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Photon-mediated entanglement between spin qubits beyond the dispersive regime
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Dispersively coupled distant qubits in a shared cavity can become entangled through virtual photon exchange
with energy-conserving phase evolution of their quantum states. This interaction can potentially be accelerated
by operating on resonance, allowing for the exchange of real photons. In this theoretical study, we examine
photon-mediated entanglement between two distant spins of electrons confined in double quantum dots formed
in a Si/SiGe heterostructure. We calculate the dynamics of the combined system comprised of both spin qubits
and the cavity, assuming that both spin qubits can be tuned into and out of resonance with the host cavity. We
demonstrate that the exchange of real photons between the two spin qubits can result in rapid entanglement that
is robust against decoherence. These results pave the way for the development of quantum gates on resonantly
coupled distant semiconductor spin qubits.
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I. INTRODUCTION

A semiconductor quantum dot (QD) filled with an electron
or hole represents a natural realization of a well-defined spin
qubit (SQ) [1], which has remained the subject of extensive
studies for decades [2]. Extending the system by a second
QD to a double quantum dot (DQD) allows for electrical
manipulation of charge [3–7] and spin [8–12] qubits and con-
trollable qubit-cavity coupling [13–18]. The first experimental
evidence of a measurable coherent interaction between an
electron charge in a quantum dot and the quantized electro-
magnetic field of a superconducting resonator were achieved
in the optical regime [19,20] and paved the way for the engi-
neering of the interqubit photon-mediated interaction [21,22].

A qubit with transition frequency Eσ coupled to a su-
perconducting microwave cavity mode ω with a coupling
strength g can operate in two distinct regimes of cavity quan-
tum electrodynamics (QED). In the dispersive limit |Eσ −
ω| � g, the qubit is weakly coupled to the cavity field and
emission or absorption of photons are suppressed, while in the
resonant regime |Eσ − ω| � g, excitations can be exchanged
between a qubit and the cavity mode. Operating in the dis-
persive regime at low temperatures, the number of photons
in a cavity can be assumed to be zero [14]. In this case,
the interaction between distant qubits is given by an effec-
tive Hamiltonian, which allows for the implementation of the
iSWAP [7,23] and CNOT [24,25] two-qubit gates. Experi-
ments have proved that the entanglement can be realized with
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fidelities up to 84% in 21 ns between qubits located at distance
250 µm [18]. A significant gate acceleration was predicted
for qubits with frequencies tuned to the cavity photons en-
ergy [26,27]. In this resonant regime, electrons exchange real
photon and can become maximally entangled in only ∼10 ns
[18]. The main challenge the researchers face developing
gates for charge qubits is the relatively high decoherence rate
[28], which is caused by the high sensitivity of the electron
wave function to charge noise. This circumstance motivates
expanding the scope of cavity-based hybrid systems to in-
clude semiconductor spin qubits, which serve as a promising
platform for programmable quantum processors [29–31]. To
facilitate spin-photon interaction, the coupling between a po-
lar vector (the electric field) and an axial pseudovector (the
electron spin) is required. The natural realization of this cou-
pling is provided by the spin-orbit interaction that contributes
to the Hamiltonian with terms proportional to k · σ, where
k is the electron’s wave vector and σ is the vector of Pauli
spin operators. The standard electric dipole spin resonance
(EDSR) technique employs the spin-orbit coupling [32] and
remains a widely used method in semiconductor spin-qubit
experiments [33–36]. Since Si is not distinguished by a strong
spin-orbit interaction strength, an artificial coupling between
the DQD electric dipole and spin can be achieved via the
introduction of a transverse nonuniform magnetic field with
different directions in the two sites of a DQD, thereby in-
ducing a spin-charge hybridization [37]. Experiments have
shown that the application of a magnetic field gradient to
a single electron confined within a DQD leads to a coher-
ent coupling between spin and a cavity photon [16,17], as
predicted theoretically several years before [14]. Similar to
charge qubits,

√
iSWAP and iSWAP gates were theoretically

studied for two distant electron spins weakly coupled to the
shared cavity [38]. Recent experiments have demonstrated a
significant strengthening of the interspins coupling beyond
the dispersive regime, when the photon energy matches the
spin splitting of spin qubits (SQs) [21]. A recent proposal
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FIG. 1. Two electrons (green clouds) are confined within the
DQDs in the shared cavity. A strong magnetic field Bz lifts the spin
degeneracy, while a relatively weak nonuniform field ±Bx hybridizes
the spin and charge electronic states. A real photon with energy ω is
transferred from one spin qubit to another and induces spin flips of
both electrons whose energy levels are tuned to fulfill the resonance
condition Eσ = ω.

for parametrically driven entanglement between spin qubits
employs the sideband resonances [39]. However, the theoret-
ical picture of resonant photon-mediated spin-qubit coupling
is still lacking.

In this paper, we present a theoretical study of two spin
qubits placed in a superconducting cavity and tuned to one
of its modes. The transverse coupling of spin qubits to the
cavity is taken into account within the first-order perturbation
theory by a Schrieffer-Wolff transformation and by moving to
the polariton basis. A rapid implementation of the |↑↓〉 →

1√
2
(|↑↓〉 − |↓↑〉) transition is predicted for an appropriate

sequence of voltage pulses applied to the electrodes to tem-
porally detune the spin qubits from the cavity. Analyzing
the free evolution of the system from a predetermined initial
state |↑↓〉 reveals the existence of the most optimal degree of
spin-charge hybridization, which corresponds to a rapid emer-
gence of a maximally entangled state. Additional calculations
demonstrate the minimal impact of relaxation and noise on the
proposed two-spin qubit entanglement processes.

