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Thermoelectric transport coefficients up to linear order in the applied magnetic field are microscopically
studied using Kubo-Luttinger linear response theory and thermal Green’s functions. We derive exact formulas
for the thermoelectric conductivity and thermal conductivity in the limit of small relaxation rates for Bloch
electrons in terms of Bloch wave functions, which show that the Sommerfeld-Bethe relationship holds. Our
final formula contains the Berry curvature contributions as well as the orbital magnetic moment contributions
that arise naturally from the microscopic theory. We show that generalized f-sum rules containing the Berry
curvature and orbital magnetic moment play essential roles in taking into account the interband effects of the
magnetic field. As an application, we study a model of a gapped Dirac electron system with broken time-reversal
symmetry and show the presence of a linear magnetothermopower in such systems.
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I. INTRODUCTION

Inspired by the anomalous velocity [1] related to the Berry
curvature in the semiclassical Boltzmann transport equa-
tion [2,3], extensive studies of the contributions of the Berry
curvature to transport properties [4—22], orbital magnetic mo-
ment [23-26], orbital magnetic susceptibility [27-29], and
orbital-Zeeman susceptibility [30-32] have been conducted.

In addition to the quantum Hall effect [5,6] the Berry cur-
vature contribution to the anomalous Hall effect was already
obtained by Karplus and Luttinger microscopically using per-
turbation theory [4], although at that time it was not called
Berry curvature. Similarly, in the case of the orbital magnetic
susceptibility, the Berry curvature terms were included in the
studies by Hebborn and Sondheimer [33] and by Blount [34].
Actually, the notation of € for the Berry curvature originates
from the paper by Blount [34].

The Berry curvature vanishes in the presence of both in-
version symmetry and time-reversal symmetry. In the case of
time-reversal symmetry breaking, the typical example of the
Berry curvature contribution to the conductivity is the Hall
conductivity oy, in the quantum Hall effect [5,6] and anoma-
lous Hall effect [4]. In contrast, in the diagonal components
of the conductivity tensor, such as o, and o,, anomalous
contributions proportional to the applied magnetic field B can
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appear due to the Berry curvature [7-22,35,36]. [Note that
conventional magnetoconductivity is proportional to B2.]

Furthermore, it has been discussed that the Seebeck coeffi-
cient and figure of merit ZT = S0 T/« can also be enhanced
in the presence of a magnetic field [37—40]. Therefore, a mi-
croscopic understanding of thermoelectric conductivity in the
presence of a magnetic field is also important for applications
such as thermoelectric devices.

Recently, we calculated the magnetoconductivity in terms
of thermal Green’s functions [15] based on Fukuyama’s
formula [41] and found that there are contributions from
the Berry curvature €27, and orbital magnetic moment
My, in 0,,(B) at linear order in B. Here, a represents
the band index, and u,v =x,y, or z. The orbital mag-
netic moment M}, expressed by Eq. (19) is absent in the
Boltzmann transport theory with anomalous velocities. To
discuss transport properties, microscopic calculations using
Kubo’s linear response theory and thermal Green’s functions
are very important. A similar situation also appeared in the
studies on orbital magnetic susceptibility xomn. Gao et al. [27]
studied yorp using the semiclassical Boltzmann transport the-
ory with Berry curvature and found that y, can be expressed
in terms of various contributions, including the Berry curva-
ture contributions. However, it has been shown that some of
the obtained coefficients of the contributions do not agree with
the microscopically obtained results [29,33].

In this paper, we give a fully microscopic description of
the thermoelectric transport coefficients that can be used to
validate the results obtained using semiclassical Boltzmann
transport theory [7-13,16,18,20-22]. We do this by extending
our previous microscopic theory for the conductivity [15] to
thermoelectric and thermal conductivities.
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In the classical Boltzmann transport theory, the following
relation between the transport coefficients L;, L, and Ly,
holds:

L = / del—f'(e)o(e. T),

oo

1 o0
Lp=1 = —/ de(e — w[—f'(e)lo(e, T), (D

e
l o0
Ly = 6—2/ de(e — p)Y’[—f'(e)lo(e, T),

which we call the Sommerfeld-Bethe relation. Here, ¢ (< 0)
is the charge of an electron, and f(¢) is the Fermi distribution
function, f(g) = 1/[ef®* 4+ 1], with 8 = 1/kgT. One of
the issues to be studied is whether or not this kind of rela-
tion holds under the magnetic field and for the contributions
from the Berry curvature that do not have f'(¢) but f(e). In
this paper, we derive L'? and L>3 up to linear order in the
external magnetic field using Kubo-Luttinger linear response
theory and thermal Green’s functions. Compared with the
calculation of the magnetic susceptibility [29,42], which is a
thermodynamic quantity, in the present calculation of L,ijv, the
finite-frequency Green'’s functions will be carefully taken into
account since L,ifu is a dynamical quantity.

In Sec. II, we introduce our model and define the cur-
rent and heat current operators, j(r) and j,(r). Using the
imaginary time interaction representation, we show a specific
relationship between j(r, 7, ') and j,(r, 7, t’), which will
be used later. In Sec. 1II, we define the electronic and ther-
moelectric linear response functions L;}, represented by the
analytic continuation of the correlation functions. We show
our final results in Eq. (17) before describing the details of the
calculation. In Sec. IV, we calculate the correlation functions
at linear order in the magnetic field. Since we use the gen-
eral Bloch band representation, there are seven contributions
depending on the interband matrix elements of the current
operator, as shown in Fig. 1. Then, we calculate each contribu-
tion by taking the leading and subleading orders with respect
to I'¢ (¢ = —2 and —1) assuming for the relaxation rate I of
electrons is small. The results at the leading order of O(I'~?)
are shown in Sec. IV A, where we reproduce the results in the
Boltzmann theory for the Hall conductivity. We also derive
a generalized f-sum rule that contains the orbital magnetic
moment, which is used for summing up the interband contri-
butions. The results for the subleading order of O(I'"!) are
summarized in Sec. IV B, where another generalized f-sum
rule containing the Berry curvature is derived and used. In
Sec. V, we study a simple two-band model that shows an
anomalous linear-B behavior of the diagonal components of
the linear response functions. We show the Seebeck coeffi-
cient, thermal conductivity, Lorenz number, power factor, and
figure of merit z7 for this model. We summarize our results
in Sec. VI. The details of the calculations are shown in the
Appendixes.

II. MODEL, CURRENT, AND HEAT
CURRENT OPERATORS

We consider Bloch electrons in a periodic potential V (r)
and spin-orbit interactions using the following Hamiltonian
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FIG. 1. Schematic representation of the contributions to
LE)-L{)7: The solid lines with band indices a, b, etc., represent the
Green’s functions. The height of these lines represents the energy
level ¢,. The array of blue circles connecting the two lines represents
the off-diagonal (or interband) matrix elements of y,, i.e., pap -
The symbol ® between two solid lines represents the diagonal (or
intraband) component of y,, i.e., d&,/dk,. The right side of each
diagram is connected to its left side because of the trace in (25).
The red squares indicate the parts of the diagrams which can be
expressed by the f-sum rule in Eq. (34).

derived from the Dirac equation with nonrelativistic
expansion:

H = / dry (OH PP,

HE) = 0 vy + i L
= —_—— — —_ _a .
2mp 8m?2¢? 2m

h
+ ma -VV x p, )
where p = —iliV, o; are the Pauli matrices representing spin,
and ¥ (r) [y ()] is the two-component electron annihilation
(creation) field operator. An effective field b(r) is phenomeno-
logically introduced which breaks time-reversal symmetry.
The last term represents the spin-orbit interaction in a general
form. We treat the general case where V (r) is a noncentrosym-
metric potential [i.e., V(—r) # V(r)], similar to what was
done in Ref. [29].
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We take the Bloch wave functions in the form e*”

which satisfy

u(l,k(");

Hyuta k() = €a(k)uta i (r). 3

Here, a indicates the band index including the pseudospin
degrees of freedom, and Hy := e *"H (r)e*" is given by

kiRt P, ®o_,
H=— ——k-V——V VO + g5V
2m m 2m 2¢2
eh i
—%a-b o VV x (k —iV) )

in the present Hamiltonian in Eq. (2). Note that the function
uq x(r) is a two-component vector (representing the spin de-
grees of freedom), which is periodic with the same period
as V(r).

