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Altermagnets present a class of fully compensated collinear magnetic order, where the two sublattices are
not related merely by time-reversal combined with lattice translation or inversion, but require an additional
lattice rotation. This distinctive symmetry leads to a characteristic splitting of the magnon bands; however, the
splitting is only partial—residual degeneracies persist along certain lines in the Brillouin zone as a consequence
of the underlying altermagnetic rotation. We consider a two-dimensional d-wave altermagnetic spin model on the
checkerboard lattice and introduce additional interactions such as an external magnetic field and Dzyaloshinskii-
Moriya interactions that lift these degeneracies. The resulting magnon bands become fully gapped and acquire
nontrivial topology, characterized by nonzero Chern numbers. We demonstrate the crucial role of altermagnetism
for the generation of the Berry curvature. As a direct consequence of the topological magnons, we find finite
thermal Hall conductivity «,,, which exhibits a characteristic low-temperature scaling, «, T*. Moreover, Ky
changes signs under reversal of the magnetic field, exhibiting a sharp jump across zero field at low temperatures.
We also demonstrate topologically protected chiral edge modes in a finite strip geometry.
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I. INTRODUCTION

Topological states of matter constitute a highly active area
of research in modern condensed matter physics [1-14]. One
of the most extensively studied directions in this context is
electronic topological band insulators [1-3,6]. A hallmark of
such insulators is the presence of gapped bulk bands charac-
terized by certain topological invariants and the gapless edge
or surface states—leading to nontrivial transport phenomena
such as quantized Hall conductance. While the basic ideas of
topological band structures and subsequent theoretical as well
as experimental progress have occurred primarily in electronic
(fermionic) systems, many of these concepts have also been
extended to bosonic systems [5,10,12,15], such as magnons
in magnetic Mott insulators.

Magnons are quantized collective spin-wave excitations in
magnetically long-range ordered phases and are ubiquitous
in insulating magnetic materials [16,17]. Since magnons are
quasiparticles described by Bloch wave functions in crys-
talline solids, in analogy with electronic bands, magnon bands
in momentum space can also be associated with topological
invariants [12]. Geometric quantities such as the Berry phase
[18], Berry connection, and curvature can be defined for a

“Contact author: s.khatua@ifw-dresden.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9950/2025/112(21)/214422(16)

214422-1

magnon band. In particular, in two-dimensional systems, one
can define a topological invariant known as the Chern number,
expressed in terms of the Berry curvature, and a nonzero
Chern number signals nontrivial band topology [12].

Unlike electrons, magnons are charge neutral and thus are
not affected by Lorentz forces. However, they do transport
heat and, under a temperature gradient, a magnonic heat
current can be induced. Consequently, topological magnons
can give rise to thermal Hall effect [19,20], as observed
experimentally in pyrochlore ferromagnets [21,22], kagome
ferromagnets [23,24], and the Kitaev material «¢-RuCl; in
the field-polarized phase [25]. Due to their bosonic na-
ture, the thermal Hall response of topological magnons is
not quantized, in contrast to its electronic counterpart. Be-
yond their fundamental importance in magnetism, topological
magnons hold great potential for applications in spintronic
and magnonic devices, owing to their tunability via magnetic
fields and the absence of Joule heating [26,27].

Topological magnons have been primarily investigated in
collinear ferromagnets (FMs) with Dzyaloshinskii-Moriya in-
teraction (DMI) [28,29], where DMI plays a crucial role in
generating nontrivial topology of the magnon bands [30—42].
However, such topological features are not as prevalent in
antiferromagnets (AFMs) as in FMs. In fully compensated
collinear Heisenberg AFMs, two magnon branches are com-
pletely degenerate due to symmetries such as time reversal
combined with spatial inversion or translation. The presence
of any band degeneracies hinders the conventional com-
putation of the Berry curvature and Chern number [43].
Nonetheless, a number of antiferromagnetic models have been
proposed in which DMI and external magnetic fields stabilize
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noncollinear magnetic orderings and give rise to gapped out
topological magnon bands [43-51].

Beyond standard FMs and AFMs, there is a recently iden-
tified class of magnetic order known as altermagnets (AMs)
which is currently attracting significant attention [52,53].
AMs exhibit fully compensated Néel magnetic order, yet are
symmetry-wise distinct from AFMs. In collinear AFMs, the
two magnetic sublattices are related by time reversal (spin
flip) combined with spatial inversion or translation. However,
in AMs, connecting two sublattices additionally requires a
spatial rotation. As a result of this added symmetry operation,
the magnon branches in AMs are not fully degenerate, as
they are in AFMs without spin-orbit coupling effects, but are
instead related to one another by the same rotation [54,55].
This lifting of degeneracy by (longer range) exchange inter-
actions endows AMs with properties akin to ferromagnets
such as the ability to support spin currents [53]. While shar-
ing certain features with both FMs and AFMs, AMs remain
largely unexplored in the context of topological magnons [56].
This naturally raises the question of whether altermagnetism
can induce topological magnons. Notably, since the band
degeneracy is already partially lifted in AMs, the addition
of perturbative interactions can fully remove residual degen-
eracies, allowing the exploration of gapped magnon band
topology.

In this article, we investigate topological magnons in
a minimal two-dimensional altermagnetic spin model—the
checkerboard lattice spin model [54,55,57] in the pres-
ence of an out-of-plane uniform Zeeman field and DML
The altermagnetic checkerboard lattice spin model consists
of two exchange couplings: antiferromagnetic Heisenberg
coupling between nearest-neighbors and ferromagnetic or
antiferromagnetic Heisenberg coupling between next-nearest-
neighbors along the diagonals of the checkerboard plaquettes.
The latter is crucial for realizing altermagnetism in this model
[54,55]; in its absence, this model reduces to the nearest-
neighbor square-lattice AFM. Accordingly, we henceforth
refer to the diagonal coupling as the AM coupling. This
checkerboard lattice model stabilizes a fully compensated
collinear altermagnetic ground state, with its two magnon
energy branches displaying d-wave-like splitting, remaining
degenerate only along certain lines in the Brillouin zone
[54,55]. We find that introducing a uniform out-of-plane Zee-
man field in this model stabilizes a spin-flop phase: spins cant
out of the lattice-plane toward the field and, moreover, this
canted state remains the ground state even upon adding the
specific DMI that we consider. Using linear spin-wave theory,
we analytically show that when all three ingredients—AM
coupling, Zeeman field, and DMI—are present, two magnon
branches open a gap with respect to each other. Interestingly,
the energy gap between the bands at the midpoints of the Bril-
louin zone edges is determined solely by the AM coupling.
To reveal the topological character of the magnon bands, we
calculate the Berry connection, Berry curvature, and find the
Chern number to be nonzero, namely, £1, and opposite for
the upper and lower branches. Furthermore, reversing the sign
of any of the three couplings—Zeeman field, AM coupling,
or DMI—reverses the sign of the Berry curvature and hence
the Chern number. In the limit of vanishing AM coupling,
the Berry curvature becomes concentrated near the mid-

points of the Brillouin zone edges, forming elliptical regions
whose principal axes are set by the DMI and Zeeman field,
respectively. As a consequence of the topological magnons,
we compute thermal Hall conductivity, «,, under a tempera-
ture gradient. At low temperatures, ., is found to scale with
temperature T as ky, & T*. Moreover, ., changes sign upon
flipping the Zeeman field, displaying a sharp jump across
zero field at low temperatures. Finally, as another nontrivial
manifestation of magnon band topology, we also demonstrate
the existence of chiral edge states on a finite strip geometry.