The rest of the paper is organized as follows. In Sec. II we
present the model including the Hamiltonian in the dressed
states basis and the required transformations. Section III de-
scribes the process of entangling two SQs from a given initial
state using voltage pulses to turn the interaction between the
SQs and the cavity on and off. Section IV discusses the evo-
lution of the three-partite system comprising two SQs and the
cavity from the predetermined initial state and determines the
conditions for maximizing entanglement between the qubits.
Section V concludes the paper with a brief summary of the
obtained results and open questions.

II. MODEL

We consider two distant identical DQDs formed with
metallic electrodes placed over the Si/SiGe heterostructure
(Fig. 1). Each DQD is assumed to be filled with one
electron. While a uniform magnetic field Bz causes a sub-
stantial Zeeman splitting, the spatially varying magnetic
field provides relatively weak antiparallel fields ±Bx for
the left and right sides of each DQD. The Hamiltonian of
an electron in such a DQD can be expressed in the basis
|L,+ 1

2 〉, |L,− 1
2 〉, |R,+ 1

2 〉, |R,− 1
2 〉, where |L〉 and |R〉 denote

the states of an electron located in the left and right site of
the DQD and |± 1

2 〉 correspond to the electron spin orientation
parallel (−) and antiparallel (+) to the field Bz [40],

HSQ = ε

2
τ̃z + Bz

2
σ̃z + Bx

2
σ̃x τ̃z + tcτ̃x, (1)

where ε is the DQD detuning, tc is the real-valued intradot
tunneling strength, Bx is the coupling coefficient between
different spin states, and σ̃ and τ̃ are the Pauli matrices acting
in the |+ 1

2 〉, |− 1
2 〉 and |L〉, |R〉 subspaces, respectively. In the

following, we set ε = 0 to ensure the sweet spot for the SQs,
unless mentioned otherwise. When the spin qubit is placed
into a microwave cavity with resonant frequency ω, the linear
interaction between the spin qubit and the electric displace-
ment D = E0(a + a†) is described by the Hamiltonian

Hint = E0ed (a + a† )̃τz, (2)

where E0 is the one-photon electric field strength inside the
DQD, a† and a are photon creation and annihilation operators,
e is elementary charge, and d is the interdot spacing. Notably
the populations of the 1√

2
(|L〉 ± |R〉) states oscillate with the

vacuum Rabi frequency g = E0ed when the DQD is brought
into the interaction with a cavity with frequency ω = 2tc. The
resultant Hamiltonian

∑
k=1,2(HSQk

+ Hintk ) + ωa†a of the
system comprising two spin qubits numbered with k and a
cavity is commonly transformed into the dressed-states basis,
which diagonalizes the part

∑
k=1,2 HSQk

and where the in-
teraction

∑
k=1,2 Hintk is a small off-diagonal perturbation. In

this basis, the system Hamiltonian takes the form [14]

H = ωa†a +
∑

k=1,2

[
Eσ

2
σ (k)

z + Eτ

2
τ (k)

z

+ (
gσ σ (k)

x τ (k)
z − gτ τ

(k)
x

)
(a + a†)

]
, (3)

where 2Eτ,σ = √
(2tc + Bz )2 + B2

x ± √
(2tc − Bz )2 + B2

x ,
gτ = g cos φ, gσ = g sin φ, and φ = φ++φ−

2 with
φ± = arctan Bx

2tc±Bz
. To define the introduced σ (k) and

τ (k) matrices, we describe their eigenstates, which are
|+ ↑〉, |+ ↓〉, |− ↑〉, and |− ↓〉. Here, the (+)− signs
denote the (anti)bonding orbitals |±〉 = 1√

2
(|L〉 ± |R〉) with

energies ±Eτ /2, while τz|±〉 = ±|±〉 is the Pauli matrix
for the orbital subspace. By analogy, σz acts in the spin-like
subspace σz|↑ (↓)〉 = ±|↑ (↓)〉. Explicitly,

|− ↓〉 ≈ |−〉 ⊗ |−1/2〉,
|− ↑〉 = cos

φ

2
|−〉 ⊗ |+1/2〉 + sin

φ

2
|+〉 ⊗ |−1/2〉,

|+ ↓〉 = − sin
φ

2
|−〉 ⊗ |+1/2〉 + cos

φ

2
|+〉 ⊗ |−1/2〉,

|+ ↑〉 ≈ |+〉 ⊗ |+1/2〉, (4)

where in the first and fourth equations we assumed that√
(2tc − Bz )2 + B2

x/(2tc + Bz ) � 1 [14]. We denote the ba-
sis states of the Hamiltonian presented in Eq. (3) as
|± ↑ (↓),± ↑ (↓)〉n, where the orbital and spin states of both
qubits are shown together with the number n of photons in the
cavity. Notwithstanding the fact that the |↑〉 and |↓〉 states do
not exactly correspond to the electron spin projection, we refer
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to them as the spin-up and spin-down states that commonly
encode logic states of the described qubits [18].

In the future framework, we focus on the resonant case
Eσ = ω, Eτ = ω + �, which is the most promising for ef-
ficient photon-mediated spin control. This condition leads
to a number of degenerate levels, such as |− ↑,− ↑〉0,
|− ↓,− ↑〉1, |− ↑,− ↓〉1, and |− ↓,− ↓〉2. While in the dis-
persive regime one commonly performs a Schrieffer-Wolff
(SW) transformation and moves to the empty cavity limit to
derive the effective Hamiltonian for the inter-SQ interaction
[38], here the photonic degree of freedom cannot be excluded.
Indeed, when spin qubits are in resonance with the cavity, a
considerable part of their energy will be transferred to the pho-
tonic form. Thus the cavity field is a third essential component
of the system. First, we perform a SW transformation for the
Hamiltonian H = H0 + Vres + Vdisp, where H0 is the diagonal
part of H, while

