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Auxiliary field quantum Monte Carlo at the basis set limit: Application to lattice constants
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We present a plane-wave (PW) implementation of the auxiliary-field quantum Monte Carlo (AFQMC) method
within the projector augmented-wave (PAW) formalism in the Vienna ab initio Simulation Package (VASP).
By employing an exact inversion of the PAW overlap operator, our approach maintains cubic scaling while
naturally incorporating all excitations defined by the PW cutoff. We benchmark this framework by calculating
the equilibrium lattice constants and bulk moduli of C, BN, BP, and Si. Our analysis demonstrates that AFQMC
systematically corrects the lack of long-range screening in MP2 and the missing higher-order exchange in RPA.
We identify RPA as the optimal reference method because of the rapid convergence of the remaining short-range
correlations with respect to supercell size. The resulting lattice constants exhibit a mean absolute relative error
of 0.14% relative to experiment, establishing the method as a rigorous benchmark tool for structural properties

of prototypical semiconductors and insulators.
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I. INTRODUCTION

With the success of machine learning [1-5], the demand
for accurate and reliable reference data has increased dramat-
ically. Since sufficiently high-quality experimental data are
not always available, density functional theory [6] (DFT) has
become the standard tool for generating such data. With its
favorable cubic scaling and access to a wide range of well-
established exchange-correlation functionals, DFT offers an
unsurpassed balance between efficiency and accuracy. How-
ever, because of the approximate nature of available DFT
functionals, it is often unclear a priori which functional is
best suited for a given problem. Indeed, different functionals
can yield qualitatively different predictions for structural and
thermodynamic properties [7]. These limitations motivate the
development of systematically improvable beyond-DFT ap-
proaches for solids.

As a result, low-order perturbational approaches such
as Mgller—Plesset perturbation theory [8] (MP) and simple
diagrammatic many-body methods like the random-phase
approximation [9-13] (RPA) have emerged as practical
beyond-DFT methods. However, low-order perturbation the-
ories have inherent limitations: MP is inaccurate for strongly
polarizable systems with small band gaps, and, more gener-
ally, any finite-order perturbation theory diverges for metals
at zero temperature [14,15]. The RPA, by contrast, accurately
describes long-range electronic screening and yields reliable
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results for a wide range of systems, but neglects exchange-like
and ladder diagrams beyond Fock exchange, which limits its
accuracy in large-gap materials and in the presence of strong
short-range or strong static correlations [13,16-22].

Deterministic wave-function-based quantum chemistry
methods, such as coupled-cluster theory [23,24], provide a
further increase in accuracy and are actively being developed
for periodic systems [25-31]. However, their steep com-
putational scaling and large memory requirements severely
constrain their application. In particular, coupled-cluster
singles, doubles, and perturbative triples CCSD(T), often
regarded as the “gold standard” of quantum chemistry, is
a single-reference method and therefore unreliable in the
presence of strong static correlations [32]. Moreover, the per-
turbative triples correction diverges for metallic systems [15].
Consequently, despite their benchmark accuracy for molecu-
lar systems, coupled-cluster methods often remain impractical
or unreliable for many applications.

Stochastic approaches offer an appealing alternative, ow-
ing to their more favorable scaling and natural parallelizabil-
ity. Among the quantum Monte Carlo approaches, diffusion
Monte Carlo [33,34] (DMC) is routinely applied to solids,
but is formally only exact for local pseudopotentials [35,36].
The use of nonlocal pseudopotentials requires additional ap-
proximations [37—42]. Furthermore, suitable pseudopotentials
are not available for the entire periodic table, in particular
for heavier elements or transition metals. DMC has also not
yet been formulated within the projector augmented-wave
(PAW) framework [43], which retains near all-electron pre-
cision while working with smooth pseudo orbitals [44].

In this work, we focus on the auxiliary-field quantum
Monte Carlo (AFQMC) method. Originally formulated as a
path-integral method using the Metropolis algorithm [45-48],
AFQMC was later reformulated into an open-ended random
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walk in the space of Slater determinants, enabling the intro-
duction of constraints to alleviate the fermionic sign problem
[49]. The use of a trial wave function to guide the random
walk led to the constrained path AFQMC, which proved
highly successful for model Hamiltonians [50,51]. For real-
istic many-body Hamiltonians, the sign problem generalizes
to a phase problem. Zhang and Krakauer [52] addressed this
challenge by developing the phaseless (ph) approximation.
AFQMC has been applied successfully to the Hubbard model
[53,54], and to molecular systems [55-67]. With Gaussian-
type orbitals, ph-AFQMC was compared to DMC in solids
[68], and applied to NiO [69]. Suewattana et al. formulated
ph-AFQMC using plane waves (PWs) together with norm-
conserving pseudopotentials [70]. PW implementations were
later used to study pressure-induced phase transition in silicon
[71], to perform excited state calculations in solids [72], to
investigate the uniform electron gas [73], and to obtain bench-
mark charge densities for solids [74]. Recently, the AFQMC
framework was also extended to forces and stresses in solids
[75].

In a previous work, we developed a periodic AFQMC
implementation importing the Hamiltonian matrix elements
from the Vienna ab initio Simulation Package [76,77] (VASP)
and applied it to prototypical insulators and semiconductors
[78]. In this work, we directly implement AFQMC within the
PAW framework [43] in the PW-based VASP. PWs provide
systematic convergence, controlled by a single energy cutoff,
and they are independent of atomic positions and chemical
species. In practice, pseudopotentials are employed to elimi-
nate the need to explicitly treat tightly bound core electrons.
The PAW method has demonstrated high accuracy within DFT
for molecules [79] and solids [80], and recently also within
correlated wave-function methods [44]. Our AFQMC imple-
mentation offers a cubic scaling with system size and naturally
incorporates all excitations defined by the plane-wave cut-
off sphere. This corresponds to calculations in the basis-set
limit defined by the PW cutoff, largely eliminating the need
for basis-set extrapolations. We note that the present imple-
mentation is restricted to zero momentum transfer; Brillouin
zone sampling is therefore performed via twist-averaging in
supercells.

As a first application, we calculate equilibrium lat-
tice constants and bulk moduli for a set of prototypical
semiconductors—C, BN, BP, and Si—in the thermodynamic
limit using MP2, RPA, and AFQMC. We show that MP2 and
RPA exhibit systematic errors, while AFQMC-based correc-
tions consistently correct these deficiencies and converge to a
common result for sufficiently large supercells.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the AFQMC methodology and the PAW
formalism. The workflow and computational details are de-
scribed in Sec. 111, followed by results in Sec. I'V.

II. THEORY

This section begins with an overview of the AFQMC
method formulated in a PW basis, followed by a discussion
of the PAW formalism. We emphasize the imaginary-time
propagation and the evaluation of the local energy within this
framework.

A. AFQMC

The auxiliary-field quantum Monte Carlo (AFQMC)
method describes an interacting many-body system by re-
formulating the time-dependent Schrédinger equation in
imaginary time. Using the Hubbard—Stratonovich transforma-
tion, the interacting problem is mapped onto a noninteracting
one coupled to fluctuating auxiliary fields. Unlike DFT, which
replaces the many-body interactions with an effective mean-
field potential, AFQMC recovers correlation effects through a
high-dimensional integral over the auxiliary fields. In practice,
this integral is evaluated using Monte Carlo (MC) sampling,
implemented as a stochastic random walk in the space of
nonorthogonal Slater determinants.

In the following, we derive the second-quantized Hamilto-
nian used for MC propagation, introduce the imaginary-time
projector and the HS transformation, discuss variance-
reduction and importance-sampling techniques for controlling
the fermionic phase problem, and finally summarize the over-
all MC algorithm.