II. MODEL

We consider the following spin model on the checkerboard
lattice described by the Hamiltonian:

H :JZS,J -Sf,z +J Zsr,l 'Sr+aoi,1

(rr') r

+ Jl E Sr’, 2" Sr’-&-aofc, 2
r’

— gusptoH - [ZSH + ZSw.z]
r r
+ D2 Y Sp1 X [Srs 2+ Srs 2
r

—S8ri8,.2 = Sr—s,.2], (H

where r = ag(n.X +n,9) and ¥ =r — 3 (& +§) denote the
positions of sites on two interpenetrating square sublat-
tices, each with lattice constant ag, and ny,n, € Z, to-
gether forming a checkerboard lattice as illustrated in
Fig. 1. §; 1 =(S; |, S; 1> Sy 1) and Sy o = (S ,, Sf,!z, S )
represent dimensionless spin-S operators at the rth site of
sublattice 1 and r'th site of sublattice 2, respectively. The
first term in the Hamiltonian corresponds to antiferromagnetic
Heisenberg exchange (J > 0) between nearest-neighbor spins
across sublattices, while the second and third terms represent
Heisenberg exchange, either ferromagnetic (J; < 0) or anti-
ferromagnetic (J; > 0), between next-nearest-neighbor spins
within each sublattice along the checkerboard diagonals (see
Fig. 1). The fourth term describes the Zeeman coupling of a
uniform external magnetic field H = HZ to the magnetic mo-
ments associated with the spins: p, ; = gusS,1 and p,. , =
gisSy 2, where g is the Landé g-factor of the spins and pp is
the Bohr magneton. Finally, the last term corresponds to DMI
between nearest-neighbor spins, with &, = (X —§), § » =
(% +9), and the out-of-plane Dzyaloshinskii-Moriya vec-
tors D as shown in Fig. 1. Such a DMI is allowed by Moriya’s
rules [29]: the midpoints of the nearest-neighbor bonds lack
inversion symmetry due to the presence of the J; bonds, and
since the lattice plane of an ideal checkerboard lattice serves
as a mirror plane, the corresponding Dzyaloshinskii—-Moriya
vectors must be perpendicular to it, i.e., out of plane.

There are two interesting symmetries of the full model
[Eq. (1)]. First is the U(1) spin-rotation symmetry about the
Z axis, and the second is the C, lattice rotation about the Z
axis passing through the center of any checkerboard plaquette,
i.e., the center of any J; bond. The latter interchanges the two
square-sublattice sites of the checkerboard lattice. As seen in
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FIG. 1. Checkerboard lattice spin model in the presence of a
Zeeman field and DMI: The lattice consists of two interpenetrating
square sublattices 1 and 2 whose site positions are denoted by r and
r’, respectively, each with lattice constant a,. Spin-S operators reside
at every site of the resulting checkerboard lattice. Nearest-neighbor
spins across the two sublattices interact via an antiferromagnetic
Heisenberg exchange (J > 0, black bonds), while next-nearest-
neighbor spins within each sublattice along the diagonals of the
checkerboard plaquettes interact either ferromagnetically or antifer-
romagnetically (J;, red bonds). Out-of-plane Dzyaloshinskii-Moriya
vectors D are indicated by green arrows on the nearest-neighbor
bonds, and H shows the direction of the uniform Zeeman field. The
light gray square of side ay marks the magnetic unit cell of the
checkerboard lattice. Arrows at the lattice sites represent the canted
classical ground-state configuration of the model.

Fig. 1, this transformation moves the lattice sites in such a way
that the summed contributions from each term—the J bonds,
the J; bonds, the Zeeman term, and the DMI term—remain in-
dividually invariant. The invariance of the DMI term may not
be immediately obvious, since under C, rotation, each bond
maps to a different bond on which the Dzyaloshinskii-Moriya
vector has the opposite sign. However, since the C; operation
exchanges the two sublattices, the order of the spin-spin cross
product in the DMI term reverses, introducing a compensat-
ing minus sign. As a result, the total DMI contribution also
remains invariant under the Cy lattice rotation. Additionally,
the model exhibits inversion symmetry about the center of any
Ji bond; however, this is not an independent symmetry, as it
is equivalent to applying two successive aforementioned Cy
lattice rotation.

III. CLASSICAL GROUND STATES

Classically, the spins are three-component vectors of length
S. In the absence of both the Zeeman field and DMI (i.e.,
H = D = 0), the model exhibits two distinct limits. First,
when J; = 0, the classical ground state is a Néel state that can
point in any arbitrary direction. Notably, such a Néel ordering
is antiferromagnetic, since the two magnetic sublattices are
related by a spin flip combined with a unit square-lattice-
translation (i.e., translation by a black bond in Fig. 1). The
other limit corresponds to J; # 0. As mentioned in Sec. II, J;
can be either positive or negative. When J; < 0, it is straight-
forward to verify that the Néel state minimizes both J and
Ji terms simultaneously. For J; > 0, although the J; bonds
are not obviously minimized in the Néel configuration, the

Luttinger-Tisza method shows that the Néel state still remains
the classical ground state as long as J; < J [57]. Importantly,
the Néel ground state for J; = 0 is symmetrywise distinct
from that for J; # 0. While the former is an antiferromagnetic
ordering as argued above, the latter is not. The latter is rather
an altermagnetic ordering; the two magnetic sublattices are
related by a spin flip combined with a Cy lattice rotation about
the Z axis passing through the center of any J; bond [54,55].
The checkerboard diagonal interaction J; thus introduces al-
termagnetism in the model, referred to as the AM coupling as
mentioned in the Introduction.

To find the ground states when D # 0 and H # 0, we
consider a two-sublattice ground state parametrized by

Sr1 = S(sin 6 cos ¢y X + sin 6, sin ¢ J + cos 6, 2),
Sy =S(sinfycosr X+ siny sing, § +coshz), (2)

where {X,y,Z} constitutes a right-handed laboratory coordi-
nate frame (see Fig. 1), and 6,, and ¢, with @ = 1, 2 are the
polar and azimuthal angles specifying the classical spin direc-
tion on sublattice . Using these spin vectors, and assuming
the spatially uniform magnetization of each of the sublatices,
we compute the energy from Eq. (1) and find the following:
since the AM coupling (J;) terms involve spins only within
the same sublattice, they do not depend on 6, or ¢,. More-
over, the total DMI for the four nearest-neighbor bonds of
any sublattice sums to zero because the total Dzyaloshinskii-
Moriya vector of a magnetic unit cell vanishes (see Fig. 1).
Consequently, the ground state energy does not depend on
DMLI. Therefore, determining 6,, and ¢, depends only on J and
the Zeeman field, reducing the problem to finding the ground-
state configuration of a nearest-neighbor Heisenberg AFM on
the square lattice in the presence of a uniform Zeeman field
[58]. The ground state undergoes a coplanar spin-flop phase
where the two sublattices cant out of the lattice plane toward
the field direction by an angle & = sin~! (%) with the lat-
tice plane. This yields 6, =6, =7 /2 — & and ¢ — ¢, = 7.
At H =0, we have & = 0 corresponding to a Néel state in
the lattice plane. As H increases, two sublattices progres-
sively cant toward the field direction. At the saturation field,
H, = gié io, we have & = /2, and the system reaches a fully
polarized configuration along the field direction. As a general
reference ground state, we may choose ¢; = 0 and ¢, = 7,
such that the ground state is given by

S;1 =81 = S(cos& X +sin 2),
Sy2=8,=S(—cos& & +sin§?2). 3)

A schematic illustration of this canted ground state is shown
in Fig. 1. With these classical ground states, we will next per-
form linear spin-wave analysis to obtain the magnon energy
spectrum.

