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Rate function modeling of quantum many-body adiabaticity
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The quantum adiabatic theorem is a fundamental result in quantum mechanics, with a multitude of appli-
cations, both theoretical and practical. Here, we investigate the dynamics of adiabatic processes for quantum
many-body systems by analyzing the properties of observable-free intensive quantities. In particular, we study the
adiabatic rate function f (T, �λ) in dependence of the ramp time T , which gives us a complete characterization of
the many-body adiabatic fidelity as a function of T and the strength of the parameter displacement �λ. f (T, �λ)
quantifies the deviation from adiabaticity for a given process and therefore allows us to control and define the
notion of adiabaticity in many-body systems. First we study f (T, �λ) for the one-dimensional transverse field
Ising model and the Luttinger liquid, both of which are quadratic systems and therefore allow us to look at the
thermodynamic limit. For ramps across gapped phases, we relate f (T, �λ) to the transition probability of the
system and for ramps across a gapless point, or gapless phase we relate it to the excitation density of the relevant
quasiparticles. Then we investigate the XXZ model, which allows us to see the qualitative features that survive
when interactions are turned on. Several key results in the literature regarding the interplay of the thermodynamic
and the adiabatic limit are obtained as inferences from the properties of f (T, �λ) in the large-T limit.

DOI: 10.1103/xtkk-5xhw

I. INTRODUCTION

The quantum adiabatic theorem, first proposed by Born and
Fock [1], is a statement about the time evolution under slow
parameter changes of a system initially prepared in one of
the eigenstates. If we have a Hamiltonian H(λ(t )), which is a
function of a time-dependent parameter λ(t ), then this defines
a family of eigenstates |mλ〉 for each value of λ. We start with
an initial state |mλi〉 corresponding to the parameter λi and
change the parameter to λ f over the ramp time T to obtain
the time-evolved initial state |�m(T )〉 = Û (T )|mλi〉. Then the
theorem states that the quantum adiabatic fidelity, which is
defined as

F (T ) := |〈mλ f ||�m(T )〉|2, (1)

for slow enough driving behaves as

F (T ) = 1 − O(T −2). (2)

This means that for slow driving, the time-evolved initial state
points towards the corresponding final instantaneous eigen-
state of H(λ(T )), and that transitions to other energy levels
are suppressed. The main prerequisite for the application of
the theorem is the absence of level crossings. The notion of
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slow enough is quantified by the minimum of the energy gap
�E along the trajectory, i.e., we require T � h̄/min(�E ). In
this paper we focus only on ground-state adiabaticity and set
h̄ = 1 throughout.

It is interesting to note that, while the derivation of the
theorem was introduced for single-particle systems, the ap-
plications of the theorem range from relativistic field theories
to condensed matter physics. The adiabatic theorem provides
the conceptual foundation for Landau’s Fermi liquid theory
[2] and the Gell-Mann Low theorem [3]. For these cases we
assume that such an adiabatic process, in principle, is possible,
even though the time scales, over which such slow changes
take place, would scale with the system size. However, this
is not a problem since here the theorem is used more as
a formal device to connect the properties of the eigenstates
of the unknown interacting systems with those of the well
understood noninteracting ones.

It is on the practical side, when it comes to adiabatic state
preparation (and this can involve a multitude of fields ranging
from cold atomic gases [4], adiabatic quantum computation
[5,6], topological charge pumping [7], etc.), that it becomes
important to have a quantitative handle on the question, as to
how slowly a process should be performed to remain within a
prescribed bound of adiabaticity. In these situations we would
like the many-body adiabatic fidelity FN (T ) for the entire
system to deviate as little as possible from unity.

The goal of this paper is to study processes involving
time-dependent parameter changes in quantum many-body
systems by analyzing the properties of the adiabatic rate func-
tion (which depends on T and the parameter displacement
�λ = λ f − λi), which we define as

f (T,�λ) := − lim
N→∞

1

N
ln (FN (T,�λ)), (3)
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where N is the number of particles. We evaluate the rate func-
tion for the one-dimensional (1D) transverse field Ising model
(TFIM), the Luttinger liquid (LL), and the XXZ model. We
will show how the knowledge of the adiabatic rate function
can be used to obtain complete information about the many-
body fidelity of the corresponding process for sufficiently
large N and arbitrary ramp times. For ramp duration T = 0,
f (T = 0) gives us the fidelity following a sudden quantum
quench. In the large T limit, f (T,�λ) gives us the fidelity for
an adiabatic process. More specifically, f (T,�λ) will give us
the corresponding value of T for which a prescribed value
of the many-body fidelity FN (T,�λ) is achieved. We will
also see how the qualitative properties of f (T,�λ) change
depending on the phases and the path through the phase dia-
gram, which we choose for the ramp, and the implications it
has for the approach to adiabaticity in terms of the dependence
of adiabatic time scales with system size.

The remainder of the paper is structured as follows. In
Sec. II we motivate the definition of the adiabatic rate func-
tion. In Sec. III we go through several well-known key results
on the problem of adiabatic quantum many-body dynamics
and alternative approaches to adiabaticity in many-body sys-
tems. In Sec. IV we evaluate the rate functions for TFIM and
LL and try to understand the results we obtain.

In Sec. V we will study the rate functions for the XXZ
spin chain and see at least in the gapped phase, how the
qualitative behavior does not change for an interacting system.
We conclude with a summary and outlook in Sec. VI. In the
Appendixes we go through the technical calculations.

II. ADIABATIC RATE FUNCTION

A. Definition

We start with a many-body Hamiltonian with a time-
dependent parameter H(λ(t )). Each value of λ defines a set
of instantaneous eigenstates |nλ〉. We choose the initial and
final parameters λi and λ f , respectively, and the ramp time T ,
which decides the duration of the process. We choose a simple
linear ramp,

λ(t ) = λi + t

T
(λ f − λi ), (4)

where time t ∈ [0, T ].
At t = 0, we are in the ground state of λi, which is |0λi〉.

Then we perform the unitary time evolution Û (T ) generated
by H(λ(t )), and ask how well does the time-evolved state
vector point towards the ground state corresponding to the
final parameter value λ f .