Vres = gσ

∑
k=1,2

(
aσ

(k)
+ τ (k)

z + a†σ
(k)
− τ (k)

z

)
(5)

and

Vdisp =
∑

k=1,2

(
gσ

(
aσ

(k)
− τ (k)

z + a†σ
(k)
+ τ (k)

z

) − gτ τ
(k)
x (a + a†)

)
(6)

represent the block-diagonal part and off-diagonal blocks of
the qubit-cavity interaction Hamiltonian, respectively. Using
the relation Vdisp + [S,H0] = 0 we find the SW generator
[41,42]

S =
∑

k=1,2

[
gτ

�
(−aτ

(k)
+ + a†τ

(k)
− )

− gτ

2ω + �
(−aτ

(k)
− + a†τ

(k)
+ )

+ gσ

2ω
(−aσ

(k)
− + a†σ

(k)
+ )τ (k)

z

]
(7)

and expand the transformed Hamiltonian H′ = eSH e−S to the
first order of S

H′ ≈ H0 + Vres + 1
2 [S, 2Vres + Vdisp]. (8)

Note that H contains degenerate blocks, which acquire ad-
ditional off-diagonal elements after the SW transformation.
For example, there is no direct transition between states
|− ↑,+ ↓〉0 and |+ ↑,− ↓〉0 in H, but they both are coupled
to the transitional state |+ ↑,+ ↓〉1. The SW transformation
excludes the |+ ↑,+ ↓〉1 state, but introduces an off-diagonal
element coupling the degenerate states |− ↑,+ ↓〉0 and
|+ ↑,− ↓〉0. Importantly, the levels bound by the potential
Vres in H are no longer degenerate in H′, because of the

small SW corrections ∼ g2

�
. However, when gσ � g2

τ

�
, these

corrections can be neglected. Therefore, to diagonalize H′ we
introduce a relatively simple rotation matrix R, the application
of which entangles spin and photonic states and transforms
the Hamiltonian to the polariton basis: H̃ = RTH′R. As a
result, the initial Hamiltonian from Eq. (3) is transformed by
the unitary U = e−SR to the first order of S. For simplicity,
we assume that the Hilbert space is rotated by R only, be-
cause U ≈ (1 − S)R and S � 1. Thus transitional states are

excluded from our consideration, but their influence on the
energies of other states is accounted for by Eq. (8).

Since the memoryless cavity damping is expected to be
the primary decoherence mechanism compared to the non-
Markovian 1/ f charge noise, we quantify the influence of
decoherence on the open system state by solving the master
equation with the Lindbladian in the Markovian limit

ρ̇ = −i[H, ρ] + κL[a]ρ

+
∑

k=1,2

(
γφ

4
sin2 φL

[
σ (k)

z

]
ρ + γ

2
sin2 φL[σ (k)

− ]ρ

)
(9)

for the density matrix ρ, where γφ and κ are the charge-noise-
induced dephasing rate of the spin qubit and cavity damping
coefficient, γ characterizes the phonon-induced charge re-
laxation, and L[A]ρ = 2AρA† − ρA†A − A†Aρ stands for the
dissipator given by the quantum jump operator A.

III. TWO-STEP ENTANGLING

When the spin splitting Eσ equals the photon energy ω,
one would expect vacuum Rabi oscillations of a maximal
amplitude for the system comprising only one SQ and a cavity.
In order to utilize these oscillations between different spin
qubits and resonator separately, we propose switching the
qubit-cavity interaction on and off. This can be realized via
a voltage-induced increase of the DQD detuning [22] that
can be instant with respect to all relevant time scales [43].
Consider the initial state |�0〉 = |− ↑,− ↓〉0 with the second
(↓) qubit detuned from the cavity. In this case, the state of the
system evolves to

|�(τ1)〉 = cos (gσ τ1)|↑↓〉0 + i sin (gσ τ1)|↓↓〉1 (10)

after time τ1, where we omitted the orbital states |−,−〉. At
this moment, SQ1 is deactivated, while SQ2 is brought to the
resonance with the cavity for the time period τ2. As a result,
after the time τ1 + τ2 the system appears in the state

|�(τ1 + τ2)〉 = cos (gσ τ1)|↑↓〉0

− sin (gσ τ1) sin (gσ τ2)|↓↑〉0

+ i sin (gσ τ1) cos (gσ τ2)|↓↓〉1. (11)

Remarkably, at τ2 = 2τ1 = π
2gσ

, the qubits arrive at the max-

imally entangled Bell state 1√
2
(|↑↓〉0 − |↓↑〉0). As illustrated

in Fig. 2, the route from the initial state |�0〉 = |↑↓〉0
to |�(τ1 + τ2)〉 = 1√

2
(|↑↓〉0 − |↓↑〉0) consists of two sepa-

rate gates:
√

iSWAP between SQ1 and cavity and iSWAP
between cavity and SQ2. These two gates implemented se-
quentially lead to the |↑↓〉 → 1

2 (|↑↓〉 − |↓↑〉) rotation. We
quantify the amount of entanglement using the concurrence
C = max(0, λ1 − λ2 − λ3 − λ4) [44] applied to the reduced
density matrix ρr of the two spin qubits. Here, λi are
the eigenvalues of the matrix

√√
ρr ρ̃r

√
ρr with ρ̃r = (σy ⊗

σy)ρ∗
r (σy ⊗ σy). In Fig. 3 we present the calculated time evo-

lution of the quantum state as well as its concurrence

C =
{

0, if t < τ1,

| sin (2gσ τ1) sin [gσ (t − τ1)]|, if t � τ1,
(12)
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FIG. 2. Two-step entanglement scheme for the initial state
|�0〉 = |SQ1SQ2〉0 = |↑↓〉0 with empty cavity, with the first spin
qubit (SQ1) prepared in the excited |↑〉 state and the second spin
qubit (SQ2) in the ground |↓〉 state. In the first step, the ground-state
spin qubit (SQ2) is decoupled, whereas the

√
iSWAP operation is

performed between the initially excited spin qubit (SQ1) and the
cavity. The second step is the subsequent iSWAP between SQ2 and
the cavity, leaving the cavity empty.

which is derived from Eq. (11). We briefly note that there is
another variant of two-step entanglement: do iSWAP between
the first qubit and cavity and then let both qubits fully ab-
sorb the emitted photon. However, since the main source of
decoherence is the field leakage from the cavity, the resultant
entanglement would be much less, because photon loss would
drive the system from the state |↓↓〉1 to the state |↓↓〉0.

