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Vortex wall phase in the fractonic XY-plaquette model on a square lattice
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The XY-plaquette model is the most straightforward lattice realization of a broad class of fractonic field
theories that host quasiparticles with restricted mobility. The plaquette interaction appears naturally as a ring-
exchange term in the low-energy description of exciton Bose liquids, cold atomic gases, and quantum dimer
models. Using first-principle Monte Carlo simulations, we study the phase diagram and the vortex dynamics
in the XY-plaquette model on a square lattice in two spatial dimensions. In its minimal formulation, the model
contains a ring-exchange plaquette term in two spatial dimensions and a standard XY-link term in the (imaginary)
time direction. We show that the phase diagram of the minimal XY-plaquette model possesses two phases:
(i) a disordered vortex-dominated phase in which a single percolating vortex trajectory occupies the whole
three-dimensional spacetime; (ii) a partially disordered phase in which the vortices become partially immobile,
with their worldlines strictly confined to one or several infinite two-dimensional planes. The spatial positions
and spatial orientations (along x or y axis) of these vortex domain walls appear to be spontaneous. Individual
vortices form a disordered system within each vortex domain wall, so the fractal spacetime dimension of vortex
trajectories approaches D; = 2. We argue that the appearance of the vortex walls could be interpreted as a
consequence of the spontaneous breaking of a global internal symmetry in the compact XY-plaquette model.

DOI: 10.1103/y3yg-zkzv

I. INTRODUCTION

Fractons constitute an exotic class of quasiparticles, which
exhibit a unique deviation from traditional particle behavior:
while an isolated fracton does not move under an applied
force, a set of fractons can propagate freely provided their
total dipole moment (or its multipole generalizations) remains
conserved [1-6]. In specific systems, fractons can exhibit mo-
bility through the formation of composite bound states that
can be either stable or mobile, while in other systems, the
fractons disintegrate directly into the vacuum [4]. Addition-
ally, an isolated fracton can achieve motion at the expense of
generating new fractons from the vacuum with each move-
ment step. Nevertheless, without a continuous energy supply
to facilitate this process of particle creation, a single frac-
ton remains stationary. Recent reviews of the subject of the
rapidly developing theories of fractons, including the unusual
symmetries of the underlying field theories and emerging
fracton hydrodynamics, can be found in Refs. [7-11].
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In field theoretical language, the properties of fracton ex-
citations can be understood via multipolar symmetries and
corresponding conservation laws [5]. One of the simplest
examples of such models is given, in three spacetime dimen-
sions, by the following action [6]:

Mt 2 1
S= | &’x| E5,0) —
/ x[zmb) e

(axaycﬁ)z}, (1

where i, and ji,, are parameters with the dimension of mass
implying that the field ¢ is dimensionless. Action (1) is writ-
ten in Lorentzian signature with the spacetime coordinate
x = (t,x,y). Below, we use Euclidean spacetime notations
suitable for numerical simulations implemented in our paper.
We also use periodic boundary conditions for all coordinates
t,xandy.

The Hamiltonian of the model (1) is invariant under an
infinitesimal polynomial shift symmetry [11]:

8¢ = co+ cx + ¢y, )

with three arbitrary real-valued parameters: cg, cy, and c,. The
infinitesimal gauge transformations correspond to a momen-
tum dipole symmetry [12]. They can be promoted to the full
momentum dipole symmetry, which shifts the scalar field by
arbitrary functions, f(x) and g(y), that depend on one spatial
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coordinate only:

d(x,y,1) = o(x,y, 1) + f(x) + g(y). 3)

The invariance under transformation (2) or (3), leads, ac-
cording to Noether’s theorem, to the conservation of total
charge and total dipole moment of the fields. In particular, the
classical equation of the model (1),

1

1o+ —03707¢ =0, 4)
M’xy

gives rise to a global momentum dipole symmetry associated

with the currents [12] (cf. also a review section of Ref. [13]):

1
J =woe, JV=-——009¢, Q)
Moxy
which are subjected to the conservation law:
0 J" — 8,0,J7 = 0. (6)

The conserved charges of the momentum dipole symmetry
can be given in terms of the line integrals along the straight
paths, parallel to x or y axis, and closed due to the following
periodic boundary conditions:

Q'(x) = ?gdyft, o'y = fdxf’- (N

Below, we will consider a compact lattice realization of the
model (1) in which the field ¢ is a 2 -period field.

Generally, due to the conservation of the dipole moment,
a single particle cannot move, while multiparticle ensem-
bles can propagate, provided the value of their total dipole
moment remains unaltered [S]. The model (1) and its gen-
eralizations have various applications in condensed matter
physics [9,14-17].

Theories of uncharged scalar fields, similar to the
model (1), are usually associated with superfluid systems
where the scalar field condenses. The condensate can con-
tain topological defects related to the scalar field known
as superfluid vortices. In our paper, we are interested in
a straightforward XY -type generalization of the continuum
model (1)—which is the simplest lattice representative of the
class of the fractonic field theories—that allows us to include
topological vortices. To this end, it is sufficient to treat the
field ¢ as a phase of a complex scalar condensate. In other
words, we “compactify” this simplest fractonic model and
study the vortices associated with the winding singularities in
the compact scalar field.

Such an approach works in ordinary superfluids within a
widely used approximation of uniform superfluid density. In
this case, the radial part of the bosonic superfluid condensate
is fixed, and the system possesses only one dynamical field:
the (necessarily compact) phase of the superfluid condensate.
The discretized (lattice) version of a superfluid model is the
celebrated XY model [18], which describes one scalar degree
of freedom per each lattice site coupled to each other via a
nearest-neighbor interaction.

However, even in the XY model, the properties of
the vortex excitations are far from being simple. The
planar, two-dimensional version of the model experi-
ences the Berezinskii—Kosterlitz—Thouless (BKT) phase
transition [19-21] associated with dipole-binding of the

vortex-antivortex pairs at low temperatures to unpaired vor-
tices and antivortices at a critical BKT temperature. At three
spatial dimensions, the studies of the model involve significant
numerical efforts [22,23]. Therefore, we implement a lattice
regularization of the compact-field version of the fractonic
field theory (1) and use numerical simulations to explore its
discretized XY-like formulation.

The lattice discretization of the compact version of the sys-
tem (1) is described by a plaquette-extended XY model [24].
A nontrivial phase structure of this model has been ob-
served [24]. This model and its extensions, which we discuss
in detail in the next section, have been studied intensively
in the Villain formulation of the action (both in original and
modified extensions), which is proven to be very convenient
for analytical approaches to the problem [13,25-27]. The the-
oretical analysis indicates that topological defects, similarly
to the original fracton fields, can exhibit restricted mobil-
ity [25,28]. For example, vortices may also follow a fractonic
behavior by conserving the total dipole moment as well as a
trace of the quadrupole moment of vorticity [29].

Our paper addresses several interconnected questions re-
lated to topological excitations in the fracton field models:
What are the consequences of the restricted mobility of the
excitations represented by the scalar field on the mobility
of vortex singularities in this field? Do individual vortices
move, or can they only propagate in the form of neutral dipole
pairs? What is the phase diagram of the plaquette-XY model,
which is the compact lattice generalization of the continuum
model (1)? If the latter is nontrivial, then what are the proper-
ties of the vortices in the different phases?

The structure of the paper is as follows. The lattice action,
its naive continuum limit, and the definition of the vortices are
described in Sec. II. The results of the numerical simulations
of the thermodynamics of the model and its phase diagram
are given in Sec. III. The nature of the phase and the vortex
properties are described in Sec. IV. Our conclusions are sum-
marized in the last section.