The adiabatic many-body fidelity for a system with N
particles is given by

FN (T ) = ∣∣〈0λ f

∣∣Û (T )
∣∣0λi

〉∣∣2
. (5)

We posit the following ansatz for this fidelity:

FN (T ) ≡ exp (−N · fN (T, λi, λ f )), (6)

from which we obtain the adiabatic rate function (λi, λ f re-
moved for clarity of notation henceforth)

fN (T ) = − 1

N
ln (FN (T )), (7)

where fN (T ) is the quantity that can be obtained via numerics.
The definition becomes useful if fN (T ) has a well-defined
thermodynamic limit for the global parameter quenches that
we discuss in this paper. We define this limit as the rate
function

f (T ) ≡ lim
N→∞

fN (T ). (8)

If fN (T ) converges sufficiently quickly then for large N we
can evaluate FN (T ) using

FN (T ) = exp (−N · f (T )). (9)

In practice, this means that the rate function can be used to
obtain all the information about the many-body overlaps for
large N and arbitrary ramp times T .

We follow the discussion in Ref. [8] and motivate the
ansatz in Eq. (6) heuristically by looking at many-body prod-
uct states: for example, for two quantum spin-1/2 particles,
whose directions are off by a small angle θ , their direct overlap
would be

|〈ψ + θ ||ψ〉|2 = 1 − O(θ ) ≈ exp (−O(θ )). (10)

If we have N such pairs of decoupled spins, due to the
tensor product structure, the overlap of the entire quantum
state is just the product of individual overlaps:

|〈ψ + θ ||ψ〉N |2 =
∏

i

exp (−O(θ )) = exp (−NO(θ )). (11)

We point out that the equation above works only for global pa-
rameter changes (i.e., all the angles θ in the entire many-body
system are changed). For local perturbations, the situation can
be very different, and the N dependence of the direct overlap
in Eq. (11) changes its form. For example, in Anderson’s orig-
inal work on the orthogonality catastrophe [9], he studied the
effect of impurities in metallic systems and obtained overlaps,
which decay algebraically with system size as N−ε , where ε

quantifies the strength of the impurity.
Another heuristic way of understanding this ansatz is to

note that a the Hilbert space for N spin-1/2 particles in a spin
chain has size 2N . If we decompose any randomly chosen state
|φ〉 in terms of its basis states |i〉 then generically we would
expect |〈i||φ〉|2 ∼ 2−N to be valid for the whole trace to add
up to 1. Hence for large N , in terms of the rate function, we
can write |〈i||φ〉|2 ∼ e−N f (i,φ).

Next, we want to include the explicit time evolution in the
expressions. In the aforementioned case this corresponds to
some physical process, which aligns the spins of state |ψ〉
with those of |ψ + θ〉, where it takes a time T to change the
angle by θ . Here, we simply absorb the T dependence in the
exponential,

|〈ψ + θ |Û (T )|ψ〉N |2 = exp (−NO(θ, T )). (12)

For this process, the rate function will be

f (T ) = O(θ, T ). (13)

Working in the quantum many-body regime presents us
with an interesting complication, which is the presence of a
multitude of quantum phases and critical points in the param-
eter space. Critical points or gapless phases imply that the
energy gaps vanish in the thermodynamic limit. The adiabatic
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dynamics sensitively depends on the behavior of energy gaps
and consequently on whether the initial and final parameters
lie entirely within the same phase or have a critical point in
between them. As we will see, the specifics of the process
in the parameter space will lead to qualitative changes in the
behavior of the properties of f (T ).

f (T ) has a nice physical interpretation as it is a non-
negative, intensive quantity. Therefore, it is well defined in
the thermodynamic limit and provides a quantitative measure
of deviation from adiabaticity for the entire range of ramping
times, for small T (fast ramps) to large T (adiabatic limit),
independent of the system size. Knowledge of f (T ) can be
used to quantitatively evaluate the fidelity for any system size
N , of the corresponding physical process (from λi to λ f ). On
the theoretical side, analyzing the properties of f (T ) in the
large T limit, along with the ansatz of our many-body overlap
in Eq. (6), will allow us to obtain the results that we will
discuss in Sec. III.

B. Distinction from Loschmidt echo

The definition of the adiabatic rate function is very similar
to that of the Loschmidt echo so here we explicitly make
a distinction between the two. If we start with some initial
state |ψi〉 (usually the ground state of some Hamiltonian |0i〉)
then the return amplitude or the Loschmidt amplitude for this
state under some generic time evolution is simply the overlap
between the time-evolved state with the initial state

〈0i|Û (t )|0i〉 = e−N f (t ), (14)

from which we obtain f (t ) as the Loschmidt rate function
[10]. Due to its formal similarity with the boundary partition
function for imaginary values of t , the Loschmidt rate func-
tion was shown to possess nonanalytic behavior (in real t)
for quenches across different phases for both integrable and
nonintegrable models [11,12]. The Loschmidt rate function is
also investigated in the context of quantum speed limits (QSL)
where the problem of interest is to investigate the minimum
time it takes for a time-evolved system to become orthogonal
to its original initial state [13].

The clear difference between the Loschmidt rate function
and the adiabatic rate function is that we are interested in the
fidelity between the time-evolved initial state with respect to
the final state and not the initial state and are interested in the
behavior of this fidelity with respect to the ramp time (or the
inverse speed) T .

III. PROPERTIES OF MANY-BODY
ADIABATIC PROCESSES

Adiabatic processes in many-body settings have been stud-
ied in great detail, see, e.g., Refs. [14–19]. In this section, we
highlight the most relevant results (we use in the following the
notation applied in this paper).

Lychkovskiy et al. [16] present a lower bound on the ramp
time T (inverse of the driving speed 	N in their notation)
for an adiabatic process with very modest inputs in terms of
the scaling properties of the many-body ground states. These
scaling properties are characterized by parameters, which are
denoted as CN and δVN , and are introduced as follows.

CN quantifies the strength of the orthogonality catastrophe.
It is obtained by exploring the dependence of many-body
overlaps for different values of some system parameter λ in
the large N limit,

C(λ) ≡ |〈�λ||�0〉|2 = exp(−CNλ2). (15)

For example, for impurity models CN ∼ ln(N ), while for
global parameter changes (i.e., the situations considered in
this paper) one obtains CN ∼ N .

