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Topological dislocation response in elementary semiconductors
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We study elementary semiconductors and insulators that are symmetric under spatial inversion: silicon,
diamond, germanium, and black phosphorene. These materials are ideal candidates for realizing obstructed
atomic insulators, which differ from trivial atomic insulators by a quantized spatial shift of their electronic
Wannier centers with respect to the atomic lattice. We use symmetry indicator invariants that allow the prediction
of nontrivial responses to crystal dislocations with an integer Burgers vector in these materials, and generally,
in all inversion-symmetric obstructed atomic insulators. Unlike weak topological insulators where the response
only depends on the Burgers vector, the dislocation response of three-dimensional (3D) inversion-symmetric
obstructed atomic insulators can also be affected by the line vector of the dislocation. In such insulators,
we find that edge dislocations generically exhibit a nontrivial response, while in all 3D obstructed atomic
insulators, screw dislocations always display a trivial response. With the aid of numerical simulations of realistic
tight-binding models, we confirm the presence of midgap polarization bands localized along dislocations in

silicon, diamond, and germanium.

DOI: 10.1103/yg53-t56x

Introduction. The theory of noninteracting topological in-
sulators (TIs) [1-3] can be considered quite mature. TIs can
host edge states that are robust under perturbations; their
presence is diagnosed by bulk topological invariants. Be-
sides edges, crystals will inevitably host imperfections such
as crystal defects [4] that alter the local geometry of the
lattice. References [5-21] have defined topological invariants
to diagnose the presence of robust bound states localized at
such defects. In particular it was found that dislocations—
stable line defects in three-dimensional (3D) crystals that
disrupt translational symmetry only locally—can host topo-
logically protected one-dimensional (1D) “first-order” gapless
helical modes [5] and zero-dimensional (0D) “higher-order”
end states [9], which are protected by spinful time-reversal
(T) and inversion (Z) symmetry, respectively. This response
has been discussed for integer Burgers vector dislocations in
insulators such as BiSb [5], PbTe monolayers and SnTe [9],
elementary bismuth [22], as well as in acoustic and photonic
systems [23,24].

We here apply this theory to some of the most widely
studied Z- and T -symmetric elementary semiconductors [25]:
3D silicon, diamond, germanium, and two-dimensional (2D)
black phosphorene (BP). These materials are obstructed
atomic insulators (OAls) [26—49] whose symmetric and ex-
ponentially localized electronic Wannier functions are not
centered at atomic sites [S0]. We use topological invariants
inspired by Ref. [9] to diagnose the dislocation response of
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2D BP and 3D silicon, diamond, and germanium. Via real-
istic tight-binding models, we confirm that when introducing
edge dislocations, these semiconductors exhibit floating bands
localized along the dislocation inside the gap of the energy
spectrum [51]. We call them polarization bands as they arise
from the bulk polarization, similar to the end states of the Su-
Schrieffer-Heeger (SSH) chain [52,53]. Since it is impossible
to remove the degeneracy between polarization bands asso-
ciated with spatially separated (and Z-related) dislocations
without breaking 7 and 7 symmetry, a filling anomaly occurs
and furnishes a topologically protected defect response of the
OAI phase [54,55]. We also prove that screw dislocations
cannot bind polarization bands in all 3D OAIs.

Topological invariants for dislocation response. In 2D Tls
with Z and 7 symmetry, the Z, Fu-Kane invariant [56,57]
diagnoses the presence of an odd number of robust pairs
of helical edge states. This notion was extended to 3D Z-
and 7 -symmetric TIs which now have four 7, invariants
(vo, v1, V2, v3) implying the presence of topological surface
states. Here, v; € {0, 1}, i = 1, 2, 3, are called weak invari-
ants, which may be packaged into a vector M, = (vib| +
wby + v3b3)/2, where (b1, by, b3) are reciprocal basis lattice
vectors [5,9]. These invariants rely on translational symmetry.
The other “strong” topological invariant vy = 0, 1 in princi-
ple does not require translational invariance (though it may
be easier to calculate in momentum space) and describes
surface states that are robust against disorder. A 3D weak
TI—which only has the weak invariants nonvanishing—can
be adiabatically related to a disconnected stack of 2D TIs
along the real-space direction dual to M. For OAls, all four
Fu-Kane invariants are trivial by the assumption that we can
find exponentially localized Wannier states, so that we do
not expect gapless surfaces. Nevertheless, when introducing
dislocations that cut through the Wannier centers, OAls can
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host polarization-induced bound states [9]. More formally, a
bulk-defect correspondence can be formalized via the notion
of filling anomaly [54]: at neutral filling, dislocation bound
states that are related by Z symmetry are only half filled on
average. The resulting ground state degeneracy can only be
lifted by breaking Z symmetry or closing the bulk gap. In
particular, it remains even when the dislocation bound states
are pushed out of the gap and hybridize with the bulk states,
thus serving as a robust dislocation response diagnosing the
OAI phase absent fine tuning. We note that in this case
there are no more dislocation-localized eigenstates present
in the spectrum, however, an exponentially localized frac-
tional charge accumulation remains bound to the dislocation
[54] even when midgap states are absent. In ideal situations,
furthermore, the defect-localized states form a floating band
inside the bulk gap. Though this is not guaranteed to happen,
we will show that this case is realized in 3D semiconductors.

