1 + · · · .

To the zeroth order, one is back to the static problem.
Evaluation of the tunneling coefficient from the action integral
given by Eq. (18) is straightforward and yields [43]

ζ0 = 1

iπ
S0(E0) = l2

Bv−2
F σ
2

0. (19)

To the first order, the precise form of the time-dependent
barrier plays a role, in particular one needs to specify |g(k)|2,
which we recall captures how the effective electron-boson
interaction peaks at the hot spots. For concreteness and
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analytical simplicity, we now assume

|g(k)|2 = ḡ2

1 + (kx/
x )2 + (ky/
y)2
, (20)

where 
x,
y are parameters that set the size of the hot-
spot coupled region and ḡ2 = |g(0)|2 sets the strength of the
coupling. Again, using Eqs. (14) and identifying p ≡ i∂z,
equivalently, this means that Eq. (17) reads

V (z, p, t ) = −κ

2
z2 + εE0

cos (2�t − 2α0)

1 + (z/ξ )2 − (p/mv)2
, (21)

where ξ−1, (mv)−1 are defined in Eqs. (34) and (35).
The simplicity of this form of V (z, p, t ) allows one to

evaluate analytically the action integral to the order ε1; for
details, see Appendix D 3. The result is

εζ1 = ε

iπ
S1(E0)

= ε
σ
2

0 l2
Bv−2

F cos(λ) cosh(�t0)√
[1 + (z�/vt0)2][1 + (z�/ξ )2]

, (22)

where λ is a rather complicated phase that ultimately will
prove unimportant, and z� = √−2E0/κ and t0 = π

√
m/κ are

characteristic quantities of the time-independent tunneling
problem. At this stage, it is easy to check that the quantities
z�/vt0 and z�/ξ appearing in the denominator are independent
of κ, m. Meanwhile, and crucially, cosh(�t0) is not indepen-
dent of κ, m: in the time-dependent problem, the unit of time
t0 appears in physical quantities and needs to be fixed on phys-
ical grounds. One can use the fact that t0, an imaginary time,
identifies as the real time it takes an electron to cross the same
region in the inverted potential: this simply means crossing
the pink hot-spot region in Fig. 2, traveling a distance 2δk =
2
√

δk2
x + δk2

y in momentum space, for an electron obeying
semiclassical dynamics. Since such an electron orbits around
the large FS with the cyclotron period 2π/ωc (where ωc =
eB/m©), the crossing time is t0 = (2δk/2πkF) × (2π/ωc).
This fixes the ratio

(m/κ ) = (t0/π )2 = (1/π )2E−2
F 
2

0 σ 2/ω2
c , (23)

so that all the quantities appearing in Eq. (22) are uniquely
determined in terms of the physical parameters of the system
and of the bosonic amplitudes φ0, φ

∗
0 in the given boson sector

one is working in.
The limit ḡ → 0 provides a good sanity check, implying


2
0 → 0, and Eqs. (19) and (22) yield ζ → 0: when electrons

of the large FS are not coupled to bosons, no tunneling hap-
pens between the hot spots. In the limit lB → 0, similarly,
ζ → 0: when electron wave packets are spread in momentum
space (see Fig. 2) with size l−1

B much larger than the width
of the boson-induced avoided crossing, tunneling between
the hot spots is ineffective. In the limit kF = q of nesting,
σ → ∞ and so ζ → ∞: boson-induced tunneling is then very
effective.

IV. ORBIT QUANTIZATION AND PHYSICAL
CONSEQUENCES

A. Formula for the scattering matrix

We still work with ζ ≈ ζ0 + ζ1 (having restored ε → 1)
within a given bosonic sector, i.e., for fixed values of φ∗

0 , φ0.
At each tunneling junction (i.e., hot-spot pair), the scattering
matrix S(ζ ) relates incoming and outgoing wave-function
amplitudes a±

L/R (see schematic in Fig. 2) according to the
tunneling formula (

a−
R

a−
L

)
= S

(
a+

R

a+
L

)
, (24)

where “+” means incoming, “−” means outgoing, and R/L
means that the semiclassical trajectory is deviating to the
right/left at the avoided crossing. The scattering matrix for the
problem defined by Eq. (15) (which we generalize here to its
time-dependent counterpart) is known [39,44–47] and reads

S(ζ ) =
(√

1 − ρ2eiω −eiδρ

e−iδρ
√

1 − ρ2e−iω

)
. (25)

Here, ρ = e−πζ is the tunneling real amplitude, and ω = ζ −
ζ ln ζ + π/4 + arg[Γ(iζ )], where Γ is Euler’s gamma func-

tion, with limits ω
ζ→0→ −π/4 and ω

ζ→∞→ 0. In general, δ is
a relative phase between electronic wave functions in differ-
ent bands or pockets, that can be fixed arbitrarily since all
physical results are independent of this choice. Here, it is still
possible to effectively define two “bands” [see Fig. 2(b)] and
we fix δ = −π/2 so as to match the intuition from quantum-
mechanical tunneling [48] that each tunneling event comes
with probability ρ2 and a phase factor i.

B. Thermal average over bosonic fluctuations

At this stage, ζ still depends on the bosonic amplitudes
φ0, φ

∗
0 . Tunneling characteristic quantities now need to be

averaged over bosonic fluctuations, which at the saddle point
means over φ0, φ

∗
0 . Equivalently, this is averaging over the

phase α0 (which can be done at zero temperature) and over the
bosonic number ν0 = φ∗

0φ0 at a finite temperature T . Details
are provided in Appendix E.

Explicitly, we perform the thermal average over bosonic
fields in the following way:

〈•〉 = 1

Z

∫
dα0

2π

∞∑
ν0=0

e−ν0�/T •, (26)

with Z = (1 − e−�/T )−1 the bosonic partition function. In
particular, one obtains the tunneling probability 1 − 〈ρ2〉,

〈ρ2〉 = 〈e−2πζ 〉 = 1

Z

∞∑
ν0=0

e−ν0�/T e−2π l2
Bv−2

F σ
2
0

× I0

(
2π l2

Bv−2
F σ
2

0 cosh(�t0)√
[1 + (z�/vt0)2][1 + (z�/ξ )2]

)
,

(27)

where I0 is the zeroth modified Bessel function. We also recall
that 
2

0 = 1
2 ḡ2ν0 and that, in the second line of Eq. (27), t0,
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FIG. 3. Summary of wave-function amplitudes at several points
of the FS, and of phase factors accumulated along semiclassical
paths. The red and blue semicircles belong to a single large circular
FS. The “≈”, “≈”, and “‖” indicate (wave-function) periodicity
along the physical FS. Dotted lines are in the hot-spot regions.
Factors eiϑ , eiϕ/2 are the phases acquired by electrons along the
corresponding semiclassical paths.

z�/vt0, and z�/ξ all depend on 
0. In the limit T → 0, Eq.
(27) gives 〈ρ2〉 → 1: when bosonic states are not populated,
no tunneling happens.