δVN ≡
√

〈V̂ 2〉0 − 〈V̂ 〉2
0 is the uncertainty in the driving po-

tential with respect to the ground state where V̂ ≡ ∂Ĥ
∂λ

|λ=0.
From these one obtains bounds for the ramp time needed to
observe adiabatic behavior for the N-body state, namely

T � 2CN

δVN
. (16)

For example, for a gapped system where we perform a
global parameter change adiabatically, we have δVN ∼ √

N
and CN ∼ N , and therefore

T � 2
√

N . (17)

In Ref. [20], Suzuki and Takahashi investigate QSL bounds
under counterdiabatic (CD) driving, for both the Loschmidt
rate function and the adiabatic rate function, which they
define as

|〈ψad(t )||ψ (t )〉| ∼ e−Ngad(t ), (18)

where |ψ (t )〉 is the time-evolved initial state and |ψad(t )〉 is
the appropriate instantaneous eigenstate at the particular time.
This rate function measures the deviation from adiabaticity
during the specific process and agrees with the definition
given in Eq. (6) specifically for end point of the process t = T .
They plot gad(T ) vs T for the transverse field Ising model
and find a monotonically decaying behavior, which is what
we would expect as smaller gad(T ) implies being closer to
adiabaticity. It is this specific problem that we focus on in our
present work.

In Ref. [18], Polkovnikov focuses on adiabatic processes in
the vicinity of quantum critical points and relates the density
of excitations nex (number of excited states upon the total
number of states) to the critical exponents ν, z, the ramp time
T (again the inverse of the driving speed δ in their notation),
and the dimensionality d as

nex ∝ T −dν/(1+zν). (19)

For the case of the one-dimensional transverse field Ising
model, for which we have ν = d = z = 1, we get

nex ∝ 1√
T

, (20)

which matches the result of Ref. [15] derived using the
Landau-Zener formula.

In another work [14], De Grandi and Polkovnikov find
that the density of excitations of noninteracting quasiparticles
within a gapless phase having dispersion relation εk = c(λ)kz

turns out to be

nex ∝ T −d/z. (21)

For a Tomonaga-Luttinger liquid, d = z = 1 and we find
nex ∝ 1/T .
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Here we would like to point out that for the case of global
parameter changes, (which means CN ∼ N) all of these results
in different cases emerge naturally as properties of the rate
function f (T ) discussed in this paper, in the large-T limit.
For noninteracting gapped systems we will show f (T ) to be
directly related to the transition probabilities of individual
subsystems whereas for gapless systems or critical points,
f (T ) measures the density of quasiparticle excitations for any
given ramp time T .

A completely separate direction is taken by Bachmann
et al. [8] who base their analysis on observable dependent
quantities. They work with a different definition of adiabatic-
ity, which they define as the convergence of the expectation
values of some local operator Ô, with respect to the time-
evolved initial state |ψ (s)〉, and the instantaneous eigenstate
at the final parameter value |
s〉 (C is some nonuniversal
constant independent of the system size and ε is some small
parameter)

|〈ψ (s)|Ô|ψ (s)〉 − 〈
s|Ô|
s〉| � Cε. (22)

They show that the adiabatic condition so defined becomes
independent of the system size. In our work, in contrast, we
stick to analyzing the behavior of the wave-function overlaps
by studying the rate function.

IV. f (T ) FOR NONINTERACTING SYSTEMS

A. Gapped systems

We make use of the Born-Fock result, to find f (T ) for
gapped noninteracting system. For an individual gapped sub-
system, the Born-Fock result shows that for T much larger
than the minimum of the inverse gap size, the following rela-
tion holds:

F (T ) = ∣∣〈0λ f

∣∣Û (T )
∣∣0λi

〉∣∣2 = 1 − O(T −2). (23)

If we have a tensor product of such systems (the energy gaps
need not be the same) the many-body fidelity is simply the
product of individual fidelities

FN (T ) =
N∏

k=0

∣∣〈0k
λ f

∣∣Ûk (T )
∣∣0k

λi

〉∣∣2

=
N∏

k=0

[1 − Ok (T −2)] ≈
N∏

k=0

exp (−Ok (T −2)), (24)

where k is just an index for individual subsystem (but will
usually correspond to the quasimomentum).

The product of exponentials becomes a sum of the expo-
nents and gives us

FN (T ) = exp

(
−N · 1

N

∑
k

Ok (T −2)

)
, (25)

from which we can immediately write down fN (T ) as

fN (T ) = 1

N

∑
k

Ok (T −2) ∝ 1

T 2
. (26)

Since each individual term in the summation is simply a
transition probability which lies between 0 and 1, therefore
the summation is well defined in the thermodynamic limit. We

see that for this simple problem, the adiabatic rate function is
just the average of the transition probabilities of the individual
subsystems.

B. Transverse field Ising model

The TFIM is one of the most important models in con-
densed matter physics because it is the simplest microscopic
model that exhibits second order quantum phase transition.
In one dimension, a sequence of Jordan-Wigner and Fourier
transformations [21] maps the model to a collection of nonin-
teracting two-state systems, which can then be diagonalized
via Bogoliubov transformation. This allows us to test our
ideas for large system sizes and also makes our discussion in
Sec. IV A directly relevant to interpret the results that we find.

The specific Hamiltonian that we start with is

H (t ) = −J
N∑

j=1

σ j
z σ j+1

z − h(t )
N∑

j=1

σ j
x . (27)

It furnishes us with two gapped phases, the paramagnetic
or disordered phase for |h/J| > 1 and the symmetry broken
ferromagnetic phase for |h/J| < 1 and positive J (antiferro-
magnetic for negative J). For |h/J| = 1 we have a gapless
critical point. We work with J = 1 and positive h throughout,
which means ferromagnetic long-range order for h < 1.

After Jordan-Wigner and Fourier transformation we have

H (t ) =
∑

k

Hk (t ), (28)

where (setting J = 1)

Hk (t ) = 2(h(t ) − cos k)(c†
kck − c−kc†

−k )

− 2 sin k(ic†
kc†

−k − ic−kck ). (29)

In the fermionic basis we work with antiperiodic bound-
ary conditions for the real-space fermionic operators, which
means that c1 = −cL+1. This sets the allowed k values as
k = ± (2n−1)π

L , with n = 1, · · · , L
2 [21].