We now construct topological invariants that predict
dislocation-induced filling anomalies in OAIs [9]. Consider
a generic d-dimensional Z-symmetric (and optionally 7 -
symmetric) crystal. We label basis lattice vectors by a;, i €
{1,...,d}, and reciprocal basis lattice vectors by b;. There
are 2¢ time-reversal invariant momentum (TRIM) points in
the d-dimensional Brillouin zone (BZ). Each point is labeled
by « = (ny, ..., ny), a tuple of d numbers n; = 0, 1, so that
its momentum reads k, = Z?:I n;b;/2. These momenta k,
satisfy k, = —k, mod G, where G is any linear integer com-
bination of the b;. We define the index

N
8o = | | &mtka)bpy (ko). (1)

m=1

where &,,(k,) and E,ﬁ(ko,) are, respectively, the inversion
eigenvalues of the occupied bands m = 1... N and for a refer-
ence unobstructed atomic limit [9], at the TRIM k. The refer-
ence unobstructed atomic limit has Wannier centers that lie on
the atomic sites, with the same lattice structure and unit-cell
convention as the corresponding OAI. Topological invariants
of a material are defined relative to the reference unobstructed
atomic limit, ensuring that the resulting classification is inde-
pendent of the particular choice of unit cell. The reference
unobstructed atomic limits for the materials studied in this
work are detailed in the Supplemental Material (SM) [59].

In 2D, following notation from Ref. [9], we define
a two-component weak SSH invariant M>" = (vSHp, +
v2SSHb2)/2 via

- %[1 —]Z[(aa)k“‘“’/”}, ief{l,2), @

where « runs over all TRIM points in the first BZ. Intuitively,
v3SH s nonzero and equal to 1 when the 1D Bloch Hamilto-
nian defined on the momentum space linek - @; = # mod 27
has a nonvanishing (time-reversal) polarization [60,61], as
exemplified in an SSH chain [62]. If we consider a pair of
dislocations related by Z symmetry, filling-anomalous bound
states will be present when the dislocation Burgers vector B
satisfies [5,9]

B-M>" mod 27 = 7. 3)

We will use this condition for BP, a 2D semiconductor.

Let us move on to 3D. Edge dislocations break translational
symmetry in two directions out of three, leaving only one
good quantum number, a reduced momentum «y =k - T /27
along the dislocation line vector T . For edge dislocations, T
is a different lattice vector than the Burgers vector B. We can
therefore view k| as an external pumping parameter between
two Z-symmetric 2D Hamiltonians, each in the presence of
a dislocation, that are defined at xj =0 and « 1! = 1/2. OAIs
must have identical weak SSH invariants M SSH for these two
2D Hamiltonians because their 3D weak mdex M, vanishes.
As a result, they cannot host the gapless dislocation states
of Refs. [5,63], but they can still stabilize filling-anomalous
polarization bands at the edge dislocations if M ESH defined at
ky =0, 1/2 satisfies Eq. (3). Conversely, screw dislocations
have their line vector T parallel to the Burgers vector B.
At k) = 0, the 2D Hamiltonians with or without the screw
dislocation are identical [9] and therefore dislocation-bound
polarization bands cannot exist. Since all atomic insulators,
obstructed or unobstructed, cannot support topologically pro-
tected edge states that connect conduction and valence bands,
the response to screw dislocations is always trivial.