The current operator j(r) and the energy current operator
J g (r) are defined via the continuity equations [43]

%ep(r) +divj(r) =0
%)

%h(r) +divjg(r) =0

Y ()Y (r) represents the electron density
%wi'(r){H(r) + ﬁ(r)}w(r) is the sym-
metrized Hamiltonian density operator. Here, <I-7(r) is defined
by replacing the operator pJ —ihd; (j=x,y,z) in H(r)
with p; = ik 8,, where 3 represents the partial derivative
with respect to j that acts on the functions and operators on its
left-hand side. The heat current operator is given by j,(r) =
Jg(r) — pnj(r)/e, with u being the chemical potential.
Using the continuity equations, we obtain

J@) = ey () Jo @),

where p(r) =
operator and h(r) =

Je(r) = %W(r){}'_o)(r)H(r) +HO Gy OWE,  (©6)
with
<~ h
Jo ()= —(—th + th ) + -y ——50xVV. (1)

The derivation including the case with the vector potential is
given in Appendix A. We can show that the heat current and
the electric current operator are related to each other [44,45].
Defining the imaginary time interaction representation of the
electric current operator as

<>
jr T, )y =ey'r, 1) j, MY, ), ®)

with i@, 1) = PNyt (e ™ H=1N) and y(r, ') =
e? H=1N)y (F)e" H=1N) it can be shown that

L(2 ! ( ) =Jol ), ©))
— — —|jr, T, ) =jor, T, T
o o )’ Jo
where j,(r, 7, T') is the similarly defined imaginary time in-
teraction representation of the heat current operator, j,(r) =
Je(r) —pnj(r)/e (see also Appendix A). This type of re-
lationship was used by Jonson and Mahan [44] to show
the Sommerfeld-Bethe relationship (1) between the electric
conductivity and thermoelectric conductivity [45]. Note that,

when there is electron-phonon interaction or finite-range mu-
tual interaction between electrons, the relation in Eq. (9) does
not hold [45]. In the Hamiltonian (2), Eq. (9) does hold even
in the presence of the spin-orbit interaction. In the following
sections, we will show that the Sommerfeld-Bethe relation-
ship in Eq. (1) holds even in the presence of a magnetic field,
where the heat current operator also depends on the magnetic
field.

The current density in terms of the Bloch wave functions is

G =e [l 00 * ot e, (10)

We define (y,)w = g( Jiab- Using the definition of Hj in
Eq. (4) and the k,, derivative of (¢, — H)|a) = 0, we obtain
(Vu)ab = (a|8/.LH|b> = augafsab + Pab,us
Pab,u = (b — €4)(ald,b), (11
where |a) = u,x(r), 0,H = 0Hy/0dk,, 0,8, = 0&,/0k,,
[0 a) = Oug x(r)/dk,, and the wave number k dependence is
not shown explicitly since it is common in all the expressions.

Apparently, p,;,, is closely related to the interband Berry
connection.

III. TRANSPORT COEFFICIENTS

The electric and thermoelectric linear response functions
are defined as

. 8T
Gud = D LinE +Lfﬁ( T )

v

. T
(o) =ZL,€LEU+L,3%(— 7 ) (12)

v

for u, v = x, y, z, where L11 is the usual electric conductivity

tensor, L12 and Lil‘) are the thermoelectric and electrothermal

conduct1v1t1es and the thermal conductivity is obtained from
L’ The observable quantities can be computed as

o =Ly,
|
S == FL” L]2,
1
K= F[Lzz — Ly L' Lo, (13)

where o is the electric conductivity tensor, S is the Seebeck
tensor, and k is the thermal conductivity tensor.

In the linear response theory or in the Kubo formula, the
conductivity L » 1s obtained as

L' = lim ®)\ (0 +i8) — B, (0)

Hy w—0 m{ e } (14)

where CID}le (w + i8) is the analytic continuation of the current-

current correlation function

1 [# .
Ol (0) = < / AT (e 4 (Djico s 0N, (15)
0

with iw, — h(w + i8) and § being an infinitesimally small
parameter. Here, 8 = 1/kgT, w; = 2w AkgT is the Matsubara
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frequency, with A € Z, and ji ,(7) is the u component of the Fourier transform of the current density operator, defined as
Jr(m) = / drj(r, v, v)e %", (16)

The other linear response coefficients, L3 = L.} and L, are similarly obtained using the heat current operators. We calculate
them at linear order in the applied magnetic field B in the z direction. Since the calculation is lengthy and complicated, we show

our final results beforehand. Expressing Llfblv Lllfu and Lizv as LLOJ, Lfllu), and Lffv), respectively, we obtain

3—

e ‘B 1
L;(f\f = FZZV 2(854 - M)Ef/(ga)[ﬁ{8p,8uax8a(av8y8a) - ap.gaaygu(avaxga)
k,a

1
— 0,640x84(0,0y84) + 0,640,64(0,,0x84)} — E(Busaavsaﬂﬁy — B,Laaaxsaszij + 0,€40y64527,

1
— OuEadieaQy + Dveadhea) = 7 uEaduMy + Boead My — 2(8uavea>Mxy}} +0Ir% (t=0,1,2), (17

where I' is the relaxation rate of electrons and 9, represents the partial derivative d/0k,. Here, we calculate the transport
coefficients L/(fv) in the power expansion with respect to I'™" assuming I' is small compared with the Fermi energy. The
contribution proportional to 1/I'? is exactly the same as the result of the Boltzmann transport theory. The contributions
proportional to 1/T" are related to the Berry curvature for band a4,

Q;‘w = —2Im(d,aldva) = i{(d,ald,a) — (d,ald,a)}, (18)

as well as the orbital magnetic moment,

My, = Im(d,ale, — Hi|d,a)

1
= E((aualsa — Hyld,a) — (dyaleq — Hild,a)). 19)

When we define

h 8I2

e’B 1
o) =17 D " 8(e = £a)| 5 (04200520 (B By2a) — DuEayEa(Dy0x2a)
k,a

1
- aueaaxgu(ap_aysa) + avgaayea(auaxga)} - E(a/tgclavgaQZy - a;tsaaxgaggy + a;tgaaygaszix

1
— Bueadsay + Doeadyea) — T {0uEaduMuy + ByeaduMay — 23,064 )Mxy}], (20)

we can easily see that the Sommerfeld-Bethe relation in
Eq. (1) holds.