1. Hamiltonian

The derivation of the Hamiltonian follows Ref. [70]. The
Born—Oppenheimer Hamiltonian in a canonical basis and sec-
ond quantization is

ﬁ = f;: + Vion—ion + Ve—ion + Vee (1)

with the kinetic energy 7., the ion—ion Vio,_ion, €lectron—ion
Ve—ion, and electron—electron interaction
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Here and throughout the paper, we use atomic units. The
summations run over the spin indices o and o’, and 1/?§ )
and 1/}[, (r) denote the fermionic creation and annihilation field
operators at position r, respectively. Vi is rewritten in terms
of density—density interactions by commuting ¥, (r) twice to
the left using the fermionic anticommutation relations
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,
where the density operator 7i(r) is defined as

Ay =PI o (). )

The reformulated two-body Hamiltonian is no longer nor-
mal ordered, which manifests in the additional term Hiee
correcting the self-interactions present in ﬁz’ Hqs is a one-
body operator that is usually treated on the same level as
the electron—ion potential. In a canonical orbital basis, Hr
involves computations similar to those for the exact Fock
exchange; however, the band summations extend over all
orbitals, including virtual (unoccupied) ones. Section I1B2
discusses how we treat this operator in the PAW formalism.
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In PW implementations, it is convenient to Fourier trans-
form the density operator to reciprocal space using

AG) = / &Eraw) e, )
Q
Ar) =é XG: (G) e, (6)

where Q2 is the volume of the system, and G denotes a recip-
rocal lattice vector. Inserting this into H, in Eq. (3), one can
write the two-body Hamiltonian in reciprocal space as

N 1 47
H ==
2 2;)5262

AT(G)A(G). 7)

Some care needs to be taken with the divergent G = 0 com-
ponent, which defines the zero-point of the total energy. It can
be shown that the G = 0 components of the ion—ion, electron—
ion, and electron—electron electrostatic interaction cancel each
other [81].

To improve the efficiency of the MC sampling (see
Sec. IT A3), it is convenient to reduce the magnitude of the
two-body part of the Hamiltonian by a so-called background
subtraction [70,82]. To this end, we write 1-72’ as

A 1 4 B T .
Hy =3 GZ oGO — RGP+ = =5i(G)i'(G)
#0 GH#) ——— ——

1 4

- =) — A6, ®)
2
2 G20 QG

Ey

where the operators 7(G) are shifted by their mean-field ex-
pectation values
#(G) = FrAGI¥r) ©)
(Wr[Wr)

evaluated with respect to a trial wave function |Wt) (see
Sec. IIA2 for more details). The additional compensating
terms are a one-body term—the Hartree potential—and a con-
stant shift—the Hartree energy Ey.

Finally, the Hamiltonian is sorted according to its zero-,
one-, and two-body contributions,

Hy =Vion—ion — En.

H =T, + / & [Ve—ion () + Va(@)]A@T) + Heerr-

A 1 4T _ )

=353 oG — G, (10)
G+£0

We note that the first term, ﬁo, is just a constant energy, which

naturally commutes with the one-body and two-body terms H,

and H», respectively.

2. Ground-state projection and Hubbard-Stratonovich
transformation

AFQMC seeks the ground state |®jp) of an inter-
acting many-body system by solving the imaginary-time

Schrodinger equation via imaginary-time projection
|®o) = lim [e~" =] uy), (an

where the initial wave function |\W;) must not be orthogonal
to the ground state, i.e., (®g|Wy) # 0. The exponential is split
into short-time propagators with an imaginary time-step 7. Ey
denotes the true ground-state energy; generally unknown, it is
usually approximated using an underlying mean-field calcula-
tion and refined during the simulation. To isolate the two-body
contribution defined by the Hamiltonian A, in Eq. (10), the
short-time propagator is further factorized using a second-
order Trotter—Suzuki decomposition [83,84],

e—r(H—Eo) — e—gﬂle—rﬁze—gﬁle—r(HO—EO) + 0(13)7 (12)

introducing an error of order O(z?). For a detailed discussion
on the time-step errors in AFQMC, we refer the interested
reader to Ref. [65].

Next, one applies Hubbard—Stratonovich (HS) transforma-
tions [85,86] to linearize the two-body propagator

e =] [ Poe gtoare O 7€) 1 0@, 13)
G0

where g(og) denotes a complex normal distribution and
d’0g = dxgdyg indicates integration over the real and imag-
inary parts. Because the 72(G) are not independent for any
pair of reciprocal lattice vectors {G, —G}, the complex ran-
dom field og must satisfy o = —o_g. This implies that the
corresponding real-space field is purely imaginary. To enforce
this constraint, we define the o as the Fourier transform of
real normal-distributed random variables o, ~ A(0, 1),

4n —iGr
oG = I,/ e “o,, 14
¢=t TNQG? Xr: (14)

where we explicitly include the factor i and choose the nor-
malization to produce the desired variance (N denotes the
number of grid points). The transformation defined in Eq. (13)
is exact for pairwise commuting operators; however, if the
operators do not commute, the leading error is O(z?). Physi-
cally, the HS transformation replaces a system interacting via
a two-body potential with a noninteracting system coupled
to the random field o. Multidimensional integration over all
fields recovers the full two-body interaction of the interacting
system.

To improve the efficiency of the algorithm, Zhang and
Krakauer [52] introduced an importance sampling transforma-
tion

/ do g(0)l (0,0, V)P(o — 7), (15)

where the stochastic short-time propagator P(o’) is obtained
by combining Eqs. (12)—(14),

P(o) = e—f(ﬁo—Eo)e—%ﬁl e—fﬁﬂs(d)e—§ﬂ1 , (16)
Aus(0) =Y 05[A(G) — A(G)]. (17)
G+#£0

For convenience, we introduced the HS-transformed effective
one-body Hamiltonian Hygs (o) and o denotes the collection of
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all 0. The importance function I (o, &, V) is given by
Vr|P(o — 0)|W
1(6’67%:( TIP(0 — 6)|W¥)

(Wr|W)

e Sentr i) g,
where |W) is a single Slater determinant and |Wt) denotes
a trial wave function—a best guess of the exact many-body
wave function used to guide the random walk. The trial wave
function is not restricted to be a single Slater determinant;
however, it is often chosen to be identical to the initial wave
function |Wy). Finally, note that the integrand in Eq. (15) is
shifted by &, the so-called force bias [52]. The HS trans-
formation is invariant under such a shift, and it is chosen
such that the variance in the importance function /(o, &, V)
is minimized,

_ dr (Yrli(G) — i(G)|¥)

T e () )

3. Monte Carlo sampling

In practice, the high-dimensional integral in Eq. (13) is
evaluated through a MC procedure: introducing a walker en-
semble, the integral is sampled by a single configuration of
the auxiliary field o for each walker w and time step k. Each
walker {|W>), W e} in the ensemble is described by a
single-determinant wave function |¥}) and a weight W,” e,
which is generally complex. Since the propagator P(oc — )
defined in Eq. (16) is a one-body operator, Thouless’ theorem
ensures that the walkers remain single Slater determinants
upon propagation [87,88]. At step k = 0, each walker in the
ensemble is initialized as

|W) = [Wr); Wy'e™ = (Br|Wy), (20)

where |Wy) is an initial single Slater determinant—usually an
underlying mean-field wave function—and |Wt) denotes the
trial wave function discussed in Sec. I A2. Then, for each
time step k along the projection defined in Eq. (11), the many-
body wave function |®;) is represented by

P O
|Pe) = Z A \I"|\V>“’) 1)

Along the trajectory, the walkers and their associated weights
are updated within the phaseless approximation [52] proposed
by Zhang and Krakauer,

|\I'lgj+l) =

o, U)W max (0, cos (A6)")),  (23)

P(o —a)|Wy), (22)
W, = 1(o,
O =0, (24)

where the phase change A6," is

( T | ‘I'k+1)
(wr|wy)
Designed to mitigate the fermionic phase problem, the phase-

less approximation imposes a universal gauge on the phase of
the walker weights via the trial wave function |Wr), resulting

ABP = Jlog 25)

in real-valued weights. This keeps the algorithm stable; how-
ever, it introduces a systematic error, known as the phaseless
error. It is understood that improving the trial wave function
or employing release constraint techniques systematically re-
duces the phaseless error [89,90].