At this stage, a discussion of the validity of our first-
order S = S0 + εS1 + · · · perturbative expansion developed
in Sec. III D, and of the convergence of the sum in Eq. (27), is
in order; see Appendix E 2 for details.

C. Connection formula

At the core of the semiclassical picture is the existence
of unambiguous electronic trajectories and energy levels,
and their correspondence. Clearly, the right panel of Fig. 1
is only a cartoon, but our semiclassical treatment of dy-
namical magnetic breakdown allows such an unambiguous
characterization, determined through a connection formula
[44–47,49,50].

We briefly come back to the picture before thermal aver-
aging, where ζ is fixed and tunneling at the hot spots is fully
described by S(ζ ), given by Eq. (25). Then, electronic wave
functions are constrained to be eigenmodes of the semiclassi-
cal dynamics, whereby electrons travel along the semiclassical
paths shown in Fig. 3 acquiring phases ϑ or ϕ (including
Maslov phases [51,52]). Their amplitudes ai, āi(i = 1 . . . 8)
are connected at the hot-spot regions through relations such
as Eq. (24).

Thus, looking for “standing waves” of the “circuit” de-
picted in Fig. 3, one can obtain a connection formula that
precisely determines the semiclassical phases ϑ, ϕ and, equiv-
alently, via Bohr-Sommerfeld quantization, the semiclassical
energy levels. Details of the derivation are provided in
Appendix F. The resulting connection formula is

0 = Fρ,ω(ϑ, ϕ), (28)

where

Fρ,ω(ϑ, ϕ) ≡ sin(2ϑ + 2ϕ) − 2(1 − ρ2) sin(2ϕ − 2ω)

+ 4ρ2
√

1 − ρ2 sin(ϑ + ω)

− (1 − ρ2)2 sin(2ϑ − 2ϕ + 2ω). (29)

This fixes, as a function of ζ (through ρ, ω), the ener-
gies and trajectories in momentum space of the semiclassical
orbits, from which the amplitude of magneto-oscillations
will be obtained (see Sec. IV D below). One can check that
this formula matches intuition in limit cases—separating the
Maslov phases from other semiclassical phases via ϕ = ϕcl −
π/4, ϑ = ϑcl − π/2:

(i) In the limit ζ → ∞, the connection formula
reads [cos(2ϑ ) − 1] sin(2ϕ) = 0, with solutions 4ϕcl ≡
π [2π ] or 2ϑcl ≡ π [2π ]. This quantizes the reconstructed
orbits, enclosing areas S() and S�.

(ii) In the limit ζ → 0, the connection formula reads
sin(2ϑ + 2ϕ) = 0, with solutions 4ϕcl + 4ϑcl ≡ π [2π ]. This
quantizes the orbits around the original large FS, enclosing
area S©.

Because ζ in the present case is ultimately a fluctuating
quantity, the quantization condition given by Eq. (29) will
need to be thermally averaged over bosonic fields φ0, φ

∗
0 . In

principle, this will generate a thermal damping of quantum os-
cillations, following Shoenberg’s phase-smearing arguments
[2], if thermal fluctuations of the phases ϑ, ϕ solutions of
Eq. (28) become of the order of π . It is possible, however,
to show that no significant damping is generated this way in
general; see Appendix E 3.

D. QOs and their temperature dependence

In the absence of any electron-boson scattering, the only
magneto-oscillation corresponds to the quantization of orbits
around the full circular FS, with a large frequency S©/e (e
the electron charge) and a temperature dependence obeying
the standard Lifshitz-Kosevich law with the effective mass
m© = k2

F/2EF. Once electron-boson scattering is switched on,
dynamical magnetic breakdown orbits become available, in
particular those with frequencies S()/e and S�/e, where the
areas S(), S� are identified in Fig. 1 and expressed in Eqs. (36)
and (37).

Their amplitude does not reduce to the corresponding
Lifshitz-Kosevich law, with effective mass

m∗ = (2π )−1 ∂S∗/∂EF, (30)

for ∗ = (),�,©. Instead, this must be multiplied with a
probability weight given by the thermal-averaged Chambers-
Falicov formula [53,54], P() = 〈1 − ρ2〉, P� = 〈(1 − ρ2)2〉,
and P© = 〈ρ8〉, for the orbits enclosing area S(), S�, and
S©, respectively. Crucially, because such an average [for in-
stance, 〈ρ2〉 as given by Eq. (27)] depends on temperature,
magneto-oscillations have a non-Lifshitz-Kosevich behavior.
In particular, the dynamical magnetic breakdown frequen-
cies S()/e and S�/e display a thermal activation behavior at
low temperature. The (normalized) amplitudes of magneto-
oscillations for each frequency,

A∗(T ) = R[m∗]
LK (T ) P∗(T ), (31a)

R[m∗]
LK (T ) = 2π2l2

BT m∗
sinh

(
2π2l2

BT m∗
) , (31b)

for ∗ = (),�,©, are plotted in the left panel of Fig. 4. Note
that Eq. (31) omits the standard Dingle factors [2], which are
not our concern here.
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FIG. 4. Left: The temperature dependence of the QO amplitudes
A∗(T ) for ∗ = (), �,© does not obey the Lifshitz-Kosevich depen-
dence, i.e., R[m∗]

LK (T ), defined from Eq. (31). Right: Evolution of the
curves A©(T ), A()(T ) for decreasing � ∈ [0.02, 0.2]. The dashed
curves are in the limits � → ∞ (for A©) and � → 0 (for A()), and
equate the corresponding dashed curves in the left panel. Note that
here, �, m� are treated as independent from B, T . The parameter
values used to generate the figure are given in Table I.

The key finding of our work is that new semiclassical orbits
are dynamically allowed by a boson retaining a finite-energy
gap �, and thus, before it condenses leading to long-range
density order. This dynamical magnetic breakdown effect is
manifest through the QO amplitude dependence on �. A
smaller bosonic energy � increases the thermal population of
bosonic states, thereby enhancing the scattering between hot-
spot pairs. This reduces the amplitude of QOs at the original
frequency S©/e, while increasing the amplitude of scattering-
allowed orbits with corresponding frequencies S()/e, S�/e,
among others. This behavior is illustrated in the right panel
of Fig. 4, focusing on A©(T ) and A()(T ).