We now formalize these observations for general disloca-
tions. Define the 3D weak SSH invariants as a matrix

ASSH SSH
MM = — Z vy, @ b, 4)

i,j=1

where ® denotes the outer product and

SSH _[ l_[(s(k -a;) (ke a/)/ﬂ ] (5)

Here, o runs over all eight TRIM points in the 3D BZ. For
any Z-symmetric pair of dislocations (edge, screw, or mixed)
with Burgers vector B and line vector T, filling-anomalous
polarization bands that disperse with a reduced momentum
quantum number k| along T will be present in a 3D OAI when

B (M%"-T) = mod2r. (6)

Equation (5) implies that v} = 13", meaning the disloca-

tion response is invariant under an exchange of Band T. The
trivial response for screw dislocations is reflected in the fact
that v>3H reduces to the weak invariant v;, which is always
zero for OAIs.

Dislocation response of black phosphorene. We first con-
sider BP, a 2D material whose puckered honeycomb geometry
is depicted in Fig. 1(d), which also defines the lattice basis
vectors a;,a, and associated lattice constants a, b. The BP
Hamiltonian we use interpolates between two models [64]
with a parameter 0 < A < 1. The first model Hyg- (k) assumes
a 90° angle between bonds in the puckered structure; it has a
chiral symmetry which pins dislocation bound states at zero
energy. The second model is a realistic model Hyjuex (k) of
BP, which does not have this additional symmetry. Following
Ref. [64], we have

H, (k) = (1 — M)Hoo- (k) + AHpjack (k). @)

Using either model, we obtain the same inversion eigenvalues

shown in Figs. 1(a) and 1(b), which result in (vPSH, V5SH) =
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FIG. 1. Dislocation response of black phosphorene (BP). (a) Brillouin zone of BP, showing time-reversal invariant momentum (TRIM)
[9] points and their occupied inversion eigenvalues. (b) Band structure along the path shown in (a), with associated inversion eigenvalues at
the TRIM points. (c) Spectrum in the presence of a pair of Z-related dislocations, plotted against the interpolation parameter A [see Eq. (7)].
Two polarization bands appear inside the gap. One of them is slightly shifted to aid visualization. We color code their IPR, which is maximal
at A = 0 (90° model) and minimal at A = 1 (realistic model) [see Eq. (7)]. Simulations are performed on a lattice of 30 x 30 unit cells
spanned by a; and a,. The dislocation is introduced by cutting the lattice (keeping unit cells intact), removing 7 unit cells, and gluing back
together. (d) Unit cell of BP, consisting of four phosphorus atoms, each of which has five valence electrons. The commonly used unit cell
consists of the gray and blue atoms (A, B, A’, and B’). By contrast, the unit cell we use consists of the gray and yellow atoms (A, B, A’, and
B'). This choice ensures that the edge dislocation preserves Z symmetry. The positions of these atoms in terms of fractional lattice vectors
are 74 = [(1/2 —w)a, b/2,cl, 13 = (ua,0,c), T4 = —15, Ty = —T4 +ay, and 1y = —74, Where u = 0.080 56 and ¢ = 1.0654 A [58]. The
pink sphere represents the Wannier center induced by the p, orbital; the red plane, which in our simulation connects the two Z-related edge
dislocations, cuts through it. (¢) and (f) Real-space wave-function density |v|? plots of polarization states for A = 0 and A = 1, respectively,

with the inversion center shown in red.

(1,1) [59], and the bulk gap does not close as we tune
A =0 — 1. Therefore we obtain M5! = 7 (1/a, 1/b), in-
dicating a nontrivial response for any Z-symmetric pair
of dislocations with a Burgers vector B that is an odd
combination of lattice basis vectors. We introduce pairs of
Z-symmetric dislocations with B = a, = (0, b) for BP, sat-
isfying Eq. (3). As summarized in Fig. 1, we observe a
nontrivial dislocation response, manifested at A = 0 in the
presence of two exactly overlapping bound states which lie in
the middle of the energy gap. Their degeneracy arises from
the fact that they are related by Z symmetry and that the
defects are located far away from each other. We plot the full
spectrum against A [Fig. 1(c)] to see where the bound states
end up in the realistic model. As A — 1, although polarization
states merge with the valence bands, they still create a state-
counting imbalance between conduction and valence bands.

This implies a filling anomaly [54], robust under perturba-
tions, that ensures the material is necessarily metallic at 5/8
filling.