Let us note here a problem in transverse thermoelectric
transport [46-51]. In the case of transverse thermoelectric
transport, a term appears which diverges as 1/T as T —
0. This nonphysical divergence is removed by consider-
ing the local equilibrium current [51], which is of order
I'% since the local equilibrium current does not depend on
the relaxation. Although the same problem will appear in
the present formalism, it appears only at orders higher than
the ones discussed in this paper, I'"> and I'"!, as shown in
Eq. (17).

IV. CORRELATION FUNCTIONS AT LINEAR
ORDER IN THE MAGNETIC FIELD

In the presence of a magnetic field, Fukuyama [41,52]
obtained an exact formula for the Hall conductivity, or
dD}Cyl.(iw,\), expressed in terms of thermal Green’s functions in
a gauge-invariant form using a finite-momentum vector po-
tential A(r) = €'7"A,. Recently, in Ref. [15] we simplified the

(

formula of @} (ie;) and furthermore calculated the formula
for the other components such as CI>;Z1 (iwy). In the present
paper, we study CID}LIV(iwA), CDllfv(iwx), and <I>l2fv(ia),\) for all
the components u, v = x, y, z in a unified way. As shown in
Appendix B, the correlation function ® !} (iw,) at linear order
in the magnetic field can be simplified as

, kgT ie*B o
@}tl‘)(zwk) = _BT Z ?Tr F(k,ic,, iw,),
nk

h2
F(k,ig,, iw;) = ﬁ[a,uy(ngyngxg -G+ GinG)

+ 0 (YuG+GNG — V/tg+yyg+g)]

+VuG VWGViGVWG — YuG+ WG+ G+ G,
(21)

where the magnetic field B is applied in the z direction with-
out loss of generality. The summation of the wave vector
k is taken within the first Brillouin zone, the summation of
n represents the Matsubara frequency summation, and the
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trace (Tr) is taken over all the eigenstates of the Bloch states
including the spin degrees of freedom. Note that the simplified
formula for CID}QI,(ia)A) enables us to show the close relationship
between the orbital magnetic susceptibility and part of the
Hall conductivity [53].

The thermal Green’s function G is band-index diagonal,
which has the form

1
Galk, &) = (22)

— g,(k) + p + iTsign(e,)’
where ¢, = 2n + l)nkBT is the fermion Matsubara fre-
quency and we have abbreviated G(k, ie, + iw;) — G+ as
Gk, ie,) — G. Here, we have assumed the case with simple
random impurities that have é-function potentials for sim-
plicity. In this case, the self-energy can be approximated as
—il'sgn(e,), and the vertex corrections due to impurity scat-
tering are safely neglected. This is the simplest assumption,
and for actual models, we have to modify the self-energy
depending on the explicit model, which remains as an ex-
tension of the present theory. In the following, we evaluate
the transport coefficients in the expansion with respect to I'”
assuming that I’ < ¢.
In Ref. [15] we calculated the conductivity tensors L

using Eq. (21). In the present paper, we discuss L2, Li}), and

L’3. For example, the electrothermal conductivity L2} can be
obtalned from the analytic continuation [iw; — h(w + i§)] of

1
@ (i) = /0 AT {jgu=0.u(T)jk=0,0(0))e ", (23)
J

where jg . (7) is defined as

Jox(®) = / drjo(r, 7, )e *". (24)

Because j,(r, 7, 7) is related to the current operator j(r, 7, T)
as in Eq. (9), we can show that each Feynman diagram to
calculate Eq. (23) contains the t derivatives of the thermal
Green’s functions. [Note that the relation in Eq. (9) also
holds even in the presence of magnetic field, as shown in
Appendix A.] Since the t derivatives yield the Matsubara
frequencies of the Green’s functions, we find

. kT <— ie’B
qD;ll.zv (iwy) = — Vo 7
nk

7 (iw;) = @7 (iy),

<i5n + “‘%)Tr Fk, is,, io),

) kgT ieB
O (i) = =~

v h3 <1sn+ T) Tr F(k, i, iw)).

(25)

Note that the additional factor (ie, + iw, / 2)t (¢ =1, 2) does
not depend on the wave numbers, so the gauge-invariance
argument in Ref. [41] that uses the k dependence of Green’s
functions and current operators is not affected.

Like for the conductivity expressed in Ref. [15], we express
the transport coefficients as

2

& B i h
L,(fu) = 2V ; m /Lv {(yv Jab(Vx )ba aba — (Y)ab (P )ba aba } + — m Sux { (Vv)ab(yu )ba aab (Vu )ab(Vv )ba baa }
+ (Y )daP)ar (Ve (1)eaDlg = Vidad (e (V)b (Vi IbaDps (26)

where ¢ is defined using the indices of the transport coeffi-
cients L;j as £ = i+ j — 2. The C\;) and D)) , (¢ =0, 1,2)
functions are defined as

¢ =~ 1im - T (en+—) (GGG
Com = —};g})% ( )(gnc(gm(g)a,
Dipes = —3)510% ( TA) (G )a(GWG)(Ga,
Dy = = lim = (en + —) (G)a(G)eGn(G)as

27)

where the substitution of iw; — hi(w + i8) should be made
in the thermal Green’s functions after taking the Matsubara
summations.

The explicit forms of these functions are shown in
Appendix C, where they are expressed in terms of the retarded
and advanced Green’s functions and the Fermi distribution

(

function. We can see that the relations

[C(Z)] —c®

cba abc?

D] =-Dl, (28

hold, which guarantees that the transport coefficients are real.
Because the matrix elements of y, in Eq. (11) have two
terms, several types of contributions in L{f) in Eq. (26) come
from different combinations of these two terms. In particular,
the contributions containing Dfli)c 4 (i.e., the case with four
Green’s functions) are shown in Fig. 1. (Similar diagrams for
C(Ef}i and C‘;f): can be drawn, which we do not show here.)
The diagrams in Fig. 1 are similar to those discussed in the
case of the orbital magnetic susceptibility [42]. As we will see
later, part of the infinite summations is carried out by using the
f-sum rule, which is indicated by the red squares in Fig. 1.
When we add all the diagrams in Fig. 1, we obtain the
transport coefficients, which are valid for any strength of
the scattering rate I'. We noted in Ref. [15] that, if we take
the leading and subleading order contributions with respect to
I'‘, we can express L)) in terms of the Berry curvature and the
orbital magnetic moment. In the following, we use a similar
procedure to obtain L) and L) in general. Note that, in the
case of the orbital magnetic susceptibility [42], the contribu-
tions of the diagrams like those in Fig. 1 can be summed. In
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that case, it is not necessary to introduce the relaxation rate
" because the susceptibility is a thermodynamic quantity. In
other words, the calculation for the susceptibility is carried out
at order T'°. In contrast, for the transport quantities, transport
coefficients diverge for I' — 0, and we have to take into
account the contributions proportional to I'"2 and I'"™!, as we
show below.