Note that here, the only effect of temperature we consider
is that it determines the thermal population of bosonic states.
We do not include in Eq. (31) its effects on other parameters
of the model itself, such as ḡ or �. In particular, at lower T ,
one expects an ordering transition corresponding to the boson
condensing, not included here—it can also be that several
orders are competing and that another boson than Eq. (6)’s φ

actually condenses first. For a realistic modeling of concrete
systems, such effects should be taken into account, along with
other parameter dependencies, especially when varying the
magnetic field (which can also trigger phase transitions).

E. Discussion

The extra tunneling probability factors P∗(T ) appearing in
Eq. (31), which cause the deviations from Lifshitz-Kosevich
behavior visible in Fig. 4, are equivalent in the high-
temperature limit to a mass renormalization effect. Namely,
stronger bosonic fluctuations appear as increasing the mass

TABLE I. Parameter values used for the numerical evaluations
plotted in Fig. 4, unless stated otherwise.

a kF lB m© � ḡ 
x 
y

1.0 2.75 10 0.01 0.1 10 0.2 0.2

of the original (S©) orbit and as decreasing the mass of the
reconstructed (S(), S�) orbits. Such an effect of effective mass
enhancement when approaching criticality was indeed found
experimentally in underdoped YBa2Cu3O6+x [55]. Of course,
for a quantitative comparison, the interaction effects away
from the hot spots, which renormalize the effective mass and
the Dingle factor, should also be included. In addition, the
temperature dependence we find in Fig. 4 only appears as
a mass renormalization at higher temperatures and it would
be worthwhile to look for the predicted deviations at lower
temperatures.

From a theory standpoint, the fact that electron-boson
interactions can yield nontrivial temperature dependence is
unusual. Indeed, early works on the electron-phonon coupling
[26,27] showed that the temperature behavior of Onsager
QOs, when interactions are included perturbatively, remains
of Lifshitz-Kosevich type, only with a renormalized mass.
This (Fowler-Prange) theorem is linked to a fundamental
Fermi-liquid property, the “first Matsubara frequency rule”
[56]—deviations from this behavior are found in non-Fermi
liquids [57], which is not the case we consider here. Instead,
the magnetic breakdown scenario we discuss here relies on
the formation of new semiclassical electron trajectories. These
correspond to a global rearrangement of Landau levels that
presumably cannot be achieved in a perturbative treatment,
as it results from an all-to-all hybridization of the Landau
levels. Our semiclassical treatment, albeit limited to coher-
ent enough bosonic fluctuations and small enough hot-spot
regions without any interaction effects outside, allows one to
overcome this difficulty. The Fowler-Prange theorem, on the
other hand, only applies to the original semiclassical orbits
and perturbations thereof due to interactions; therefore, it
misses nonperturbative effects such as the appearance of new
semiclassical paths.

We stress that the emergence of new well-defined semi-
classical orbits relies on the existence of sharp hot spots.
Were the interacting regions more extended, with broad
momentum-dependent features, no sharply defined semiclas-
sical paths could be defined except that enclosing S©. In other
words, the semiclassical phases ϑ, ϕ themselves would have
to be treated as fluctuating variables (see, in that respect,
Appendix E 3), and since these determine the reconstructed
Landau-level energies via Bohr-Sommerfeld quantization and
Eq. (28), this would necessarily damp out the amplitudes of
reconstructed orbits per Shoenberg’s argument [2].

V. CONCLUSION

In this paper, we have shown that when a large Fermi
surface is coupled to bosonic near-critical fluctuations, with
interactions concentrated near a set of hot spots, “recon-
structed” QO frequencies appear even without assuming
condensation of the boson, i.e., without a nonzero order pa-
rameter of an underlying long-range density wave order. To
show this, we used a semiclassical saddle-point approach,
treating the electron-boson interaction as an effective time-
dependent tunneling event at the hot spots. Because the
bosonic field in our theory remains fluctuating, the tunnel-
ing probabilities (that determine the magnetic breakdown
QO amplitudes) depend on the thermal activation of bosonic
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excitations and acquire unusual temperature dependences. In-
terestingly, the original large frequency orbit also acquires a
non-Lifshitz-Kosevich (non-LK) temperature decay because
of hot-spot scattering.

Our predictions, both of the possibility of such “recon-
structed” QOs in the normal metallic state and of their
non-Lifshitz-Kosevich behavior, rely on the presence of
sharply defined hot spots where electron-boson interactions
are concentrated. The semiclassical method we used, albeit
approximate, allows one to address the problem of QOs in
strongly interacting settings, including phenomena such as
orbit reconstruction that are nonperturbative in the basis of
Landau levels. As a natural extension beyond QOs, it would
be interesting to investigate signatures of Berry phases, e.g.,
the anomalous Hall effect (as a FS property [58]), and how
they differ in the reconstruction vs the dynamical magnetic
breakdown scenario.

On the experimental side, the observation of new QO
frequencies have been taken as a sign of reconstructed FS
from long-range order. Our results show that the reconstructed
frequencies may appear prior to the transition and can be
distinguished via their distinct temperature dependence. An
observation of a suppressed amplitude, with an activated
behavior set by the boson gap (before the latter closes at
a thermal phase transition), would help to refine the phase
diagram of quantum critical metals and quantify their scat-
tering properties. For example, a controlled tuning of the
boson gap, e.g., by pressure, would allow one to extract
the electron-boson scattering strength. Beyond parent phases
of high-temperature superconductors, nesting-driven density
wave transitions have also been discussed for heavy fermion
systems such as URu2Si2 [16,17]. There, the reduced energy
(temperature) scales and tunability of the phase diagram with
nonthermal knobs such as pressure should be ideally suited
for a controlled study of scattering-induced QOs.

Looking forward, our semiclassical treatment gives access
to other magnetic-field-dependent physical properties, that
also rely on semiclassical orbits, such as weak localization
effects. In particular, because hot-spot scattering enables new
paths that break spatial symmetries (ultimately resulting in
highly anisotropic reconstructed Fermi pockets), signatures
will be found in direction-dependent quantities, e.g., angle-
dependent magnetoresistance or the anomalous skin effect.
Our description also extends to 3D models, so that the effects
of an in-plane field component can also be investigated. There,
the hot region becomes a one-dimensional manifold that in-
tersects with extremal electron orbits (defined for a given field
orientation) at a discrete set of points. In general, despite the
fact that these points indeed belong to an extremal orbit, their
translation by the ordering vector does not necessarily belong
to any, and therefore QOs from such reconstructed but nonex-
tremal orbits will be suppressed. However, for some specific
field orientations, a large number of orbits qualify as extremal:
this defines the Yamaji angle [59]. In such a situation, our
theory again applies. Notably, there has been recent interest
in the Yamaji effect in underdoped cuprates [60,61] that could
also be discussed in the magnetic breakdown framework we
established here. In addition, it would also be interesting
to investigate signatures of open trajectories that have been

predicted to appear in Shubnikov–de Haas oscillations [62]
including in (strongly) interacting settings, possibly including
Stueckelberg intereferences in the magnetoresistance.