IV. SPIN-WAVE THEORY AND MAGNON BANDS

We introduce small quantum fluctuations around the classi-
cal long-range magnetic order described in Eq. (3) by bosoniz-
ing the Hamiltonian [Eq. (1)] using the Holstein-Primakoff
transformation [59]. Retaining terms up to quadratic order
in the bosonic operators, we obtain the linear spin-wave
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Hamiltonian
1 _
H, = Z |:A°‘/3 i wAq.p + 2( ﬁa;aaiqﬁ + BZﬁa_q,ﬁaq,a)], 4)
aB.q
where aq . and Ay, denote the bosonic creation and annihilation operators, respectively, at wave vector ¢ on sublattice . The

coefficients are given by

J J x
Al g (1 - D2 29) 0 a2 — g1 - Dgin2 N0,
g 7 2 e 7

_ . . qxa
A;z = A;l = —Eysiné <sm £ cos —— COS

11 _ p22 12
Bq _Bq =0, Bq

where Ey = 4JS, and Agl denotes the complex conjugate of
A7'. A detailed derivation of the linear spin-wave Hamiltonian
and its analytical diagonalization via a paraunitary transfor-
mation used to obtain the eigenvalues and eigenvectors is
presented in Appendix A. The energy eigenvalues of the
magnon branches are given by

! \/An Azz

—2(B2)*42/A2| £ &2, (6)
where

2

&2 =1[((a)

+a(All +A§2)2}A}12|2]”2,

2
() - B4y~ ap)’

and the corresponding eigenvectors are denoted by |\Ilqi>,
whose explicit forms are provided in Appendix A. An alter-
native derivation of the eigenvalues and eigenvectors of the
magnon branches, obtained by solving the linearized classical
Landau-Lifshitz equations, is presented in Appendix B. Both
methods result in the same eigenenergies and eigenvectors.
The spin-wave energies E ‘;t = hwflt are shown in Fig. 2.

In the limit H = 0, DMI drops out of the spin-wave Hamil-
tonian Eq. (4) and, therefore, does not affect the magnon
spectrum, realizing the pure altermagnetic limit. In this case,
our results reduce to those discussed in Refs. [54,55,57],
where the two magnon branches exhibit d-wave-like band
splitting, remaining degenerate along the Brillouin zone di-
agonals due to the d-wave altermagnetic symmetry of the
model [54,55]. In this limit, magnon branches are physi-
cally distinguishable by the magnon magnetic moment [L;t =

—gy ! 8HE‘;t |H=0, which is parallel or antiparallel to the stag-
gered magnetization (S} —S,)/(2S) and has the absolute
value gup; see Appendix C for details. The importance of
taking into account the magnetic moment of magnons when
considering altermagnetic splitting has recently been demon-
strated for g-wave altermagnets [60]. For nonzero H and D,
the branches become fully gapped, as can be seen in Fig. 2(b).

We will now see that the symmetries of the full model
discussed in Sec. II are reflected in the magnon spectrum.
The lower magnon branch exhibits a Goldstone mode at the
Brillouin zone center I', characterized by a linear dispersion
E; ~|q| as ¢ - I' (see Fig. 2), as a consequence of the
spontaneous breaking of the U(1) spin-rotation symmetry of

q
= B;' = Ecos® & cos —

ao qyao
COS

®

(

the Hamiltonian [Eq. (1)] about the Z axis. The C,4 lattice
rotation about the Z axis passing through any J; bond center,
while being a symmetry of the full model as discussed in
Sec. II, does not leave the classical ground state ordering
[Eq. (3)] invariant, as it interchanges the magnetic sublattices.
Nevertheless, the same Cy4 lattice rotation combined with C,
spin rotation about the Z axis leaves the ground state order-
ing as well as the full Hamiltonian invariant. Consequently,
the linear spin-wave Hamiltonian [Eq. (4)] is also invariant
under this combined transformation, resulting in the relation
E; = Cog = E‘;t i.e., a fourfold rotational symmetry of spectrum in
both the branches. As seen in Fig. 2, the spectrum along I'X
is exactly the same as along I''Y for both bands.

The upper magnon branch is gapped at the zone center
with energy Ef = |gupuoH|. The energy gap between
the two branches at ¢ =M = (7 /ag, w/ag) is set by a

FIG. 2. Linear spin-wave spectrum [Eq. (6)] with the Zeeman
field H = H,/8 and DMI constant D = (0.5J for a path in the
first Brillouin zone I' (0,0) — X (7 /ag, 0) - M (7 /ay, 7 /ay) —
I' (0,0) = Y (0, w/ap). (a) Spectrum with the AM coupling J; = 0
shows degeneracy at X and Y, marked by the red circle and (b) with
J; = —0.04J, a gap opens up at X and Y.
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combination of DMI and the Zeeman field: Ay =
gupiolDH|/J. In contrast, at q =X = (w/ap,0) or
q=Y = (0, /ay), the gap is set only by the AM coupling:
Ax = 4|Ji|S [see Fig. 2(b)]. Thus, the gap at X and Y
is controlled by altermagnetism, while the gap at M is
determined by the combined action of DMI and the Zeeman
field. The same band gap at X and Y is also a consequence
of the fourfold rotation symmetry of the spectrum discussed
in the previous paragraph. The two magnon bands touching
at X/Y for J; = 0 is protected by a combined symmetry. The
first operation is the Cy lattice rotation together with a C, spin
rotation described in the previous paragraph, and the second
is a mirror reflection about a line along a nearest-neighbor
bond. While the former is a symmetry in the presence of J;
bond, the latter is not—it exchanges the checkerboard and
empty plaquettes. Consequently, the combination of these
two operations is a symmetry only when J; = 0. Under the
first operation, the sublattices are interchanged and ¢ — Cugq,
and under the subsequent mirror [e.g., about the line along
® —$)/V2), Caqg — (gx, —qy)]. For simplicity, we consider
points on the Brillouin-zone edge g, = m/ag, where the
spin-wave Hamiltonian [Eq. (4)] simplifies as all anomalous

terms vanish, B;”f Jaoqy) = 0. The corresponding magnon

spectra are  E, = Eo(1 + J sin(%5®)sin§).  Under
the combined symmetry operation, the Holstein-Primakoff
bosons transform as d(x /g, ¢,).0 = Aex jag,—q,),«' Where o and
o' denote two different sublattices. This symmetry further
enforces E(ﬂ; Jaosay) = E(”fr Jao, —qy)? which, in particular, implies
at X = (1w /ag, 0) that E;f = EJ, leading to a band touching
at X. When J; # 0, this symmetry is broken and a finite gap
opens between the two magnon branches. The same reasoning
applies at Y. In this work, we will focus more on the coupling
parameter regime where the gap at M is already opened by the
DMI and Zeeman field, and the AM coupling is tuned from
zero to a finite value, highlighting the role of altermagnetism
in opening up the gap between the magnon branches at X and
Y. The regime of interest in this context would be Ax < Ay.

V. TOPOLOGY OF THE MAGNON BANDS: BERRY
CURVATURE AND CHERN NUMBERS

To investigate the topological nature of the gapped magnon
branches (i.e., J; # 0, H # 0, D # 0), we begin by calculat-
ing the Berry connection associated with each branch. The
Berry connection is defined in terms of the corresponding
eigenvectors |Wy) as [12]

WE|pg, |t
Ai=i<wf|nvq|Wf>=i[( o 170 “}, 7

(W |y, | W)

where

®

=

I
coc o~
co~o

I
coc~—~oco
—o oo

is the paraunitary metric that arises due to the bosonic nature
of magnons, and the eigenvectors are normalized according to
Eq. (A21). The Berry connection in Eq. (7) represents a two-

A

" N

<4
¥

(G

qyao
<
)
&%)
X
7=\
5]

9
3

4
o
3
=\‘
o
3

=
I~}
o
[~
8
I~}
o

x

FIG. 3. Berry connections .Aj [Eq. (7)] of the upper and lower
branches for the AM coupling J; = —0.04J, DMI constant D =
0.5/, and Zeeman field H = H,/8.

component real-valued vector field over the two-dimensional
wave-vector space. Explicit expressions of .Aqi are given in
Appendix A [Egs. (A23) and (A25)]. Figure 3 shows the
Berry connections as vector-field plots in the first Brillouin
zone, revealing that the vector-fields in both branches circulate
around X and Y points where the connections are singular
(i.e., divergent and ill-defined). These singularities reflect the
fact that the magnon wavefunctions |\11;t) are not smooth and
single valued across the entire Brillouin zone. This already
hints at the possibility that the magnon branches may be
topologically nontrivial.