Finally, after an equilibration phase, the ground-state en-
ergy is estimated by the time-averaged estimator

ka VkaEloc (\IIIEU)
ka Wkw ,

where the local energy Ej, is given by the mixed estimator

E= (26)

(WrlH|wy)

ekt o' 43 27)
(wr|wy)

Eioe (V) =

Note that the mixed estimator is only exact for observables
that commute with the propagator and hence with the Hamil-
tonian. The detailed local energy evaluation within the PAW
formalism is discussed in Sec. I B1.

B. The PAW formalism

Here and in the following, all operators are one-body op-
erators and, if enclosed between orbitals &n they act in a
(one-body) Hilbert space. In the projector augmented-wave
(PAW) formalism [43], the variational quantities are the so-
called pseudo orbitals 1, expanded in a PW basis

(rl) = Z Can(rlG), (28)

1 iG-r
—=e7, (29)
v
where Q2 is the volume of the Wigner—Seitz cell and |G~)
denotes a reciprocal lattice vector. The pseudo orbitals i,
are related to the all-electron (AE) orbitals 1, via the linear
transformation

(rlG) =

= |¥) +Z(|¢, 1N (Pil ), (30)

where p;, ¢;, and ¢; are projectors, AE and pseudopartial
waves, respectively [43]. The index i is a shorthand for
the atomic site R, the angular momentum quantum numbers
L = (I, m), and an additional index k for the reference energy
€. The ¢; are the solutions of the radial Schrédinger equa-
tion for a non-spin-polarized reference atom at energies €.
Outside the atomic spheres, the ¢; coincide with the ¢;. Within
the atomic spheres, the ¢3i are chosen to be computation-
ally convenient (smooth) functions. The projector functions
p; are localized in the atomic sphere and should satisfy
> |;) (p:] = 1 within each atomic sphere. This ensures that
the one-center expansion of the pseudo orbital »_, 1) (Pi| V)
is identical to the pseudo orbital 1, within the atomic sphere.
The one-center expansion ) |¢;)(ﬁ[|1ﬁn) restores the exact
shape of the AE orbital within the atomic sphere on the radial
support grid.

Unlike the orthogonal AE orbitals, the pseudo orbitals are
S orthogonal

Gl SI1Vm) = Sum, (31)
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where § = 77T denotes the PAW overlap operator. Us-
ing Eq. (30) together with the completeness relation
> 1#i)(pil =1, valid within each atomic sphere, it can be
written as
S=1+4"1peile;) — (ild;)) (bl
iJ
=1+ ) 1p)Qi(p)l. (32)
i.J
The augmentation charges Q;; are block diagonal in the
atomic site index R because the projectors are localized within
the sphere surrounding each atomic site. Finally, the pseudo

orbitals are the solutions to a generalized one-body eigenvalue
problem

H( V) = €.5Vn). (33)

1. Energy measurement

The local energy, defined in Eq. (27), is calculated using
the generalized Wick’s theorem [91] and split into a one-body
contribution, a Hartree-like, and an exchange-like term. The
one-body contribution to the local energy for a specific walker
with the determinant W} is

<lIJT|Te + Vefion + Vionfion|“IJ/iU>
(wr|wy)

E\(¥)) = (34)
The denominator implies that the walker orbitals need to
be aligned with the orbitals in the trial wave function for
each energy evaluation. To achieve this, one calculates the
overlap between the two sets of wave functions and applies
its inverse to the walker orbitals. If the determinants W
and W consist of pseudo orbitals {,,|m = 1, ..., Ny} and
{1%; [n=1, ..., Noc}, respectively, their overlap is evaluated
as

<1ﬁr{|§|&m> = Oun- (35)

In subsequent energy evaluations, the orbitals O~ need
to be used. To avoid an overly cumbersome notation, we
will continue to use the symbol v for these aligned orbitals.
The one-body term is straightforward to evaluate and is not
discussed further. The electron—electron interaction is given
by a direct Hartree-like term

occ

4
Ey(V}) = ZZ - > L i1

occ

< Y (U [aG)e T ) (36)

and an exchange-like term

occ

ZQGZZ

m,n

X (U [ )e ™ [y, (37

where spin degrees of freedom are neglected. Here 7i(r)
is the one-body density operator in the PAW method. The
band summations m and n are performed only over occupied

Eex (9}) U |2 V)

orbitals. The k-point summations are omitted, since the
presented implementation supports only a single k point and
is thus restricted to zero momentum transfer (g = 0). The
spatial integrals in Eqs. (36) and (37) are restricted to the
primitive unit cell and are defined as follows:

(T |ar)e 7 )

= /;2 dr 70T (1/7,1T(r)1/7m(r) + Z (Ul Pi) (BilrI )

ij

- <$i|r|$j>)(ﬁj|lpm))' (38)

The one-body contribution is evaluated fully consistently
with the PAW formalism, but as common to the PAW method
the exact augmentation charge density (¢:|r|d;) — (¢ilr|d;)
is approximated by a pseudo charge density Q;;(r) [92].
Specifically, the direct and exchange contributions to the local
energy are evaluated only on the PW grid; the PAW one-center
terms are not implemented. This strategy is also adopted in
other correlated methods in VASP (e.g., RPA and GW). The
potential errors are corrected by restoring the moments as
well as the exact shape of the all-electron density on the
PW grid [92,93]. Furthermore, one can show that energy
changes related to changes in the one-body density matrix
from the mean field reference to the AFQMC calculation,
are exactly described to linear order by the one-body term
Eq. (34). For the materials investigated in this work, we
expect the inclusion of the one-center terms to have only a
minor impact on the equilibrium lattice constant. To confirm
this, we compared MP2 correlation energies obtained with (i)
exact one-center terms, (ii) shape restoration, and (iii) only
the PW grid contribution. The resulting equilibrium lattice
constants differed by less than 0.1%. It is clear, though, that
the MP2 comparison serves only as an indirect validation of
the approximation for AFQMC, since a direct assessment
would require an explicit implementation of the one-center
terms within the AFQMC local energy evaluation.

2. Imaginary-time propagation in the PAW method

Related to Eq. (33), in the presence of an overlap operator,
the imaginary-time Schrédinger equation becomes

Ad A
— S5 V(™) =HYu () & (39)
T

d - Al A
— g (™) = ST H (1)) (40)
T

A convenient way to deal with the overlap operator is to
express the pseudo orbitals in a time-independent basis |v)
of some mean field reference Hamiltonian, either the Hartree—
Fock (HF) or the DFT Hamiltonian

() = ZAM(r)Wm) (41)

where the orbital basis must be S orthogonal, as specified in
Eq. (31). If the Hamiltonian is expressed in an S-orthogonal
basis

H, = (GalH ), (42)
the imaginary-time Schrddinger equation can be written as a
simple matrix equation, avoiding the inversion of the overlap
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TABLE I. List of the dimension of each matrix in the PW code.

Number of occupied orbitals Noce
Number of PW coefficients Npw
Matrix C(T) pr X Noce
Matrix C(0) Npw X Npy
Matrix A(7) Npw X Noce

operator: inserting the ansatz Eq. (41) into Eq. (39) and mul-
tiplying with the dual basis states (| yields

—iA(r) = HA(7). (43)
dr

Often, the operators and the matrices, i.e., the operators eval-
uated in the canonical basis, are interchangeable. However, in
the PAW method, the imaginary-time evolution operator in the
operator form is given by [compare Eq. (40)]

e, (44)

Thus, in principle, for any emerging propagator introduced
in Sec. IT A, the Hamiltonian in the exponent needs to be
replaced by S—1A. This, however, is hard to work with, since
this expression involves the expensive-to-evaluate inversion
of an operator. A solution to this issue is discussed later in
this section alongside the propagation with Hyg [compare the
splitting of the short-time propagator defined in Eq. (16)].