Finally, we note that because Luttinger’s theorem at a given
doping p fixes the area S©, simply by geometry it also im-
poses the relation

4S() − 2S� = p, (32)

which, together with Eq. (37), fixes the areas S() and S�,
regardless of whether the boson condenses, i.e., even in the
nonreconstructed scenario. In other words, the QOs arising
from dynamical magnetic breakdown that we discussed here
obey the same Luttinger counting as per FS reconstruction.
Under which realistic circumstances QO frequencies violating
Luttinger’s count can appear is an exciting question for future
research.

VI. EXPLICIT EXPRESSIONS

Here we gather explicit expressions of quantities appearing
in the main text:

σ = 2/
√

(q/kF)2[1 − (q/kF)2], (33)

ξ−1 = l−1
B 
−1

y (mκ )1/4
(
k2

F/q2 − 1
)−1/4

, (34)

(mv)−1 = l−1
B 
−1

x (mκ )−1/4
(
k2

F/q2 − 1
)1/4

, (35)

S() = 2k2
F arccos(q/kF) − 2

√
k2

Fq2 − q4, (36)

S� = 2π2/a2 − πk2
F + 2S(). (37)
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APPENDIX A: PERTURBATIVE DERIVATION
OF THE EFFECTIVE LOW-ENERGY THEORY

1. Renormalized interaction vertex

We start from the interaction Eq. (2) in the main text and we
assume that the boson bq disperses around Q = (π/a, π/a).

245132-8



DYNAMICAL MAGNETIC BREAKDOWN AND QUANTUM … PHYSICAL REVIEW B 113, 245132 (2026)

FIG. 5. Diagrammatic summary of the vertex correction equation.

Our goal here is to obain an effective low-energy theory, valid
around the hot-spot pairs.

The bosonic dispersion does not appear in the bare cou-
pling g(0)

q of Eq. (2); however, it will affect the renormalized
coupling that can be obtained from vertex corrections to
the interaction term. After performing such corrections, the
coupling becomes effectively energy dependent, so in the
following, we will use combined notations k = (k, ikn) for
fermions [with kn = (2n + 1)πT ] and q = (q, iqn) for bosons
(with qn = 2nπT ).

The vertex correction equation (see, e.g., [37]) is repre-
sented diagrammatically in Fig. 5, and its expansion to the
first perturbative order reads

�(k, q) = �(0)(k, q) + �(1)(k, q) + · · · , (A1)

where �(0)(k, q) = g(0)
q is the bare electron-boson vertex and

�(1)(k, q) = −g(0)
q

∫
p

∣∣g(0)
p

∣∣2
G0(k + p + q) G0(k + p) D0(p)

(A2)

= −g(0)
q

∫
p

∣∣g(0)
p

∣∣2 ∑
ς=±

nB(ςωp)

× G0(k + p + q, ikn + iqn + ςωp)

× G0(k + p, ikn + ςωp). (A3)

Here we used the usual notations G0(k) = G0(k, ikn) =
1/[ikn − εk] and D0(p) = 1/[(ipn)2 − ω2

p] for the bare
fermionic and bosonic propagators, and in going to the second
line, one performed the summation over bosonic ipn.

Following, e.g., Ref. [31], we now ask where the domi-
nant contributions to Eq. (A2) come from, in the low-energy
limit where ikn → 0, iqn → 0. Clearly, the integrand becomes
large for vanishing denominators: this means that the integral
is dominated by those regions where εk+q+p ≈ ±ωp ≈ εk+p.
Meanwhile, the factor nB(±ωp) selects regions where the
boson energy ωp is small (so p ≈ Q), which implies that the
fermionic momenta k + q + p and k + p sit close to the Fermi
surface.

Here, we cannot a priori assume anything about the exter-
nal boson at q since the bare coupling g(0)

q does not impose
any strong constraints a priori; meanwhile, we are focusing
on external fermionic momenta k, k + q that also sit near
the Fermi surface. Together with the above, this implies that
actually both k and k + q are located near the hot spots (see
Fig. 1). In other words, the vertex correction �(1)(k, q) at low
energy is dominated by fermionic momenta k near the hot
spots and by bosonic momenta q connecting two hot spots.
Further restricting our study to external bosonic lines with
small energies ωq, so that q ≈ Q, we can make a stronger
statement: the low-energy vertex correction is dominated by
fermionic momenta k, k + q sitting each near a hot spot be-
longing to the same pair.

2. Effective low-energy Hamiltonian

Ultimately, the above perturbative derivation in Ap-
pendix A 1 serves as a plausibility argument for writing a
low-energy Hamiltonian that focuses on the hot-spot physics.
We now assume a vertex-renormalized H (0)

int → Hvr
int,

Hvr
int =

∫
k,q′

g̃(k, q′) c†
k+Q+q′ bQ+q′ck + H.c., (A4)

where, based on Appendix A 1, we assume that g̃(k, q′) is
peaked with respect to both of its arguments, around q′ ≈ 0
and crucially around momenta k that are close to a hot spot.

Because of the latter property, it is possible to write an
effective theory focusing only on regions near the hot spots,
effectively rewriting Hvr

int → Hhs
int, where

Hhs
int =

∫
q′

∑
K∈HS

∫ ′

k′
g̃(K + k′, q′) bQ+q′

× c†
K+k′+Q+q′ cK+k′ + H.c., (A5)

where
∫ ′

k′ means that one integrates over small values of k′

contained within a patch around the origin—there is no need
to explicitly specify a cutoff because the factor g̃(K + k′, q′)
is peaked at small values of k′ anyway.

The fact that g̃(k, q′) is peaked near q′ ≈ 0, as argued in
Appendix A 1, was inherited through vertex renormalization
from the assumption that the boson mode disperses sharply
around momentum Q. At this stage, it is no longer strictly
necessary to keep track of the momentum dependence of the
bosonic field and, for the sake of simplicity, we perform the
replacement

g̃(K + k′, q′) bQ+q′ → g(K + k′) φ δ(q′), (A6)

where g(k) ≡ ∫
q′ g̃(k, q′) and φ is a single bosonic field that

summarizes the bosonic fluctuations near q ≈ Q. Physically,
this is reasonable provided that the bosons bq at different
momenta near q ≈ Q have similar dynamics, which indeed
is approximately satisfied in the case we consider here where
the bosonic dispersion has an energy gap. The boson’s dy-
namics is now simply that of a single harmonic oscillator,
Hφ = � φ̄φ, with � an effective energy identifying approx-
imately with the original boson gap. As for its coupling to
the fermions, one thus has obtained Hhs

int → Hint as given in
Eq. (5) in the main text.