To confirm this, we next calculate the Berry curvature from
the Berry connection, defined as

QF = (V, x AD) 2, )

and show it across the first Brillouin zone for the two branches
in Fig. 4 for different values of the AM coupling. The C4
lattice rotation combined with a C, spin-rotation symmetry
about the Z axis of the Hamiltonian [Eq. (1)] is reflected in the
Berry curvature as Qa = Q;I'E, as evident in Fig. 4. Applying
this symmetry twice successively results in the even-under-
inversion property of the Berry curvature, i.e., ijq = Qflt.
Finally, the topology of the magnon bands in two-dimensional
systems is characterized by the (first) Chern number defined
in terms of the Berry curvature as

==L [ oF dg.dq, (10)
27 Jesz ? ’

where the integration is performed over the first Brillouin

zone. Evaluating this expression for the two gapped bands

yields |C*| = 1 [61] with C* = —C~, thereby clearly demon-

strating that the magnon bands in our model are topologically

nontrivial.

We now argue, based on symmetry considerations, that the
magnons in the pure altermagnetic limit (i.e., H = D = 0)
are topologically trivial. While the Hamiltonian in this limit
respects time-reversal symmetry 7, the altermagnetic Néel
ground state (e.g., aligned along the X axis) breaks it, as
the staggered magnetization is reversed. However, combin-
ing time reversal with a C, spin rotation about the Z axis
yields an effective time-reversal symmetry, 7 C,, that leaves
both the Hamiltonian and the Néel ground state invariant.
This effective time-reversal symmetry imposes the constraint
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Ji/J =-0.5 J1/J =-0.15 Ji/J = —0.05 J1/J = —0.025 J1/J = —0.005 .
n '] y +
gt =-1 ct =11 C+——1' ct=—14 |
t Ho
T T ¥ g
i .
5 \ =7 / f - -
§ 0 } ; @ ® | - -} :
Y 9 [ = _
L
—rlC” =+1, C” =+1, C” =+1, **+1Q C” =+1,
—T 0 T =T 0 T =T T =T T —T 0 r —1
qz a0 4z Qo g4z Qo g4z Qo gz a0

FIG. 4. Evolution of the Berry curvature [Eq. (9)] of the upper (top row) and lower (bottom row) magnon branches as the absolute value of
the AM coupling J; decreases from left to right. The other parameters are fixed at the DMI constant D = 0.5/ and the Zeeman field H = H,/8.

Qi [62,63]. Additionally, the model possesses
1nver51on symmetry which leads to Qi Qi [62,63]. To-
gether, these two constraints force the Berry curvature to
vanish identically throughout the Brillouin zone, implying
that the magnon bands are topologically trivial in the alter-
magnetic limit. Upon introducing the DMI and Zeeman field,
inversion remains a symmetry, but effective time reversal no
longer is, resulting in nonzero Berry curvature and topological
Chern bands, as demonstrated in the previous paragraph. In
other words, the d-wave line degeneracies present along the
Brillouin zone diagonals in the altermagnetic limit are lifted
by the Zeeman field and DMI, driving a transition from topo-
logically trivial to nontrivial magnon bands.

We find the following interesting properties of the Berry
curvature and Chern number for each magnon branch. Un-
der the sign reversal of either H or D, the spin-wave
matrix M, (see Appendix A for details) is complex con-
jugated, M,. Under complex conjugation, the eigenvalue
equation for the magnon branches, nM,|V;") = E;|W;")
[Eq. (A20) in Appendix A] becomes anl‘il;E) = Eqi|\11f).
This shows that flipping the sign of H or D leaves the magnon
energy eigenvalues unchanged, while the eigenvectors are
complex conjugated, |\if‘;t). Consequently, the Berry connec-
tion changes sign since (W"|y V,|W;") is purely imaginary.
Hence, the Berry curvature [Eq. (9)] changes as le'[ — —le'[,
resulting in C* — —C*. When the AM coupling is reversed,
Ji — —Jj, the Berry curvature also changes signs at each
wave vector, but unlike the previous cases, its absolute value
does not remain unchanged. In this case, there is no simple re-
lation between the old and new eigenvectors. Nevertheless, the
change happens in such a way that we still find C* — —C=.

We now examine how the Berry curvature of these topo-
logical bands evolves as the AM coupling changes. As shown
in Fig. 4, as |J;| is gradually reduced, the Berry curvature
becomes increasingly localized around X and Y points, and
nearly vanishes elsewhere in the Brillouin zone. In the limit of

small J; (i.e., Ax < Awm), the Berry curvature near X point,
with ¢ = (7 /ap + k., ky), takes the form

DJa sin® 3J%a?
QF ~ sgn(J) —0 T d [1

Zsin® & _,
) 11
2J12 k:| (1)

212

for |klag < |J1]/J. Here B7 =sin®&k? + 2 k2 From the
fourfold rotational relation of the Berry curvature QC4q

let, a similar expression holds near Y point, except that
ky — k, and k, — —k. The first term in Eq. (11) shows that
Q;r scales as 1 /le as ¢ — XorY, and the second term controls
how sharply the curvature is localized around these points.
The area of localization has the shape of an ellipse whose
semiaxes in X and y directions are determined by the Zeeman
field (a, o< 1/]sin&]) and DMI (a, o J/|DJ), respectively.

In the same small J; limit (i.e., Ax < Ay), but farther
away from X point, i.e., for |k|ag > |J1|/J, we find

v DJ,
~ sen(H/H) 375 s (12)
revealing that Q;r falls off as 1/|k|> as we move sufficiently
away from X point. Together, Eqs. (11) and (12) quantitatively
characterize the localization of the Berry curvature around X
and Y in the limit of weak AM coupling. As |J;| — 0, the
Berry curvature becomes sharply localized at the X and Y
points, approaching Dirac delta functions. An analogous anal-
ysis for the lower magnon branch yields expressions identical
to Egs. (11) and (12) up to a sign, consistent with Qq‘ having
the opposite sign to Q; across the Brillouin zone, as shown
in Fig. 4. An interesting observation is that, in each branch,
since the Berry curvature has the same sign at both X and
Y points and is nearly zero elsewhere in the limit of weak
AM coupling, one may immediately conclude that the Chern
number is nonzero (i.e., topological band) without having to
perform detailed calculations. Based on Egs. (11) and (12),
we may obtain the following Berry curvature approximation
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useful for practical means:

pJ, (K73, Er<k
QF ~ my = sgn(H/H)——{ " NG

20%a0 | B, Bk > ko,

where constant ko = %|Jl/ (J sin&)|ay ! is determined from

. . .. 1 00 1 .
the normalization condition 5- [/ |wy|dk.dk, = 5 which

guaranties |CT| = 1 [64]. In other words, the approximated
Berry curvature Eq. (13) is a constant within the ellipse E,% =
k3 and coincide with the asymptotic Eq. (12) outside it.