Alternatively, one can work in the canonical orbital ba-
sis propagating the coefficient matrices A using the operator
[compare Eq. (43)]

e ™, (45)

This is equally involved for large basis sets. Nevertheless, we
adopt this approach when propagating using H;.

As is common in PW codes, the orbital coefficients Cg, (1),
which are defined in Eq. (28), are stored in a matrix de-
noted by the symbol C(t) for each walker and time step.
To indicate this dependence, we have explicitly included a
functional dependence on 7 (suppressing the walker index).
Note that only occupied orbitals need to be considered in the
time propagation. For clarity, the dimensions of the matrices
discussed in this section are summarized in Table I.

We also store the initial wave-function determinant as a set
of coefficients Cg, (0), where O indicates the set of orbitals at
the initial time 0. We have chosen a complete basis for these
orbitals, for example, by diagonalizing a mean-field Hamil-
tonian (usually the HF or DFT Hamiltonian) exactly. This
means that the matrix C(0) is a square matrix (see Table I),
which observes S orthogonality [compare Eq. (31)],

D C65(0"86,6Cq(0) = 5. (46)
GG’
Se.¢ = (GISIG"). (47)

Here and in the following, indices s and » run over all the basis
functions, including unoccupied states. To distinguish matrix
representations in the orbital and the PW basis, we include the
operator accent “hat” for matrices in the PW basis: S and H
are the overlap operator and Hamiltonian evaluated between
PWs, as opposed to matrices H evaluated in an S-orthogonal
basis [compare Eq. (42)].

In the present implementation, the one-body Hamiltonian
H, is evaluated in an S-orthogonal basis, since this enables
exact exponentiation without error: the condition number of
the matrix H,, i.e., the quotient of the largest and smallest
eigenvalue, is usually huge. If we want to use large time
steps, iterative algorithms are not competitive. Additionally,
the self-interaction term H. is difficult to implement in the
PAW formalism, whereas it is straightforward to evaluate in
a canonical basis (see Sec. [T Al). To switch from the PW
coefficients C(7) to the coefficient matrix A(t), one needs to
calculate

A7) = (5(0)IS¥ (7). (48)

Evaluating A,(t) is most conveniently done by inserting a
complete set of PWs before the operator § yielding

An(T) = Ca(0)(GI8Pn(1)). (49)
G

In the VASP code, evaluating the action of the operator
84, () and the subsequent projection onto PWs is a standard
and fast operation, scaling as the product of the number of
occupied orbitals Ny, and the number of PW coefficients N,y .
Therefore, the time-consuming step is the matrix multiplica-
tion with C7(0), which scales cubically with the system size
Noce X szw when performed for all time-propagated orbitals.

The operator H, is evaluated at the beginning of the AFQMC
using a complete S-orthogonal basis

Hy 5, = (J5(0)|Hi|9,(0)), (50)

and the matrix is then diagonalized and exponentiated (by
exponentiating the eigenvalues).

After the propagation, the new coefficients B(zo + 5) =
exp(— %Hl )A (1) are transformed back from the S-orthogonal
basis to the PW basis; the transformation

Cax (To + %) - ;CGX(O)B% (To + %) (51)

yields the final time-propagated PW coefficients. As indicated
above, the previously stored PW coefficients are overwritten
by the new ones. Starting from a set of PW coefficients C(zp),
we can compactly write the full propagator as follows:

C(to + %) < C(0)exp ( - %H,)C*(O)SC(IO). (52)

In practice, the walker orbitals are never transformed to an
S-orthogonal basis during propagation. Instead, the square
matrix C(0) exp(—%Hl)CT(O)S is calculated once and ap-
plied subsequently. We found the total compute time for this
step acceptable, given that all operations were realised using
highly performant BLAS Level 3 routines. However, some
rank-compression algorithms might be advantageous for fu-
ture applications.

Unlike H 1, the HS-transformed Hamiltonian ﬁHS is
stochastic, as it is evaluated with a different auxiliary field
for each walker and time step. It is thus prohibitively ex-
pensive to compute and exponentiate its matrix elements in
the S-orthogonal basis. Instead, we use an iterative algorithm
working in the PW basis: the propagator for a generalized
eigenvalue equation is given by Eq. (44). In the PW basis, the
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operators are simply replaced by their corresponding matrices
evaluated in the PW basis,

oS Hs(@), (53)

In Appendix, we show that propagation in the PW basis is
strictly equivalent to propagation in the S-orthogonal basis.
The action of the propagator on the orbitals is calculated
with iterative methods such as Taylor expansion or Krylov
subspace exponentiation (see Ref. [65] for more details). All
these approaches rely on repeated application of the operator
S$~'Hus(0) to the orbitals. In VASP’s iterative algorithms for
determining the ground state, the calculation of the inverse
of the overlap matrix is avoided, but instead the orbitals that
enter in the iterative Krylov subspace are made S-orthogonal
by Gram-Schmidt-like procedures. Unfortunately, we found
that simply keeping the iterative subspace S-orthogonal does
not suffice to construct an efficient iterative algorithm for
the propagator. Instead, it is essential to either calculate the
inverse of the § operator exactly, or to use another iterative
procedure to solve the linear equation Sx = a for x. However,
nested iterative procedures are too slow and unwieldy for
designing an iterative algorithm for the exponential.

To efficiently evaluate the action of S§-1 we make an ansatz
analogous to Eq. (32),

$7' =1+ Y 15005, (>4

iJj

where the composite index i labels the atomic site R, the
angular momentum quantum numbers L = (/, m), and refer-
ence energy index k. Imposing the condition $~'S = 1, the
coefficients Q are obtained as

0 = -0 + M2

Although the augmentation charge matrix Q is block diagonal
in the atomic site index, the coefficient matrix Q is generally
not. The use of the real part of Q in the inverse ensures that
S§~! is Hermitian. The coefficients 0 are precalculated, and
the action of $~! can then be evaluated with similar routines
as the action of S; however, these routines are generalized
for nonblock diagonal coefficient matrices. The total cost of
this step also increases cubically, but the matrix dimension of
the inverse overlap operator is typically a factor 5 to 10 times
smaller than the number of PWs. This reduces the cost by a
factor 25 to 100 compared to the computational cost of trans-
forming the orbitals from the PW basis to the S-orthogonal
basis, as used in Eq. (52).

A final note is in order. The present AFQMC implementa-
tion naturally includes excitations in all G components within
the PW cutoff sphere—corresponding to calculations in the
basis-set limit defined by the PW cutoff.

with  M;; = (pi|p;).  (55)

III. COMPUTATIONAL DETAILS

All results presented in this work were obtained using
VASP [77,79] within the PAW framework [43] using a PW
basis. The GW-type PAWs were selected because they yield
accurate scattering properties well above the vacuum level.
The details of the pseudopotentials—including the valence

TABLE II. List of the PAW potentials used in the present work.
Shown are the orbitals that are treated as valence orbitals and the la-
bel of the respective PAW potential in the VASP database. The radial
cutoffs for each angular momentum quantum number are specified
as n X rey, Where n specifies the number of projectors and rgy is
the radial cutoff in atomic units for the specific angular momentum
quantum number. The local potential corresponds to the all-electron
potential, which is replaced by a local pseudopotential below the
radius rere (a.u.).

Atom Valence Label S P d f Feore
B 2522p'  GW  2x 15 2x17 1x 1.7 1.7
C 25%2p> GW  2x12 2x15 1x15 1.5
N 2522p°  GW  2x 13 2x15 1x15 1.5
Si 3s23p>  GW  2x1.9 2x1.9 2x19 1x19 19
P 3s?3p GW  2x19 2x19 2x2.0 1x2.0 20

electrons, the matching core radii, and the cutoff for the local
potential—are listed in Table II.