APPENDIX B: SADDLE-POINT APPROXIMATION

Here we discuss in more detail the saddle-point approx-
imation that allows one to go from Eq. (6) to Eq. (7) in
the main text. Importantly, this goes beyond what is usually
called the saddle-point approximation, where the bosonic field
is assumed to condense to a finite value (thus becoming a
mere number): here the bosonic field retains some low-lying
fluctuations. In other words, this is a more general saddle-
point approximation where the saddle-point manifold is still
degenerate (and consists of time-dependent functions), so that
the average of the boson field is still zero.
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Let us start from the full system’s generating functional,

Z[Jφ̄ , Jφ, Jψ̄ , Jψ ] =
∫

D[φ̄, φ]D[ψ̄, ψ]

× eiS f [ψ̄,ψ]+iSb[φ̄,φ]+iSint [ψ̄,ψ,φ̄,φ]

× ei
∫

(Jφ̄ φ̄+Jφφ+Jψ̄ ψ̄+Jψψ ), (B1)

where the free fermionic action S f = ∫
dt L f (t ) is given in

Eq. (6), the free bosonic action is Sb[φ̄, φ] = ∫
dt (iφ̄∂tφ −

� φ̄φ), and Sint is the interaction part of the action (that need
not be specified yet).

One can rewrite Eq. (B1) as

Z[Jφ̄ , Jφ, Jψ̄ , Jψ ] =
∫

D[φ̄, φ] eiSbei
∫

(Jφ̄ φ̄+Jφφ) z[φ̄,φ][Jψ̄ , Jψ ],

(B2)

z[φ̄,φ][Jψ̄ , Jψ ] =
∫

D[ψ̄, ψ] eiS f [ψ̄,ψ] eiSint [ψ̄,ψ,φ̄,φ]

× ei
∫

(Jψ̄ ψ̄+Jψψ ). (B3)

Here we will focus on fermionic dynamical properties, so
it is sufficient to look at Z[Jψ̄ , Jψ ] ≡ Z[0, 0, Jψ̄ , Jψ ]. The
free-boson equations of motion are i∂tφ − �φ = 0 and i∂t φ̄ +
�φ̄ = 0. There exists only one static solution to these free
equations of motion:2 φ(t ) = 0 = φ̄(t ). Meanwhile, there are
time-dependent solutions to these free equations of motion,
namely, φsp(t ) = φ0 e−i�t and φ̄sp(t ) = φ̄0 e+i�t . While statis-
tical properties of the system (given by the partition function,
which is the analytic continuation to imaginary times of
Z[0, 0, 0, 0]) are dominated by the static solutions, dynamical
properties are also dominated by these time-dependent saddle-
point solutions. Here we use “dominated” in the usual sense
that when written explicitly in the basis of Fourier modes of
the boson field,

Z[Jψ̄ , Jψ ] =
∫ ∏

ω∈R

dφ̄ωdφω

2π i
z[φ̄,φ][Jψ̄ , Jψ ]

× exp

{
i
∑
ω∈R

φ̄ω−�(ω − �)φω−�

}
(B4)

gets nonoscillatory (and thus dominant) contributions from
the ω − � = 0 zero mode, i.e., the saddle-point solution. We
now perform a saddle-point approximation, which amounts
to averaging the effect of transverse (i.e., ω �= �) bosonic
fluctuations to obtain an effective generating functional for the
fermions where only fluctuations within the saddle-point man-
ifold are retained. That is to say, effective fermionic dynamics
will be computed as

Z[Jψ̄ , Jψ ] ≈
∫

dφ̄0dφ0

2π i
zeff

(φ̄0,φ0 )[Jψ̄ , Jψ ], (B5)

2This is the analytic continuation to real times of the only solution
to the imaginary-time equations of motion that satisfies the Matsub-
ara periodicity conditions.

with the saddle-point reduced generator,

zeff
(φ̄0,φ0 )[Jψ̄ , Jψ ] =

∫
D[ψ̄, ψ] eiS f [ψ̄,ψ] ei

∫
(Jψ̄ ψ̄+Jψψ )

× eiSint [ψ̄ (t ),ψ (t ),φ̄0 e+i�t ,φ0 e−i�t ]. (B6)

For the particular case of Sint = − ∫
dt Hint given by Eq. (5),

the latter phase factor identifies as e−i
∫

dtVeff with

Veff = 1

2

∑
K∈HS

∫ ′

k
ψ̄K (k) σ x
(k, t ) ψK (k), (B7)

with 
(k, t ) given by Eq. (9).
Even at this final stage, the bosonic field is not assumed to

condense, and indeed averages out to zero, since in Eq. (B6)
one still performs the average over zero-mode amplitudes
(φ̄0, φ0). The latter averaging will be performed eventually to
access Z[Jψ̄ , Jψ ]; meanwhile, in a given (φ̄0, φ0) sector, one
only needs to study the effective physics of Eq. (7).

APPENDIX C: DERIVATION OF THE EFFECTIVE
TUNNELING GEOMETRY AND DYNAMICS

1. Geometry of the FS and crossing points

The geometry of the problem given by Eq .(B6) is the same
as that of the Fermi-surface reconstruction problem, where
one considers two intersecting Fermi surfaces, one of which is
obtained by folding the other due to unit-cell doubling, so that
their centers are separated by 2q = √

2π/a. For simplicity, we
initially consider a circular FS with parabolic dispersion and
mass m©. Then the two “band” energies are

ε±(k) = 1

2m©

[
(kx ∓ q)2 + k2

y

]
, (C1)

where locally, within this Appendix, we use the axes’ orienta-
tion as in Fig. 2 (left).

The Fermi surfaces cross at coordinates kx = 0 and ky

given by

ε±|kx=0 = EF ⇔ ky = ±′
√

k2
F − q2, (C2)

where kF = 2m©EF. Let us also notice that
1
2 (ε+ − ε−) = −kxq/m©, (C3a)

1
2 (ε+ + ε−) = (k2 + q2)/2m©. (C3b)

Now we include the coupling between the two FSs such as
worked out in Eq. (8), which going back to notations in the
full Brillouin zone means we are considering the following
two-by-two Hamiltonian matrix:

Ĥk = k2 + q2

2m©
1 − kxq

m©
σ z + 
(k)σ x, (C4)

where it is implicit that we consider a snapshot at a given fixed
time t and for fixed values of φ̄0, φ0, and that the effect of

(k) will be negligible in any case away from the hot spots
(i.e., crossing points), as can be read off from the eigenvalues
of Ĥk, which are

E±(k) = k2 + q2

2m©
±

√
(kxq/m©)2 + 
(k)2. (C5)
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Now we endeavor to determine the geometric parameters
of the gap, given by Eqs. (11) and depicted in Fig. 2. For this,
one needs to solve

E±
∣∣
kx=0 = EF ⇔ ky = ±′

√
2m©(EF ∓ 
) − q2, (C6)

which allows one (by taking the difference between two ±
solutions at fixed ±′, then expanding to leading order in 
)
to obtain δky, given by Eq. (11b). Now we can use the fact
that locally, near the crossing point, the two circular Fermi
surfaces asymptotically become straight lines whose slope is
both δkx/δky (see Fig. 2) and

√
(kF/q)2 − 1. This determines

δkx, given by Eq. (11a). One can note that the FS geometry
near the crossing point is described by a conic equation,

k2
x /δk2

x − k2
y /δk2

y = −1. (C7)

This will be useful below in Appendix C 2.