FIG. 3. Process of entangling the two spin qubits. The panel
(a) depicts the probabilities of the two-qubit system to occupy
different basis states, while the panel (b) shows the temporal evo-
lution of the entanglement measured via the concurrence C. The
parameters used in the computation are ω/2π = 10 GHz, �/2π =
2 GHz, g/2π = 100 MHz, and φ = π/6.

Next, we estimate the influence of relaxation and dephas-
ing on the entanglement procedure suggested above. To this
end, we solve Eq. (9) both analytically and numerically.
Following the analogy with pure-state calculations, we re-
strict ourselves to the subspace with up to one excitation,
spanned by the basis states |↓↑〉0, |↑↓〉0, |↓↓〉0, |↓↓〉1 and use
of the simplified Hamiltonian (up to a multiple of the unity
operator),

H = −ω|↓↓〉0 0〈↓↓| + g(1)
σ (t )|↑↓〉0 1〈↓↓|

+ g(2)
σ (t )|↓↑〉0 1〈↓↓| + H.c., (13)

where g(1)
σ = gσ and g(2)

σ = 0 for t < τ1 and g(1)
σ = 0 and

g(2)
σ = gσ for t > τ1. Restricting it to the four states only is

justified by choosing values of τ1 and τ2 that are much smaller
than 2π

g2/�
∼ 50–100 ns. Furthermore, we neglect the terms

proportional to γ , γφ , and κ in all ρ̇ elements except for
0〈↑↓|ρ̇|↓↓〉1 and 1〈↓↓|ρ̇|↑↓〉0 that determine how fast the
state becomes more mixed. Note that this truncation implies
that the master equation is not trace preserving, but at rela-
tively small times the reduction of the trace is negligible. After
the time τ1 of interaction between the first spin qubit and the
cavity, the density matrix becomes

ρ(τ1) = 1

2
(|↑↓〉0 0〈↑↓| + |↓↓〉1 1〈↓↓|)

+ e−λτ1

2
cos 2gσ τ1[|↑↓〉0 0〈↑↓| − |↓↓〉1 1〈↓↓|]

+ i

2
e−λτ1 sin 2gσ τ1|↑↓〉0 1〈↓↓| + H.c., (14)

where λ = 1
4 (2κ + 2γφ sin2 φ + γ sin2 φ) and we assumed

that
√

g2
σ − λ2

4 ≈ gσ , because λ2/(4g2
σ ) � 1. The probability

of the |↓↓〉0 state is 0〈↓↓|ρ(τ1)|↓↓〉0 ≈ (κ + γ

2 sin2 φ)τ1 +
γ sin2 φ−2κ

4gσ
e−λ1τ1 sin 2gσ τ1 � 1. As seen in Eq. (14), the ac-

count for the decoherence only in the terms 0〈↑↓|ρ̇|↓↓〉1 and
1〈↓↓|ρ̇|↑↓〉0 allows us to obtain the density matrix with all
four elements modified with respect to Eq. (10) and almost
unit trace. As confirmed by additional numerical calculations,
the derived solution almost coincides with an exact one. Thus
decoherence primarily manifests itself as a reduction in the
purity of the resulting state rather than an increase in the
number of states involved in the solution. Equation (14) is
then used as the initial condition for the master equation de-
scribing the evolution of the three-partite system with first
qubit deactivated and second one interacting with the cavity.
Note that, even when detuned, the first spin qubit still experi-
ences charge noise and relaxation at a reduced rate. However,
we use the same dissipator as for the spin qubit with zero
detuning, which gives us a lower estimate of the resultant en-
tanglement. After the time τ2 of the energy exchange between
the second qubit and the cavity the system appears in the
state with the nonzero independent ρ elements listed in Ap-
pendix A (we also omitted terms proportional to γ , γφ , and
κ in 0〈↓↑|ρ̇|↓↑〉0, 1〈↓↓|ρ̇|↓↓〉1, 0〈↓↓|ρ̇|↓↑〉0, 0〈↓↓|ρ̇|↑↓〉0,
0〈↓↓|ρ̇|↓↓〉1, and H.c. here). The probability 0〈↓↓|ρ|↓↓〉0 of
the lowest energy |↓↓〉0 state is found negligibly small at short
τ1 and τ2 time intervals due to weak decoherence. Next, we
investigate the state given by Eq. (A1) via the calculation of
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FIG. 4. Concurrence from Eq. (15) as a function of two time in-
tervals, during which SQ1,2 are activated/deactivated. The maximum
concurrence Cmax = 0.9 is found at τ1 = 2.48 ns and τ2 = 4.82 ns.
The parameters used in the computation are ω/2π = 10 GHz,
�/2π = 2 GHz, g/2π = 100 MHz, φ = π/6, κ/2π = 2 MHz, and
γ /2π = γφ/2π = 3 MHz.

the concurrence C as a function of τ1 and τ2. Tracing the cavity
states out, we derive the reduced density matrix ρr of the two
spin qubits and find the concurrence