Following the Bogoliubov transform we obtain

Hk (t ) = εk (t )γ †
k (t )γk (t ), (30)

where the Bogoliubov operators γk (t ) (which are explic-
itly time dependent in this case by definition) annihilate the
ground state at the instant t and provide us with the instanta-
neous eigenbasis for the entire process for a given h(t ). The
eigenenergies of the individual k modes are can be calculated
to be εk (t ) = 2

√
[cos k − h(t )]2 + sin2 k. For h > 1, the Bo-

goliubov Hamiltonian gives the unique paramagnetic ground
state but for h < 1 we obtain the positive parity superposition
of the symmetry broken states as our true ground state.

For the process of interest, the external magnetic field
h(t ) is changed linearly from hi to h f over a ramp time T .
The ground state is a product state over the quasimomentum
modes of the Bogoliubov vacuua |0k

hi
〉

∣∣0hi

〉 =
∏

k

∣∣0k
hi

〉
. (31)
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The adiabatic fidelity is given by [Ûk (t ) is the unitary time
evolution generated by Hk (t )]∣∣〈0h f

∣∣Û (T )
∣∣0hi

〉∣∣2 =
∏

k

∣∣〈0k
h f

∣∣Ûk (T )
∣∣0k

hi

〉∣∣2

= exp (−N fN (T )), (32)

where we have used Eqs. (10) and (11). This immediately
gives us

fN (T ) = − 1

N

∑
k

ln
(∣∣〈0k

h f

∣∣Ûk (T )
∣∣0k

hi

〉∣∣2)
. (33)

It is this quantity that we evaluate by numerically solving
the time-dependent Schrödinger equation using the method
of instantaneous eigenstates [14,22] [the relevant differen-
tial equation being Eq. (57)], which gives exact results for
quadratic systems, and is discussed in Sec. IV E. This is
because for each instant of time t , we can diagonalize the
Hamiltonian, write down the eigenstates and the energy
spectrum and define an instantaneous eigenbasis, which is
nondegenerate.

More specifically, for a particular k mode, we evaluate
the adiabatic fidelity by solving the differential equation in
Eq. (57) for m = 0, which corresponds to ground-state fidelity
and plug it in Eq. (33).

For large N , Eq. (33) tends to a well-defined limit (we
justify this in Sec. IV C)

f (T ) = lim
N→∞

fN (T )

= −
∫ π

−π

dk ln
(∣∣〈0k

h f

∣∣Ûk (T )
∣∣0k

hi

〉∣∣2)
. (34)

This is because for ramps across gapped phases, each term
in the sum over k is a small deviation from unity and the
discussion in Sec. IV A, in particular Eq. (26) applies. For
ramps across the critical point, the assumption of small de-
viation from unity breaks down for certain k modes and we
need to be more careful in our analysis, which is carried out
in Sec. IV C. It is due to the breakdown of this assumption
that we get qualitatively different behavior between f (T ) for
gapped vs. gapless cases.

We also need to address the question whether Eq. (34) is
well defined for small k when the energy gap closes (but when
there is still no level crossing). In such a case, for a given T ,
for small k, we are effectively performing a quantum quench
protocol. For such k modes we have to look at the adiabatic
fidelity in the quenched limit, i.e., lim T → 0, which gives
(for small �h = h f − hi)∣∣〈0k

h f

∣∣Ûk (T )
∣∣0k

hi

〉∣∣2 �
∣∣〈0k

h f

∣∣∣∣0k
hi

〉∣∣2

≈ 1 − (�h)2. (35)

Taking the logarithm of the above expression is unproblem-
atic, which means that taking the continuum limit is justified
and therefore f (T ) is well defined for both gapped and gapless
systems that we are studying.

Ramps within the gapped phase

In Fig. 1 we see that f (T ) shows monotonic decay for
small T followed by an oscillatory decay beyond a certain T .

FIG. 1. fN (T ) for ramps within the paramagnetic phase of the
TFIM. h(t ) ramps from 1.4–1.6. The inset is a zoom into the large-T
region and shows the finite-size data in comparison to a curve fit of
the form a/T 2. As can be seen, even for relatively modest system
sizes, fN (T ) looks independent of N . Finite-size extrapolation (N =
∞) is carried out using a quadratic fit function fN (T ) = g + h/N +
i/N2 where g provides the value of f (T ).

The oscillations themselves are highly nonuniversal (and can
be seen in cases as simple as spin precession, see Appendix A)
but, inspired by the discussion in Sec. IV A, we can check for
the 1/T 2 algebraic decay and find a nice agreement. We also
see that fN (T ) quickly reaches the thermodynamic limit. For
ramps across the critical point, we see in Fig. 2 that this is
simply not the case and there are extremely strong finite-size
effects.

C. Gapless systems

For gapless systems, since the inverse energy gaps are
proportional to the system size, for T 
 N the ansatz in
the right-hand side of Eq. (23) breaks down as the energy
gap requirement of the adiabatic condition is not satisfied.
In Eq. (26) the transition probability Ok (T −2) is replaced by
Gk (T ), which is also decaying in T but whose form we do
not know.

The key point to consider is that for any given T , there
is a collection of k modes, which are excited more strongly
than others. For the case of TFIM, ramps across the critical
point map to a collection of Landau-Zener systems. Since the

FIG. 2. Ramps across the Ising critical point for small N . h(t )
ramps from 1.1–0.9. We need to go to extremely large N to curb the
finite-size effects.
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FIG. 3. A log-log plot for fN (T ) for ramps across the Ising
critical point. h(t ) ramps from 1.1–0.9. The curve fit is carried
out by a/

√
T where a is the curve fitting parameter. Finite size

extrapolation (N = ∞) is carried out using a quadratic fit function
fN (T ) = g + h/N + i/N2 where g provides the value of the rate
function at N = ∞.

minimum energy gap for any k mode is proportional to k itself,
we can use the Landau-Zener formula to obtain the transition
probability as (α contains all the other numerical prefactors of
π, 2, h̄, etc.)