Although the Berry curvature appears nearly equal and
opposite for the two branches near the center of the Brillouin
zone in Fig. 4, the asymptotic behavior in the vicinity of the
zone center (I" point) differs between the branches:

‘2

Sen/AIZDC S8 gP + 0dal®). (14)

Qf ~
4 64J2 sin® &

O ~ JiDcoté&

1 322 /1 =0 /T
where the angle x determines the orientation of the wave
vector ¢ such that tan x = g,/q,. These estimates are valid in
the limit aglq| < |sin&|. The asymptotics in Egs. (13)—(15)
will be useful in the following section, where we analytically
estimate certain measurable quantities.

ajlgl(1 +sin®2x) + O(lg*), (15)

VI. THERMAL HALL CONDUCTIVITY

As a physical consequence of the nontrivial topology of
the magnon bands, we consider the magnon thermal Hall
effect, i.e., the effect of heat transfer by magnons in the
direction perpendicular to the applied temperature gradi-
ent [19-21]. This phenomenon has been studied extensively
in both ferromagnetic [19,21-24,31-33,35,39-42,65,66] and
antiferromagnetic [43-51,62,67,68] systems, while its realiza-
tion in an altermagnetic system has only recently begun to
attract attention [69]. To compute the thermal Hall conductiv-
ity, we use the formula [19,20,65]

kgT d(’deqy
= — QY 16
T Z/FBZ Gy @)% (9

v=x%

where kg is the Boltzmann constant, c;(x) = f; [In(1 +
171)*dt, and g} = [¢"/"") — 1]7! is the Bose distribution
function with magnon energies E".

The dependence of «,, on temperature is shown in
Fig. 5(a). In the low-temperature limit, k37 << |guspoH |, the
contribution of the magnons from the upper branch E; can
be neglected. The main contribution to k,, comes from the
low-energy magnons from the lower branch with energies
ES ~ %E0|q|a0 cos £+/1 — J1/J. Using Eq. (15), we estimate
Eq. (16) as

kT\* 1D c
Kxy ~ KO; I )
YW Ey ) JA(1 —Jy /)% sin € cos? &

where Kfy = kgEy/h, and ¢ = 21—7514“(5) ~ 2.475 is a numerical
constant with ¢(x) being the Riemann zeta function. Thus,
the thermal Hall conductivity at low temperatures scales with
temperature as Ky, & T*. Note that in deriving Eq. (17), we
did not use any assumptions about the smallness of J; or

a7

(@) (b) .
”Iy/“gu H’lzy (T)u
x 1072 mmm s x1072
LOE* o= 0020 s
05¢F "’ 0.5¢ '¢:¢ " Z
4 ksT/Ey ;,’
00FS 05 1o 15 20 ‘ W
-0.5¢ B -0.01 -0.005 0.005 0.01
Ji = —0.01] %
~1.0¢ e === H=02H
7 0spTTT T
-1.5¢ Jy = —0.04] »:/' == H =04,
"""" ’ === H=08H,

FIG. 5. (a) The temperature dependence of the thermal Hall
conductivity xy, [Eq. (16)] obtained for the DMI constant D =
0.5J, Zeeman field H = 0.4H,, and three different values of the
AM coupling J,. The exact value computed from Eq. (16) and the
high-temperature estimation Eq. (19) are shown by solid and thick
dashed lines, respectively. The thin horizontal dashed lines show the
infinite-temperature asymptotic values k)" determined by Eq. (18).
(b) Dependence of the infinite-temperature asymptotic value K)'Ci}f" on
the AM coupling J;. The DMI constant is taken to be D = 0.5J.
Solid and dashed lines correspond to the exact values Eq. (18) and

approximation Eq. (20), respectively.

D. The power-law temperature dependence of k., is a con-
sequence of the absence of a gap in the magnon spectrum
E, . This is in contrast to the exponentially suppressed low-
temperature thermal Hall conductivity previously predicted
for ferromagnetic Lu,V,07 [21], whose magnon spectrum
was assumed to be gapped. On the other hand, our result is
similar to the T7/% scaling previously obtained for the py-
rochlore ferromagnet [22,49] in the gapless limit, i.e., for the
vanishing Zeeman field.

In the infinite-temperature limit, «,, saturates to the asymp-
totic value [31]

. k dq.d
™ = lim sy = — Z/ q ZyE;Q;, (18)
: T—oo = h ~ Jez (2m)

shown by the horizontal dashed lines in Fig. 5(a). At suffi-
ciently high temperatures, when magnons in both branches
are thermally excited, one can analytically estimate «,, in the
regime Ax < Ay < J. In this regime, the Berry curvature is
localized in the vicinity of X and Y points and Q; =-Q,
as discussed in Sec. V. This yields

~ o lim ,3//2 ? /_ﬂ
Fay = Koy I:sinh(ﬁ’/2)} C PEgr

The estimation in Eq. (19) is shown in Fig. 5(a) by thick
dashed lines. In the considered regime, we can use the Berry
curvature approximation in Eq. (13) to estimate the infinite-
temperature limit,

}, (20)

; n 1
/c)lc;,“ A Kfy?g[g +1In
where ¢ = sgn(£2). Figure 5(b) demonstrates very good
agreement between the exact value Eq. (18) '(solid lines) and
the estimation Eq. (20) (dashed lines) of K}C‘;n in the regime
Ax K Ay K J.

4w Dsin’ &
3Ji(Ising| +|DI/J)
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— kpT =0.05E, —0.02

’{zy/’igy
x50 A
~ x 300
L T L L L L L L L L L L L H/H
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— =R oo}
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FIG. 6. The Zeeman field dependence of the thermal Hall con-
ductivity [Eq. (16)] for the DMI constant D = 0.5J, AM coupling
Ji = —0.04J, and different temperatures. The values for the orange
and green curves are magnified 50 and 300 times, respectively. The
inset shows the field dependence of the Berry curvature of the lower
magnon branch in the vicinity of I' point: (¢, g,) = (0.1, 0)/ao.

The Zeeman field dependence of k., is shown in Fig. 6. As
the field is reversed, «,, changes signs and, notably, exhibits
a sharp jump across zero at low temperatures. This nonmono-
tonic behavior of «, for low fields at low temperatures follows
from the field dependence of the Berry curvature 2~ of the
lower magnon branch near I point; see the inset in Fig. 6.
Note that the magnons in the lower branch from the vicinity
of the I' point mainly contribute to «y, at low temperatures.

VII. EDGE STATES

Another physical consequence of the nontrivial topology
of the magnon bands is the existence of edge states in finite
geometries, which reflects the bulk-boundary correspondence
principle [12,30]. To investigate these edge modes in our
altermagnetic model, we consider the system on a strip ge-
ometry: the system is infinite along the X direction and finite
along the § direction comprising N, shells; for details see
Appendix D. This setup preserves discrete translational sym-
metry along the X direction, but not along the y direction.
Applying the Fourier transform for the ¥ direction, we intro-
duce ¢, and we leave the real-space representation for the y
direction. Thus, the linear spin-wave Hamiltonian for the strip
is represented by 4N, x 4N, matrix H S (see Appendix D for
details). Figure 7(a) shows the numerlcally obtained spectrum
E, computed for the strip geometry with a large number of
shells N, in the § direction. The two prominent continua cor-
respond to the two bulk magnon bands previously discussed in
Sec. IV. Importantly, additional in-gap states appear between
these continua and connect the bulk bands. These in-gap states
correspond to the topologically protected excitations localized
at the edges of the system [12,36].

To confirm the localized character of these states at the
edges, we examine the distribution of their wave-function

intensity,
Py =83 (ol
v=1,2

g, 21)

across the strip. Here, functions 1//,]'“,1}‘,“ and I[/_qx,ny,v en-
code the amplitude and polarization of the magnetic moments

Ty

S 0
245 250 5 10

5 10 245 250

FIG. 7. (a) Magnon spectrum of our model on a strip [by diag-
onalizing H % in Eq. (D6)] with N, = 250 shells in the § direction
obtained for the DMI constant D = 0. 4J, AM coupling J; = 0.1J,
and Zeeman field H = H,/2. (b) Snapshot of the reconstructed
dynamics of the magnetic moments of the edge state, correspond-
ing to point A (for details, see Appendix D and SM video [70]).
(c), (d) Distribution of wave-function intensity in Eq. (21) across the
shells for points A, B, and C, respectively.

precession, see Appendix D for details. To compare the inten-
sity distributions of the wave functions P, over the strip for
different points (A, B, C), we utilize the normalization rule

Zi:"_l =1 for all cases. As shown in Figs. 7(c) and 7(d),
representatlve in-gap states [points A and B in Fig. 7(a)] are
localized at the different edges of the strip, while a bulk state
[e.g., point C in Fig. 7(a)] exhibits almost uniform distribution
across the full width, with the average intensity Fny = 1/N,.
Additionally, using Eq. (B11) we can reconstruct the real-
space dynamics of the magnetic moments driven by Landau-
Lifshitz equations for the edge and bulk states marked in
Fig. 7(a) by points A and C, respectively (see SM videos [70]).