II. MODEL AND VORTICES
A. Lattice model

We consider a plaquette generalization of the XY model in
the Euclidean three-dimensional spacetime [24,30,31]:

SIp] = S:[¢]+ Sy 9], (8a)
Selp] = Br Y _[1 — cos(Acey)], (8b)
Sey[@] = Bey Y [1 — cos(AcA )], (8¢)

X

where the single degree of freedom is represented by the
compact U(1) scalar field ¢, encoded in the phase of the site
(matter) variable U, = /% In both terms of the action (8a),
the sum goes over the whole lattice x = (x, y, t), where x
and y are the two-dimensional space coordinates and t is the
imaginary time variable.

The notations in Eq. (8) are as follows. The first term in the
action (8b) goes over temporal links I, ; = {x, 7},

Grr = ArPy = Pris — On, 9
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where fL represents a unit (in lattice units) vector in the direc-
tion 4.

The second term in Eq. (8) is a lattice functional (8c)
involving spatial plaquettes Py , = {x, xy}

¢x,xy = AxAy¢x = Ax(¢x+ﬁ — ¢x)
= (d’x-&-fc-&-j’ - ¢x+fc) - (¢x+jf - ¢x) (10)

Therefore, despite sharing a resemblance with the XY
model in the field content, the action of the system (8) is
nowhere similar to the standard action of the XY model.
The lattice functional (8) possesses two parameters:' 8, and
Bxy» which control, respectively, the coupling between the two
dimensional xy planes via the term (8b) and the dynamics of
the scalar ¢, in each plane via the term (8c). The couplings
make the temporal 7 and spatial, x and y, coordinates different,
but this difference is not the main reason to distinguish the
lattice model (8) from the standard, albeit asymmetrical, XY
model. The main distinction between the mentioned models
appears in the different qualitative nature of the kinetic terms
in the action terms (8b) and (8c).

We note that the Euclidean action (8) represents a specific
lattice generalization of the original continuum model (1),
which was formulated in Lorentzian spacetime. This lattice
theory admits vortex excitations, the properties of which con-
stitute one of the primary subjects of investigation in the
present work. Alternatively, one could consider a compact
lattice formulation based on a modified Villain representation,
in which vortex excitations are suppressed [30]. In this study,
however, we focus on the formulation (8), as it both supports
vortex excitations and is well suited for numerical lattice
simulations.

The plaquette interaction (8c) in the model corresponds to
the ring-exchange term, which has been extensively studied in
the context of exciton Bose liquids [24,32,33] and the theory
of fractonic excitations [28,34,35]. By constructions, the ring
exchange term represents a four-spin interaction where the
phase differences between spins around a plaquette are cru-
cial. Unlike the standard XY model, where the energy depends
only on the phase difference between pairs of neighboring
spins, the ring exchange term depends on the combined phase
differences around the entire plaquette.

Before going further, it is noteworthy to highlight the sym-
metries of the action (8). First of all, the model describes a
compact scalar field. The compactness of the action is mani-
fested in the discrete invariance

O = G + 21ny,

under the discrete Z symmetry with an integer number n, at
every lattice site x. The compactness of the model implies the
existence of topological excitations called vortices. Impor-
tantly, the lattice model also respects the global momentum
dipole symmetry (3) pertinent to the original model (1).

The lattice construction of vortices proceeds as fol-
lows [36-38]. We identify the physical link variable,

br = (AP)y  + 2mky € (=70, 7], 12)

ny € Z, an

'In the notations of Ref. [30], the identifications of the parameters
are B; = Py and B,, = B.

where the integer-valued link field &, € Z is chosen in such
a way that the field (12) appears to be in the physical interval
of values: —7 < ¢y, < 7. Equation (12) is a generalization
of the lattice derivative (A¢), , given in Eq. (9) due to the
compactness of the model (11). Notice that the difference
between the first derivative introduced in Eq. (9) and the first
derivative defined in Eq. (12) appears only in the additive
terms (27 multiplied by an integer number) which brings the
finite difference to the canonical interval —m < ¢y w ST

The next step is to construct the vortex plaquette variable
out of the physical link derivative (12):

1 - - - _
U, v = g(d’x,u + ¢x+ﬂ,u - ¢x+0,u - d’x,v)' (13)

One can show that this quantity takes only integer values, vp €
Z.. Moreover, the plaquette variable (13) has a conservation
property, implying that a sum of the vp plaquettes over the
sides P of any elementary lattice cube C, taking into account
their relative orientations, sums up to zero:

Y (=Dfve=0. (14)

PedC

To make the conservation property more visually appealing,
it is convenient to identify a dual lattice that corresponds to
the original lattice shifted by a half lattice spacing, a/2, in
positive directions along all lattice axes. Then, the links */
of the dual lattice become normal to the plaquettes of the
original lattice. Then, the set of plaquettes vp on the original
lattice corresponds to a set of links *v«; on the dual lattice.
The observation (14) implies that the vortex trajectories are
closed, meaning that on the dual lattice, they form closed
lines. The conservation condition on the original lattice (14)
can be written in a compact form on the dual lattice:

§=0, & Y (—1)'vy=0, (15)

Hets

where the sum goes over the (six) dual lattice links *7 (normal
to the original lattice plaquettes P), which have the dual lattice
site *s (a center of the original lattice cube c) as its beginning
or end point, with (—1)” = 41 and (—1)? = —1 factors, re-
spectively.

In other words, the lattice quantity (13) has thus an in-
terpretation of a winding number of a vortex that pierces a
plaquette [36-38]. As the vorticity number is conserved, the
vortex that enters any volume (for example, an elementary
lattice cube) should also quit this volume, implying that the
sum over all vorticities at any close surface is zero, hence
Eq. (14).

We associate the lattice density of the vorticity number,
or the vortex vector density, v = (v, vy, v,), with the corre-
sponding plaquette variable: v; = (1/2)¢;xv k. It gives us

Ur = Uxy, Ux = Uy, Uy = —VUxg. (16)

In our simulations, the overwhelming majority of links take
values v; = 0, £1 (i = 1, 2, 3). Hereafter, we remove the as-
terisk “+” from the vortex vector density v defined on the dual
lattice to simplify the notation.

The lattice model (8) has been studied analytically in
Ref. [30] where the lattice action has been taken in the (mod-
ified) Villain representation, which keeps all the symmetries
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of the model and facilitates theoretical calculations. One of
the modification of the Villain model undertaken in Ref. [30]
was implemented to suppress vortices. In other words, no
vortex-like fluxes appear in the spectrum in a result of the
modification of the original formulation by Villain [39]. In
our paper, we consider the original formulation of the model
where the interactions between the fields are taken in the
Wilson form and no special suppression of vortices has been
implemented. Our numerical work can be considered as a
natural generalization of the analytical approach of Ref. [30].
We work with the Wilson-type of the lattice action (8)
suitable for implementation in the numerical approach and
concentrate on the properties of vortices that emerge in this
emergent higher-rank field theory. It worth noticing that a
class of compact models identical or similar to the one in
question (8) are expected to feature fractonic dynamics of
topological defects [40,41] and the phase structure [42].

B. Continuum limit

Does the lattice XY-like model (8) possess the continuum
limit? The first term in its action (8) is a standard term that, in
the continuum limit, ignoring the 27 -vortex-like singularities,
gives rise to the standard quadratic derivative,

1
e Y01 — cos(acgol > 55 [ @xgwp. an

X

We stress that the last step in Eq. (17) assumes that the config-
uration is smooth implying the absence of vortices. Should
vortices be present in the configuration, the resulting term
should be supplemented with a singular contribution [43].