Gk (T ) ∼ e−αk2T . (36)

For a given T , this gives us the notion of a critical k mode,
which we call kC (T ) ∝ 1/

√
T such that modes lying between

k = −kC (T ) and k = kC (T ) are strongly excited and there-
fore have a large Gk (T ). The adiabatic rate function [using
Eq. (34)] for such a situation can then be approximated as

f (T ) = −
∫ π

−π

dk ln (1 − Gk (T ))

≈ −
∫ kc (T )

−kc (T )
dk ln (1 − Gk (T )). (37)

A simple rewriting in terms of k̃ = k
√

T gives us (the
integrand becomes independent of T except for the prefactors)

f (T ) ∝ 1√
T

, (38)

which connects us back to Eq. (20) and can be seen in Fig. 3.
It suggests that for ramps across Ising critical point, f (T ) is
just a measure of the density of excitations for any given T or
more generally

f (T ) ∝ nex(T ). (39)

In the next section we test Eq. (39) for the Luttinger liquids.

D. Luttinger liquid

LL theory is a universal low-energy model that substi-
tutes Landau’s Fermi liquid theory for 1D metallic wires
[23–25]. The original fermionic Hamiltonian is reexpressed
in terms of operators that create or destroy particle-hole ex-
citations, which are bosonic in nature. The model predicts
several features distinct from regular Fermi liquids. The sur-
prising feature of LL is that even interacting fermionic models
get mapped to noninteracting bosonic Hamiltonians with the

Luttinger parameters being controlled by the parameters of the
original fermionic model.

The specific bosonized Hamiltonian we work with is [26]
(the set of allowed q values are q = ± (2n−1)π

L , with n =
1, · · · , L

2 )

HLL =
∑

q

Hq(t )

=
∑

q

|q|
(

(ω + �(t ))b†
qbq + �(t )

2
[bqb−q + b†

qb†
−q]

)
.

(40)

We introduce αq = 1√
2
(bq + b−q) and βq = i√

2
(bq − b−q )

and reexpress the previous Hamiltonian in terms of these new
operators to obtain (note that q only takes positive values from
here on)

HLL =
∑
q>0

Hq(t ) + H−q(t ) =
∑
q>0

Hα
q (t ) + Hβ

q (t ), (41)

where (a = α, β labels the particle)

Ha
q (t ) = q

(
(ω + �(t ))a†

qaq + �(t )

2
[(aq)2 + (a†

q)2]

)
. (42)

Since [αq, β
†
q ] = 0 for all q, the Hilbert space parts into two

sectors (the individual q modes of α and β particles).
We change the value of �(t ) from �i to � f linearly over a

ramp time T . The initial ground state is just a product state of
the ground states of Eq. (42)∣∣0�i

〉 =
∏

a=α,β

∏
q

∣∣0q
�i

〉
a. (43)

The adiabatic fidelity is given by (Ûa
q (t ) is the unitary time

evolution generated by Ha
q (t ))∣∣〈0� f

∣∣Û (T )
∣∣0�i

〉∣∣2 =
∏

a=α,β

∏
q

∣∣〈0q
� f

∣∣Ûa
q (T )

∣∣0q
�i

〉
a

∣∣2

= exp (−N fN (T )). (44)

This again gives us

fN (T ) = − 1

N

∑
a=α,β

∑
q

ln
(∣∣〈0q

� f

∣∣Ûa
q (T )

∣∣0q
�i

〉
a

∣∣2)
, (45)

which in the continuum limit takes the form (the integration is
over half of the Brillouin zone now)

f (T ) = lim
N→∞

fN (T )

= −
∑

a=α,β

∫ π

0
dq ln

(∣∣〈0q
� f

∣∣Ûa
q (T )

∣∣0q
�i

〉
a

∣∣2)
. (46)

Again we can make use of the method of instantaneous
eigenstates (outlined in the next subsection) to evaluate the
expression in the above equation. The eigenstates and the
spectra have been evaluated in Appendix B.

While the above expression is exact, easy to evaluate and
plot numerically, it is too schematic to give any insights into
the obtained results. Since the system is gapless, T never
fulfills the adiabatic condition therefore the discussion in
Sec. IV A does not apply.
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FIG. 4. fN (T ) for the Luttinger liquid. Jz(t ) ramps from −0.1–
0.1. The curve fit is carried out by a/T where a is the curve fitting
parameter. This validates the result obtained in Eq. (49). Finite size
extrapolation (N = ∞) is carried out using a quadratic fit function
fN (T ) = g + h/N + i/N2 where g (the intersection of the curve with
the y axis) provides the value of f (T ).

To gain qualitative insights we make a series of approxima-
tions and then compare them with the exact result in Eq. (46).
We start with reexpressing Eq. (46) in terms of the transition
probability Gq(T ) for a particular q mode and anticipating the
result to be similar to the case of ramp across the Ising critical
point, we make a further truncation of the integral (sum over
particle flavor a is suppressed for clarity)

f (T ) = −
∫ π

0
dk ln (1 − Gq(T ))

≈ −
∫ qc (T )

0
dq ln (1 − Gq(T )). (47)

Following the discussion from Sec. IV C, for a particular
value of T , there is a collection of modes ranging from 0
to qc(T ), where qc(T ) is the upper bound on the number of
modes, which are strongly excited during the process. Strong
excitations correspond to large transition probabilities [Gq(T )
is large], which means that the behavior of f (T ) is dominated
by these strongly excited modes.

The density of excitations for LL for given ramp time T
is [14]

qc(T ) ∝ 1/T . (48)

Reexpressing the integral in terms of a rescaled variable T q =
q′, gives us (Gq(T ) becomes independent of T when expressed
in terms of q′) see Eq. (58)

f (T ) ∝ 1/T . (49)

The result is confirmed in Fig. 4, which is evaluated exactly
without making the approximation of Eq. (47). This implies
that f (T ) has the same dependence on T as the density of
excitations nex(T ).

Equation (49) is a direct consequence of the approximation
made in Eq. (47), which has a very general character and can
be applied whenever we have the knowledge of nex(T ) vs T .
The values of α for nex(T ) ∝ 1/T α have been evaluated for
various critical points (for the Ising critical point α = 1/2)
and can be found in Ref. [19]. For all these cases, we expect
to get f (T ) ∝ 1/T α .

E. Method of instantaneous eigenstates

Here we provide more details for the evaluation of
Eqs. (34) and (46) by going through the relevant steps [14,22].