C = | sin (2gσ τ1) sin (gσ τ2)|e−(λτ1+�τ2 ), (15)

where � = 1
4 (2κ + 6γφ sin2 φ + 3γ sin2 φ). In Fig. 4 the

concurrence from Eq. (15) is plotted at representative numer-
ical parameters’ values. The color map contains a number
of local maxima, which correspond to the

√
iSWAP gate be-

tween first qubit and the cavity followed by an integer number
of iSWAP gates between first qubit and the cavity and odd
number of iSWAP gates between the cavity and second qubit.
The redundant iSWAP gates result in longer times τ1 or τ2 and
the exponential decrease of the entanglement. Importantly, by
solving the master equation numerically for the Hamiltonian
from Eq. (3) with maximally possible photon number nmax =
2, we derive almost the same concurrence values. The devia-
tion from Eq. (15) is maximal (around 6%) at τ1 = 7.4 ns and
τ2 = 4.8 ns and is less than 0.01% near the global maximum.
From Eq. (15) we find the time intervals corresponding to the
maximal entanglement

τ1 ≈ π

4gσ

− λ

2g2
σ

, τ2 ≈ π

2gσ

− �

g2
σ

. (16)

Decoherence causes a negative shift of both time intervals
needed for maximal concurrence, which is given by

Cmax ≈ 1 − π

4gσ

(λ + 2�). (17)

Interestingly, at weak spin-charge hybridization (φ � 1) λ ≈
� ≈ κ/2. Here, the cavity damping does not break the ratio
τ1/τ2 = 2 obtained at the maximal entanglement point. This
feature can be explained by the fact that in both stages illus-
trated in Fig. 3 the average cavity relaxation rate is the same:∫ τ1

0 dt1〈↓↓|ρ̇|↓↓〉1 = ∫ τ2

τ1
dt1〈↓↓|ρ̇|↓↓〉1. This conclusion is

supported by comparing the probabilities of the state |↓↓〉0 at
time moments τ1 and τ1 + τ2.

It is worth noting that the predicted reduction in concur-
rence ∼0.1 is primarily due to strong cavity losses. These
losses are caused by the pumping of an essential amount of
energy in the form of photons, as expected in the resonant
regime. Therefore, Purcell relaxation is the main decoherence
mechanism in the studied approach.

IV. SPIN QUBITS-CAVITY DYNAMICS

In this section, we study the tripartite system evolu-
tion from the initial state |�0〉 = |↑↓〉0. In the dispersive
regime, the effective approximate Hamiltonian of the form

∝ g2
σ

Eσ −ω
(σ (1)

+ σ
(2)
− + σ

(1)
− σ

(2)
+ ) results in an iSWAP gate between

the spin qubits within a time ∼π
|Eσ −ω|

2g2
σ

. Although the in-
stantaneous energy of the electromagnetic field is negligible,
virtual microwave photons transfer energy from one qubit to
the other in small amounts, entangling them. After a relatively
long time, when sufficient energy exchange is performed, the
cavity field generates a quantum gate operation for the spin
qubits. In the resonant case studied here, iSWAP gates with
a rate ∼gσ run simultaneously between both spin qubits and
the cavity, which is filled with real photons that carry large
amounts of energy. Thus the energy flux between the qubits
is the maximum possible, but fast entanglement is not guaran-
teed because the cavity becomes empty at certain moments in
time only. The pure state of the combined three-partite system
is found from the Hamiltonian H̃ (see Appendix B)

|�〉 = 1

4
(ei(ε1+

√
2gσ )t + ei(ε1−

√
2gσ )t )(|↑↓〉0 + |↓↑〉0)

+1

2
eiε2t (|↑↓〉0 − |↓↑〉0)

+ 1

2
√

2
(ei(ε1+

√
2gσ )t − ei(ε1−

√
2gσ )t )|↓↓〉1, (18)

where ε1 = ω + � + 3g2
σ

2ω
+ 4g2

τ

�+2ω
+ 2ωg2

τ

2ω�+�2 and ε2 = ω +
� + 2g2

τ

�+2ω
. In Eq. (18) every step of the Hamiltonian transfor-

mation presented in Sec. II has left its imprint. In particular,

the term 3g2
σ

2ω
comes from the SW transformation for the

counter-rotating terms. By contrast, the correction 2ωg2
τ

2ω�+�2

reflects the influence of the rotating terms. Meanwhile, the
splitting

√
2gσ corresponds to the spin-photon entangled

eigenstates formed by the rotation R. In the following, we
use the parameter values ω/2π = 10 GHz, �/2π = 2 GHz,
and g/2π = 200 MHz [18], unless stated otherwise. The cor-
respondent probabilities of the basis states are presented in
Fig. 5, where after the transfer of energy about ω from the first
qubit to the second their spin states are almost interchanged.
However, the derived state rotation does not exactly repro-
duce an iSWAP gate for the initial |↑↓〉0 state. We attribute
this imperfectness to the competition between different chan-
nels of energy transfer between SQs. Indeed, if there were
only three possible states: |↑↓〉0, |↓↑〉0, and |↓↓〉1, with two
equivalent channels |↑↓〉0 ←→ |↓↓〉1 and |↓↑〉0 ←→ |↓↓〉1,
the iSWAP gate would be perfect. However, the introduction
of the additional degrees of freedom reflects itself in the extra
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FIG. 5. Temporal dependences of state probabilities for the ini-
tial condition |�0〉 = |↑↓〉0. The spin-charge angle is φ = π/6.

energy channels |↑↓〉0 ←→ |↓↑〉0 that compete with the main
route |↑↓〉0 ←→ |↓↓〉1 ←→ |↓↑〉0 of the energy flow. As a
result, when the transitional state |↓↓〉1 becomes empty, both
states |↑↓〉0 and |↓↑〉0 are still occupied. In fact, after each
period τSWAP = π√