First, we evaluate C,ﬁﬁﬁ- and Dfﬁfc 4 in the small T" expansion
(I' <« ef). Equations (D7), (D8), and (D10) in Appendix D
show their contributions are of order 2 and I'"'. As in
the usual transport theory, the contributions containing both
the retarded Green’s function G® and the advanced Green’s
function G2 have singularities of order ' and I'"!. Sub-
stituting the matrix elements in Eq (11) for y, and the
small T" expansions of C(Z) and DY) heq N0 Eq. (26), we ob-
tain each contribution L,(fg 1 to L7 shown in Fig. 1. Their
explicit expressions are shown in Egs. (D13)—(D18) in Ap-
pendix D. (Note that L{{)7 does not appear since DY) s
of order T'°) As a result, the transport coefficient can be
obtained as

L;(fu) _ ZL(Z)Cn + ZL(E) "+ o). (29)

n=1

A. Leading order of O(I'"2)

First, we consider the leading order terms in L,(fv) in
Eq. (29); they are proportional to I'"2. As shown in
Appendix D, they are Lffv)c'l in Eq. (D11), Lffg'l in Eq. (D13),
and the first term in L{)* in Eq. (D14). According to the
different denominators in Eq. (D14), we divide L{)* as

1O2 _ L(e)zl +L(z)22 4+ L0223 (30)

1234 v

These terms have the denominators I'?(g, — &), ['(g;, — €5),
and I'(e, — &), respectively.

As we can see from Fig. 1(a), Lffg’l is a purely intraband
contribution because only the intraband matrix elements of y,,
are involved. Considering that 8,&,3[(s, — )" f'(£4)]/9€4 =

0,[(eq — 1)t f'(,)] and carrying out integration by parts with
respect to k, and k, symmetrically, we obtain
‘B (e — W) f'(ga)
o1 _ € “ a
Lo — v Z o (20,,640,84(3,0y84)

k,a
+ 0,,840,84(0,0y84) + 0,,£4,0,64(0,0:4)
+ 0,640,84(0,,0y&4) + 0,640y64(9,,0:€4)}, 31D

where f(g,) = 1/(e#® " 4+ 1) is the Fermi distribution
function. In particular, when £ =0 and u = x, v =y, i.e., in
the case of Hall conductivity, this becomes

L(,O)’l — Z f (Sa) 43x£aayga(8x8ysa)

8I2

+ (3:84)* (85 8a) + (0y80)° (07€4) } (32)

which is similar to the result in the Boltzmann transport
theory,

!
O_gf)ltzmann — Z fg(lf;) xgu )2 (858},)
+ (ayea)z(afsa) — 20,840y84(d:0ye0) ), (33)

but the coefficient of the term 0dy&,0d,€,(0x0y&,) is different.
We will show shortly that the result in the Boltzmann theory is
obtained by adding other contributions from Ll(tov)c’1 and LI(LOU)Q:1

that are proportional to 1/T"2. This means that one should not
pick up only L,(?u)’l in discussing the Hall conductivity in a
single-band model. This situation is the same as in the case
of orbital magnetic susceptibility, where x; that looks like a
purely intraband contribution gives a different result than the
Landau-Peierls orbital magnetic susceptibility [42,54].

The first term of L) in Eq. (D14) (i.e., L{)}*") has the
summation over the band indices a and b (b # a) [see also
Fig. 1(b)]. Therefore, one may think that this term is an in-
terband contribution. However, the summation over b can be
carried out exactly, and then this term can be regarded as an
intraband contribution, which should be added to Eq. (31). For
this purpose, we use the generalized f-sum rule,

2
Yo DebaPrey l(a,tavea— s ) MY, (34)
b.(ba) Ea — &p 2 m
where M, is the orbital magnetic moment for band a defined
before in Eq. (19). The proof of this identity is given in
Appendix E. When we use this generalized f-sum rule, we
obtain

3—¢
L(Z),Z;l _ e B Z (8(1
224 - hZV
k,a

- M)ef/(ga)
472

2
X |:8v8(,8x8a<8y8”8a — %8uy> + 0,€40,64(0,0y€4)

hZ
+ 0480y (avaxs,, - %(Sv,{)]. (35)

This f-sum rule is schematically shown in Fig. 1(b), where
the red squares indicate the parts of the diagram representing
the f-sum rule.

Thus, the total of Eqs. (D11), (31), and (35) becomes

©),C1 ),1 (0),2;1
L/w +L/w +L/t

&7 B (8a — ) f'(€a)
= kz o {8,,840x84(,3y8,)

— 0,,840y84(0,0:84) — 0,8,0x€4(0,,0y84)
+ 0,640y84(0,0x84)} (36)

In particular, when £ =0, © = x, and v =y, i.e., in the case
of Hall conductivity, this total becomes equal to the result
obtained using Boltzmann theory.

The generalized f-sum rule in Eq. (34) results from the
completeness property of uy; (see Appendix A of Ref. [42]).
One may call the left-hand side of (34) “interband” since it
contains the off-diagonal matrix element p,, ,. On the other
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hand, the right-hand side of (34) is expressed by a single-band
property, &,, and as a result, Lfflf’z” looks like an “intraband”
contribution. This indicates that the naive classification of
“intraband” and “interband” does not apply, as discussed for
the case of orbital magnetic susceptibility [42].

B. Subleading order of O(I'™1)

Next, we discuss the subleading order of O(I'"!). The
second term of L{)? in Eq. (D14) (i.e., L{)*?) can be cal-

culated in a way similar to Ll(fv)’z‘l , which yields

3-tp g [(eq — M)Kf/(ea)]
22 _ ¢ 32, a
L = kga 5T [BvsaaxsaMw
+ 0Ea0vEaM, + 0,u€a0yEaMy, |- (37)

The third term of L{{)-? (i.e., L{{)}*?) has the denominator
(64 — €p)%, which is different from L(9%! and L()->2 dis-
cussed above. In this case, instead of Eq. (34), we use another
generalized f-sum rule (see Appendix E),

PabpPhar _ Rt ald,a) — (duala(aldva) — - 92,
(8a — &) 2"
b,(ba)

(38)
where €7 is the Berry curvature for band a defined before in
Eq. (18).

Using this second generalized f-sum rule, we obtain

- M)ef/(ga)

3—¢
023 _ ¢ B (&q a
L = — > o [0v640:£.2,
k,a
+ 0840084, + 0,840y€4 2, |- (39)

Note that we have used the fact that (9,a|b) = —(a|d,b) and

it is purely imaginary for any u when a is equal to b.
Features similar to L{)* are present in L{{)> and L), as

seen in Fig. 1, where the excluded term of b = ¢ in Ll(fv)’6 is

supplemented by L!{)->, leading to the independent summa-
tions over b and c. Other terms are calculated similarly; the
details are shown in Appendix F.

Combining the leading and subleading order terms, we
obtain the total thermoelectric conductivities, as shown in
Eq. (17). Note that this final formula does not contain the
terms proportional to /#*/m which appeared in Eq. (29) as
Ll(f‘}c’l and Lffv)c'z. For example, for the Hall conductivity

B 0 pr
> (ea— 1) f'(€a)

k,a
[81“2 {(@:ea)*(872a) + (3y20)* (972a)
~ Dheaiyea(inihen)) + 5 deeadie

1
— —F{Bxsuanyy + 0,640 My — 2(3x3y8u)Mxy}:|,
(40)

and for the xx and zz components,

Ly = —W'f(€a)
L(a )’ Qe L ooy, — (2 )M
X o xEa xy 2F{ x€a Ox xy — ( xgu xy} )
‘B
Lg) = - Fz2V 2(844 - M)Zf/(ga)

k,a

x [— %{(azga)zszgy + 20:£40:842, + 20,8408, }
1
~ 57 —{0.8,0:M,, — (afea)Mxy}] (41)

These results are consistent with our previous result for £ = 0
obtained in Ref. [15].