We consider the time-dependent Hamiltonian and for each
instant of time t , it defines an orthonormal basis set (n = 0 is
the instantaneous ground state),

Ĥ (t )|n(t )〉 = En(t )|n(t )〉, (50)

where for all t we have

〈m(t )||n(t )〉 = δm,n. (51)

We can expand any generic quantum state at time t in terms
of these instantaneous eigenstates |n(t )〉, and energies En(t )

|�(t )〉 =
∑

n

cn(t )|n(t )〉 exp

(
−i

∫ t

0
dt ′En(t ′)

)
. (52)

If the initial state is some eigenstate of Ĥ (t = 0) labeled by
some index m, which gives us the initial conditions as

|�(t = 0)〉 = |m(t = 0)〉 ⇒ cn(t = 0) = δm,n. (53)

The advantage of this framework is that we only need to
worry about the behavior of cn(t ), provided all other quantities
[|ψn(t )〉, En(t )] in principle are known. This is the case for all
Bogoliubov-type models, be it fermionic (Ising model, Kitaev
honeycomb model, XY model, etc.) or bosonic (Luttinger
liquids).

The differential equations for the coefficients cl (t ) are

ċl (t ) = − cl (t )〈l (t )|l̇ (t )〉

−
∑
n �=l

cn(t )
〈l (t )|Ḣ (t )|n(t )〉

Enl (t )
e−i

∫ t
0 Enl (t ′ )dt ′

, (54)

where by definition |ψ̇ (t )〉 ≡ ∂
∂t |ψ (t )〉 and Enl (t ) ≡ En(t ) −

El (t ).
The first term of Eq. (54) can safely be ignored because we

can always choose a gauge for any generic state |ψ〉
|ψ (t )〉 = eiθ (t )|φ(t )〉 (55)

by choosing θ (t ) such that

〈ψ (t )||ψ̇ (t )〉 = iθ̇ (t ) + 〈φ(t )||φ̇(t )〉 = 0. (56)

The set of coupled differential equations we need to solve are

ċl (t ) = −
∑
n �=l

cn(t )
〈l (t )|Ḣ (t )|n(t )〉

Enl (t )
e−i

∫ t
0 Enl (t ′ )dt ′

. (57)

A clearer way to express the differential equations is to write
them in terms of rescaled time s = t/T

dcl (s)

ds
= −

∑
n �=l

cn(s)
〈l (s)| dH

ds |n(s)〉
Enl (s)

e−i
∫ s

0 Enl (s′ )T ds′
(58)

and we see how the total ramp time T controls the behavior of
the fidelities via the complex exponential.

For quadratic systems such as TFIM or LL, the above
expression can be evaluated numerically by solving the
differential equations without any approximations. For con-
creteness we look at a particular k mode of the TFIM. The
relevant overlap of interest is 〈0k

h f
|Ûk (T )|0k

hi
〉.
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We expand the time evolved initial state as

Ûk (t )
∣∣0k

hi

〉 = ck
0(t )

∣∣0k
h(t )

〉
exp

(
−i

∫ t

0
dt ′Ek

0 (t ′)

)

+ ck
1(t )

∣∣1k
h(t )

〉
exp

(
−i

∫ t

0
dt ′Ek

1 (t ′)

)
, (59)

where |0k
h(t )〉, |1k

h(t )〉 are the instantaneous Bogoliubov ground
state and excited state, respectively.

At t = 0, hi = h(0), which gives us the initial conditions
as ck

0(t = 0) = 1 and ck
1(t = 0) = 0. At t = T, h f = h(T ),

which gives us the required overlap as

〈
0k

h f

∣∣Ûk (T )
∣∣0k

hi

〉 = ck
0(T ) exp

(
−i

∫ T

0
dt ′Ek

0 (t ′)

)
, (60)

and the rate function therefore is simply

f (T ) = − 1

N

∑
k

ln
(∣∣ck

0(T )
∣∣2

). (61)

To solve Eq. (57) we need to evaluate the matrix overlap,
which for TFIM turns out to be〈

1k
h(t )

∣∣Ḣk (t )
∣∣0k

h(t )

〉
Ek

10(t )
= −2i sin(k)(h f − hi )

4T {sin2(k) + [h(t ) − cos2(k)]} . (62)

The steps to be followed for LL are almost exactly the same as
that of TFIM. The major difference is that Eq. (59) becomes
an infinite sum due to the bosonic nature of the system, which
has to be truncated for us to be able to perform numerics.

The transition matrix elements for LL (which interestingly
are independent of q) can be shown to be〈

(n + 2)q
�(t )

∣∣Ḣq(t )
∣∣nq

�(t )

〉
Eq

n+2,n(t )
= (� f − �i )

√
(n + 1)(n + 2)

2T {ω[ω + 2�(t )]} .

(63)

V. f (T ) FOR INTERACTING SYSTEMS

Now we focus on the 1D XXZ model. It has a rich phase
diagram, which allows us to look at various regimes and
allows us to see which features of f (T ) are retained when we
are looking at genuinely interacting systems. The particular
Hamiltonian we work with is

H (t ) = −Jxy

N∑
i=1

(
Sx

i Sx
i+1 + Sy

i Sy
i+1

) − Jz(t )
N∑

i=1

Sz
i Sz

i+1.

(64)

We set Jxy = 1 and ramp the time-dependent parameter
Jz(t ). Within the gapped antiferromagnetic [Jz(t ) < −1] and
ferromagnetic [Jz(t ) > 1] phases, we make use of exact di-
agonalization and use the PYTHON package QUSPIN [27,28],
which allows us to treat system sizes N ∼ 20.

A. Within gapped phases

1. Within FM phase [Jz(t ) > 1.0]

The ferromagnetic ground state simply consists in all spins
pointing in the same direction with the spin-z magnetization

FIG. 5. fN (T ) for ramps deep within the AFM phase of the XXZ
spin chain. Jz(t ) ramps from −7.4 to −7.6. The inset is a zoom into
the large-T region and shows the finite-size data in comparison to a
curve fit of the form a/T 2. As we can see, the difference between
the results for different N is very small, so that they cannot be
distinguished in the main plot.