2. Coordinate mappings in a magnetic field

We now consider a neighborhood of one crossing point and
redefine coordinates k to originate at the crossing. Instead of
the two-band Hamiltonian Heff , we will start by considering a
single-band saddle dispersion,

H sb
eff (k) = k2

x /2mx − k2
y /2my, (C8)

with yet unspecified parameters mx, my. Notice that by choos-
ing the ratio mx/my = (δkx/δky)2, the iso-energy curve H sb

eff =
E at the energy E = 1

2δkxδky/(mxmy)1/2 has precisely the form
of Eq. (C7): we will use this correspondence below.

For now, we come back to Eq. (D7) and switch on a mag-
netic field, which is done in the Landau gauge by transforming
kx → kx − y/l2

B in the Hamiltonian, thereby transforming
H sb

eff → H̄ sb
eff . The Schrödinger equation, H̄ sb

effψ = Eψ , upon
redefinition, ψ̃ = e−ikxkyψ , as mentioned in the main text, and
recalling y = −i∂ky , reads(

− l−4
B

2mx
∂2

ky
− 1

2my
k2

y − E
)

ψ̃ = 0. (C9)

This equation is that of a one-dimensional tunneling problem,
which may be addressed in two different ways: one which we
explain in the following Appendix D and in the main text, and
the other one which we discuss here. One then performs the
change of variables,

ky = eiπ/4

√
2lB

[
my

mx

] 1
4

r = eiπ/4

√
2lB

√
δky/δkx r, (C10)

which, together with y = −i∂ky playing the same role as
l2
Bkx, is equivalent to Eqs. (14) in the main text. This recasts

Eq. (C9) into the form of Weber’s differential equation,(
∂2

rr − 1

4
r2 + iμ

)
ψ̃ = 0, (C11)

with μ = √
mxmy l2

BE = 1
2 l2

Bδkxδky. The asymptotic form of
the solutions of Eq. (C11) is known and allows one to de-
termine the scattering matrix associated with this tunneling
problem [63,64].

Now, how does the single-band H sb
eff in Eq. (D7) relate to

the two-band Heff at the crossing point? Performing on Heff

the same analysis as above, one finds [63,64] that similarly,
the problem amounts to two differential equations for two
functions, ψ̃l , l = 1, 2, which are of the Weber form,[

∂2
rr − r2

4
− (−1)l 1

2
+ iμ

]
ψ̃l = 0. (C12)

The (−1)l 1
2 extra term, different in both equations, is a spe-

cific feature of the two-band problem. The asymptotic form
of the solutions is again known and determines the scattering
matrix, which is Eq. (25). Crucially, while this is not the same
S(μ) as in the single-band problem, the parameter μ itself
is rigorously the same. In this paper, we are concerned with
determining the tunneling parameter ζ in a generalized setting
where the “band crossing” is now governed by a fluctuating
bosonic field, but the algebraic structure of the tunneling
problem [and thus the form of S(ζ )] is unchanged. Therefore,
we will be using S(ζ ) from Eq. (25) together with a value
of ζ determined by a different method, more adapted to our
problem at hand.

It will be useful, for the action integral method described in
Appendix D, to define the new variable z = eiπ/4(4mκ )−1/4r
and parameter E = − 1

2 (κ/m)1/2μ (note that this has nothing
to do with E above), where m, κ are unspecified parameters
whose role is purely pedagogical, as also explained in the
main text. With these replacements, the single-band equa-
tion (C11) is recast into[

− 1

2m
∂2

zz − κ

2
z2 − E

]
ψ̃ = 0, (C13)

which is the equation of motion for tunneling of a spinless
particle with mass m through an inverted parabola V (z) =
− 1

2κz2, at fixed energy E < 0. We stress that Eq. (C13) is
a collection of problems, one for each value of E . Our initial
problem, of magnetic breakdown of electrons at an avoided
crossing with geometric parameters δkx, δky, corresponds to
just one problem in the collection, namely, that at energy
E = − 1

4 (κ/m)1/2l2
Bδkxδky. We will check this explicitly in the

next Appendix.

APPENDIX D: ACTION INTEGRAL FORMULATION
OF THE EFFECTIVE TUNNELING PROBLEM

1. Formalism for a general tunneling problem

This Appendix reproduces well-known results; see, e.g.,
Refs. [39,42,48]. The classical Hamilton-Jacobi action for a
particle evolving in two-dimensional phase space (z, p), in an
arbitrary potential V (z), following Hamiltonian evolution with
fixed energy E , is

S (E ) =
∫
C<+C>

dt

[
pż − 1

2
mż2 − V (z) + E

]
. (D1)

The forward and backward time contours C<, C> are depicted
in Fig. 6 and described in detail below—they are defined as
those contours in the complex plane t ∈ C along which the
Hamilton-Jacobi equation is satisfied (for a given boundary
condition).

We consider tunneling through a barrier symmetric around
position z = 0, with classical turning points z± ≡ ±z� defined
by V (z±) = E . Let us choose an arbitrary origin at position

245132-11



LÉO MANGEOLLE AND JOHANNES KNOLLE PHYSICAL REVIEW B 113, 245132 (2026)

FIG. 6. Complex time evolution along the contours C< (forward)
and C> (backward).

z0 < z− located well before the barrier, so that at the level of
the classical equations of motion,

p = m
dz

dt
=

√
2m[E − V (z)] (D2a)

⇔ t (z) =
∫ z

z0

dz′/
√

2[E − V (z′)]/m, (D2b)

which defines t (z) as the (complex) time it takes to reach
position z starting from z0, following the classical equations of
motion. In particular, let us note t� = t (z�). The forward time
contour C<, as depicted in Fig. 6, can be determined as fol-
lows. For z � z−, time is t � t� ∈ R. Between z− � z � z+,
time flows along the imaginary direction, from t� to t� − iτ0,
defined by

τ0 =
∫ z+

z−
dz′/

√
2[V (z′) − E ]/m. (D3)

For z � z+, time is t − iτ0, t � t� ∈ R. The backward time
contour C> can be determined in a similar fashion: see Fig. 6.
Computing the classical action (henceforth denoted S0), only
the integral along the imaginary axis does not vanish,

S0 =
∫ t�−iτ0

t�+iτ0

dt mż2 = 2i
∫ z+

z−
dz

√
2m[V (z) − E ]. (D4)

The transmission coefficient is then e−πμ ≡ eiS0 , which
defines μ for any (static) tunneling problem at a given
energy E .