The direction of the magnon group velocity h_laqXEqX
reveals that the topologically protected edge states on the
opposite edges of the strip propagate in opposite directions
[see Fig. 7(a)]. This unidirectional (chiral) propagation of
the edge modes at each edge reflects the nonzero topological
Chern numbers C* = F1 associated with the bulk magnon
bands [12,30,40].

One should note that the additional edge states below the
lower bulk band, e.g., marked with black dots D and D, in
Fig. 7(a), arise from the effective edge potential due to the
lack of neighbors for the spins at the edges. In contrast to edge
states A and B, edge states D; and D, do not connect the two
bulk bands with different Chern numbers, and therefore they
are not topologically protected [32].

VIII. CONCLUSIONS

We have explored topological magnons in a minimal al-
termagnetic spin model—the checkerboard lattice spin model
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in the presence of a Zeeman field and DMI. These inter-
actions stabilize a long-range ordered coplanar spin-flopped
state, with spins canted out of the lattice plane toward the
direction of the Zeeman field. Using linear spin-wave theory,
we have analyzed the magnon excitations about this ordered
state and found that nonzero AM coupling, Zeeman field, and
DMI open a gap between the two magnon bands, rendering
them topologically nontrivial with Chern numbers |C*| =
1, and C* = —C~. Reversing the sign of any of the three
couplings—AM coupling, Zeeman field, or DMI flips the sign
of the Chern numbers. In the weak AM coupling limit, we find
that the Berry curvature becomes sharply localized around
the X and Y points in the Brillouin zone, forming elliptical
profiles whose semiaxes are individually controlled by the
Zeeman field and DMI, respectively.

As a direct consequence of the topological character of
magnons, we find a nonzero thermal Hall response under
an applied temperature gradient. At low temperatures, ther-
mal Hall conductivity «, scales with temperature as ky,
T*. Moreover, k,, changes signs upon reversing the direc-
tion of the Zeeman field, displaying a sharp jump across
zero field at low temperatures. We have also demonstrated
the bulk-boundary correspondence by considering our model
on a finite strip geometry, which reveals topologically pro-
tected unidirectional (chiral) spin-wave modes localized at the
edges.

We have focused here on a minimal model where the next-
nearest-neighbor couplings act along a single direction per
sublattice, i.e., a nonzero coupling J; within the checkerboard
plaquettes and none in the empty ones. One can, however, also
include an additional coupling J, along the diagonals of the
empty plaquettes. As long as J, # Jj, the system continues
to exhibit altermagnetism, i.e., in the limit of H = D =0,
the two sublattices can still be mapped to one another by Cy4
lattice-rotation about the Z axis passing through either a J;
or J, bond center combined with time-reversal flipping the
spins. Essentially, the model has same symmetries for J, = 0
case and the case of nonzero J, # J;. We find that the model
still hosts topological magnons with Chern numbers |C*| = 1,
nonzero thermal Hall response, and chiral edge modes in a
finite strip geometry. The gap between the magnon branches
at X or Y now depends on the difference between the two
couplings (|J; — J»|), which quantifies the strength of alter-
magnetism. While the thermal Hall conductivity may change
quantitatively from the J, = O case, all qualitative physics of
topology and transport remain unchanged.

Typically, in spin models, topological magnon excitations
are driven either by DMI or a combination of DMI and
Zeeman field [12]. However, this work demonstrates that,
in addition to DMI and the Zeeman field, altermagnetism
(i.e., via the AM coupling) plays an equally crucial role in

J

A

81 = —sinéX +cos& 2,

€, =sinéX + cosé Z,

ely =),

é2y = 5}7

generating the nontrivial topology of the magnon bands. Be-
yond its fundamental interest, our study may offer insights for
spintronic applications, where the interplay between topolog-
ically protected magnons and altermagnetism is particularly
important [26,27,53].

Our analysis has been based on linear spin-wave theory,
where magnons are treated as noninteracting quasiparticles.
This approximation is particularly well-justified in the semi-
classical large spin-length (S) limit at low temperatures, where
the density of excited magnons remains low. However, in the
small-S regime, particularly about noncollinear magnetic or-
derings, magnon-magnon interactions may become significant
and cannot always be safely ignored [71]. In such cases, it
is important to investigate how interactions may modify the
topological properties of magnons [12,51,72,73]—a direction
we leave for future study.
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APPENDIX A: QUANTUM LINEAR SPIN-WAVE
HAMILTONIAN AND ITS DIAGONALIZATION

To perform spin-wave analysis of the Hamiltonian in
Eq. (1) about the classical ground state given in Eq. (3),
we introduce two local right-handed coordinate frames,
(8ix, €1y, 81;) and (8, €2y, €5;), aligned with the spin direc-
tions on sublattice 1 and sublattice 2, respectively, in the
ground state magnetic ordering. These frames are given by

€1, =coséEX +sin&z,

€, = —Ccos&X +sinéZ. (A1)

Here, &;, and é;, point along the classical ground state spin directions on sublattice 1 and sublattice 2, respectively. Out of these

local directions, we can further define

éot:i: = (éax + iéoty)/ﬁv

(A2)
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where o = 1,2. We now map the spins to bosons using the
Holstein-Primakoff transformation [59],

Moo 1/2 R Npa 1/2;\
Sp,ct = \/§|:<1 — 2pS ) ap,a €y— +(12,a<1 — 2pS ) ea+i|

+ (S - n,o,a)éutzs

(A3)

where p =r for « = 1 and p =r' for @« = 2. The operator
apo(a, ) represents the bosonic annihilation (creation) oper-
ator at the pth site of sublattice o and number operator n, , =
a, ,dp«- These operators satisfy the commutation relations:
[ap., ap gl = [a,, w Q. ﬂ]

(A4)

[ap,oza a;/,ﬁ] = Sp,p’aa,ﬂ,

Expanding the square roots in Eq. (A3) in powers o Z”S“ , and
substituting into the Hamiltonian [Eq. (1)] yields

H=Eqa+H +H,+---, (A5)

where E, ~ O(S?) is the classical ground state energy, and
H1 ~ O(S*/?) is linear in bosonic operators and thus vanishes
due to the stability of the classical ground state configura-
tion. The leading quantum correction arises from H, ~ O(S)
which is bilinear in bosonic operators. H; is referred to as the
linear spin-wave Hamiltonian. After a Fourier transform

1 )
Ayo = —— e Pa, ., (A6)
q, \/N Xp: P

with N being the total number of spins in one sublattice, this
takes the form

1 _
¥
Ho= Z [Aaﬂ padas+ 5 ) (Bgﬂa;,aa—q,ﬁ +Bgﬂ“—q,ﬁaq,a)i|'
apf.q

(A7)

The coefficients A‘;ﬂ and Bf;ﬁ are given in Eq. (5) in Sec. IV.
This Hamiltonian can be rewritten as

1 1
=3 ZXquXq -3 Z TrA,, (A8)
whereXt [czq1 a;2 a_g,1 a_g2] and
A, By :|
M, = |: N . (A9)
f T
B, Al

Ay, B, are 2 x 2 matrices with entries A“ﬁ Bq , respectively.
Note that M, is a Hermitian matrix as ’H2 is Hermitian. The
additional trace term, —% > q TrA,, arising from the bosonic
commutation relations, is a O(S) constant quantum contribu-
tion to the classical ground state energy E.