In the naive continuum limit—assuming a smooth, no-
vortex configuration—one gets

Ay = a*?9,(x) + 0(a), (18)

where a is a small lattice spacing, and the series in Eq. (9)
over a are done with respect to the center of the lattice link.
In Eq. (18), we have set the scaling ¢, = a'/?>¢(x), which
relates the lattice scalar real field ¢, with its continuum coun-
terpart, ¢(x).2 Such a scaling is typical for scalar theories in
a three-dimensional spacetime. Finally, we arrive at Eq. (17)
in the leading order with the subleading O(a?) corrections
vanishing in the continuum limit. For further convenience, we
also redefined the coupling constant

5. = 1
T g% .
In the second term in the action (8), the series of the double
derivative (10) appears to be in the higher order in the lattice
spacing:

19)

bry = 20,0, (x) + O(@*?). (20)

Therefore, the second term will scale in the continuum limit
as O(a®), which has a higher power in a as required by the
volume scaling a® for a unit lattice cube. Thus, the second

2Note that contrary to the dimensionless lattice field ¢, the contin-
uum field ¢ (x) has a dimension [mass]'/?.

term in the action (8) should naively vanish in the continuum
limit for smooth lattice configurations. There are, however,
three arguments against this conclusion, which allow us to
consider the model (8) seriously.

First, one can consider the model (8) as a pure lattice model
which has its experimentally interesting counterparts in the
condensed matter application. In this case, the lattice spacing
a is determined by an interatomic distance of the underlying
crystal lattice, which provides a natural ultraviolet cutoff.

Second, in the presence of vortices, the derivatives become
singular, and the series of the kind (18) and (20)—valid for
smooth field configurations—are no more valid. A related ex-
ample can be given by compact electrodynamics [44], which
contains singular configurations of the gauge field called
Abelian monopoles. While a naive continuum limit, achieved
with expansions similar to Eqs. (18) and (20), is trivial, the
model itself is far from being simple. It features confine-
ment and mass gap generation phenomena [44], a nontrivial
phase structure [45,46], and the nonperturbative Casimir
effects [47].

Third, similarly to gauge theories in three spacetime di-
mensions, a nontrivial continuum action even for smooth
configurations of ¢(x) can also be achieved by the following
rescaling of the coupling constant:

1
ﬂxy -

= giyaz. (21)
This type of rescaling is also typical for the mentioned gauge
theories in three spacetime dimensions. As a result, the spatial
dynamics of the field ¢ are controlled by the parameter gy,
which has the dimension of mass. One arrives at the second
term in the action (8):

Bey D _[1 — cos(AcAypy)] — L[ Exipaewr.

283,

X

(22)

Similar to the comment made after Eq. (17), we stress that
the configuration is assumed to be smooth thus excluding the
presence of vortices.

Combining now the continuum actions given for smooth,
vortex-free configurations, Eqs. (17) and (22), we get for the
lattice action (8) the following continuum counterpart:

1

_ el L 2
S = /d X[Zg% (0:¢(x))” + 28,

(axayqs(x))z}, (23)
which represents an analog of the action (1) discussed earlier.
Let us here stress the word “naive” in relation to action (23),
which is put to imply that vortices are intentionally disre-
garded in this formulation. In our work, we assume that the
vortices are present, implying that the field ¢ in the naive
formulation (23) is a compact scalar field that should be
considered as a (necessarily compact) phase of a more funda-
mental field U = €', rather than an independent field itself.
After all, it is the winding of the compact phase in the bosonic
condensate ® that leads to the formulation of vortices in liquid
helium [43,48].

The compactness of the model and the existence of the vor-
tices appear in the singularities of the field ¢, which implies,
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mathematically, that the derivatives do not commute [43]:
[8;1.a 8v]¢(x) = Suvavﬂ(x)’ 24)

where €,,, is the totally antisymmetric Levi-Civita tensor
(which highlights a special role played by the dual lattice in
the lattice construction). In Eq. (24), which is a continuum
analog of the lattice construction (13), the one-dimensional
worldline of a vortex

vi(x) = i/déwﬁ(”(x — X)), (25)
2 0&

is parameterized by the function ¥ = ¥(&) of the continuous

parameter £. We remind that in three spacetime dimensions,

the vortices are particle-like objects. Their conservation is

supported by the identity d,v*(x) = 0 which is analog of the

lattice identity (15).

The difference between compact and noncompact formu-
lations of the same theory can be readily understood in
well-studied quantum electrodynamics, which in both cases
can be formally described by the same (Euclidean) La-
grangian £, = (1 /4)F;fu- In the noncompact case, the model
is a featureless Maxwell theory which possesses only one
gapless phase. In the compact formulation of the mode,
the field configurations contain monopole-like singularities,
which lead to mass gap generation and confinement of
charges [44]. In particular, the phase structure of the com-
pact model becomes rather nontrivial implying the existence
of two phases: the gapless (deconfinement) phase at high
temperatures as well as at weak coupling and the gapped
(confining) phase at low temperatures as well as at strong
coupling [45,46]. The aim of this paper is, in particular, to
elucidate the phase structure of the compact version of the
scalar model (23), where the singular (vortex) configurations
are allowed similarly to the standard XY model.

Coming back to the field redefinition in the vortex-less
limit, the field ¢ and the coordinates x can be formulated terms
of their dimensionless counterparts, ¢y and xg, respectively:

=D o T = S0 o
/8t8xy 818xy 8xy

in terms of which the noncompact (“n.c.”) action (23) can
be cast into a coupling-less form (1) mentioned already in
the Introduction.® At zero temperature, the phase diagram of
this noninteracting model consists only of one point and is,
therefore, trivial.*

Notice that the above statements apply only to the non-
compact form of the model, which does not maintain vortex

3In Eq. (1), we remove the subscripts “0” from the dimensionless
rescaled variables defined in Eq. (26).

A nonnontrivial counterexample described by a coupling-less La-
grangian is represented by Yang-Mills theory in three spacetime
dimensions. In this theory, the gauge coupling is a dimensionful
quantity that can be removed by rescaling. However, contrary to
the noninteracting model (1), Yang-Mills theory possesses highly
nontrivial phenomena such as confinement of color and mass gap
generation [49]. Emerging from nonperturbative gluon interactions,
the mechanism of these effects is not well understood despite certain
advances in understanding the mass scales of the theory [50-54].

topological defects. On the contrary, the compact form of
the action possesses vortex excitations. The vortex density
sets another dimensional scale in this model, thus making it
impossible to apply the rescaling (26). Therefore, the compact
can possess a nontrivial phase diagram, which is one of the
focus points of this paper.

C. Numerical methods

In our paper, we address the statistical properties of the
model (8) using numerical simulations based on the Monte
Carlo techniques. We simulate the lattice action (8) at the
cubic lattices L3 with various extensions L = 8, ..., 64, and
periodic boundary conditions in all directions. For simula-
tions, we used the hybrid Monte Carlo algorithm and applied
Nvidia CUDA API to provide calculations using GPU. We
collected statistics of 100 configurations per each point of a
heatmap (25600 points in total per each heatmap). The results
of our numerical simulations are described in the rest of the

paper.

III. PHASE DIAGRAM

A. Critical phase transition line
1. Action density and its susceptibility

A first suggestive hint on the phase structure of a model can
be obtained from a simple analysis of the expectation values
of separate terms that enter the action of the model. In our
case, the lattice action (8) is a sum (8a) of two qualitatively
different contributions:

(1) the link term S; in Eq. (8b), which describes the stan-
dard coupling of the fields belonging to different time slices
and

(2) the plaquette term S,,, Eq. (8c), which describes the
interaction of the field within each time slice.