2. Specifically for an inverted parabola

In the specific case of an inverted parabolic potential
V (z) = − 1

2κz2, at negative energies E < 0, tunneling hap-
pens between points z± = ±z� where z� = √−2E/κ . Then
one can explicitly compute, using Eq. (D4), μ = z2

�

√
κm. In

other words, this relates the energy E to the static tunneling
parameter μ as

E = − 1
2κz2

� = − 1
2 (κ/m)1/2μ, (D5)

in full consistency with the relation given about Eq. (C13).
This means that the tunneling parameter μ, as obtained in
the action integral formalism, is indeed the same as that
appearing in the different language of Weber’s differential
equation (C13). We note that it is also straightforward to
explicitly compute, using Eq. (D3), the tunneling time τ0 =
π (m/κ )1/2, whence the relation S0 = −2iEτ0 which illus-
trates very clearly that only the tunneling event contributes
to the action.

We finally note, for later use, the solution to the classical
equations of motion, z̈ = (κ/m)z, along the forward contour
C<:

z(t ) = z0 cosh[
√

κ/m(t − t0)] (D6a)

= −z� cosh[
√

κ/m(t − t�)]. (D6b)

In addition to z(t�) = −z�, one can also check z(t� − iτ0) =
−z� cosh(−iπ ) = +z�, as it should.

3. Case of a time-dependent Lagrangian

We now consider the case described in Eq. (21) where the
potential V (z) is generalized to a time-dependent Lagrangian,
V (z, p, t ) = V0(z) + εV1(z, p, t ), with deviations from the
static potential case treated as a small perturbation. The case
with a t dependence but without a p dependence was investi-
gated in Ref. [41]: we generalize their analysis here.

There will be two modifications in the action given by
Eq. (D1) arising from the new contribution εV1(z, p, t ) to the
particle’s Lagrangian:

(i) The time contours C<, C>, in particular the turning
points z±, and the definition of the conjugate momentum
p = ∂L/∂ ż will change.

(ii) There is a completely new term in the action,

S1(E ) = −ε

∫
C<+C>

dt V1(z, p, t ), (D7)

where, to the order ε1, it is sufficient to keep the static
problem’s time contours C<, C> and phase-space coordinates
z(t ), p(t ).

The former effect is usually neglected [42], which we will
also do here, focusing on the latter contribution. We thus want
to compute

εS1 = −εE0

∫
C<+C>

dt
cos (2�t − 2α0)

1 + (z/ξ )2 − (p/mv)2
, (D8)

where z(t ) is given by Eqs. (D6) and, simply, p(t ) = mż(t ).
Below, we use the shorthand

K−2 = (z�/ξ )2 − (z�/vτ0)2

1 + (z�/vτ0)2
, (D9)

assuming K−2 > 0, i.e.,

1 < vτ0/ξ = π (
x/
y)
(
k2

F/q2 − 1
)−1/2

, (D10)

which is reasonable since q < kF <
√

2q, provided 
x ≈ 
y.
Absorbing the phase 2α0 into a redefinition of the origin

t = 0, we just need to compute

S1 = − E0

1 + (z�/vτ0)2

∫
C<+C>

× dt
cos(2�t )

1 + K−2 cosh2[
√

κ/m(t − t�)]
. (D11)
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Thus, the denominator vanishes whenever

cosh[
√

κ/m(t − t�)] = ±iK ⇔ t = t� ±
√

m/κ[arcsinh(K ) + iπ (n + 1/2)], n ∈ Z. (D12)

The integral given by Eq. (D11) can be computed using the
residue theorem. The only poles contained within the time
contour are

t±
sol = t� +

√
m/κ[arcsinh(K ) ± iπ/2], (D13)

with residue 1
2 (1 + K−2)

−1/2
for both. The upshot is

iS1 = + E0

1 + (z�/vτ0)2

2τ0 cos(λ) cosh(�τ0)√
1 + K−2

, (D14)

with λ = 2�t� − (2�τ0/π ) arcsinh(K ). This is the result
quoted in the main text, given by Eq. (22). We note that
in the limit v → ∞, where p dependence is removed from
εV1(z, p, t ), this recovers the known result (see [42]). For
practical use, we report the explicit expressions:

z�/vτ0 = 1

π
v−1

F

√
σ
0


−1
x

(
k2

F/q2 − 1
)1/4

, (D15)

z�/ξ = v−1
F

√
σ
0


−1
y

(
k2

F/q2 − 1
)−1/4

. (D16)

APPENDIX E: PHYSICAL OBSERVABLES FROM
AVERAGING OVER THE BOSONIC FIELD

1. Deriving the averaged tunneling probability

First we provide arguments for Eq. (26). Naively, the aver-
age over the complex bosonic amplitude φ0 = √

ν0eiα0 is not
weighed by temperature, for instance,

Z =
∫

dφ∗
0 dφ0

2π i
=

∫ ∞

0
dν0

∫ 2π

0

dα0

2π
=

∫ ∞

0
dν0

produces a divergence, as is usual in zero-temperature
functional integrals. This can be traced back to our not en-
forcing the Matsubara periodicity relations as we performed
a real-time saddle-point approximation; see Appendix B. A
physically meaningful way to reintroduce temperature is to
quantize the bosonic zero mode, turning the integral into a
sum and restoring Boltzmann weights, so that for any inte-
grand function I , one replaces∫ ∞

0
dν0 I (ν0) →

∞∑
ν0=0

e−ν0�/T I (ν0). (E1)

Notice that taking I = 1 in the above implies that Z = (1 −
e−�/T )−1 is the correct bosonic partition function.

Now we provide details of the derivation of Eq. (27).
Keeping only the first-order term in ζ = ζ0 + εζ1 + · · · , and
restoring ε → 1, one wants to evaluate

〈ρ2〉 ≡ 〈e−2πζ 〉 = 1

Z

∫
dφ∗

0 dφ0

2π i
e−2π (ζ0+ζ1 ). (E2)

First we perform the phase average over α0, since [see Eq.
(22)] one has ζ1 ∝ cos(λ) and λ = 2α0 + · · · (recall that
the origin t = 0 had absorbed an offset α0/�). The integral
amounts to

∫ 2π

0
dα
2π

exp[β cos(2α)] = I0(β ), where I0 is the
zeroth modified Bessel’s function. Then one sums over the
mode amplitude. Using the physical prescription given by

Eq. (E1) above, equivalently Eq. (26), eventually Eq. (E2)
becomes Eq. (27) in the main text.