1. Diagonalization of

The linear spin-wave Hamiltonian can be diagonalized
by diagonalizing M,. Since this is a bosonic Hamilto-
nian, it cannot be diagonalized using a unitary matrix.
Instead, the diagonalization requires a para-unitary trans-
formation T, [74,75] such that X, =T,I'; where Ty =
(Va1 Va2 yjq,l yqu]T contains the transformed bosonic op-

erators and T, satisfies the paraunitary condition T;nT ¢ =

n, with n a diagonal matrix defined in Eq. (8). Following
Ref. [74], we will find such a transformation in three steps.

a. Step 1

From the matrix elements of M, we define

ALl _ A2 Al 4422\ 7
q q q q 2
o =Mt (MEATY

2 \ 2
A2 _ Al All A2\ 2
0 = % + <% - (B‘}z)z, (A10)

and consider a transformation

rn 0 0 n

0 r3 ra 0
T, = All
! 0 rs e 0l ( )

r7 0 0 rg

A0 AT=0, Al
where ry = re = 010,02 = Q1+Q2 |A'2| T3 =8
A21

=Ty A‘ZI r4 = r; = —|rp|. This transformation satisfies

T;nT, = 7 and transforms M, to

0 P U 0
P 0> 0 U

I _ it _
My=TMTi=| ", 5 o p| (A12)
0o -U P O
with P = —(r} + [r2[?)|A?| and U = 2r1|r2| A"
b. Step 11
We next define
2
Q0 +\/<Q1 —Q2> i
2 2
2
W2=Q1+Q2—\/<Q1 Q2> +P?, (A13)
2 2
and consider the transformation
51 52 0 0
s3 S 0 0
T, =|" , (Al14)
0 S5 S6
0 Ayl S8
where  s; =54 =855 = 53 = %, Sy =86 = —83 =
—57 = % This also satisfies Tj,nTH =1, and we
have

W 0 U 0
0 W, 0 -U

-U 0 W 0
0 -U 0 W>

M =T M,T; =
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c. Step 111

In this final step, we define

EJF = \( W12 - |U|29

E_= ,/sz — U2, (A16)
and take the transformation
5] 0 5 O
- B 0
T = 5 0 15 O (A17)
0 #n 0 13
where —W'ZJE“? t = =/ WEEE*

Hh =
[Wy—E_ A7
—Sp oI5 = lz@ 16
This also satisfies the paraunitary condition T}, 9T 1;; = 1,
yielding

=1 IAZII’ 17 =lon |A2]|’ and 1§ = B3on |A2]|

E. 0 0 0
0 E. 0 0
0 0 E, 0
0 0 0 E_

M) =T}, M]T, = (A18)

Therefore, the complete transformation that diagonalizes the
spin-wave Hamiltonianis T, = T, T ;T j;; and it is easy to see
that T ;an = 5. The spin-wave Hamiltonian [Eq. (A8)], apart
from the constant trace term, under the above three successive
transformations becomes

ZFTTMTF

= E Z[y;,l yq-l-,Z V—q.1 qu,z]
q

E. 0 0 07| %Y
|0 E- 0 0] Ve
0 0 E, O yj'qJ
0 0 0 E_||.,t
)/,q!2
. 1 . 1
= Z Ey Vg1Vl T 5 +E- Vg2Va2 T WAL

q
(A19)

We have made use of the bosonic commutation relation in
the final step. The magnon modes are thus described by y, «
bosons and the magnon energies are given by E; and E_. In
the notations of the main text, hw; =E, and an); = E_, with
their explicit expressions given in Eq. (6).

Diagonalizing a spin-wave Hamiltonian via a paraunitary
transformation can be recast as a standard eigenvalue problem.
From the paraunitary condition, we have T ; =T ;'17, and

thus the transformation T ;MqTq = Ml? leads to the eigen-
value equation

(M )T, = T,(nM)). (A20)

Therefore, the columns of T, are the eigenvectors of nMg,
known as the Bogoliubov matrix [75], with eigenvalues
(E+,E_, —E., —E_). We denote these four eigenvectors as

W), (W, ), |®7), and [@). Their orthonormality relations
follow from the paraunitary condition satisfied by T,

(o W) =+8,um,  (@f |n]@p) =810, (W |n]®y)=

(A21)
where w, v = +.

2. Berry connection

The Berry connection associated with a magnon branch is
defined in Eq. (7) in terms of its corresponding eigenvector.
The eigenvector for the upper branch, |\I/q+ ), is given by the
first column of T'y:

risity — rassis

—r382t) + r481ts

¥, = (A22)

—F 82t + ri8its

r4S1ty — F3821s

We find the Berry connection associated with this branch to
be

Wy AP s
2 2
E, (Wi —Wy)|Al2]"  |AR|
X |:s%n o aojl'
sin gyagp
The lower magnon branch (i.e., with spin-wave energy E_) is
the second column of T',:

A =2DJagsin’ §

(A23)

ri8at3 + rsity
138113 + rasoty
78113 + risaty
r482t3 + 138117

%) = (A24)

This branch similarly corresponds to the Berry connection:

WA AN s
E g P

A, =2DlJag sin® &

« sin gyag
sing.ap |’

APPENDIX B: SPIN-WAVE DYNAMICS IN THE
FRAMEWORK OF THE CLASSICAL
LANDAU-LIFSHITZ FORMALISM

(A25)

In the classical limit, the dynamics of the magnetic sub-
system can be described either by means of classical spins
Sr,1(¢), Sy 2(t) or by means of the magnetic moments u, | =
gusSr.1, My = gusSy 2. Let us first consider the spin rep-
resentation. In this case, the dynamics obeys the following
Landau-Lifshitz equation:

1 oH

S a— T Lo« P Bl
S T T s ®1)

where s, , = S,,4/S is the unit vector in the spin direction,
a = 1,2 enumerates the sublattices, p =r and p =1 for
a =1 and o = 2, respectively. In the following, we utilize
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the classical analog of the Holstein-Primakoff representation
(A3),

oy Wl
p.x a S

+42- W’”"" =L (e Vpo + € Vpa),

where the complex-valued function v, , encodes deviation
of the normalized spin s,, from its equilibrium orienta-

(B2)

t10ns Heree (e :I:ze )/(2\/—) Wlthe = 8s0/89 and
el = sg . ‘Vectors et have the followmg useful proper-
ties: eX - ef =0, X ~eff =1/2,ef .59 = 0.Interms of ¥, 4,

Landau-Lifshitz equations (B1) obtain Schrodinger-like form
oH
W.
Applying the Fourier transform (A6) to the linearized (with

respect to V¥, o) equation (B3), we obtain

i = (B3)

. a/Hcl
iy = —>, (B4a)
Vg«
a1
Hy =3 > o wiM,Y,, (B4b)
q

where HS! is the harmonic part of the classical Hamiltonian.
Here W, = [¥y.1, Vg2, ¥—g.1, ¥—4.2]7 and matrix M, coin-
cides with one defined in (A9). In terms of W,, equations of
motion (B4) obtain the form of Schrédinger equation

in, = H,¥,, (BS)
where H, = nM, with 7 defined in (8). Although the matrix
nM, is not Hermitian, operator H, is Hermitian in the Hilbert
space with pseudo-Euclidean metric 5. The solution in form
v, = \Ilge"%’ reduces (BY) to the eigenvalue problem

0 0

EV, =H,V,, (B6)
which coincides with the eigenvalue problem in Eq. (A20).
The eigenvalues (E;, E_, —E, —E_) and the corresponding
eigenvectors are discussed in Appendixes A 1 and A 2. If the
spin wave with wave-vector ¢ is excited, then the real-space
dynamics of spins in each of the sublattices is as follows:

spy A s+ \/%Re[ei("'rﬁhv’Jr‘ﬁ“)(el (W), +ef|wy))]-
S]r),’2 ~ sg + \/%Re[ei(lI-"—E;l+<ﬂo)(ez—|\y Yo + ez |\I’ )a )]

(B7)

where v = &£ denotes the magnon branch, ¢, is an arbitrary
phase, and |‘-IJ; )1.2.3.4 are the components (rows) of vectors
(A22) and (A24).