The volume-normalized expectation values of these contri-
butions are shown, respectively, in Figs. 1(a) and 1(b) in the
plane of the couplings (B;, Byy).

Different parts of the action appear to dominate different
regions of the coupling space (B:, Byy). The general depen-
dence of the action term on the couplings has a rather complex
and complementary form: the link variable (S;) takes its max-
imum at lower B, and larger 8, while the plaquette term (S.y)
is enhanced at the different corner of the coupling space at
lower B; and larger B,,. Both action densities have signatures
of (phase) transitions, which are clearly visible in both plots.

A nontrivial phase structure of the Villain representation
of the plaquette model has been observed numerically in
Ref. [24]. We also notice the important difference between
the lattice formulation of the Wilson form that we use in our
paper (8) and the modified Villain formulation which has been
used in Ref. [30]. While our model admits the presence of
the vortex excitations, the one of Ref. [30] does not. These
models are only equivalent to each other in a certain region of
the parameter space, where vortices are suppressed. Moreover,
the modified Villain model of Ref. [30] features a trivial phase
diagram as it always appear to reside gapless phase contrary to
the model studied in our paper. This crucial different appears
as a result of the vortex dynamics as we discuss below.
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FIG. 1. Expectation values of the observables (the upper row) and their susceptibilities (the lower row) associated with the action densities
(the left side) and the vortex densities (the right side). The upper row of the observables includes the action terms for (a) temporal links (S;),
Eq. (8b), and (b) spatial plaquettes (S.,), Eq. (8c); the densities (13) of (c) the spatial vortex trajectories, v, and v,, piercing the spatial-temporal
plaquettes (|vy|) and (d) temporal vortices v, that pierce purely spatial plaquettes {|vy,|). The susceptibilities (27), susc(O) = (0% —(0)?,
are shown in the lower row in the plots (e-h) below the plots (a—d) of the expectation values of the corresponding densities (O).

In general, the position(s) of the (phase) transition(s) in
a statistical field theory can be probed with the help of the
susceptibility

susc(0) = (0% — (0)?, (27

of a bulk quantity O = O(¢) which is sensitive to a particular
transition. At a (phase) transition, the statistical fluctuations
of the fields ¢ are usually the largest compared to the regions
of the model couplings, which are located farther from the
transition point. The scale of fluctuations of a quantity O is
captured by its susceptibility (27), implying that the transition
points should be associated with the maxima of Eq. (27), when
computed, necessarily, in a finite volume. To better resolve
the position of the phase transition, the quantity O should
be chosen in such a way that it catches the relevant critical
fluctuations of the fields. For example, in the case of a phase
transition driven by a (spontaneously) broken symmetry, the
quantity O should preferably be an order parameter associated
with the corresponding symmetry. However, on the practical
side, as the field fluctuations are enhanced at the transition
point, almost any thermodynamic quantity can be used to
probe the location of the transition point via the maximum
in its susceptibility.

We show the susceptibilities (27) of the temporal link
action term (S;) and the spatial plaquette action term (S,,)
in Figs. 1(e) and 1(f), respectively, below the plots of their
corresponding expectation values in Figs. 1(a) and 1(b). The
link and plaquette action susceptibilities have similar features
that undoubtedly point to the existence of a single phase tran-
sition that has already been spotted in the expectation values
of the lattice actions in Figs. 1(a) and 1(b): the phase transition

extends from a low-B; region at high B,, to a low-f,, values
at high ;.

It turns out that the peaks of the susceptibilities of the link
and plaquettes actions, shown in Figs. 1(a) and 1(b), overlap
with each other. This implies the existence of a single phase
transition that separates two different phases in the model.
Before clarifying the nature of these two phases, we study the
order of the phase transition and the functional dependence of
the critical line that separates them.

2. Order of the phase transition

What is the order of the phase transition that separates the
two phases? To this end, we analyzed the susceptibility (27) of
the action density S/L? of the model (8) at four points along
the line of the phase transition. Namely, we calculated this
quantity along the two vertical lines given by the fixed tempo-
ral link couplings B, = 1.5 and ; = 3. with varying spatial
plaquette coupling B, and another two horizontal lines given
by the fixed vector link couplings By, = 1.5 and B, = 3. with
varying spatial plaquette coupling S;. These lines are shown
in the right-bottom insets of Figs. 2(a)-2(d).

The maxima of these susceptibilities are then determined
by fitting their peaks by a Gaussian function of the cor-
responding B coupling (not shown), with the central value
providing us with the behavior of the pseudocritical transition
coupling By = Bxy,c(L) and B; . = B; (L), respectively. It
turns out that all the pseudocritical values of the coupling con-
stants can be fitted by an anticipated inverse-linear behavior,

C
BaoL) =B + =2, a=rt,x, (28)

L
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FIG

. 2. The maximum of the susceptibility (27) of the action density (8), O = §/L?, as the function of the lattice length L is shown in the

log-log scale. The lines represent the best fits for the scaling behavior (30) with the critical exponent y /v shown in the plots. The maximum of
the susceptibility is taken along the cut lines in the (8;, B.,) coupling plane that crosses the phase transition as shown in the bottom-right inset
of each plot. The left-top insets show the best fit (28) of the corresponding pseudocritical coupling constant vs the inverse size of the system,

1/L. The critical values of the coupling constants, shown in the insets, are summarized in Eq. (29).

valid for L > 8. In the function above, the fit parameters are
the asymptotic thermodynamic value of the coupling constant,
B = lim; o Bac(L), and an inessential prefactor C,. The
best fits (28) are shown in the left-top insets of Figs. 2(a)-2(d).
The pairs of the thermodynamic (L — oo) critical values are
as follows:

( (00)

T

[3,0.322(2)],

[0.359(1), 3],
(29)

)E;)?) =[1.5,0.757(2)]"*",
[0.757(1), 1'5](cm)’

The order of the phase transition for the determined critical
coupling pairs is indicated in Eq. (29) as the super-
scripts “Ist” or “cnt.” The transition order is determined as
follows.

The main plots in Figs. 2(a)-2(d) show the maximum sus-
ceptibility of the action density (8) as the function of the lattice
length L. The way how the peak of the susceptibility xmax
diverges as the system approaches the thermodynamic limit,
L — o0, reveals whether the phase transition is first-order or
continuous (second-order, higher or of the BKT type [19-21]).
According to the finite-size scaling analysis, valid at large L,

Xmax 0 L7V, (30)

where we adopted the traditional notation suitable for the
second-order phase transitions: y is the susceptibility critical
exponent, and v is the correlation length exponent. All four
plots in Fig. 2 indicate that our data are perfectly described by
the scaling behavior (30).

A first-order phase transition is characterized by a ther-
modynamic discontinuity of various bulk observables (in our
case, it is the action density) and finite values of all correlation
lengths at the transition point. In this case, the susceptibility
peak scales with the volume of the statistical system, xmax
L?, implying ¥ /v = 3 in Eq. (30). This behavior is observed
for the first pair of the critical couplings in Eq. (29) shown in
Fig. 2(a).

For a continuous phase transition, the critical exponent in
the scaling behavior (30) is a quantity that is smaller than the
dimensionality of the system, y /v < 3. This is the case for

the remaining three pairs of the critical couplings in Eq. (29)
shown in Figs. 2(b)-2(d).