V. LINEAR MAGNETOTHERMOPOWER

In this section we study a simple two-band model that
shows nontrivial effects, such as linear magnetoconductivity
and magnetothermopower. We consider the following gapped
model with broken time-reversal symmetry:

H = viik,0, + viikyoy + A(1 + 8k2)o. (42)

The dispersion relation of this model is

2 2

E:=+A —h(k2+k2) (1+8K2)°  43)

If time-reversal symmetry is present in the system and the
only time-reversal symmetry breaking term is the magnetic
field B, the transport coefficients obey Lffl}(B) = Lffu)(—B)
due to the Onsager relations. In order to observe nontrivial
effects that violate this equality (e.g., a diagonal term linear in
the magnetic field), time-reversal symmetry must be broken
already at zero magnetic field.

In the case of a completely gapless linear spectrum the
conductivity will be chemical potential independent [15]; this
leads to a vanishing thermopower. The presence of the gap
leads to a finite thermopower caused by the diverging density
of states around the gap.

The system in Eq. (42) has a nonvanishing Berry curvature
and orbital magnetic moment, expressed as

1+ k2 Skyk
Qf = AR QF = i2RA . (44
: 2Eﬂ: 2 Eﬂ:
Sky k, 1 + 8k?
= —h*v*A . MG =RV A——= TR (45)
:t +

Considering the symmetries of the system, the magneto-
conductivity has the form

Oxx oy 0
o=\|-0y o 0] 46)
0 0 o

Z

125409-7



VIKTOR KONYE AND MASAO OGATA

PHYSICAL REVIEW B 112, 125409 (2025)

a
@) 03 \ T=01A T=02A
/
Txr T
g \ . /
NN AN
Y
ES ‘\
O 1
(b) 0.03 —— .
I - T=01A T =02A
o ™~ sy —  ay
~~ o \.m“\ ]
(=)
23 N
b \\\-
-0.03 —
(c) 0.02 .

U,glu’l)/UBl
[}
T

\
\
\
V
A
)
7
)
I
/
,'
[

-0.02 '
-5 0 u [A] 5

FIG. 2. Different components of the conductivity tensor of
Eq. (42) as a function of the chemical potential up to linear order
in the magnetic field. (a) Conductivity for B = 0 in units of oy =
e*A?/T'vii?. (b) Hall conductivity in units of ogy = e>BAv/T2H.
(c) Longitudinal and transverse linear magnetoconductivities for
three different temperatures in units of op; = ¢*Bv/T'A. In all panels
8 = 0.1(/iv)*>/ A2, and only the nonzero components are shown.

There are three independent components. At linear order in
the magnetic field they can be divided as

0 =00 4o, (47a)
0, =09 + ol (47b)
oy =03, (47¢)

where (0) is the B = 0 result, (1;0) is the B linear term with
I'2, and (1; 1) is the B linear term with ',

The B = 0 result can be computed using Boltzmann the-
ory [discarding O(I'") terms]. The rest of the terms can be
computed using Eq. (17). All terms are computed numerically
using Monte Carlo integration. The results as a function of
the chemical potential are shown in Fig. 2. Figures 2(a) and
2(b) show the normal conductivity with symmetric diagonal
elements and antisymmetric Hall conductivity. Figure 2(c)
shows the linear magnetoconductivity terms that are forbidden
in time-reversal-symmetric systems which satisfy o,,(B) =
GV[L(_B)'

Similar to the conductivity, the thermoelectric conductivity
(e = L) will have the form

Uy Oy O

a=|—-a, ax 0], (48)
0 0 o
with
o = o) + o, (492)
ay = ald + ol (49b)
oy = a0 (49¢)

a
(a) 0.02 —5x .
o T
3 zz
X 0 i
o3
S
-0.02 L
(d) o K
o
S
S
~
BN
3 T = 0.2A
S
Ty
-0.002 L
(c) .
— O - I
R
3
P
£
3
3
-0.002 L
5 0 [A] 5

FIG. 3. Different components of the thermoelectric conductivity
tensor of Eq. (42) as a function of the chemical potential up to linear
order of the magnetic field. All panels correspond to the panels in
Fig. 2, with the same parameters. The thermoelectric conductivity is
measured in units of o po/81 = (A/€)00/80/81-

This is computed similarly to the conductivity, and the
results as a function of the chemical potential are shown in
Fig. 3. The results for the thermoelectric conductivity also
show finite 0‘;(11;11) terms that are classically forbidden; they
appear because of the nonconstant chemical potential depen-
dence of the o} terms. We see that if the conductivity is an
even (odd) function of the chemical potential, the thermoelec-
tric conductivity is odd (even). This is related to the charge
carriers being electrons or holes with opposite charge.

Using Eq. (13), we can obtain the Seebeck coefficient
tensor from the conductivity and thermoelectric conductivity,
which will have the same structure as the former two, with

1 OxxOxx + QxyOyxy

Sex = s 50
T o2t} (00)
1 o
Spe = —=—, 50b
= T (50b)
. l axxoxy - ax;*axx
Sy = ——— 0w (50c)

T o+ szy

Using the previously computed results and choosing re-
alistic parameters (v = 10°ms™', A =0.1eV, I' = 0.01A),
we calculate the thermopower, which is shown in Fig. 4 as a
function of the chemical potential, temperature, and magnetic
field.

We can see that the Seebeck tensor gets enhanced close to
the band gap. We get a finite but small Nernst coefficient S,.

If the B-linear terms such as o3 and a™! are zero,
Sex(B) — Six(0) o< B2, and S.. = const. If these nontrivial
terms exist, the magnetothermopower can have a linear con-
tribution in both cases. In the case of S,, we can see this linear
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(a)
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FIG. 4. Different components of the Seebeck tensor of (42) up to
linear order in the magnetic field as a function of (a) the chemical po-
tential at B = 1T, (b) temperature at B = 1 T, and (c) magnetic field.
The parameters used are v = 10°ms™!, A =0.1eV, ' =0.01A,
and § = 0.1(/iv)?/ A

dependence in Fig. 4(c). For S, we get a more complicated
magnetic field dependence.

To see the gap dependence we compute the Seebeck coef-
ficients as a function of A, as shown in Fig. 5. We can see
that the Seebeck coefficient in the x direction is less sensitive
to the gap size, while in the z direction it is strongly enhanced
for small gaps.

We also compute the thermal conductivity (see Fig. 6) and
the ratio of thermal conductivity to electric conductivity, also
known as the Lorentz number (see Fig. 7). Far away from the
gap at large u we recover the Wiedemann-Franz law, with
L =«/oT = m%k3/3e>. Closer to the band gap the Lorentz
number gets enhanced and takes large values. As a function of
magnetic field [see Fig. 7(c)], we get a weak linear increase.

Finally, we compute the power factor defined as oS? (see
Fig. 8) and the figure of merit zT = 0 S?T /«k (see Fig. 9).

300 : T
o xrx

| Y74

o \

E 200 .
Y

%

100 L L
0 0.3 AleV] 06 0.9

FIG. 5. Seebeck tensor as a function of the gap A. The pa-
rameters used are v = 10°ms~!, ' = 0.001 eV, u=A+0.0leV,
ksT =0.1eV, and § = 10(fiv)>/eV?.