The experimental lattice constants of C and Si, ex-
trapolated to T = 0K using the linear thermal expansion
coefficients, were taken from Ref. [94]. For BN and BP, the
experimental lattice constants measured at 7 = 300K were
adopted from Refs. [96-98], and extrapolated to zero tem-
perature based on PBE free-energy calculations. Finally, the
experimental lattice constants were corrected for zero-point
vibrational (ZPV) effects. The ZPV corrections were adopted
from Ref. [95]. We note that the BN and BP experimental
lattice constants reported in Ref. [99] were not extrapolated to
T = 0K. Furthermore, we identify an error in the BN lattice
constant reported in Ref. [99]: a value of a;" = 3.607 A
was used and inadvertently propagated to our later studies
(Refs. [14,78], and [95]), whereas the correct value is ag’ =
3.616 A [96,97]. To verify the ZPV corrections for BN and
BP reported in Ref. [95], we reevaluated them at the level
of PBE and found identical results. The experimental bulk
moduli, corrected for ZPV effects, were taken from Ref. [95].
Table III summarizes the crystal structures, the experimentally
measured lattice constants extrapolated to 7 = 0K, and the
ZPV-corrected lattice constants and bulk moduli.

The equilibrium lattice constants and bulk moduli were
obtained by fitting the Murnaghan equation of state to the
energy—volume curves, with the unit-cell volume varied in 5%

TABLE III. Experimental lattice constants a; ", extrapolated to

T = 0K, as well as the experimental lattice constants af® "
and experimental bulk moduli B{™ " corrected for ZPV effects.

The lattice constants and bulk moduli are given in A and GPa,
respectively. The Strukturbericht symbols in the parentheses indicate
crystal structure: A4, diamond; B3, zinc-blende.

System a(c)xp, a(c)xp,—ZPV B;xp.—ZPV
C (Ad) 3.567 [94] 3.553 [95] 455 [95]
BN (B3) 3.616 3.601 410 [95]
BP (B3) 4.536 4.523 168 [95]
Si (A4) 5.430 [94] 5.421 [95] 101 [95]
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increments up to =15% around the experimental equilibrium
volume.

A. Workflow

To accelerate the convergence of the total AFQMC energy,
we hierarchically combined mean-field (HF/EXX), correlated
(MP2/RPA), and stochastic (AFQMC) methods. The key idea
is that correlation energy differences between AFQMC and
lower-level correlated methods converge faster than the abso-
lute AFQMC correlation energy. Specifically, we considered
MP2 using canonical HF orbitals and RPA using PBE [100]
orbitals as lower-level references. This composite or “em-
bedding” strategy is a practical extrapolation technique for
finite-size and basis-set errors, as opposed to a direct AFQMC
approach to the thermodynamic limit. Its performance is
demonstrated here for the benchmark systems C, BN, BP, and
Si.

The workflow can be summarized as follows: (i) calculate
k-point and basis-set converged MP2/RPA reference energies
in the primitive cell, then (ii) subtract twist-average MP2/RPA
energies calculated in a supercell, and (iii) add back the twist-
average AFQMC energies obtained in the same supercell.
This three-step scheme can be compactly expressed as fol-
lows:

X+AFQMC __ X
E - Eprim

— EX o (ta, Eaw) + EfrMC(ta, Eeu),  (56)

super

(k — 00, Ecyy — 00)

where X refers to the reference correlated method—MP2 or
RPA—*ta” denotes energies obtained via twist averaging,
and “prim” and “super” refer to calculations in the primitive
and supercell, respectively. The energy differences between
MP2/RPA and AFQMC calculated in the supercell result in a
linear shift of the equation of state of the respective reference
calculation. To obtain meaningful energy differences between
the supercell calculations, we ensured a consistent setup for
the MP2/RPA and AFQMC—including PW cutoffs, extrapo-
lation with respect to EZ, treatment of PAW one-center terms,
and FFT grids.

B. Computational setup

First, the mean-field contributions—HF and exact ex-
change (EXX)—were independently converged. Then, MP2
or RPA calculations were converged in the primitive cell with
respect to both basis-set size and Brillouin-zone sampling.
For RPA, VASP’s built-in scheme extrapolates the correlation
energy to infinitely-large auxiliary PW cutoffs EX, [101].
MP?2 correlation energies are manually extrapolated based on
four calculations with equally spaced values of EZ; the direct
(dMP2) and the second-order exchange (SOX) contributions
were converged separately with respect to the k-point grid.
Table IV summarizes the PW cutoffs, the largest employed
auxiliary PW cutoffs, and k-point grids used in the HF, EXX,
MP2, and RPA calculations performed in the primitive cell.
For a more detailed discussion on how to obtain accurate RPA
or MP2 correlation energies, we refer the interested reader to

Refs. [17,44] and [14].

TABLE IV. List of PW cutoffs E.,, auxiliary PW cutoffs EY,
and I'-centered k-point grids used to sample the primitive cell for the
HF, EXX, dMP2, SOX, and RPA calculations, respectively. The PW
cutoffs are given in eV. EX, refers to the largest cutoff used in the
extrapolation to the infinitely-large auxiliary cutoff.

Eecut EZ, k points
HF 650 / 12x12x12
EXX 650 / 12x12x12
dMP2 650 433 8x8x8
SOX 650 433 4dx4x4
RPA 650 433 8x8x8

Next, AFQMC correlation energies were computed in su-
percells containing 8, 16, and 32 atoms to progressively
remove finite-size effects. We sampled the Brillouin zone by
twist averaging, performing independent AFQMC calcula-
tions for each irreducible k point with multiplicity wy, and
combining the energies as a weighted average

super i*~super

EAFOMC 4y — Z Wi, EATOMC (), (57)
ki

To ensure a constant k-point density across all supercell
sizes, we employed a fixed generalized regular k-point mesh
corresponding to a 4x4x4 Monkhorst—Pack grid for the
conventional 8-atom cubic cell. In other words, the actually
generated k points are fully consistent across all supercells: as
the supercell grows, its Brillouin zone shrinks proportionally,
and the fixed grid yields fewer k points within the Brillouin
zone—keeping the k-point density in reciprocal space con-
stant by construction. This results in 4, 2, and 2 irreducible
k-points for the 8-, 16-, and 32-atom supercells, respectively.

Since the energy differences between MP2/RPA and
AFQMC are found to be virtually linear in the volume, it
is, in principle, sufficient to evaluate them with a linear in-
terpolation based on two or three volumes. For the 8- and
16-atom cells, we performed AFQMC calculations for all
seven volumes. To reduce the computational cost for the 32-
atom cells, we relied on linear interpolation based on AFQMC
calculations for the smallest and largest volumes.

Table V summarizes the PW cutoffs used in the supercell
calculations. In AFQMC, unlike in MP2 or RPA, the corre-
lation energy cannot be directly extrapolated with respect to

EZ,, since it is recovered as a part of the Hartree and exchange

TABLE V. PW cutoffs E,, and auxiliary PW cutoffs EX used in

cut
the supercell MP2, RPA, and AFQMC calculations. All PW cutoffs
are in eV. No extrapolation with respect to EY, was applied. The
k-points column specifies the number of irreducible k points used to

sample the 8-, 16-, and 32-atom cells, respectively.

Ecu EZ, k points
C 450 1012 4,2,2
BN 450 1012 4,2,2
BP 350 787 4,2,2
Si 250 562 4,2,2
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TABLE VI. Convergence of the AFQMC equilibrium lattice con-
stant ay (in A) and bulk modulus (in GPa) for C as a function of the
PW cutoff E.,, and the auxiliary cutoff EZ . All PW cutoffs are given
in eV. The AFQMC correlation energy was obtained using an 8-atom
cell, along with twist averaging, and combined with the HF energy
calculated in the primitive cell utilizing k-point sampling.