Notice that the connection with the renormalization group,
as appears from the suggestive finite-scaling behavior (30),
is not entirely straightforward. Fractonic theories are known
to exhibit a nontrivial mixing between ultraviolet (UV) and
infrared (IR) degrees of freedom, which significantly com-
plicates the application of standard renormalization group
techniques [31].

3. Critical line

Our numerical results show that the phase transition line
can be represented with excellent accuracy by the following
phenomenological dependence:

A
Br.c(Byy) = —bl + _2217 [phase transition], 31
xy xy

where the prefactors A| and A,, and the exponent b are defined
with the help of a fitting procedure. The best fit of the suscep-
tibility (27) of the total action density, O = S/L?, Eq. (8a),
by the functional dependence (31) is shown in Fig. 3 (right).
The best-fit curve is determined by the following best-fit
parameters:

A; = —0.80(6),
A, = 1.86(36), [at 323 lattice]
b = 0.362(6). (32)

The functional form of the critical curve (31) and the
numerical values of the best-fit parameters (32) suggest that
at small values of the plaquette coupling f,, the critical
curve slowly approaches the vertical 8, = 0 axis: B;,.(Bx,) =
1.87/B%™ as B., — 0. However, the negative value of the
coefficient A; in Eq. (32) indicates that the critical curve
Br,c = Br,c(Bxy) hits the axis B; = 0 at a large value of the
coupling constant, BE = (—A,/A;)"/* ~ 10, thus implicitly
suggesting the presence of the endpoint (8., B,)" = (0, By,)

at the lattice 323. The position and the very existence of this
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FIG. 3. (a) Correlation function (35), (37) of the temporal vortex trajectories is shown in the (x, y) plane for nine parameter sets A-I of
the lattice couplings B, and f,. The positions of each of the sets are shown at the (B;, B,,) phase diagram at the right panel (b), which also
shows the density plot of the susceptibility of the full lattice action density (8). The best fit of the line represented by the maximal value of the
susceptibility of the action is given by the phenomenological formula (31) with the best-fit parameters (32). The inset in panel (b) highlights

the nature of the phases shown in the main figure.

transition endpoint may be a finite-volume feature supported
by the two-term truncation of the phenomenological depen-
dence (31).

One should notice that in the limit of the strong timelike
coupling, B; — 0, the 2+1-dimensional model (8) reduces
to a stack of L disconnected classical XY 1+ 1-dimensional
models. The Mermin—Wagner theorem [55] forbids spon-
taneous breaking of a continuous symmetry in one spatial
dimension. In this limit, the system is characterized by a
quasi-long-range order in the sense that any perturbation can
destroy it, but the ground state itself is ordered. This property
implies that, in the strict thermodynamic limit, no (phase)
transitions at 8, = 0 axis of the phase diagram should take
place. At finite temperature, however, one could expect a
crossover transition from disordered (finite 7') to ordered (at
T = 0) behavior which highlights the fragility of the system
against thermal fluctuations that lead to exponential decay of
correlations [56].

However, one spatial length L in the 24 1-dimensional
model in the volume L? can be associated, in the B: — 0 limit,
with an imaginary time dimension of the 141 XY model.
Therefore, small thermal fluctuations could be present in the
resulting 1+1 dimensional finite-volume system which could
justify the existence of crossover between long-range order
for all T > 0 and the quasi-long-range order at 7 = 0. In
short, one could expect that the existence of the transition
endpoint at B; — 0 is the result of this finite-volume (finite-
temperature) Crossover.

B. Bulk vortex properties: A signature
of an “over-disordered” phase

1. Vortex density

Due to the difference in the nature of spatial and temporal
interactions of scalar fields ¢, highlighted by the form of
the lattice action (8), one can suggest that spatial xy and,
separately, spatial-temporal xt and yt vortex plaquettes could
carry largely uncorrelated information about the properties of
the model. As we discussed above, the spatial plaquette xy
is pierced by the vortex line parallel to the imaginary time
axis 7. Therefore, the spatial plaquette xy corresponds to a
timeline vortex trajectory. Similarly, the spatial-temporal xt
and yt vortex plaquettes describe purely spatial segments of
the vortex lines that are oriented along the y and x axes,
respectively.

Technically, we construct both temporal and spatial vortex
lines using the same prescription given in Egs. (12) and (13).
The densities of the spatial and temporal vortex segments are
defined as follows:

spatial:

1 .
Vir = {|vi]) = m<z |vx,ir|>s i=x,y (33
X

temporal:

1
vy = (Ju]) = E<Z |vx,xy|> (34)
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(notice that (Jvy;|) = (|vy:|) at large statistics). The behavior
of the spatial (33) and temporal (34) vortex densities in the
coupling plane is shown in Figs. 1(c) and 1(d), respectively.

The properties of both vortex densities point to the exis-
tence of two phases that we have already noticed in studying
the properties of the action densities. At the large coupling
domain, with B; ~ B, both taking large values, the vortex
density gets relatively low. While—based on the analogy
with the XY model—a small vortex density is undoubtedly
expected to occur in the region with large §’s, it is still im-
pressive to notice that the vortex density takes a relatively
moderate value, with (|v;]) ~ (|vyl) ~ 0.1. This property
points to an exotic nature of the large-8’s phase, which we
will discuss slightly later.

Figure 1(c) indicates that if the temporal (link) lattice cou-
pling B; gets small, then the spatial vortex density suddenly
increases. This behavior can also be readily understood from
the properties of the XY model: a decrease in the temporal
lattice coupling leads to more fluctuations/disorder of site
variables along the temporal links, which supports the spatial
proliferation of the vortex trajectory. The sudden change in the
vortex properties is undoubtedly associated with the (phase)
transition, as it was already noticed in the behavior of the
action densities. Analogously, if the spatial (plaquette) lattice
coupling B,, becomes smaller than the critical value, then
the density of temporal vortex segments gets increased, as is
clearly seen in Fig. 1(d).

The densities of spatial and temporal segments of the vor-
tex trajectories, shown in Figs. 1(c) and 1(d), visually correlate
with the densities of temporal and spatial parts of the actions
shown in Figs. 1(a) and 1(b). The data on vortex properties
also suggests (if the results are treated straightforwardly) the
existence of disordered [at the left side of the critical line (31),
Br < B:.] and more ordered [at the right side of the critical
line (31), B; > B:..] phases separated by a transition. How-
ever, the most transparent manifestation of a phase transition
line is provided not by the densities of the actions but rather
by their susceptibilities, as shown in Figs. 1(e) and 1(f). The
line where the susceptibilities of both parts of the action
take their maxima indicates the onset of a phase transition in
the system. What happens with the vortex susceptibilities (the
susceptibilities of the vortex densities)?

2. Susceptibility of the vortex density

The susceptibilities of the spatial and temporal vortex tra-
jectories, shown in Figs. 1(g) and 1(h), respectively, offer us
a surprise. Indeed, lattice simulations of the XY model and
similar models possessing vortex defects consistently show a
pronounced peak in vortex susceptibility at a phase transition.
This peak is one of the critical signatures of the transition
and is often used in numerical studies to determine the tran-
sition temperature accurately (see, for example, Ref. [57]).
However, the vortices in the plaquette-XY model (8) show a
completely different behavior. Instead of exhibiting a single
peak line similar to the susceptibilities of the parts of the
action, presented already in Figs. 1(e) and 1(f), both vortex
susceptibilities almost vanish at the phase located at the left
side of the critical line (31), B; < B, and take its almost flat
maximum at the right side of the transition line.