2gσ

of the |↓↓〉1 state occupancy oscillation

an (iSWAP)α gate is performed. Within our approximation we
find

α(φ) = 1 − 3g sin φ

2
√

2ω
−

√
2(ω + �)g cos2 φ

�(2ω + �) sin φ
. (19)

Note that in Eq. (19) α is written as a function of φ at
fixed parameters Eσ = ω, �, and g. This approach is jus-
tified by the ability to realize the introduced α(φ) function
by adjusting the parameters Bz, Bx, and tc to keep Eσ =
ω, �, and g constant. Importantly, if the spin qubits un-
dergo q = 1, 2, 3, . . . sequential (iSWAP)α gates, then the
resultant (iSWAP)qα operation is equivalent to (iSWAP)p+1/2

with p = 0, 1, 2, . . . . This transforms the initial |↑↓〉0 state
to the maximally entangled 1√

2
(|↑↓〉0 + ei(p+1/2)π |↓↑〉0) state.

Note that, for different initial states, a maximally entangled
state could also be obtained for integer qα [45]. To obtain
this in time τe = qτSWAP, the condition qα(φ) = p + 1

2 with
α(φ) from Eq. (19) must be satisfied. After solving for all
appropriate α(φ) values, one can divide the derived set τe(φ)
into subsets with q − p = 1, 2, 3, . . ., which are illustrated in
Fig. 6. Notably, the discrete functions τe(φ, q − p) increase
monotonically with respect to both arguments, which seems
counterintuitive, because φ determines the spin-photon cou-
pling strength and its increase allows for faster gates. We find
that the most optimal point (p, q) = (0, 1) corresponds to the

spin-charge angle φ ≈ 2
√

2g(ω+�)
(2ω+�)� ∼ g

�
, which is surprisingly

small. Meanwhile, the gate time is given by τe ≈ π�(2ω+�)
4(ω+�)g2 at

this point. The τe ∝ �g−2 proportionality results in a drastic

FIG. 6. Points in the two-dimensional parameter space spanned
by the spin-charge mixing angle φ and the time τe corresponding to
the maximally entangled final state |�(τe)〉. The data is divided into
several subsets with different p − q.

increase of τe from 12 ns at g/2π = 200 MHz to 46 ns at
g/2π = 100 MHz.

Now, we focus on the q = p + 1 subset (the lowest branch
in Fig. 6), because it provides the minimal time τe for the
entanglement between the SQs and is supposed to be the
most robust against decoherence. To quantify the degree of
entanglement in between the discrete points we calculate the
concurrence C of the SQs given by the reduced density matrix
is in the basis of the spin states |↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉. The
expression follows immediately from Eq. (18),

C(t ) = 1
4 | − 1 + cos (2

√
2gσ t ) + 2i sin (

√
2gσ + ε1 − ε2)t

− 2i sin (
√

2gσ − ε1 + ε2)t |. (20)

Examples of the computed concurrence C(t ) for points
(p, q) = (0, 1), (p, q) = (1, 2), and between them are pre-
sented in Fig. 7. In the intermediate region [Figs. 7(b)–7(d)]
C(t ) also reaches its maximum, which is, however, less than
1 and is achieved at slightly different time moments than in
Fig. 6. Interestingly, for the q = p + 1 subset, the maximal
concurrence is the first local maximum among all local max-
imums of C(t ). Indeed, for any 0 < φ < π/2 concurrence
C = 1 will be observed at some time moment, but this point
will be the part of a different subset with bigger τe. For
example, in Fig. 7(b) C(t ) becomes almost 1 at t ≈ 35 ns,
but this value belongs to a higher branch with q = p + 2 and
shall not be considered. Instead, the maximal concurrence is
expected at t ≈ 9 ns and is evidently a shade less than 1. This
definition of the maximal possible concurrence is justified by
the entanglement reduction caused by the decoherence. When
the damping and dephasing effects are taken into account, the
much smaller gate time becomes way more important than a
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FIG. 7. Concurrence C plotted against time for different spin-
charge angle values φ. The dashed lines indicate the times at which
the gates are completed. These are defined as the first local maximum
within the series of local maxima of C(t ). Panels (a) and (e) corre-
spond to the first two points from the q = p + 1 branch in Fig. 6
(φp=0,q=1, φp=1,q=2), where Cmax = 1. The panels (b), (c), and (d)
illustrate the entanglement dynamics for φp=0,q=1 < φ < φp=0,q=2,
where Cmax < 1.

small correction to the concurrence that is expected for the
pure state.

Before concurrence reaches its maximum value (i.e., be-
fore the gate is performed), it oscillates at a frequency ∝φ

(Fig. 7). Whereas C(t ) contains a number of local maxima,
we should consider that one which provides maximal entan-
glement together with the shortest gate, as for the q = p + 1
branch of interest. Specifically, we define the time moment,
at which the gate is performed, as depicted in Fig. 7 by
dashed lines indicating the first local maximum that is bigger
than the neighboring peaks. Moving from the (p, q) = (0, 1)
point [Fig. 7(a)] to higher φ values [Fig. 7(b)] significantly
reduces the gate time, because the increase of spin-charge
hybridization accelerates spin transitions and allows for faster
energy transfer between the SQs. However, the reduction of
the resulting entanglement is evident in Fig. 7(b), since the
processes of photon emission and absorption by the first and
second qubit do not interfere constructively, as opposed to
Fig. 7(a). Increasing the value of φ makes the mismatch be-
tween the aforementioned processes more and more crucial
and weakens the achieved entanglement. At a critical φ value,
the concurrence becomes the same for two neighboring peaks
[Fig. 7(c)]. At this point, the resulting concurrence is minimal,
whereas the gate time increases instantly by approximately

π√
2gσ

. After the break, the peak entanglement grows when
moving to stronger spin-charge coupling, as seen in Fig. 7(d).