〈σz〉 = ±1. There is only one single state within the chosen
magnetization sector, and since the HXXZ conserves magne-
tization symmetry, there is no possibility for the system to
make a transition to any other state no matter how fast or
slow the driving for Jz(t ) is. Since f (T ) measures transition
probabilities, this means that, for driving within the FM phase,
we obtain f (T ) = 0.

2. Deep within AFM phase [Jz(t ) � −1.0]

The AFM phase presents us with two degenerate ground
states (the two Néel states). We restrict ourselves to the posi-
tive parity subsector by choosing the symmetric combination
of the two degenerate Néel states as our initial ground state.

Equation (26) implies that even for this interacting many-
body gapped phase the behavior should follow f (T ) ∼ 1/T 2.
In the inset of Fig. 5 we verify this, as shown by the solid
line, which is intended as guide to the eye. The data oscillates
around this line, but otherwise it follows this behavior well.

B. Ramps within the gapless XY phase [|Jz(t )| < 1.0]

In Fig. 6 we present our results for ramps staying inside the
gapless XY phase, i.e., |Jz(t )| < 1 ∀t . While it is possible to
investigate fN (T ) for the finite systems shown in the figure (up
to N = 20 sites), it is now much more difficult to perform an
extrapolation to the thermodynamic limit in order to obtain
the rat function f (T ). This is further illustrated in the inset of
Fig. 6, where we see that the position of the first minimum
moves to larger T when increasing N . For the TFIM, we ob-
serve in Fig. 2 similar behavior for N � 20. There, only when
treating N � 2000 sites we are able to obtain f (T ). This is a
system size that is beyond the scope of the methods used here.
In future work, this can be further analyzed using methods
that directly treat infinite systems, such as infinite size matrix
product states (iMPS) [12,29,30]. However, we expect the
picture obtained from our analysis based on LL in Sec. V B
to hold also for the XXZ model for ramps staying inside
this phase.

014306-8



RATE FUNCTION MODELING OF QUANTUM MANY-BODY … PHYSICAL REVIEW B 112, 014306 (2025)

FIG. 6. Exact diagonalization results for ramps in the XXZ chain
when staying within the XY phase for small N . Jz(t ) ramps from
−0.1–0.1. In the inset plot we see that the position of the first
minimum moves towards larger values of T when increasing N .

VI. SUMMARY AND OUTLOOK

In this article we investigated the physics of time depen-
dent parameter changes in quantum many-body systems by
analyzing the properties of adiabatic rate functions f (T ). We
expect our findings to be relevant for various realizations,
like cold atomic gases [4], adiabatic quantum computation
[5], many-body topological charge pumping [31], where it
is possible to write down simple model Hamiltonians, which
describe the system at hand, and allow for the evaluation
of f (T ).

In Sec. II A, we started our analysis by noting that for
global parameter changes, the many-body fidelity between
any two quantum states decays exponentially with system size
N . This implies that increasing the ramp time T for any time-
dependent parameter would bring the relevant many-body
fidelity closer and closer to unity (which is the adiabatic limit).
In contrast, for any given T , increasing N will diminish these
overlaps to zero.

To study this competition between the thermodynamic
and the adiabatic limits systematically, we first motivated an
ansatz for the fidelity of a many-body system under a time-
dependent parameter change and separated the T - and the
N-dependent parts. This has allowed us to define the adiabatic
rate function f (T ) for the process, which we have shown
to be an intensive quantity that does not depend on N . We
have shown how the knowledge of f (T ) provides us with the
many-body fidelity for any N for the corresponding process
both in the small-T (quench) and the large-T (adiabatic) limit.
We have shown how the knowledge of f (T ) along with our
ansatz of many-body fidelity provided us with the notion of
an adiabatic time scale TN , which depends on N and insures
that on these time scales the entire many-body fidelity evolves
close to unity.

In Sec. IV A, we evaluated f (T ) for the simple case of a
collection of gapped non-interacting systems. We have found
that for T larger than the inverse energy gaps, f (T ) is just
the average of the transition probabilities of the individual
subsystems and therefore f (T ) ∼ 1/T 2.

In Sec. IV we tested our ideas by evaluating f (T ) for
the TFIM and LL. For processes within the gapped phases,
we have confirmed that f (T ) ∼ 1/T 2, and that f (T ) quickly
reaches a well-defined thermodynamic limit even for rela-
tively small N . For processes in the LL phase and for ramps
across the critical point of the TFIM we have found that
f (T ) ∼ 1/T and f (T ) ∼ 1/

√
T , respectively.

We have derived these decay exponents by first pointing
out the direct relation between f (T ), and the density of ex-
citations for these processes, and then relating the excitation
density to the ramp time T . The idea of relating f (T ) to
the density of quasiparticle excitations is extremely general
and is valid for other models, which describe the physics
in the vicinity of quantum critical points as well. The key
results of this paper are the approximations in Eq. (26) and
Eq. (39), which are compared with the exact results provided
by Eq. (34) and Eq. (46).

In Sec. V we have studied the XXZ model using exact
diagonalization and for ramps across gapped phase found the
expected f (T ) ∼ 1/T 2 and discussed the extremely strong
finite-size effects in the gapless XY phase, which renders a
systematic analysis unfeasible within the scope of this article.

Along such lines it would be interesting to investigate f (T )
for genuinely interacting systems hopefully using a combi-
nation of analytical and numerical methods. It will also be
interesting to search for new qualitative features by studying
the behavior of f (T ) for systems that do not allow for a
quasiparticle description, e.g., the SYK model [32].
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APPENDIX A: OSCILLATORY BEHAVIOR OF f (T )

We start with the spin precession problem from chap. 11 of
Ref. [22]. A spin-1/2 particle with an energy gap � between
the two states is initially pointing along the direction of an
external magnetic field. The field slowly changes direction by
some angle in a long time T . For the process to be adiabatic,
the spin should point along the final direction of the magnetic
field and the probability for a spin flip during this process
should go to zero for increasing values of T .

The transition probability for this process is evaluated to
be [22]

χ� ∝ 1

(T �)2
sin2

(
T �

2

)
. (A1)

This transition probability corresponds to O(T −2) in Eq. (23).
Now if we have a collection of N such slowly precessing spin-
1/2 particles with energy gaps �i (which need not be equal),
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then we can write down f (T ) for this system by making use
of Eq. (26),

fN (T ) = 1

N

N∑
i=1

χ�i ∝ 1

T 2
· 1

N

N∑
i=1

1

(�i )2
sin2

(
T �i

2

)
.