Moreover, at the right-side phase, B, > B; ., the suscepti-
bility does not exhibit a smooth behavior, showing a certain
degree of disorder easily visible in both plots of Figs. 1(e)
and 1(f). We have found that a many-fold increase in the statis-
tics of simulation does not entirely remove nor substantially
reduce these visible fluctuations, which seem to be a genuine
part of the system.

The absence of a peak in the susceptibility at the phase
transition may be associated with the particular dynamics
of semiclassical fluctuations that exist in one phase and are
suppressed in the other one. The fluctuations of the fields
may be of a topological nature, generated by monopoles or
vortices in field theories. The dynamics of these topological
defects create a disorder in the fields at the phase where the
topological objects are present. A good example is given by
electroweak vortices in the vacuum of the Standard Model
of particle physics, where the susceptibility of a scalar field
does not demonstrate a single localized peak across a phase
transition. On the contrary to the expectations, it stays essen-
tially constant in a vortex-dominated phase [58], exhibiting
behavior similar to the picture shown in Figs. 1(e) and 1(f).

In the XY-type models, the susceptibility of the vortex
density has a peak at the transition point, implying that the
susceptibility tends to decrease and becomes a small quantity
as we move further from the transition point, either at the one
size or at the other one. For example, in the two-dimensional
XY model, the vortex density is small at the low-temperature
ordered phase, which implies the suppression of the vor-
tex susceptibility. While the vortex density is high at the
high-temperature disordered phase, the vortex density exhibits
random small fluctuations over the dense vortex state and, cor-
respondingly, implies a low value of the vortex susceptibility
likewise. A significant value of the vortex susceptibility in
the whole 8; > B. . phase may indicate that the fluctuations
of the densities of the vortex trajectories are not random in
this phase. We discuss the properties of the vortices in the
plaquette-XY model in more detail in the next section.

IV. VORTICES
A. Vortex correlation function

The statistical properties of the vortices can also be an-
alyzed with the help of the correlation functions of their
trajectories. In our paper, we study the correlation function
of the temporal segments of the vortex worldlines:

1
G) =1 D e +»)lo ) — (v (39)
y

where the two-point correlation function is averaged over the
whole lattice volume L3. The correlator is normalized in such
a way that

lim Cy(x) =0, (36)
|x]— 00

for an asymptotically isotropic, at large distances, phase such
as the disordered, high-temperature phase of the XY model.
On a practical level, we also perform, to improve the mea-
surement statistics, the averaging of the correlation function
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over the imaginary time T:

L-1
Cox.y) =Y Cylx.y. 7). (37)
=0

Notice that an equal-time correlation function, C,(x,y,0),
has a very similar qualitative behavior as the time-averaged
function (37). Other two-point functions, including spatial-
temporal and spatial-spatial correlations, are also identical to
the correlation between the temporal vortex densities (35), so
they are not shown in our paper. The two-dimensional density
plots of the correlation function (35) and (37) are shown in
Fig. 3(a).

The correlation function (35) in the disordered phase at
B: < B:.. exhibits an expected decline with the increase in its
arguments x or y. However, at points A, B, and C, the function
C,(x, y) reveals a striking breaking of the rotational symmetry
group in the xy plane. This feature is a rather unexpected
property of the plaquette-XY model because the usual XY
model, like many ordinary and physically relevant models, ex-
hibits restoration of the rotational symmetry in the disordered
phase characterized by a high density of topological defects.
Therefore, in a disordered and vortex-dominated phase, we
would expect an isotropy of correlation functions at large
distances.

The isotropy of the vortex correlation functions could
also be expected if one invokes a close resemblance of
the vortex dynamics with the roughening property of the
boundaries (domain walls) in spin models. For example, In
the two-dimensional Ising model, at temperatures below the
critical temperature, interfaces between spin-up and spin-
down regions are smooth and break rotational symmetry.
The correlation functions associated with the boundaries in
this phase are anisotropic. However, at high temperatures
(above the roughening transition in the three-dimensional
Ising model), the interfaces become much less disordered,
and the correlation functions become isotropic, reflecting
the restored rotational symmetry. The roughening transition
marks the change from a broken rotational symmetry in the
smooth phase to a restored rotational symmetry in the rough
phase [59].

The source of the anisotropy of the vortex correlators in the
plaquette-XY model can be traced back to the presence of the
plaquette term that breaks the rotational symmetry in the xy
plane at the level of the fields. This statement is evident from
the comparison of the lattice action (8) with its continuum
counterpart (1). Consistently, the symmetry-breaking plaque-
tte term plays a pronounceable role in the action at large values
of the plaquette coupling fB,, which correspond precisely to
points A, B, and C. On the contrary, a decrease in the coupling
B,y diminishes the anisotropy in the correlation function (cf.
correlations in A versus the ones in B), while the increase
in the link coupling B, provided the systems remain in the
disordered phase, does not reveal a significant effect on the
anisotropy (points B versus C). Expectedly, at small values of
Bxy (points G, H, and I), the anisotropy stays minimal in the
disordered phase.

The qualitative properties of the vortex correlations, how-
ever, get entirely changed in the other phase at 8. > B. .,
where the correlation function has a crosslike long-ranged

FIG. 4. Three typical vortex configurations in a vortex wall phase
at B; = B, = 20. The vortex trajectories are shown in the blue/cyan
colors, and their projections on the bottom xy plane are presented in
the pink/yellow colors.

pattern. As it is seen at the points D, E, and F, the correlation
function reaches nonzero plateaus at two axes given by x — 0
and large |y| as well as y — 0 and large |x|. The crosslike
pattern persistent at large distances implies that the vortex
trajectories propagate along the x and y axis only but not
along, say, a diagonal (on average) direction in the xy plane.
Therefore, the rotational symmetry is strongly broken in the
other phase, 8; > B ., with vortices forming spatially ordered
structures along the x and y axes. What do these vortex struc-
tures look like?

B. Vortex wall phase

Typical examples of three-dimensional vortex configura-
tions in a deep region of the B8, > ;. phase are displayed
in Figs. 4. Since the vorticity is a conserved quantum
number (15), the vortex trajectories are closed lines. The
configurations shown in Figs. 4 clearly show the nature of the
vortex anisotropy: the vortices are clustered into several well-
separated walls parallel to either the x axis or the y axis. The
vortex walls are thin, flat structures with thicknesses of about
one or two lattice spacings. Thus, even visually, the three-
dimensional spacetime vortex configurations have an evident
signature of fractonic two-dimensional spacetime structures,
the presence of which is consistent with the anisotropic prop-
erty of the vortex correlations shown in the points D, E, and F
of Fig. 3(a). According to analytical estimations, topological
defects with a restricted, fractonic mobility are expected to
appear in a wide class of models, including the XY plaquette
model (8), following algebraic [40] as well as entropic [41]
arguments.

Thus, a typical field configuration possesses a collection of
thin vortex walls that can only intersect with each other at the
right angle (v /2). The space between the walls stays in the
ordered phase, which is free of a disorder that is brought by
(or revealed via the presence of) the vortices. However, the
dynamics of the vortices still has a certain degree of disorder:
the vortex trajectory within each wall is a collection of a large
number of closed vortex lines supplemented by a single but
geometrically large percolating vortex cluster. The disorder
is only confined to the two-dimensional spacetime structures,
while the fields in between the walls are in the ordered phase.

Notice that the closed loops represent vortex-antivortex
pairs that are first created from the vacuum by quantum
fluctuations and then annihilate quickly, leaving a vortex-
less vacuum after the annihilation. On the contrary, the large
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percolation loops demonstrate the persistent presence of vor-
tices and antivortices in the ensemble.