E. EZ, a(/]\FQMC B(/)\FQMC
450 1012 3.5776(5) 441(3)
550 1237 3.5770(6) 441(3)
650 1462 3.5774(6) 441(3)

contributions of the noninteracting auxiliary systems. To cir-
cumvent this, we set EZ, equal to the kinetic energy associated
with the largest reciprocal lattice vector in the FFT grid. This
means that we do not employ any cutoffs for the auxiliary
PW basis used to evaluate Hartree and exchange energies. A
similar treatment is applied to the supercell MP2 and RPA
calculations to ensure compatibility.

As an illustration, Table VI shows the convergence of the
AFQMC equilibrium lattice constant of C with respect to the
PW cutoff. In this case, no embedding [Eq. (56)] was used,
allowing the convergence of the AFQMC correlation energy
to be isolated with respect to basis-set size. AFQMC corre-
lation energies calculated in the 8-atom cell, along with twist
averaging, were combined with basis-set converged HF ener-
gies obtained in the primitive cell utilizing k-point sampling.
The resulting lattice constants and bulk moduli agree within
the statistical uncertainties. Importantly, since the present ap-
proach naturally incorporates all excitations within the PW
cutoff sphere, the convergence to the complete basis-set limit
is solely governed by the kinetic energy cutoff E;.

All AFQMC results presented in this work were obtained
using ph-AFQMC; for simplicity, the abbreviation “AFQMC”
refers to the phaseless variant unless stated otherwise. To
reduce the computational load, the MP2- and RPA-based
workflows used the same set of AFQMC calculations. For
the AFQMC simulations, we employed 2560 walkers using
a single-determinant HF trial wave function Wt. The im-
pact of the trial density on the AFQMC total energies and
the equilibrium lattice constant is discussed in Sec. IVB. A
comparatively large imaginary time step of 0.005eV~! was
used to reduce the computational cost, as we verified that
the resulting time-step error has a negligible effect on the
equilibrium lattice constant (see Sec. IV A). After the twist
average [Eq. (57)], the AFQMC total energies were converged
to below 5meV per atom. As we have demonstrated in a
previous work (Ref. [78]), the relative error of the AFQMC
total energy scales as ﬁ, where Ny is the number of k points.
This allowed us to reduce the total number of samples by a
factor ~/2 each time the supercell size was doubled, while
maintaining a constant relative error.

Overall, the computational setup described above ensures
that both mean-field and correlated quantities are converged
to within 0.1% for the lattice constants, providing a reliable
foundation for the results presented in Sec. I'V.

The computational cost of one iteration of the AFQMC
loop (i.e., propagation and energy evaluation of a single
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FIG. 1. Equation of state of diamond calculated with AFQMC
for three different imaginary time steps 7. Total energies were ob-
tained by combining twist-averaged AFQMC correlation energies
(computed in an 8-atom cell and normalized to the primitive cell)
with k point converged HF energies from the primitive cell. The
vertical lines connecting to the fitted curves mark the respective equi-
librium lattice constants. The inset shows the total-energy differences
between the largest and smallest time steps.

walker for one time step) is comparable to that of one iter-
ation in the electronic minimization using a hybrid functional
or HF. The prefactor of AFQMC can, however, be reduced
by sub-sampling the local energy, in particular the exchange
contribution. Importantly, the present implementation scales
as O(N?) in memory while our previous implementations
[64,78] scale as O(N?). As a reference, the most demanding
AFQMC calculation in the present work corresponds to the
32-atom Si supercell at +15% of the experimental equilibrium
volume. In this case, two independent k-point calculations
were performed, resulting in a total computational cost of
approximately 67 000 CPU hours on four dual-socket AMD
EPYC 7713 nodes. We note, however, that the employed
code version, being a first implementation, is not yet fully
optimized. For comparison, the corresponding RPA and MP2
calculations required approximately 1100 and 2000 CPU
hours, respectively.

IV. RESULTS

In this section, we discuss the dependence of the AFQMC
relative energies on (i) the imaginary time step, and (ii) the
choice of exchange-correlation functional used to generate the
trial wave function. Finally, we present the AFQMC lattice
constants and bulk moduli of C, BN, BP, and Si, obtained
along the workflow discussed in Sec. III.

A. Time-step dependence

Figure 1 shows the equation of state of C for different
imaginary time steps T = 0.00025eV~!, 0.002eV~!, and
0.005eV~!. The total energies were calculated by adding the
AFQMC correlation energies and the k-point converged HF
energies. The AFQMC correlation energies were computed in
an 8-atom cell using twist averaging and then normalized to
the primitive cell. The HF energies were calculated directly
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FIG. 2. Energy difference per atom between AFQMC and MP2
total energies for (a) C and (b) Si, using trial wave functions from
different exchange-correlation functionals. Calculations were per-
formed in an 8-atom supercell using twist averaging.

in the primitive cell. No embedding, as discussed in Eq. (56),
was employed. As expected, the total energies exhibit a sys-
tematic bias with increasing imaginary time step, amounting
to about 125 meV per atom between the smallest and largest
values of 7. The corresponding energy differences (see in-
set in Fig. 1) show a slight increase of the time-step error
with increasing cell volume. This, however, has only a mi-
nor impact on the equilibrium lattice constants [3.5769(3) A,
3.5761(3) A, and 3.5776(3) A, respectively], which differ by
less than 1.5mA. The resulting bulk moduli [443(1) GPa,
441(1) GPa, and 442(1) GPa, respectively] agree within their
statistical uncertainties. To confirm the transferability of these
findings, we performed an additional study on BP. The result-
ing lattice constants vary by less than 0.1% across the tested
time steps. This suggests that the weak time-step dependence
observed for diamond is also representative of the other sys-
tems considered in this study.

These results suggest that structural properties are insen-
sitive to the imaginary time step, consistent with our earlier
findings for the equilibrium geometry of the N, dimer [65].
To reduce the computational cost while maintaining accuracy,
we therefore chose to perform all subsequent AFQMC calcu-
lations using an imaginary time step of T = 0.005eV~! and
omitted the time-step extrapolation.

B. Functional dependence

We study the changes of the AFQMC equation of state
using trial wave functions generated from the HF and PBEO
[102—-104] hybrid functionals, the PBE [100] generalized gra-
dient approximation (GGA) functional, and the meta-GGA
functional r2-SCAN [105]. We investigated the r2-SCAN
functional only for Si, because the C pseudopotential lacks
the required kinetic energy density. Figure 2 shows the energy
differences per atom between AFQMC and MP2 for C [panel
(a)] and Si [panel (b)], calculated in an 8-atom supercell using
twist averaging.

For C [panel (a)], the total energies obtained with PBE and
PBEQO trial wave functions are in close agreement, whereas

the HF wave function yields energies lower by approxi-
mately 10-15 meV per atom. This translates to only minimal
changes in the equilibrium lattice constants of 3.5377(3) A
(HF), 3.5374(4) A (PBE), and 3.5375(3) A (PBEO). For Si
[panel (b)], the investigated functionals yield total energies
agreeing within 2-3 meV per atom. Consequently, the equi-
librium lattice constants are in close agreement, 5.3963(7) A,
5.3959(7) A, 5.3973(7) A, and 5.3957(7) A using HF, PBE,
PBEDO, and r2-SCAN trial wave functions, respectively.

The observed differences in the AFQMC total energies
are likely because of the bias introduced by the phaseless
approximation, which guides the random walk based on a
trial wave function. This bias vanishes only in the case of
the exact many-body wave function. Our findings suggest that
the phaseless bias is highly system dependent. While for Si,
we observe only a mild dependence of the total AFQMC
energy on the choice of trial wave function, for C, we notice
a significant energy difference between the HF and PBE or
PBEQ trial wave functions.

Since AFQMC is nonvariational, it is, without an accu-
rate reference, not clear which functional yields the most
accurate total energies. Gubler et al. recently assessed the
accuracy of electronic densities for a wide range of exchange-
correlation functionals [106]. According to their metrics,
r2-SCAN and PBEO produce the most accurate and reliable
densities, whereas HF densities are generally less accurate
[106]. This suggests that in the case of C, the HF trial wave
function is inferior to PBE and PBEO and thus exhibits a larger
phaseless bias.