2. Technical comment on convergence

Because Eq. (27) was obtained from a perturbative expan-
sion of the action, S = S0 + εS1 + · · · , one has to make sure
that the truncation to the order ε1 is reasonable—in particular,
that ζ1 does not get larger than ζ0. It is known [41,42], and can
be easily checked, that the limit of large � does not satisfy this
requirement because the cosh factor in S1, given by Eq. (D14),
diverges while S0 remains finite. In fact, this also entails that
the sum in Eq. (27), for any �, diverges: this is a serious
technical issue that must and can be fixed.

This sum is of the form

S =
∞∑

ν=0

e−ν�/T e−Cν I0[CνR(ν)], (E3)

where R(ν) is some function [namely, the ratio of a cosh and
a square root in Eq. (27)] that clearly satisfies R(0) = 1 and
R(∞) = ∞ with exponential growth. Given the asymptotic
behavior I0(s) ∼ es/

√
2πs at s → ∞, such a sum is always

strongly divergent. However, one can see, for instance by
expanding the numerator and denominator of R(ν) to the first
order in ν, that there exists a critical value of � below which
R(ν) first decreases, remaining smaller than 1 over a range of
values of ν, before eventually blowing up. For such values
of �, the summand of S first decays exponentially rapidly
with ν, so that by truncating the sum to a finite (possibly
large) number of terms, it appears to have converged; only
after summing a yet much larger number of terms does one
witness the eventual divergence. Then, the (physically rele-
vant) regularization scheme simply consists of truncating the
series at such values where it has apparently converged. This
is how we obtained the results displayed in Fig. 4. We note that
this procedure is not original, as it is foundational in quantum
field theory [65,66]. It is also, importantly, physically justified,
as it amounts to removing spurious effects of the truncation
to the order of ε1 in the region where it is insufficient (see
Ref. [42] for a pedagogical discussion), keeping only those
contributions in the region where it can be relied upon.

3. Possibility of thermal damping induced
by magnetic breakdown

Here we justify the statement made at the end of Sec. IV C,
that thermal fluctuations of ω, ρ do not, in general, entail any
significant damping of the quantum oscillations.

First, we note that ω ∈ [−π/4, 0] is bounded and, more-
over, the quantization condition given by Eq. (28) simply does
not depend on ω in the relevant limit of small ζ . Therefore,
thermal fluctuations of ω may not generate any significant
damping of quantum oscillations.

We thus focus on the effect of thermal fluctuations of ρ. To
quantify their effect on the semiclassical phase fluctuations,
one may look at the derivatives on the manifold of solutions
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(ϑ, ϕ) of Eq. (28), namely, dϑ/dρ, dϕ/dρ, which by dint of
the implicit function theorem are

dϑ

dρ
= − ∂F/∂ρ

∂F/∂ϑ

∣∣∣∣
F=0

and
dϕ

dρ
= −∂F/∂ρ

∂F/∂ϕ

∣∣∣∣
F=0

. (E4)

It is easy to check numerically that these derivatives remain of
the order of O(1) for almost all values of ζ (which fixes ρ, ω).
Since ρ ∈ [0, 1] is bounded, thermal fluctuations of ρ may
not generate any significant damping of quantum oscillations
either.3

APPENDIX F: DERIVATION OF THE WKB
CONNECTION FORMULA

1. Summary of amplitude relations

As an initial caveat, we note that the scattering formula
given by Eq. (24) is not left-right symmetric; indeed, S �=
σ̂ xSσ̂ x. Instead, we have

S† = S−1 = σ̂ xSσ̂ x, (F1)

so the formula is symmetric upon rotation of the picture in
Fig. 2, i.e., exchanging both L/R and +/−. This formula im-
plies relations between the wave-function amplitudes depicted
in Fig. 3 at the four crossing points:(

a3

ā4

)
= S

(
a4

ā3

)
,

(
a7

ā8

)
= S

(
a8

ā7

)
,(

ā1

a2

)
= S−1

(
ā2

a1

)
,

(
ā5

a6

)
= S−1

(
ā6

a5

)
. (F2)

In addition, the semiclassical evolution along the arc-
shaped portions of path amounts trivially to phase factors eiϑ

or eiϕ . Grouped by pairs in a convenient way, these phase
relations are(

a1

ā7

)
= Îϑϕ

(
a3

ā4

)
,

(
a5

ā2

)
= Îϑϕ

(
a7

ā8

)
,(

ā6

a4

)
= Îϕϑ

(
ā1

a2

)
,

(
ā3

a8

)
= Îϕϑ

(
ā5

a6

)
, (F3)

where one defined the useful notations

Îϑϕ =
(

e−iϑ 0
0 e−iϕ

)
, Îϕϑ =

(
e−iϕ 0

0 e−iϑ

)
. (F4)

3Strictly speaking, a strong enhancement of this thermal damping
may occur for a discrete set of values of ζ : we do not explore this
possibility further here.

2. Obtaining the semiclassical quantization condition

Physical electronic “modes” of the system, as described
above in Eqs. (F2) and (F3), may be understood intuitively
as standing waves of a circuit, in the more explicit sense that
the collection of amplitudes, (ai, āi ), i = 1 . . . 8, must be an
eigenvector of the unitary dynamics with eigenvalue 1. It turns
out that instead of a 16 × 16 problem, a well-chosen subset
that contains the full information about the system allows one
to deal with an 8 × 8 problem instead:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

ā7

a5

ā2

ā6

a4

ā3

a8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎝

ÎϑϕS 0 0 0
0 ÎϑϕS 0 0
0 0 ÎϕϑS−1 0
0 0 0 ÎϕϑS−1

⎞
⎟⎟⎠

︸ ︷︷ ︸
=M̂

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a4

ā3

a8

ā7

ā2

a1

ā6

a5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (F5)

where each element of the 4 × 4 matrix is a 2 × 2 block.
Rearranging the elements in the right-hand column into the
same order as they are on the left-hand side,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a4

ā3

a8

ā7

ā2

a1

ā6

a5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1

1
1

1
1

1
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
= Q̂

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

ā7

a5

ā2

ā6

a4

ā3

a8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (F6)

one obtains the semiclassical quantization condition,

det[M̂Q̂ − 1] = 0. (F7)

With the particular form of S given in Eq. (25) in the main
text, this becomes Eq. (28).

Note that although we used the system’s symmetries to
express M̂Q̂ in terms of only three elementary ingredients,
ϑ, ϕ, and S, our derivation applies equally well to any system
with the same topology as that depicted in Fig. 3, with pos-
sibly different phases carried by all the “links” and different
scattering matrices at all the “junctions.”
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