As a measure of localization, we compute the inverse par-
ticipation ratio (IPR) for each eigenstate, defined as

2
IPR =" (Z Iwi,nlz) , @®)

where v; , denotes the wave-function component of orbital n
at lattice site i. We show the result in Fig. 1(c). The local-
ization length of the dislocation bound states scales inversely
with the energy gap as expected [60,65]. We plot the corre-
sponding real-space density profile in Figs. 1(e) and 1(f).
Dislocation response of 3D semiconductors. We next dis-
cuss silicon, diamond, and germanium, with spatial geometry
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FIG. 2. Edge dislocation response of 3D silicon. (a) Brillouin zone of silicon, showing time-reversal invariant momentum (TRIM) [9]
points and their occupied inversion eigenvalues. (b) Band structure along the path shown in (a), with associated inversion eigenvalues at the
TRIM points. (c) Band structure with a pair of Z-related dislocations present, plotted against the only remaining momentum quantum number
k3 = (k - a3)/2m. The band structure for positive 3 can be obtained by reflection along the 3 = 0 axis because of 7 symmetry. Simulations
are performed on a lattice of 30 x 30 unit cells spanned by a, and a, with 100 sample points for momentum «3. The dislocation is introduced
by cutting the 3D material along a plane (keeping unit cells intact), removing 10 unit cells, and then gluing the lattice back together [9].
We enforce periodic boundary conditions in all three directions. (d) Real-space unit cell geometry, common to all three 3D semiconductors
that we study. There are two silicon atoms in a unit cell, with positions 74 = (0,0, 0) and 73 = %(1, 1, 1) in fractional lattice vectors. (e), (f)
Real-space wave-function || plots for polarization states at k3 = —1/2 and 3 = 0, respectively, with the inversion center shown in red. We
plot the absolute value of the amplitude instead of the density here for a more detailed visualization.

depicted in Fig. 2(d) and lattice constants a = 5.396, 3.596,
and 5.658 A, respectively. For all three materials, we con-
sider well-known tight-binding Hamiltonians with parameters
from Ref. [66] (see also Ref. [67]). In the BZ, the Bloch
Hamiltonians restricted to the 1D lines connecting points
X; to L for i = 1,2, 3, with inversion eigenvalues shown in
Figs. 2(a) and 2(b), all feature an odd number of band inver-
sions with respect to the reference atomic limit [68]. For all
three semiconductors, Eq. (5) then gives (v7$, v33, vi5H) =
(1,1, 1), as calculated in the SM [59]. These invariants im-
ply that Eq. (6) is satisfied for any pair of edge dislocations
when B and T are lattice basis vectors. We introduce pairs
of Z-symmetric dislocations with B =a; = a/2(0, 1, 1) and
T =a3 =a/2(1,1,0), satisfying Eq. (6), and find that
midgap dislocation bands are present even at realistic model
parameters. We summarize our results in Fig. 2 for silicon,
and relegate similar plots for diamond and germanium to
the SM. As in Fig. 1, we use the IPR to study the local-
ization properties of the dislocation bound states. The IPR

is smallest at k3 =k -a3/2xm = 0 and largest at k3 = 1/2.
We show the real-space density profile of the dislocation
states in Figs. 2(e) and 2(f). At half filling, there is a filling
anomaly per momentum k3 [9]. As detailed in the SM [59],
we study inversion-breaking relaxations, as well as different
boundary terminations. The former can lift the degeneracy of
the bound states. The latter creates an imbalance of density
between the two defect cores. At this point, there is in general
no topological guarantee of polarization bands or a filling
anomaly. However, if the deviations from the symmetric limit
are small, we still expect remnants of the topological response
to survive in realistic samples. Indeed, we show in the SM
that while the polarization and visibility of the dislocation
states are reduced under realistic conditions, they generically
remain in the gap and remain localized throughout parts of
momentum space.

Discussion. Using well-known tight-binding models, we
have demonstrated nontrivial dislocation responses in a 2D
OAI material and three 3D materials that realize the same OAI
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phase and therefore the same response. One main physical
distinction between these materials is their various band gaps
and polarization band dispersions, causing varying degrees of
localization of the polarization band states, as seen in their
IPR. In particular, we have found that the large band gaps
of diamond and silicon host cleanly isolated midgap disloca-
tion bands that can be probed in experiment [22], while the
bulk bands of germanium and BP merge with the polariza-
tion states, so that in general only a filling anomaly remains
as a clear-cut topological response in these materials. More
generally, we have shown that 3D OAISs host richer potential
dislocation responses than their 2D counterparts due to the
freedom in choosing a line vector for dislocations in 3D. In
3D OAISs, the response can be nontrivial for edge disloca-
tions but is always trivial for screw dislocations. Notably, this

dependence on a line vector is in stark contrast to the case
of 3D weak topological insulators, for which the dislocation
response depends only on the Burgers vector B [5]. A clear
next step would be to extend our theory beyond Z-symmetry
to materials with other crystalline symmetries.
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