Summarizing, Fig. 2 shows that the investigated trial wave
functions yield slightly different slopes relative to the MP2
reference. Despite this dependence on the starting point,
our results demonstrate that the equilibrium geometries are
largely insensitive to the choice of trial density. Hence, all
subsequent AFQMC calculations were performed using a
single-determinant HF trial wave function.

C. Size dependence

Figure 3 shows the convergence of the MP2-+AFQMC and
RPA+AFQMC lattice constants of (a) C, (b) Si, (¢c) BN, and
(d) BP with respect to the number of atoms contained in
the supercell. The dashed and dashed-dotted lines represent
the reference MP2 and RPA lattice constants, respectively.
In general, RPA+AFQMC using an 8-atom cell yields a siz-
able correction to the RPA lattice constant, decreasing it on
average by 0.25%. Increasing the cell size from 16 to 32
atoms, the RPA+AFQMC lattice constants change on aver-
age only by 0.03%. On the other hand, the MP2+AFQMC
lattice constant, calculated in an 8-atom cell, increases on
average only by 0.08 % compared to the MP2 lattice con-
stant. Increasing the cell size, we observe a steady increase
in the MP24+AFQMC lattice constant, converging to the
RPA+AFQMC lattice constant only when using a 32-atom
cell. The lattice constants from both workflows, obtained us-
ing 32-atom cells, agree within their statistical uncertainties.

This convergence behavior reflects the distinct physi-
cal approximations underlying RPA and MP2. The RPA,
as a resummation of bubble diagrams, accurately cap-
tures electronic screening effects if the long-range DFT
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FIG. 3. Convergence of the MP2+AFQMC and RPA+AFQMC lattice constants (in A) with respect to the number of atoms in the supercell
for (a) C, (b) Si, (c) BN, and (d) BP. Each point corresponds to a twist-averaged AFQMC calculation embedded in MP2 or RPA calculations
obtained in the primitive cell. The yellow dashed lines and the green dashed-dotted lines denote the MP2 and RPA reference lattice constants,

respectively.

polarizabilities are close to the exact (many-body or exper-
imental) polarizabilities. This follows from the fundamental
fluctuation-dissipation theorem. It is generally agreed that
DFT polarizabilities are good to very good [10]. However,
because of the lack of higher-order exchange diagrams beyond
Fock exchange, short-range interactions are generally less
accurate. This results in an overestimation of the RPA lattice
constant with respect to the experiment (see Fig. 4) [107].
MP2, on the other hand, includes the second-order exchange
diagram (SOX) but lacks any screening corrections to the bare
bubble diagram (dMP2). Hence, MP2 tends to overestimate
the polarizability in the long-wavelength limit and, as a result,
underestimates the lattice constants (see Fig. 4)—especially
in strongly polarizable systems, where electronic screening
plays a prominent role [14].

0.6
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FIG. 4. Relative percentage error in the MP2, RPA, AFQMC
equilibrium lattice constants with respect to the ZPV-corrected ex-
perimental lattice constants at 7 = 0K. MP2 and RPA results
were calculated in the primitive cell utilizing k-point sampling. The
AFQMC lattice constants were obtained in 32-atom cells, along with
twist averaging, and using an RPA reference.

Our results demonstrate that AFQMC is capable of re-
covering the correlation effects neglected by the respective
reference method and converges to a single result within sta-
tistical uncertainties, independent of the reference method. In
agreement with intuition, we find that short-range correlation
effects, which are missing in the RPA, are recovered in smaller
cells than the long-range interactions, which are neglected
in MP2. This trend is consistent across all the investigated
systems. Based on these findings, we identify RPA as the pre-
ferred reference method, as it results in a faster convergence of
finite-size effects. The results indicate that 16-atom cells are
sufficient to obtain accurate AFQMC lattice constants based
on an RPA reference. Henceforth, since both workflows yield
identical results within the statistical uncertainties, we report
only the RPA+AFQMC results using the label “AFQMC” for
brevity.

D. Structural properties

Figure 4 shows the relative percentage error in the MP2,
RPA, and AFQMC lattice constants with respect to the
ZPV-corrected experimental results at 7 = OK. The re-
ported AFQMC results are based on an RPA reference and
were obtained in 32-atom cells together with twist averaging
(see Sec. III). On the one hand, we observe that MP2 un-
derestimates the lattice constant by a mean absolute relative
error (MARE) of 0.30%. The magnitude of the relative error
increases with the polarizability of the solid. This trend is most
prominent along a column of the periodic table: C — Si, and
BN — BP. On the other hand, RPA overestimates the lattice
constant by a MARE of 0.42%. Contrary to MP2, the relative
error in the RPA lattice constant decreases with the system’s
polarizability. The MP2 and RPA curves in Fig. 4 show par-
allel trends, highlighting the deficiencies of their underlying
approximations. Including AFQMC corrections consistently
reduces the absolute error in the lattice constant compared to
MP2 and RPA, with a MARE of 0.14%. Table VII summarizes
the calculated equilibrium lattice constants from HF, MP2,
RPA, and AFQMC alongside the ZPV-corrected experimental
reference values for comparison.
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TABLE VII. Calculated equilibrium lattice constants ay (in A) from HF, MP2, RPA, and AFQMC. For comparison, DMC results from
Refs. [108] and [109] as well as the experimental ZPV-corrected lattice constants, extrapolated to T = 0K, are also listed. HF, MP2, and
RPA were calculated in the primitive cell utilizing k-point sampling. AFQMC results are based on an RPA reference and were obtained in a
32-atom cell, along with twist averaging. The associated statistical uncertainties in the last significant digit are given in parentheses. The final
row reports the mean absolute relative error (MARE) with respect to the experiment.

HF MP2 RPA AFQMC DMC [108] DMC [109] exp.
BN 3.596 3.604 3.621 3.608(1) 3.601(1) 3.600(1) 3.601
BP 4578 4.499 4538 4.527(3) 4.491(1) 4.536(1) 4523
C 3.549 3.547 3.571 3.558(1) 3.551(1) 3.551(1) 3.553
Si 5.498 5.399 5.435 5.428(3) 5.362(1) 5.439(1) 5421
MARE (%) 0.72 0.30 0.42 0.14 0.46 0.18

Klimes et al. showed that in the PAW method, the overlap
densities between occupied and high-energy, plane-wave-like
orbitals are not well described, since the PAW projectors do
not accurately span the unoccupied manifold [110]. However,
adopting pseudopotentials with norm-conserving (NC) partial
waves alleviates this issue; the RPA lattice constant decreases
on average by 0.3 % using NC-PAWSs. It is not certain whether
this trend will prevail for AFQMC. Since the RPA neglects
any higher-order exchange (beyond Fock exchange) and since
second-order exchange will partially cancel contributions to
the direct RPA, one needs to perform an explicit test for
AFQMC. Using a NC-PAW for C, the resulting RPA lattice
constant of 3.565 A is 0.17% smaller than the one reported
in Table VII—in perfect agreement with the results of Klimes
et al. [111]. However, the same NC pseudopotential yields a
slight increase of 0.08% in the lattice constant, which is within
the statistical uncertainties of the results. Hence, it is unlikely
that the used PAW potentials are the source of the residual
error.

Several sources may contribute to the residual discrepancy
with experiment, including the phaseless bias, time-step error,
residual finite-size effects, and the neglect of core-correlation
effects. The first three are, however, unlikely to be dominant:
the trial wave function study (Sec. IVB) and the time-
step analysis (Sec. IV A) show that structural properties are
largely insensitive to these parameters, and the convergence
of MP2+AFQMC and RPA+AFQMC to a common result
for all materials using 32-atom cells (see Fig. 3) indicates
that finite-size effects are well under control. We therefore
attribute the remaining discrepancy primarily to the neglect
of core-correlation effects, since the present calculations con-
sider only valence electrons. These effects are expected to
be more pronounced in heavier systems such as BP and Si,
where deeper-lying semicore states are less tightly bound
and thus more polarizable. In principle, core polarizations
can be included via pseudopotentials with explicit semicore
s and p states; however, the required PW basis set must be
substantially larger to accurately describe the fluctuations of
the deeper-lying semicore states, which is not computationally
feasible at the moment.