(A2)

This is just the average of the transition probabilities and
we find for this simple problem that f (T ) has the form 1/T 2

times some oscillating part. The behavior of oscillations de-
pends on the details of �i but the 1/T 2 decay is universal.

APPENDIX B: INSTANTANEOUS EIGENSTATES
OF LUTTINGER LIQUIDS

We start by completely solving the following toy problem
[34] (i.e., to compute the spectra and the eigenstates) as its
results will be used directly for the LL rate functions in
Sec. IV D:

H = (ω + �)
(
a†a + 1

2

) + 1
2�(a†a† + aa). (B1)

We define new bosonic operators, with the goal of diagonaliz-
ing the above Hamiltonian, as

b = ua + va†

b† = ua† + va,
(B2)

with u2 − v2 = 1. This immediately gives us

a = ub − vb†

a† = ub† − vb.
(B3)

We introduce the parameter k defined as

k ≡ ω

�
. (B4)

Rewriting the Hamiltonian in terms of the new operators we
get

H = (ω + �)
(
(ub† − vb)(ub − vb†) + 1

2

)
(B5)

+ 1
2�((ub − vb†)(ub − vb†) + (ub† − vb)(ub† − vb)).

(B6)

Imposing the condition that

H = ω̃
(
b†b + 1

2

)
(B7)

immediately yields the following two conditions:

(ω + �)(u2 + v2) − 2�uv = ω̃ (B8)

and

�

2
(u2 + v2) − uv(ω + �) = 0. (B9)

Using hyperbolic functions to parametrize u and v

u = cosh θ, v = sinh θ (B10)

gives us equation

tanh θ + coth θ = 2(k + 1), (B11)

where k is taken from Eq. (B4).

Imposing the requirement that |v/u| = | tanh θ | < 1 gives
us the following solutions to this quadratic equation:

tanh θ = k + 1 −
√

k(k + 2), k > 0

tanh θ = k + 1 +
√

k(k + 2), k < −2.
(B12)

The value of k cannot lie between (−2, 0) because then the
quantity inside the square root would be negative.

Using hyperbolic function identities we can now get the
values of u, v in terms of k. For k > 0

u =
√

k + 1 + √
k(k + 2)

2
√

k(k + 2)
, v =

√
k + 1 − √

k(k + 2)

2
√

k(k + 2)

(B13)

and for k < −2

u =
√

k + 1 − √
k(k + 2)

2
√

k(k + 2)
, v =

√
k + 1 + √

k(k + 2)

2
√

k(k + 2)
.

(B14)

The eigenenergies are

En = (n + 1/2)ω̃ = (n + 1/2)
√

ω(ω + 2�). (B15)

Now we have to demonstrate that the boson paired coherent
state defined as

|0̃〉 = N exp (−α(a†a†))|0〉, (B16)

is the ground state of the total interacting Hamiltonian (|0〉
is the ground state for the non-interacting part). N is the
normalization which we evaluate in Appendix C.

The value of α is obtained by imposing the condition that
the new ground state is annihilated by the operator b,

b|0̃〉 = (ua + va†)|0̃〉
= (ua + va†) exp (−α(a†a†))|0〉 = 0. (B17)

To evaluate this we need the commutator [a, e−αa†a†
]. After

expanding the exponential we get

[a, e−αa†a†
] =

∞∑
n=1

(−α)n

n!
[a, (a†a†)n]. (B18)

To get the commutator on the right-hand side we start with

[a, a†] = 1, (B19)

to obtain

[a, a†a†] = 2a†. (B20)

We now use this to obtain

[a, (a†a†)n] = n(a†a†)n−1[a, a†a†] = 2n(a†)2n−1. (B21)

The step above is correct only because the commutator
[a, a†a†] = 2a† trivially commutes with the operator a†a†.
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Plugging back in Eq. (B16) we get

∞∑
n=1

(−α)n

n!
[a, (a†a†)n] =

∞∑
n=1

(−α)n

n!
2n(a†)2n−1

= −2αa†
∞∑

n=1

(−α)n−1

(n − 1)!
(a†)2(n−1)

= −2αa† exp (−α(a†a†)). (B22)

Since a annihilates the non-interacting ground state, we can
replace the first term in Eq. (B17) with its commutator:

(ua + va†) exp (−α(a†a†))|0〉
(−2uαa† + va†) exp (−α(a†a†))|0〉 = 0, (B23)

which immediately gives us

α = v

2u
<

1

2
. (B24)

The upper bound on α is important, which we will see when
we try to normalize the state.

APPENDIX C: NORMALIZATION OF EIGENSTATES

Now we just have to normalize the interacting ground state
given in Eq. (B16) by finding the value of N :

|0̃〉 = N exp (−α(a†a†))|0〉. (C1)

We obtain this by the normalization constraint

〈0̃||0̃〉 = 1 = N 2〈0|e−α(aa)e−α(a†a† )|0〉. (C2)

We Taylor expand the operators to get
∞∑

n,m=0

(α)n+m

n!m!
(aa)n(a†a†)m. (C3)

Since each term is sandwiched between the ground state, only
the n = m terms will survive giving us

∞∑
n,m=0

(α2)n

n!n!
(aa)n(a†a†)n. (C4)

We make use of (a†a†)n|0〉 = √
2n!|n〉 to obtain

1 = N 2
∞∑

n=0

(α2)n (2n)!

n!n!
. (C5)

Now we have to use the formula

(2n)!

n!n!
=

(
2n
n

)
= (−4)n

(− 1
2

n

)
(C6)

to get

N 2
∞∑

n=0

(−4α2)n

(− 1
2

n

)
= N 2

√
1 − 4α2

= 1. (C7)

This we get from the binomial expansion of a fractional power
(−0.5 in this case).

We see that this series converges to a finite real value
only for

α2 < 1
4 ⇒ |α| < 1

2 , (C8)

which is indeed satisfied by Eq. (B24). Hence, we get our
normalization factor as

N =
√√

1 − 4α2. (C9)
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