(a)
x 6 ZI“=O.1A T = 0.2A ' ' =
' 4+ Tx ——  xT N
s Ty —— Ty
— 2 - zZz = zZz =
Ex 0 i
_2 1 1 1 1
(b) 1 2 3plal 4 5
T 150
"z 100
= 50t
i 0
'Y
—50
(c) ’
C
S '
B
ia
= T=0.1A, p=1L1A
D oz —
§ 7 i 1
0 0.5 B[T] 1

FIG. 6. Different components of the thermal conductivity tensor
of (42) up to linear order in the magnetic field. The panels and
parameters are the same as in Fig. 4.
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<
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©
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FIG. 7. The Lorenz number in the x and z directions of (42) up
to linear order in the magnetic field. The panels and parameters are
the same as in Fig. 4.
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FIG. 8. Power factor of (42) up to linear order in the magnetic
field. The panels and parameters are the same as in Fig. 4.

These are experimentally relevant quantities characterizing
good thermoelectric materials. A high figure of merit means
more efficient conversion of heat energy into electrical energy.
The results for the power factor and figure of merit show a
strong enhancement as a function of the magnetic field in the
x direction. However, note that the contribution of phonons
to the thermal conductivity « is not taken into account, so
the figure of merit in Fig. 9 is generally suppressed by the
presence of the phonon thermal conductivity.

VI. CONCLUSION AND DISCUSSION

In this paper we presented an analytic formalism to cal-
culate thermoelectric coefficients in the presence of a low
magnetic field up to linear order in the magnetic field. The
formulas are based on linear response theory and are taken
in the limit of small scattering rates. The resulting expression
for the transport coefficients in Eq. (17) is general and can

p=1.1A
04 S
&~
N
0.2 i
0 1
0 1 T [A/kB] 2
(b)04
) T=1A, p=1.1A '
xrxr =
E‘ zZz
N
0.2 -
0 0.5 B[T] 1

FIG. 9. Figure of merit z7 of (42) up to linear order in the
magnetic field. The panels and parameters are the same as in Fig. 4.

be applied to any system described by a single-particle Bloch
Hamiltonian or effective Bloch Hamiltonian.

In order to showcase the nontrivial effects that can be
studied with our formalism we computed different magne-
tothermoelectric observable quantities for a simple model of
an insulator with broken time-reversal symmetry. This effect
is a linear longitudinal magnetothermopower related to the
presence of nonvanishing Berry curvature and orbital mag-
netic moment.

The formalism presented in this paper is a fully micro-
scopic description that can be used to validate the semiclassi-
cal approaches used in the literature [7—13,16,18,20-22]. The
microscopic formulas in the limit of small scattering rates
can be compared with explicit results using the semiclassi-
cal Boltzmann theory found in the literature. In the case of
the Hall conductivity oy, [18] the terms proportional to 2
match perfectly after partial integrations, meaning that the
semiclassical Boltzmann theory without anomalous velocity
gives the correct result for the lowest order approximation in
the scattering rate.

The terms proportional to I'"! containing the Berry
curvature and orbital magnetic moment are harder to com-
pare. Often, the orbital magnetic moment appears through a
Zeeman shift of the energy and does not explicitly appear
in formulas. Explicit results include oy, in Ref. [18] and o,
in Ref. [7]. They match perfectly with our results, except
for the term that is proportional to the orbital magnetic mo-
ment 2(0,,0,)M,, in Eq. (17). That term is missing from the
semiclassical calculations. The disadvantage of semiclassical
methods is that we cannot check whether we included all
relevant terms. This further strengthens our claim that using
a fully microscopic approach like in the present paper is
necessary to verify that we take into account all terms.
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APPENDIX A: CURRENT AND HEAT CURRENT
OPERATORS IN THE PRESENCE OF MAGNETIC FIELD

In the presence of a magnetic field, we use the Hamiltonian

2

1 h
H@r) = 5—[p - AN + V() + szvm

eh {b(r) +B(r)} + f vV
Zm(7 4m262(7

X [p — eA(r)],

with B(r) = rot A(r), which is an extension of Eq. (2).

(A)
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We derive the current operator using the continuity
equation (5). The time derivative of the charge density is

d ie ie . «—
Eep(r) = —E[p(r), H] = —Ew MHE) — H@) ().
(A2)
Then, we can show that
H) = H() = (p— T)Jor () = —ih(V + V)jor (),
(A3)

g .
where ji, (r) is defined as

<> 1 . e i
Jor(F) = — (—ihV 4+ ihV —2eA) + —— ¢ x VV.
2m 4m?

c2
(A4)
Therefore, we obtain
d N
Eep(r) = —eV[Y ' (r)joa ()Y (r)], (AS5)
which leads to the current density operator
. TN
Jr) = ey () jo, M)y (r). (A6)

J

2e\ ot dT1’

The contribution proportional to the vector potential A is the
diamagnetic current. When A = 0, this current density opera-
tor becomes the one in Eq. (6).

Similarly, the time derivative of the energy density is

d i
Eh(") = —ﬁ[h(”), H]

= -V OUHE) - HOH@)

+HoHO - Honwe. A
Again using Eq. (A3), we obtain

d | - <~ « >
Eh(r) = —V[Elﬁ E)JoaMH ) + H (1) joa (r)}l/f(r)],
(A8)
which leads to the energy current operator

. 1+ <> 5,057
JeE@) = 39" ) JoaWHT) + HT)joa (N}Y(r).  (A9)

Finally, let us derive the relationship between the current
and heat current operator in Eq. (9). Using the imaginary time
interaction representation, we obtain

1 0 0 1 .
— <— = —)j(r, r.7) = S{lH - uN. ', D on W, T) — U ) on (. TIH — N, ¥(r, )]}

1 T } 77 g / T — ’
= S W OUH ) = 1ljoa MY (. T) + 4 ) Jos (r OIH ) — (. T}

:jE(ra T, T/)_Mj(r7 T, T/)/e'

(A10)

APPENDIX B: GENERALIZATION OF FUKUYAMA’S FORMULA OF HALL CONDUCTIVITY

Fukuyama [41] used the Luttinger-Kohn representation of the Bloch wave functions and obtained the current-current
correlation function ®,,(iw;) at the first order in the magnetic field. That formula can be generalized for cases with other

components (i, v = x, Y, z) as follows:

O (i) = BT S LBy s G GNG — G 16 6)
v ) = T —Ovy +IVxY — +/xY+
" Ve 2mh K "
kgT ile|’B
+ 5ux()/u§+§)/y§ - VungVngrg)] + 7 Z 27[3 Tr [Vu§+yx§+)/u§)/yg - VungVngerngg
nk
+ VG nWGYViGWG — VG GGG + YuG+ viGi GG — YuG+ G G nGl, (B1)

where the magnetic field is parallel to the z axis. In the Luttinger-Kohn representation, the relations

0
mg =Gv.G,

ok, m

h2
ST (B2)

hold, where 1 represents the unit matrix. Therefore, using these relations and integration by parts, we can rewrite the first term

in the second summation in Eq. (B1) as

d
Z Vu§+yx§+)/u§ny = Z Vu§+7x§+l/u %g
k k y

hZ
= - Z Z{Suyg+yxg+yvg + svyyungyngrg} - Z{J/MQH/yQH/xQJr%Q + Vu§+yx§+){vg+%g}
k k

(B3)
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for any p and v. A similar integration by parts for the second term in the second summation in Eq. (B1),
0
=D MGG GG ==Y vl 5 G+ |n6rG. (B4)
k k Y

can also be used. As a result, we obtain Eq. (21). We used a similar relation in our previous paper [15].