To describe the dynamics of the set of magnetic moments,
we introduce the unit magnetic moment my, o = R, o /|1y |-
The case g > 0 coincides with the one considered above up to
the interchange of the notations s, , <> m,, . However, for the
case g < 0, the corresponding Landau-Lifshitz equation for

m, . differ from (B1) by sign:

. 1 oH

My = —Mpg X —. (B8)
A om,

Using the Holstein-Primakoff representation in the form
2
. :m2<1 ¥l )
S
wf,, A .
+4/2- (ex Voot e Vpa) (B9)

with el = 9m? /96, and ei =m? x e!, we write (B8) in the

same form as (B3). Note that in two representations (B2) and
(B9) the functions ¥, , and 1/_/,,,0, are interchanged. The latter
compensates the change of the sign in the Landau-Lifshitz
equation (B8) leading to the same linerized equation (B4) in
which

1 .
HS = 3 > WM, (B10)
q

The structure of the vectors W, ¢ = = [Vg1, ¥g.2 w_q 1 w_ o7
is the same as previously and M, = M,|:_. . Note that the
ground states for m,, and s, , are dlfferent if g < 0. In the
case under consideration, Mq = M,. Thus, the equation of
motion in ¢ space and the corresponding eigenvalue problem
coincide with (B5) and (B6), respectively. The latter means
that the Berry curvatures computed from the m,, and s,
representations are the same.

In real space, the dynamics of the magnetic moments m,,
in a spin wave with wave vector ¢ can be reconstructed from
(B9) as follows:

2 : Ey o

| 2R et ), + e 94),)].
2 B

| TRl e vy, 5197

(B11)

In (B11), one can use the expression for the eigenvectors de-
rived in Egs. (A22) and (A24) with the replacement W), —

|\If;)n, since Egs. (A22) and (A24) are obtained for g > 0.

APPENDIX C: ALTERMAGNETIC LIMIT

In the limit H = 0, the expression for the eigenenergies in
Eq. (6) is reduced to

1

£F = 5[y + 42) - a(sp)’ £ 14y - A

The corresponding magnon magnetic moment is

Ry = Fgussgn(A,' —A7)no, (C2)

where nyg = (S — S,)/(2S) is the ground state staggered
magnetization. The distribution of ;Lflb along the iso-lines
E‘;‘E = const and within the Brillouin zone are shown in
Figs. 8(a) and 8(b) and 8(c), respectively.
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q

1ig / (ghis) —mF ; !
- +1 TS 7

FIG. 8. (a) Distribution of the amplitude of the magnon mag-
netic moment (C2) along the isolines of constant energy Eqi = const
in the limit of the Zeeman field H = 0 and for the AM coupling
Ji = —0.04J. (b), (c) Distribution of magnon magnetic moment (C2)
within the Brillouin zone plotted; (b) and (c) correspond to the upper

and lower branches, respectively.

APPENDIX D: EDGE STATES IN THE FRAMEWORK OF
THE CLASSICAL LANDAU-LIFSHITZ FORMALISM

Let us compute the spin waves in a strip which is infi-
nite in the X direction and contains N, magnetic moments
of each of the sublattices in the y direction; see Fig. 9. We

J

o o) o o) Bdge 2
o w=No ° °
o o) o o)
o)
Edge 1

FIG. 9. The checkerboard strip which is infinite in the X direction
and contains N, spins of each of the sublattices in the § direction.
Index n, numerates shells shown by the gray shadowing.

base our analysis on the Landau-Lifshitz equation (B8) for
magnetic moments where we assumed g < 0. Each magnetic
moment m,, , . is uniquely identified by three quantities: (i)
the sublattice v = 1, 2; (ii) position along the ¥ axis, which
is r,, = aopn, and r,/h = agpn, — 6r for sublattices 1 and 2,
respectively—here n, € Z, and §r = ap/2; and (iii) number
ny =1, ..., N, of the shell along the § direction.

Magnetic Hamiltonian of the strip H* = 3%, + H5%. +
How, + H3" comprises the antiferromagnetic

Ny N,—1
str
HAFM =J E E mrnx,ny,l N (mr,,x+6r,nv,2 + mr,,x 78r,nv,2) + E mr,,x,nv,l . (ml‘,lXJrSr,n)-Jrl,Z + mr,,xfﬁr,nerl,Z) ) (Dl)
Iny | ny=1 ny=1
altermagnetic
N,—1 N,
str
Hur = E E My, o1 My 411+ E My, _srn,2 My, torn,2 | (D2)
L n),:] n).=]
DMI
N, Ny—1
HY =D3 - m x (m - + - (D3)
DMI — Py o1y, 1 Fay+8r,ny,2 = Mr, —5r,n,2 my, n,1 X \My, —srn,+1,2 — My, 45rn,+1,2) |5
Ty ny=1 ny=1
and Zeeman
str
" = —puolglusSH - Y Y (my, n1 +mr, —srn,2) (D4)

Tny ny=1

contributions with H = HZ. Using the Holstein-Primakoff representation (B9) and applying a one-dimensional Fourier transform

1 4
’lﬂr’l’“n”v - \/_jv Z w"-"n_\"vequrnx )
* g

(D5)

1 s
X
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where gy € [—7/ag, w/ap]l, we obtain the equations of motion for W, =[¥, ;,..., ¥, y]IT with l/qu’ny =
(Y15 Voo 25 15_%”}.,1, ﬁ_q(r,,ly,,z]T in the form of Schrodinger equation
ST R 0 . 0]
S R O ... 0
. . - O L S R 0 ... O
i, =H'%,, H) = ; (D6)
0o ... 0O L S R
| 0 e 0 L 8]
where H f;: is 4N, x 4N, matrix and S, S», S, L, and R are the following block matrices:
r J,
411 -, et 93% 0 Cg‘h 41_‘]] *qux ‘%jqx 0 qx
+ B, F — Lsin? &l & 0 0 0 0 0
si =gy | T TP ! . ", , R=E B :
0 _ngx -1+ 47 d . T ggqx 0 _%qx 4 *Qiqx - ‘%jqx
| -G, 0 Ay + By, —F + Lsin® L 0 0 0 0
L=35  —dy + B, 0 G ] & 0 0 0
—d, + B, 1—Lsin? &l G, 0 —d, — B, 0 % 0
S — EO qx qx J 2 qx B , L — E() qx qx Z,: ,
0 -6, -1+ 35 Ay, + By, 0 0 -4 0
L %, 0 Ay + By, —1+ JJ_I sin’ e | — @y, 0 Ay —RBy 0
F — 4‘,_} _'Q{‘Ir + ‘%qr 0 (gtb— i
d, +RB, 1—Lsin> LD €, 0
52 — EO qx qx J 2 qx p (D7)
0 _%qx -7 + ﬁ ﬂqx + &, x
| —%, 0 Ay + By, —1+ L sin? &0 |
Here we introduced the following notations: o/, = ; cos 50 sin’ &, B, = 2J sin &0 sin &, 6, = 2 cos &% cos? £, and F

2 + sin? £. The solution of Eq. (D6) is v, = \Il0 B !, where E,, is an eigenvalue of matrix H f{“ An example of the spectrum
generated by numerically diagonalizing the matrlx H fbr is shown in Fig. 7.
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