The appearance of the static vortex walls at large values
of the lattice couplings 8., and B, can qualitatively be under-
stood as follows. As the couplings become large, the partition
function gets saturated by classical spin configurations that
minimize action (8), supplemented by ultraviolet fluctuations
of the spin fields around these classical configurations. Quan-
tum fluctuations lead to a prefactor in a partition function
that may either suppress or enhance the weight of a classical
configuration. It is important to stress that the configurations
are not fully classical but rather semiclassical (a classical
background with quantum fluctuations around it). This prop-
erty will play an essential role in the existence of the vortex
walls.

A large value of the time link coupling B, enforces the
minimization of the link action (8b), which implies that the
spins separated by a single lattice spacing in the temporal
direction 7 should coincide with each other:

(Ac@)xr = 277”x,ra = Qrytr = ¢x,r~ (38)

Applying this rule recursively along the timelike direction, we
arrive at the time-independence of the configurations of the
spin fields. Thus, in a strict classical limit, the spin field must
be a static function, ¢, = ¢(x, y, T) = ¢(x, y), which depends
only on the spatial coordinates x and y. Consequently, the
vortices in a classical configuration would be static as well.

A large value of the spatial plaquette coupling f,, implies
that the plaquette term attains its classical value:

(g vy € Z). 39

(ny € Z),

Ay Ay¢x = Znnx,xy,
The most general solution to this equation is

¢x = ¢(x,y) = f(X) + 8(y), (40)

where f and g are arbitrary functions. One could also have
forced the field ¢, to appear in the canonical interval of
values, —7 < ¢, < 7, but we omit this requirement as it
is not essential in our considerations below. The solution is
independent of the imaginary time 7 to minimize the link term
in the action.

One of the examples of the configurations is given by the
linear fields:

2mn, 2nn

Lt
where ¢ is an arbitrary constant field, and the integer num-
bers n, and n, enforce the periodicity of the solution along the
xandy axis: ¢(x + Ly, y, 7)) = ¢(x,y + Ly, T) = (x,y, T).

Equation (41) takes the form of a pure (large) gauge con-
figuration (2) which has, however, a nontrivial topology if
the winding numbers 7, and n, are nonzero. The vortex cur-
rents (16) correspond to the vortex plaquettes (13) which are,
in turn, are generated by the nontrivial links (12). These links
appear when the scalar field crosses the value [¢(x, y, T)],, =
7 so that its value is slightly below (above)  at the begin-
ning (end) of the link. Then, bringing the lattice derivative
to the canonical (—m, 4] interval adds a 27 phase to the
links (12), which will, at the next step, generate a set of vortex
plaquettes (13) around that link.

¢(X,Y»f)=¢()+ yy, n)mny GZ, (41)

For example, let us take, for simplicity, n, = 0 and ¢9 = 0
in the linear configuration (41). For n, = 41, the spin field
¢ = 2my/L, will cross the 7 value at the middle of the lattice.
In detail, this configuration will generate a set of a large
number, L, x L, single links that will form a “27 rim” normal
to the y axis. The nonzero links in the rim are normal to the xt
plane located around the middle pointy = L, /2. Forn, = +2,
there will be two similar rims located on the equally spaced
planes at y =L,/3 and y = 2L,/3, and so on. A nonzero
value of ¢y would shift these rims along the y axis. If we
take an arbitrary function g(y) instead of the linear function in
y, then these 2w rims will appear nonequally spaced. A field
configuration with n, # 0 will generate the 27 rims in the yt
plane. These rims are precursors of the vortex planes seen in
Fig. 4.

Due to the 27 periodicity that enters the definition of vor-
tex line, Egs. (13) and (16), the physical links in the y direction
that cross the 27 rim will experience a 27 jump, implying
that [, ; = %1 across the rim. The dual plaquette, which lives
on the dual lattice and pierces the {x, y} links of the original
lattice, will take the same value according to Eq. (16). The
vortices are defined as the boundaries of the dual plaquettes
that carry nonzero values. A single I, ; = &1 nontrivial link
will create a short vortex loop that encompasses an elementary
plaquette of the dual lattice. One can, however, observe—
taking as an example a n, = 0 wall of Eq. (41)—that this
constriction will lead to a collection of parallel plaquettes that
form a closed (via the periodic boundary conditions) surface.
The closed dual surface has no boundary, thus implying that
the discussed construction will not lead to any vortex trajec-
tory. In other words, the classical configuration (41) will not
possess vortices at all.

However, as we discussed above, the configurations that
saturate the partition function have a semiclassical nature. The
positions of the planes, determined by the procedure described
above, are very sensitive to small fluctuations of the fields
around the threshold & value. The sensitivity is a result of
the 27 normalization, which distinguishes, for example, the
values 27 x 1.01 [the vortex plaquette (13) is singular] and
27 x 0.99 with no singularity. One can, therefore, show that
a small perturbation of the field ¢ may change the position of
a singular link by one lattice spacing. The latter one will make
the dual surface open (no more closed) by creating a pair of
short vortex loops.

Thus, a weak perturbative disorder can generate vortex
sheets (walls) around these two-dimensional manifolds (13).
Since the perturbations will appear all along the whole flat
surface of the semiclassical configuration, we arrive at a vor-
tex wall made of small vortex loops. The ultraviolet loops
will thus be generated along the entire 27 rim surface. These
loops will necessarily intersect with each other, thus forming,
among small vortex loops, a long percolating vortex loop that
will serve as a physical essence of the vortex wall.

The vortex walls are static two-dimensional flat structures
that span xt or yt planes. Within each vortex wall, the in-
dividual vortex trajectories form a complicated, apparently
randomly organized net that features various processes expe-
rienced by the vortex ensemble. The vortex, moving along the
line, can annihilate with an antivortex moving along the same
line. Conversely, a vortex-antivortex pair can be created from
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the vacuum. Finally, two vortices may elastically scatter with
their motion being confined to the same line.

The vortex motion, up to small local fluctuations, has a
mostly one-dimensional character. However, when the xt and
yT planes intersect, then a vortex may turn from the line
parallel to the x axis to the other line, which aligns with the y
direction.

Summarizing, we expect that in the fully disordered phase
(to the left of the transition line), the vortices propagate in
the whole spatial two-dimensional plane, while in the vortex-
walled phase (to the right of the phase transition line), the
vortex moves predominantly along a set of one-dimensional
spatial lines. Apparently, the change in the vortex dynamics
from the two-dimensional behavior to the one-dimensional
regime’ appears to happen around the phase transition line.

C. Fractal dimension of vortex trajectories

In a geometrical sense, unrestricted two-dimensional
motion can be distinguished from partially immobile one-
dimensional propagation by computing the fractal dimension
of the corresponding vortex trajectory. Fractal dimension mea-
sures how complex a shape of a curve is based on how the
curve scales at different magnifications. Various definitions of
fractal dimensionality (or similar quantities) characterize the
dimension of the manifold occupied by the line [60].