APPENDIX C: EXPLICIT FORMS OF C.;) ANDD') ,

The summation over the Matsubara frequency in Eq. (27) can be carried out using complex integration (for details see the
Supplemental Material of Ref. [15]). For example,

. 4 d
kT Y (isn + %) (G)a(G(G)c = / gF(z)<z + —) Gulz + i0)GH(2)G(2)

. 12
= / %f(e)[(s -+ %) GR (e + iw){ Gy (e)GR (e) — Gy (£)G2 ()}

. 4
+ (8 — - %) {GR(e) — G (e)} Gy (e — iw;)GR (e — iwx)}, (€D

where k in the thermal Green’s functions is not shown, F(z) = 1/(ef* + 1), and f(¢) is the Fermi distribution function with
chemical potential i, f(¢) = 1/(e#*~*) + 1). The retarded and advanced Green’s functions GX and G% are defined as

1 x
R=—0 G =[GRT", C2
T g —guk)+il « =16] €2

respectively. After the analytic continuation of iw; — fi(w + i§), we can take the linear order with respect to w, which yields

G, G, (2)GA
e = [ s - | L Gt - Gpercie)] - [6e - G EOEO
+ é(s — W G @)[Gy (£)GR () — G ()G (e)] — [Gh(e) — Gf(g)]GQ(E)G?(S)}]. ©3)

Using the same method, we obtain C’ZQ = [Cff;;]*.
The quantity fob)c 4 can be calculated in a similar way, which gives

DY), = f —f(s)[( —me{ 2 (€) [GR(£)GR(£)GR(e) — G ()G (6)GA (9)]

A A A
~[GRee) - GA(e)] 2% (8)(;58(8)(;‘1 (8)} + g(e - W G ®[Gl(e)GE )Gl (o)
— Gy (e)G2(e)G) (e)] — [GR(e) — Gj(s)]GbA(s)G?(s)Gj(s)}}. (C4)
Similarly, we obtain D([) = —[Diﬁ_)ba]*.

APPENDIX D: SMALL I' EXPANSION OF THE ENERGY INTEGRALS AND DETAILED EXPRESSIONS
FOR THE ELECTRIC AND THERMOELECTRIC CONDUCTIVITY TENSORS

We evaluate the energy integral in Eq. (C3) in powers of I' in the small T" region. We always have integrals of the form
d
/ 2—8,f(s)(5 - wW'F(GR. Gy, ..\ (G- G} - GY---Gp). (D1)
i

We calculate these kinds of integrals using the contour integrals of complex functions. The case with £ = 0 was discussed before
in Ref. [15], and here, we extend the previous results to £ = 1, 2.

First, there are poles at ¢ = p + i(2n + 1)kgT in f(e), with n being an integer. However, the residues of these poles vanish
as I' — 0 since the factor GR --- G} — G2 --- G4 in (D1) approaches zero as I' — 0. This means that these residues are of
order I'!. Second, the factor (¢ — 1)* does not have singular points. Third, the contribution containing only the retarded Green’s
functions does not give any terms with I'~! or "2 because even if the two Green’s functions have the same energy &,, they give
only higher-order derivatives of f(g). Therefore, the contributions that give I'"! or ' =2 are those that contain at least one G}
and one G2, which have the same energy ¢, but have different imaginary parts, &iT".
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Accounting for this prescription, Eq. (C3) can be evaluated as
de
Cl) = / %f’(s)(s — W GR ()G ()G (e) + O(TY), (D2)

where we have used integration by parts. Then, if we make the contour integral in the lower half of the complex plane, only the
pole of GR contributes to the integral, which gives

f(ea = i0)(ea — p —il)*

Clh =— o). D3
abe (84 — &p — 2i") (g, — &, — 2iT) +oam) (D3)
For example, we obtain
! . — F
e =T o)
(=2il") (D4)
flea) . f"(ea) 0
= — oaY).
arz igp ToaD

Note that, in this case, we have used the I" expansion of the function (¢, — iI"). This treatment of the Fermi distribution function
is unusual, but here, we regard f(¢) just as a mathematical complex function. Furthermore, note that, if we make the contour
integral in the upper half of the complex plane for

Coon = f %f’(s)GE(S)[Gﬁ(s)]z+0(F°) (D5)

and take the residue of [ij (£)]?, we obtain the same result as in Eq. (D4).
In a similar way, we obtain

f,(ga) .f//(ga) .f/(ga)

m _ _ _ _ 0

Coaa = (€a u){ a2z~ iar } it oY),

Cooy = (80 — u)z{ﬂf;‘) il 4(?) } —i(ga — u)f—z(fj) +0I"). (D6)

We can rewrite the above results as

(ea =)' f'(ea) _ 5160 = W' f (E0)]

Ciae = ——473 T +0(r’) (D7)
for £ =0, 1, 2. Similarly, Cc(lfl;7 and C;i; can be calculated as
_ ¢ ¢!
cO — cO — _iw + o). (D8)

aab aba 2F(€a _ gb)

From Eq. (D3), we can see that all the others, such as C[(lf?; and C[(fbi, are at least O(I"?).

In a very similar way, DY

beq €aN be evaluated from

(84 — iT)(gq — . — iT)*
Jo f(&a = T)(Eq oro). D9
abed (60 — 69 — 2iT)(6s — 6. — 2iT)(eg — 64 —2i1) () (09)

From this expression, we obtain

L) | e e
83 82 16I"

800+ 0O()

DY) = (e, — u)‘{

} T 0, — M)L’—l{f/(ea) _ .f”(Sa)} B if/(ea)

8r2 ' 8r 8T

0 >y 9% AN Y
G W) f'(ea) N 5, [(Ba — W) f(Ea)] ; gz [(8a — 1) [ (84)] o,
8r3 82 16"

PO —p —po _ Ea= W E) gl W e ) ) o

aaab aaba abaa 4F2(8a _ 8b) 4F(8a _ 8[,) 21-*(8“ _ 8b)2 ’

L rr

0 © © (&q — )" f'(&a)
Daon = Daa = Paao =~ 5p— 5~ + or?),

© _ o o . (a— ) f () 0
Daabc - Dabac — Tabca — _IZF(E(; — &)(ea _0 € +oIm), (D10)

and all the other D)) , are O(T'?).
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Using the above expansions and substituting the matrix elements in Eq. (11) for y,, and y,, the electric and thermoelectric
conductivity tensors are given as in Eq. (29). Each contribution in Eq. (29) is as follows:

B (e ) f'(ea)
wc1 __ € a — M Ea
L;w =V g A2 (8,y0v840x84 + 80x0,E40y84), (D11)
‘B (ea — )" f'(2a)
poe2 2 ¢ Z Im|: z = (8uyPab.v Poax + SvxPra,uPab )i| (D12)
my — wyPab,v Pba,x vxPba,uPab,y) |>
m . atart) 2I0(e, — €p)
*‘B Li(e, — W (e )]
L = o o T TN, peaiisanen O13)
L2 _ eth 3 Re[ { (g0 = 10" (2a) l. 5,10 = ) f'(2a)] G u)ff’(sa}
nv 2 _ _ _ 2
hv k,a,b(asb) 2% (eq — &p) 2T (eq — &p) (e, — &p)
X (ap.gapab,vpba,xayga + a,u,gaavgapab,pra,y + pba,,u,avgaaxgapab,y):|’ (D]4)
‘B (ga — W' f'(a)
3 _ ¢ a— M a
L;w - W Z Im[W(augapab,vaxgbpba,y +pba,u8vgapab,x8y8b)]v (D]S)
k,a,b(a#b)
B g (a = 1)"f'(2a)
L(Z)A:e_ Im E k 0 EaPab,vPbexPeay + Pea avsa ab,xPbe,y) |» D16
v 7 Z T(e, — ) (e0 — 8(_)( w€aPab,vPbe,xPeay + Pea,uOvEaPab,xPhe,y) (D16)

k,a,b,c

Los_ ¢ B 3 Im[@u — 1)"f' (&)

wo 2y T(e _Eb)z pba,p.pab,vpba,xpab,y:|y (D17)

k,a,b(a#b)
3—¢ /

pos_¢ B Z Im[ (ea — W' f'(8a)