Table VIII summarizes the calculated bulk moduli B from
HF, MP2, RPA, and AFQMC alongside the ZPV-corrected ex-
perimental reference values [95] for comparison. As expected,
the relative errors for the bulk moduli are larger than those
of the lattice constants, since bulk moduli are more sensitive
quantities. Compared to HF, MP2 improves the bulk moduli

of C and Si but overcorrects or worsens those of BN and
BP. Nevertheless, the MARE improves from 5.2% for HF
to 2.8% for MP2. RPA, on the other hand, systematically
underestimates the bulk moduli across all materials, with a
MARE of 3.9%. We observe that the AFQMC bulk moduli,
in general, increase compared to RPA and decrease compared
to MP2. While AFQMC does not systematically outperform
MP2 for this property when compared to experiment, it gen-
erally follows the same qualitative trends. This is consistent
with the fact that the bulk modulus is a second derivative and
thus sensitive to statistical noise and residual fitting errors. We
report a MARE of 2.6% for the AFQMC bulk modulus.
Finally, we compare the present AFQMC results against
other high-level many-body methods. DMC results from
Refs. [108] and [109], included in Tables VII and VIII,
yield MAREs of 0.46% and 0.18% for the lattice constants
and 2.8% for the bulk moduli. While DMC shows excellent
agreement with experiment for the C and BN lattice con-
stants, its accuracy is less consistent for BP and Si, where
AFQMC yields smaller deviations. Earlier DMC studies for
C [112] and Si [113] show relative errors to the experi-
ment (0.22% and 0.17%, respectively) comparable to the
present AFQMC results. Overall, this comparison highlights
that obtaining accurate lattice constants remains challenging
even for simple semiconductors. Recently, Ye and Berkel-
bach [114] reported all-electron periodic CCSD(T) results
for diamond, obtaining a lattice constant of 3.561 A and

TABLE VIII. Calculated bulk moduli By (in GPa) from HF,
MP2, RPA, and AFQMC. For comparison, DMC bulk moduli from
Ref. [108] as well as the ZPV-corrected experimental bulk moduli,
extrapolated to 7 = 0K, are also listed. HF, MP2, and RPA were
calculated in the primitive cell utilizing k-point sampling. AFQMC
results are based on an RPA reference and were obtained in a 32-atom
cell, along with twist averaging. The final row reports the mean
absolute relative error (MARE) with respect to the experimental
results.

HF MP2 RPA AFQMC DMC [108] exp.
BN 429 390 378  390(4)  399(1) 410
BP 175 178 168 1713)  173(2) 168
C 496 456 434 448(5)  451(4) 455
Si 104 101 98  99(2) 106(1) 101
MARE (%) 52 28 39 26 2.8
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a bulk modulus of 448 GPa. These values are in excellent
agreement with the present AFQMC results, with deviations
below 0.1%. This level of agreement is remarkable given the
fundamentally different methodologies [stochastic AFQMC
vs deterministic CCSD(T)] and computational frameworks
(PAW vs all-electron), and further supports the accuracy of
the present approach for sp-bonded semiconductors.

V. CONCLUSIONS

In this work, we have established a comprehensive frame-
work for performing phaseless auxiliary-field quantum Monte
Carlo (AFQMC) calculations within the projector augmented-
wave (PAW) method, fully integrated into the Vienna
ab initio Simulation Package (VASP). A central technical
accomplishment of this implementation is the rigorous for-
mulation of imaginary-time propagation for nonorthogonal
pseudo orbitals, which we addressed by developing an effi-
cient, exact inversion of the PAW overlap operator. To ensure
efficient local energy evaluations, we calculate direct and ex-
change energies only on the plane-wave grid. Restoring the
exact shape of the all-electron density corrects the neglect of
PAW one-center terms. Together, these approaches enable the
method to operate naturally at the basis-set limit defined by
the plane-wave cutoff, effectively eliminating the basis-set ex-
trapolation errors that frequently plague wave-function-based
correlated calculations in solids. Furthermore, without the
need to explicitly store the two-body Hamiltonian, the mem-
ory footprint is kept tiny, allowing the calculation to run even
on slim memory nodes.

By hierarchically embedding AFQMC within MP2 and
RPA workflows, we demonstrated the method’s capability
to systematically correct the distinct physical deficiencies
of these lower-level methods. Our results highlight that
MP2 systematically underestimates lattice constants because
of its failure to account for long-range electronic screen-
ing, whereas RPA tends to overestimate them by neglecting
higher-order exchange diagrams beyond Fock exchange. For
the benchmark systems considered here, AFQMC acts as
a robust corrector for both, recovering the specific missing
correlation effects required to align theory with experiment.
Crucially, our finite-size scaling analysis identifies RPA as the
computationally superior reference method for the structural
properties of the solids investigated in this work. We observed
that the short-range correlations missing in RPA converge
much more rapidly with respect to supercell size than the
long-range screening effects absent in MP2, thereby allowing
the RPA-based workflow to reach the thermodynamic limit us-
ing significantly smaller supercells. The presented embedding
workflow thus provides a practical extrapolation technique to
access the thermodynamic limit of bulk semiconductors and
insulators using AFQMC, as demonstrated for the benchmark
systems considered here.

The practical accuracy of this framework is demonstrated
by the structural benchmarks obtained for C, BN, BP, and Si.
The computed equilibrium lattice constants achieved a mean
absolute relative error (MARE) of 0.14% with respect to zero-
point corrected experimental values, representing a substantial
improvement over the 0.30% and 0.42% MAREs observed
for MP2 and RPA, respectively. Furthermore, we verified

the robustness of the method, demonstrating that these struc-
tural predictions are largely insensitive to the choice of the
imaginary-time step and the employed exchange-correlation
functional used to generate the trial wave function. While
the remaining minor residual errors are likely attributable to
the neglect of core-correlation effects in the current pseu-
dopotential treatment, this work firmly establishes PAW-based
AFQMC as a scalable, cubic-scaling method capable of
producing benchmark-quality structural data for condensed-
matter systems.
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APPENDIX: BASIS TRANSFORMATIONS

As already discussed in Sec. IIB2, the transformations
from the plane-wave (PW) to the S-orthogonal basis and vice
versa are given by

C(r) = C(0)A(r) orbital - PW (Al)

A(r) = C'(0)SC(r), PW — orbital (A2)

where C(0) denotes the PW coefficient matrix of the S-
orthogonal orbital basis, C(tr) denotes a PW coefficient
matrix, A(t) denotes an orbital coefficient matrix, and S is
given by Eq. (47). Inserting two complete sets of PWs, the
Hamiltonian matrix elements in the orbital basis are rewritten
as

H,, = ((0)|H|%,(0))

=Y C0)(GISS™'AIG)Cs,(0).
GG’

(A3)

Thus, if the S-orthogonal basis is complete, one can write the
propagator in the S-orthogonal orbital basis as

_ O 0SS 11
e A (1)) = ¢ C' S8 ‘HC(O)A(.L.O)

= CT0)Se S HC(0)A (). (A4)

Note that matrix representations of A and § in the PW basis
are denoted with an operator accent “hat”. Importantly, if the
S-orthogonal basis is incomplete, i.e., C(0)CH(0)S # 1, the
second equality does not hold. This can easily be seen via
Taylor expansion of the first line in Eq. (A4). Together, the
Egs. (Al), (A2), and (A4) show the equivalence of propaga-
tion in the S-orthogonal and the PW basis

Aty + 1) <« e " HA()) & (A5)

Clry + 1) <« e SHC(g). (A6)
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