Meanwhile, the gate time goes down because of the same
reason it shrinks between Figs. 7(a) and 7(b). Finally, when
φ reaches the (p, q) = (1, 2) point, the maximal concurrence
returns to 1 [Fig. 7(e)].

Importantly, the entangling process in Fig. 7(e) is longer
than in Fig. 7(a), as we already mentioned when discussing the
lowest branch q = p + 1 in Fig. 6. We attribute this peculiarity
to the fact that the rate of spin transitions and the trajectory
of state rotation both depend on the degree of spin-charge
hybridization characterized by φ. On the one hand, big φ value
enables SQs to exchange energy quickly, thereby reducing the
entangling time. On the other hand, the mismatch between
photon emission and absorption extends the trajectory of the
SQs state rotation to the desired maximally entangled state.
We reveal that, within each branch presented in Fig. 6, the
latest factor always takes precedence. For example, at the
(p, q) = (8, 9) point with φ = 0.89π

2 a perfect entanglement
is formed after nine oscillations of the |↓↓〉0 state population
in τe = 20 ns, as opposed to τe = 11 ns and only one oscilla-
tion at the (p, q) = (0, 1) point with φ = 0.097π

2 .
To check how the entanglement given by the q = p + 1

branch is affected by decoherence, we calculate the achieved
SQs concurrence C(φ) together with the gate time τe(φ) at
different φ values [note that, from now on, τe(φ) is considered
to be a continuous function]. To that end, the master equa-
tion (9) is solved numerically for the Hamiltonian from Eq. (3)
with the Hilbert space dimension 4 × 4 × 3, where 4 × 4 is
the dimension of the SQs subspace and 3 is the artificially
set upper limit of the cavity states. Note that the additional
numerical calculations did not show any meaningful deviation
of the derived results from that obtained at larger limit for the
number of the cavity states. The result is presented in Fig. 8
together with the q = p + 1 branch from Fig. 6.

Interestingly, even when neglecting decoherence, the time
τe decreases monotonically but generally grows due to breaks
located near the points of the minimal concurrence. The de-
crease of τe is intuitively clear: strong channel capacity results
in high-speed gates. The breaks with suddenly increasing τe

signify the change in trajectory between initial state and en-
tangled state. To clarify why this is so, we appeal to Fig. 7,
where such a break happens when we move from panel (b)
to panel (c). In panels (a) and (b) the maximal concurrence
is the second local maximum. When φ becomes bigger, the
third local maximum approaches the second one. The break
happens when these two maxima are of the same value; this
φ also corresponds to the minimum of the concurrence in the
C(φ) function [Fig. 8(a)]. After the trajectory is changed the
achieved concurrence grows with φ, while time to derive it
goes down.

In the same Fig. 8 we also present the results for the
mixed states computed by solving the master equation (9)
numerically at different damping and dephasing rates. Im-
portantly, the introduction of decoherence affects mostly the
data situated at big spin-charge angles φ, because the function
τe(φ) grows generally. Therefore, contraintuitively, the ideal φ
value appears to be quite small, around 9◦ only at the chosen
parameters. The small deviation of numerical data even at zero
Lindbladian from our predictions at small φ can be attributed
to the broken condition gσ � g2

τ

�
, which should be met for the

validity of the model.
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FIG. 8. Concurrence C (a) and gate time τe (b) as functions of
angle φ. Solid lines represent numerically derived data, while dots
are taken from the q = p + 1 branch in Fig. 6.

Next, we shortly discuss the case with initial condition
|�0〉 = |↑↑〉0, which can be prepared via simultaneous ap-
plication of two π pulses to both SQs. In this case the wave
function of the system is (see Appendix B)

|�〉 = 1

6
(4 exp [iε2t] + exp [i(ε1 +

√
6gσ )t]

+ exp [i(ε1 −
√

6gσ )t])|↑↑〉0

+ 1

2
√

6
(exp [i(ε1 +

√
6gσ )t]

− exp [i(ε1 −
√

6gσ )t])(|↑↓〉1 + |↓↑〉1)

+ 1

3
√

2
(exp [i(ε1 +

√
6gσ )t] + exp [i(ε1 −

√
6gσ )t]

− 2 exp [iε2t])|↓↓〉2, (21)

where ε1 = � + 3g2
σ

2ω
+ 2(7ω+10�)g2

τ

3�(2ω+�) and ε2 = � + g2
σ

ω
+

2(7�+4ω)g2
τ

3�(2ω+�) . The corresponding probabilities are plotted in
Fig. 9. The second term in Eq. (21) represents an entangled
state derived earlier, but with photon number n = 1. The
maximal probability of this state is, however, only 1/3. Thus,
after tracing the cavity states out, the obtained mixed state
is characterized by relatively small concurrence between the
two SQs. Thus the initial condition |�0〉 = |↑↑〉0 cannot lead
to any significant entanglement between the SQs and shall

FIG. 9. Temporal dependences of state probabilities for the ini-
tial condition |�0〉 = |↑↑〉0. The spin-charge angle is φ = π/6.

not be considered. Indeed, when the energy of the initial state
|�0〉 exceeds zero, the excitations can be spread over a larger
(than 2) number of cavity states, which leads to significant
leakage of energy to higher cavity states with n � 2. This
can only reduce the probability of the desired maximally
entangled state.