One of the intuitively most straightforward definitions of
the fractal dimension of a line is as follows. Let L = L(R) be
the length of a line trajectory enclosed in the sphere of the
radius R. Then, the fractal dimension Dy characterizes how
rapidly the total length L(R) rises with the increase of the
radius R:

L(R) x R’’, as R — oo. (42)

For a straight line, the dimension is simply one, D; = 1.
For a line which randomly goes over the whole space of
the dimension D, the fractal dimension is maximal, D = Dy.
The limit of large radius R in definition (42) is motivated by
physical applications where the line represents a trajectory of
a physical object of a finite thickness d so that the mathemat-
ical definition is not affected by particularities of the physical
system as long as R >> d. Even for infinitely thin vortex
cores—as in our case, where the vortices are single links—the
fractal dimension has a sense only in the limit when the sphere
becomes sufficiently large with respect to the typical size of
short-ranged (random) ultraviolet fluctuations. Thus, in the
application to an ensemble of vortex trajectories, we require
R > 1 in Eq. (42), where the lattice spacing (the length of
a single link) is taken to be equal to one. However, the size
of the sphere should not be too large to avoid the influence of
periodic boundary conditions. Thus, in our calculations below,

3Tt is important to stress our wording about the dimensionalities:
If the spatial motion of vortices has a one-dimensional character so
that it is restricted to a line, then the vortex trajectories are confined
to flat two-dimensional spacetime planes. Similarly, if the motion
of vortices is not restricted at all, then they move in the whole
two-dimensional spatial plane, and their world trajectories occupy
the whole three-dimensional spacetime volume.

0 5 10 15 20

ﬂr = Pxy

FIG. 5. Fractal dimension D of the vortex trajectories is shown
along the diagonal line in the coupling (8., B.,) space vs the common
lattice coupling 8 = B, = B.y. The insets display, at a selected set
of values of the lattice couplings, typical vortex configurations with
notation identical to Fig. 4.

we take | < R < L, which amounts, in practical applications,
R=2...7.

There is also a nontrivial question about the definition
of the vortex length L, which enters the definition (42). In
a conventional disordered phase, a typical vortex ensemble
contains a large number of disconnected short vortex loops
and, typically, a single long vortex trajectory. The short vor-
tex loops correspond to the ultraviolet fluctuations, while the
large, percolating loop is associated with the presence of
a condensate that fills the whole space. For any individual
finite-sized loop, the definition in Eq. (42) gives a vanishing
fractal dimension (42) because the vortex length L(R) flattens,
L(R) o R®, if the radius R becomes larger than the size of
the vortex loop. It is, therefore, clear that only infinitely long
trajectories can contribute to the fractal dimension. Conse-
quently, in the definition of the fractal vortex dimension (42),
we ignore these short ultraviolet vortices by selecting—using
a computer algorithm—the most extended vortex trajectory
per each vortex configuration.

Since we have found a single-phase transition, it is con-
venient to consider the properties of the vortices, such as
the fractal dimension, along a selected line that crosses that
transition line. A natural choice is given by the diagonal line
B = B.y = B parameterized by the single parameter 8. At the
diagonal line, the transition appears at the following point:

ﬂc = lgr,C(,Bxy = ,81:) = 100(7)» (43)

which separates the disordered phase at 8 < B, from the
vortex-walled phase at 8 > f..

In Fig. 5, we show the fractal dimension Dy, taken as
an average over statistically significant configurations, as the
function of the lattice coupling 8 along the diagonal 8; = f,.
This picture clearly illustrates the dimensional crossover from
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FIG. 6. Parametric plot of the fractal dimension D, vs the total
vortex density v for the lattice coupling 8, = B,, running along the
diagonal line of the (8., By,) coupling plane. The inset shows the
behavior of the fractal dimension D along the same line (a common
B is shown in the logarithmic scale). The critical transition at the
diagonal line, B, = Br.c = By, = 1.00(7), is shown by the orange
dashed line in the inset figure.

the totally disordered phase (where Dy =~ 3) at low B and
the vortex wall phase (where Dy — 2) at large 8. In both
cases, the vortex trajectories exhibit a disorder. They occupy
the whole three-dimensional spacetime at the 8 < . phase
and get confined to the two-dimensional walls in the limit
of the deep B > B, phase. In terms of the spatial dynamics,
Fig. 5 shows that while the vortices move freely along the
whole two-dimensional plane at low S, their mobility gets
partially restricted to static one-dimensional lines. The cor-
relators shown in Fig. 3(a) clarify that these lines are parallel
to either x and y axes. The insets in Fig. 5 visually illustrate
how the vortices experience the dimensional reduction from
mobile to a partially immobile regime as the fractal dimen-
sion drops down with the increase of the “diagonal” lattice
coupling B.

The main plot in Fig. 6 shows a curious correlation of the
total vortex density,

1< 1 -
V=3 ;(MD = 3F<Z > |vx'ij|> “44)

x isj=I1

(which counts both timelike and spacelike vortex segments),
with the fractal dimensionality of the vortex configura-
tions (42). The lower bulk vortex density corresponds to the
vortex-walled phase, which has the fractal dimension close
to Dy = 2. On the contrary, the disordered phase possesses
Dy =3 at high vortex density as the vortices fill the whole
space.

How fast does the change from the free propagation to the
partially immobile vortex motion take place as we move from
one phase to another? How does Dy behave in the vicinity

of the phase transition? To answer these questions, we show
the behavior Dy = D¢(f) in the logarithmic scale in the inset
of Fig. 5. The fractal dimension Dy remains almost constant
Dy ~ 3 in the whole disordered phase. It starts to diminish
only in the vicinity of the phase transition, at 8 & f.. Exactly
at the phase transition point, the dimension of the vortex lines
drops down almost stepwise (while the magnitude of the step
is small, it has a large slope). In the vortex-wall phase, the
fractal dimension diminishes exponentially fast toward the
partially immobile phase with Dy >~ 2.

Notice that the effective theory of an exciton Bose liquid,
considered in Ref. [31] reduces, following the renormalization
group analysis, to the plaquette XY model (8). Therefore, our
resuts, that reveal the existence of the fractonic vortex phase
transition in this spin model can potentially be relevant to
the classical three-dimensional dimer-plaquette model which
displays a fractonic BKT transition [31].

V. CONCLUSIONS

In conclusion, the XY-plaquette model offers a clear
and accessible framework for representing a wide class of
fractonic field theories, particularly those characterized by
quasiparticles with limited mobility (fractons). The plaquette
interaction appears natural as a ring-exchange term in various
low-energy contexts of condensed matter systems such as
exciton Bose liquids, cold atomic gases, and quantum dimer
models. The model serves as a lattice counterpart of the scalar
field model in the continuum limit (1) which serves as the
simplest prototype of a fractonic field model.

By employing first-principle Monte Carlo simulations, we
analyzed the phase diagram and vortex dynamics of the XY-
plaquette mode in two spatial dimensions on a square lattice.
The minimal formulation of this model, given by Eq. (8), pos-
sesses two phases associated with vortex dynamics. We found
the expected disordered phase where the vortex trajectory fills
in the entire spacetime and the partially disordered “vortex-
wall” phase, where vortices exhibit constrained mobility. The
critical line that separates these phases is characterized by
the first-order and continuous transitions. Our findings of the
nontrivial phase diagram appear to be in consistency with the
early observation of the phase transition in a similar formula-
tion of this model [24].

In the disordered phase, the vortex trajectories possess the
fractal spacetime dimension, Dy >~ 3, while the second phase
features D >~ 2. In the vortex-wall phase, the motion of vor-
tices is restricted to one or more straight lines (walls) parallel
to the x or y axis. Within these lines, the individual vor-
tices form a disordered system, leading to a fractal spacetime
dimension for vortex trajectories approaching Dy = 2. The
positions of the vortex walls emerge spontaneously, with x-
and y-oriented lines intersecting at the right angles. We argued
that the appearance of the vortex walls is a consequence of
the spontaneous breaking of a global internal symmetry in the
compact XY-plaquette model.

Thus, the compact version of the simplest field-fractonic
model possesses topological vortex defects that behave as
fractons (partially immobile excitations) themselves in one of
the phases.
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