B F(Sa - sh)(ga - Sc)

wv R2 pca,//.pab,vpba,xpac,y:| , (D18)

k,a,b,c
where the summation with the prime, Z’, means that all the band indices (a, b, c or a, b, ¢, d) are different from each other. A
schematic representation of the contributions to L{'~L{})® is shown in Fig. 1.
APPENDIX E: THE DERIVATION OF THE GENERALIZED f-SUM RULES

In this Appendix, we derive the generalized f-sum rules in Eqs. (34) and (38). Using the definition of p,, , in Eq. (11), we
have

Yo PbaPrav NP (e, — ep)ald,b) (bld,a). (E)
bbra) 0T b b,(b#a)
Since the term with b = a is equal to zero on the right-hand side, we can add the b = a term, resulting in the complete summation
over b. Then, using the relation (a|d,,b) = —(3,.alb), since {a|b) = 8,5, we can obtain
o Bl 5 ,alb) (e, — &) (bld.a)
b,(ba) a — b
= (dpal(eq — Hy)|0ya). (E2)

Now, it is apparent that the imaginary part of the right-hand side is iM};,. The real part of the right-hand side is obtained as
follows. Taking the k, and k, derivative of (¢, — Hy)la) = 0, we have

72
<8M8U8a - an) la) + (8,8, — 0, H)|dva) + (0,8, — 0,Hy)|0,a) + (8, — Hy)|9,0,a) = 0. (E3)

When we take the inner product using (a|, we obtain

hz
a/Lavga - Esuv = _(a|(au8a - B/LHk)|8va) — (al|(d,&, — 8qu)|a;La>

= (0pal(ea — Hi)|dva) + (dyal(eqs — Hy)|9,a)
= 2Re(0,al(e, — Hy)|0va), (E4)
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where we have used the relation
(Ouea — duHi)la) = —(eqa — Hi)ldyua). (E5)
Combining these, we obtain the generalized f-sum rule in Eq. (34).

Next, we show the other type of f-sum rule in Eq. (38). Similarly, using the definition of p; , in Eq. (11), we obtain

DabpPbar _ _ > (ald,b)(bldya). (E6)
(811 - Eb)z
b,(b#a) b,(b#a)

Then, the term with b = a in the summation is added to use the complete set of b, and it is subtracted as follows:

G = (ualdva) — (Buala) aldya)
bo(btay @ P i
= Re(d,al|d,a) — (9 ala){ald,a) — 3 Qs (E7)
where we have divided (9,,a|0,a) into its real part and imaginary part.
APPENDIX F: DETAILED CALCULATIONS FOR OBTAINING THE FINAL RESULTS IN EQUATION (17)
The remaining contributions are calculated as follows. Using the generalized f-sum rule, we obtain
B (ga = 10 f'(8a)
wc2 _ € a— M a a a
L = — kZ o (8,y M, + 8, M) (F1)
and
37€B (8 _ M)Zf/(g ) h2 h2
LOS 06 =2 “ N Bu8yea — —8, | M2, + (0,80 — —800 M, |. F2

Here, the Kronecker’s § functions in Ll(fv)'S + Lffl}ﬁ exactly cancel with LI(LQC’Z. Noting that the summation over c¢ in Ll(f‘}c"‘ does
not contain the terms with ¢ = a and ¢ = b, we obtain

3—¢ 4 o\
LO* = —% k;;:c (8a+)f(8a)lm[3usa(sc — ep){ald,b) (bldsc) (cld,a) + (2nd term)]
_ eS_ZB Z (8a - /‘L)ef/(sa)

= ——
v k,a,b(b#a),c(c#a) r

Im[8,.£4(ald,b) (3,blc) (Hy — £5)(c|dya) + (2nd term)]

. e~ ‘B Z (a — M)Zf/(ga)

= —
nv k,a,b(b#a) r

Im[9,£q(al0,b){(0:bI(Hy — €p)3ya) — (d:bla)(ea — €p){aldya)} + (2nd term)]

63_£B (Ea - /L)[f/(ga)
D D

Im[3,,&,(ald,b){(b|(dxep — dxHy)|dya) — (0rbla)(eq — €p)(aldya)} + (2nd term)],
k.a,b(bsa)

(F3)
where “(2nd term)” means the contribution in which the variables (u, v, x, y) in the first term are replaced by (v, x, y, ). We
can see that the term containing d,¢&, in the last line exactly cancels with that in Lfﬁf*3. Therefore, we can take the summation
over b in the total of Ll(fv)*3 and Ll(fv)"1 as follows:

¢ 'B (20 = 1) f'(80)
L + Lt = == 3 = Imlda{ (GualdeHkldya) = (9yala) (aldHildya) — (dual (ea = Hildsa) {aldya))
k.a
+ (2nd term)]. (F4)

Considering that (a|d,a) is purely imaginary and using the relation in Eq. (E4), we can see

37€B _ g1 1
L7+ L) = ¢ Z (€ — 1) f (Sa)lm[ausa{ (dya|d.Hy|d,a) — Eaxayea<ava|a>

v 2
v o r
1 " 1 "2 1
—-3 0,084 — ZBW (aldya) t + 0,641 (0|0 Hy|d,a) — 5 0yEq — Z(SW (0rala) — zaxayea(ma,ta) ,

(F5)
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where we have used the relation

1
Re(a|d, H|0,a) = Re{a|(3,Hy — 0,8,)|0,a) = Re(d,.a|(e, — Hi)|d,a) = 5 (8M8D8,, -

h2
Z‘S’“) . (F6)

The final form of Eq. (F5) can be rewritten in a compact form using the following relation. Taking the inner product of

Eq. (E3) with (d.a|, we obtain

h2
0= (8u8v8a - Z&w) (0-ala) + (ara|(au€a - 8qu)|ava) + (0-al(0,€4 — aka)|a/4a> + (0:al(eq — Hk)lauava>

hZ
= (auavga - z&w) (0-ala) + au[<ara|(8a — Hp)|d,a)] — <ataua|(50 — Hy)lo,a) + (3:a|(d,&, — aka)|aMa>~ (F7)

By subtracting the same equation with © and 7 exchanged and taking the imaginary part, we obtain

0= (auavsa -

When we apply this equation to Eq. (F5), we obtain

63 (Sa - M)[f/(ga)
L + L = > {884 (0,M, —

mv = or

K2 K2
_(SM\,)Im(Z),ala) - (aravga - —8,V>Im(aﬂa|a) + 0, M, — 9. M¢, — 8,6,Q%, — 2Im(9.ald,Hy|d,a).
m m

(F8)

QMg — 058492) + 8,84 (0, MY, — DMy, — 3,6,27,)}.  (F9)

When we sum all the terms and carry out the integration by parts, we obtain Eq. (17).
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