V. CONCLUSIONS

In conclusion, we have studied the process of entangling
between the two SQs that are brought into resonant interaction
with the shared superconducting microwave cavity. In order
to describe the spin dynamics in the SQs, we performed a
SW transformation to the first order and moved to a basis of
spin-photon entangled states, diagonalizing the Hamiltonian.
We predict that the Bell state 1√

2
(|↑↓〉0 − |↓↑〉0) formation

would take less than 8 ns from the initial state |↑↓〉0, given
an appropriate sequence of voltage pulses to detune the SQs
from the resonator. We find that decoherence, primarily due
to the cavity damping, reduces the concurrence to C ≈ 0.9
for realistic parameter values. We also show that, for the free
evolution of the combined three-partite system, the photonic
energy oscillations represent (iSWAP)α gates between the
two SQs, where α can take large values, as opposed to the
dispersive regime where α � 1 and the entangling

√
iSWAP

gate requires more time. This results in an unusual condition
for the maximal entanglement between the two SQs from
the |↑↓〉0 initial state: the spin-charge hybridization must be
relatively weak, φ ∼ g

�
. We reveal that the reason for that is

the mismatch between the processes of emission and absorp-
tion of the real photon. As the interference of these processes
becomes increasingly destructive when increasing the spin-
charge angle φ, a peculiar dependence of the entangling time
on φ with breaks was discovered. As a result, the two-step
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entangling scheme requires an external control of the SQs
that allows one to perfectly match the processes of the photon
emission and absorption. By contrast, leaving the three-partite
system alone results in the mismatch between these processes
and leads to longer entangling time.

Although putting the SQs into resonance with the cavity
significantly reduces the entangling time, it also increases
the fraction of energy stored by the electromagnetic field.
As a result, the cavity damping reduces the concurrence by
at least Clost ∼ 0.1. Notably, a similar value of the entangle-
ment degree was predicted for the weakly coupled SQs in the
dispersive regime, where the

√
iSWAP entangling gate takes

hundreds of nanoseconds. This is explained by much weaker
decoherence in the dispersive limit, owing to the almost empty
cavity. A key advantage of the described regime is that it
significantly accelerates the entangling process, which cannot
be implemented so fast with SQs that are detuned from the
resonator. While the presented results capture the essence of
the resonantly coupled dynamics of the three-partite quantum
system, the most optimal conditions for implementing a set
of universal gates remain unclear. The next important step
in developing cavity-assisted gates for SQs is to identify the
conditions that allow for fast and high-fidelity gates.
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APPENDIX A: DENSITY MATRIX
OF THE DERIVED STATE

Initializing the system in the |�0〉 = |↑↓〉0 state and keep-
ing the ground-state SQ2 detuned from the resonance with the
cavity for time τ1, we assume that the second SQ is brought
back into the resonance interaction, while the first SQ is now
detuned. After time τ2 of the interaction between the second
SQ and the cavity the system state is given by the following
independent density matrix elements:

0〈↓↑|ρ|↓↑〉0 = 1

4
[(1 + e−λτ1 (1 − cos 2gσ τ1))

× (1 − e−λτ2 cos 2gσ τ2)],

0〈↑↓|ρ|↑↓〉0 = 1

2
+ e−λτ1 cos2 gσ τ1,

1〈↓↓|ρ|↓↓〉1 = 1

4
[(1 + e−λτ1 (1 − cos 2gσ τ1))

× (1 + e−λτ2 cos 2gσ τ2)],

0〈↓↑|ρ|↑↓〉0 = 1

2
e−(λτ1+�τ2 ) sin 2gσ τ1 sin gσ τ2,

FIG. 10. Basis states of H̃ sorted by their energy. For simplicity,
only the states where both SQs are in the bonding (|−〉) orbitals are
shown.

0〈↓↑|ρ|↓↓〉1 = i

4
e−λτ2 [1 + e−λτ1 (1 − cos 2gσ τ1)] sin 2gσ τ2,

0〈↑↓|ρ|↓↓〉1 = i

2
e−(λτ1+�τ2 ) sin 2gσ τ1 cos gσ τ2, (A1)

where λ = 1
4 (2κ + 2γφ sin2 φ + γ sin2 φ) and � = 1

4 (2κ +
6γφ sin2 φ + 3γ sin2 φ).

APPENDIX B: EIGENBASIS OF H

As described in Sec. II, the Hamiltonian H from Eq. (3) is
diagonalized to H̃ by the unitary U = (1 − S)R. Below, we
list the most relevant to this work eigenstates of H (Fig. 10)
together with their energies [Eq. (B1)]:

ε|↓↓〉0
= −2ω − � − g2

σ

ω
− 2g2

τ

2ω + �
,

ε11 = −ω − � −
√

2gσ − 3g2
σ

2ω
− 2g2

τ (ω + 2�)

�(2ω + �)
,

ε12 = −ω − � − 2g2
τ

2ω + �
,

ε13 = −ω − � +
√

2gσ − 3g2
σ

2ω
− 2g2

τ (ω + 2�)

�(2ω + �)
,

ε21 = −� −
√

6gσ − 3g2
σ

2ω
− 2g2

τ (7ω + 10�)

3�(2ω + �)
,

ε22 = −� − 2g2
τ (2ω + 3�)

�(2ω + �)
,
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ε23 = −� − g2
σ

ω
− 2g2

τ (4ω + 7�)

3�(2ω + �)
,

ε24 = −� +
√

6gσ − 3g2
σ

2ω
− 2g2

τ (7ω + 10�)

3�(2ω + �)
,

ε31 = ω − � −
√

10gσ − 3g2
σ

2ω
− 2g2

τ (21ω + 26�)

5�(2ω + �)
,

ε32 = ω − � − 2g2
τ (4ω + 5�)

�(2ω + �)
,

ε33 = ω − � − g2
σ

ω
− 2g2

τ (18ω + 23�)

5�(2ω + �)
,

ε34 = ω − � +
√

10gσ − 3g2
σ

2ω
− 2g2

τ (21ω + 26�)

5�(2ω + �)
.
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