PHYSICAL REVIEW B 114, 1L.260503 (2026)

Editors’ Suggestion

Fluctuation-induced supersolidity at the superfluid-solid interface
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Supersolidity, combining superfluid and crystalline orders, has been realized in dipolar Bose-Einstein conden-
sates by tuning interatomic interactions. Here, we show that supersolidity can also emerge from mode coupling
at a superfluid-solid interface, without modifying bulk interactions and for a broad class of superfluids. Using
an analytical and numerical treatment of the coupled superfluid and phonon fields, we derive the criterion for a
density-modulation instability driven by interfacial coupling and dependent on dimensionality. In superfluid
helium, the instability first appears at the roton mode, while in a Bose-Einstein condensate with contact
interactions it can occur for a large range of wave vectors. Beyond the threshold, the ground state acquires an

interfacial density modulation while the bulk remains superfluid, forming a hybrid superfluid-supersolid phase.
Our results identify interfacial mode coupling as a promising route to supersolidity, enabling the simultaneous
exploitation of interfacial supersolid and bulk superfluid quantum properties, as well as using the interface as a

seed to nucleate bulk supersolidity.

DOI: 10.1103/xfj1-gndb

Superfluidity and supersolidity are two macroscopic man-
ifestations of quantum mechanics. Superfluidity arises when
the U(1) phase symmetry of the wave function is sponta-
neously broken, allowing the fluid to sustain frictionless flow
associated with a macroscopic phase gradient. Bosonic su-
perfluids are now well established experimentally, both in
liquid helium and in Bose-Einstein condensates (BECs) [1-4].
Extending this concept, a supersolid combines superfluid and
crystalline order by further breaking continuous translational
symmetry of the density, thus forming a lattice [5-7]. In
helium, the existence of supersolidity remains controversial
[8-12]. In particular, close to solid walls, a strong and uni-
form absorption leads to the formation of a triangular lattice
in the first layer, which is no longer superfluid, while the
next layers present supersolid features [13—17]. In BECs,
supersolidity has also been investigated [18-24] and was re-
cently achieved experimentally [25-28], in particular with
dipolar BECs [29-36]. In these last systems, a finite-wave-
vector roton softening produces a density modulation that
remains phase coherent, stabilized by quantum fluctuations.
Here, guided by this mechanism, we propose that mode cou-
pling at a superfluid-solid interface hybridizes the superfluid
quasiparticles with surface phonons of the solid and induces
a softening without delicate interaction tuning. For strong
enough superfluid-solid coupling, we show that this softening
leads to a commensurate density wave while preserving phase
rigidity, thereby enabling supersolidity at the boundary.
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The absorption and reflection of superfluid excitations at
a solid boundary have long been studied in the context of
superfluid helium transport [37-42]. These processes can
be recast as mode couplings between the superfluid’s and
solid’s fluctuations, as previously established for solid-solid
[43—46] and solid-liquid interfaces [47-50]. High-frequency
mode coupling usually dominates attractive and repulsive
forces such as the van der Waals interactions. In contrast,
low-frequency quasiparticles such as phonons and rotons,
which are energetically more accessible, control the friction.
Such coupling enables a direct exchange of excitations across
the interface and gives rise to coupled transport phenomena,
such as Coulomb drag effects, which appear to be particularly
promising for water-solid interfaces [51-53]. In the following,
we will show that these low-frequency mode couplings not
only impact the transport properties but also the ground state
of the system.

In this Letter, we consider interfacial mode coupling be-
tween low-frequency density modulations and show that it
can drive a supersolid phase transition in both superfluid he-
lium and Bose-Einstein condensates. The system, sketched in
Fig. 1(a), consists of a (possibly confined) superfluid layer in
contact with a perfectly smooth solid, modeled as a continu-
ous elastic medium supporting phonons. At the interface, the
superfluid atoms typically experience van der Waals attraction
and Pauli repulsion, which define the characteristic inter-
atomic distance o (typically a few angstroms) and interaction
energy & (typically of the order of millielectronvolts). For
simplicity, we model the interfacial interaction by the contact
potential

Vin(r) = —ad(r), ey

although the formalism can also accommodate finite-range or
nonlocal interactions. Here, we introduced the interfacial cou-
pling constant « ~ o>, whose precise definition depends
on the form of the solid-superfluid interaction potential. For
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FIG. 1. Model. (a) Schematics of the system: a superfluid is
deposited at a smooth solid interface. Both the superfluid and the
solid have density fluctuations and they interact through an attractive
coupling, but they remain uncorrelated. (b) Schematics of a super-
solid phase: in order to maximize the attractive interfacial coupling,
the density of both the superfluid and the solid present an in-phase
density modulation in space, breaking the translation symmetry.

realistic systems, we thus expect @ ~ 1072 — 10~! meV nm?.
Note that the coordinate origin was chosen so that the in-
terface z = 0 coincides with the positions of both the first
superfluid atoms and the solid surface. For uniform densities,
this interaction shifts the local chemical potential at the mean-
field level and may break superfluidity for strong couplings
[14]. Here, we investigate whether the response of the solid
may lead to density modulations with reasonable couplings.
We therefore focus on density fluctuations and neglect the
uniform density shift. Thus, we show that above a criti-
cal interfacial coupling strength depending on the phononic
properties, the coupled densities become unstable toward an
oscillatory modulation that maximizes the superfluid-solid
overlap, as illustrated in Fig. 1(b).
We model the superfluid by a Gross-Pitaevskii action:

2
Sgp = /dl dr Iﬂ*(l', l‘)(l'hat + ;—A + M)W(lﬁ )
m

1
- E/dt drde’ |y (', )PVo(lr — Dy (r, 1),
@

where Y is the superfluid order parameter, ; the chemical
potential, and V; the interatomic interaction. The minimiza-
tion of the action yields the bulk density ny = u/Vo(q = 0)
and we define accordingly the healing length & = 7i//2mpu.
Linearizing around the uniform solution with ¥ (r,t) =
Ny + én(r, t) yields the Bogoliubov dispersion for the low-
energy density modes,

&e(q) = \/5k(q)(5k(Q) +2V(q)no), 3

where & (q) = /*q?/2m is the kinetic energy. In the fol-
lowing, we consider either a BEC with contact interaction
Vo(r) = g8(r) or superfluid helium where V; is adjusted to
reproduce the experimental dispersion. On the other hand, the
solid density fluctuations dny, are modeled by a Gaussian
Keldysh action implementing the susceptibility xX,(q, w) =
[(qc)2/Km1]/[a)2 —2iyw — (qc)z] corresponding to an ideal
acoustic phonon with sound velocity ¢ and damping

y. Generalization to more realistic phonon branches is
straightforward. The static elastic stiffness Ky, = Mg C2 /n(s)01
is obtained from the sound velocity ¢ and the average density
n?, of atoms of mass ms, on the solid surface. Details of the
model and full derivations are provided in the Supplemental
Material [54].

We start by considering a two-dimensional (2D) superfluid
layer of thickness 6 <« &. For small density modulations, the
Gross-Pitaevskii action can be linearized into a Gaussian form
around the bulk density. Including the interfacial coupling,
we can compute the first-order self-energy for the superfluid
density fluctuations from the product of the superfluid and
solid density susceptibilities. Thus, the renormalized super-
fluid susceptibility reads

20np&x(q)
(hw)? — Ep(q)* — 202noE (xR (q, 0)/0°
“4)

Then, we deduce the hybridized branches of energy for which
the denominator of the renormalized susceptibility vanishes.
Due to the interfacial coupling, the upper branch is energet-
ically more costly while the lower branch is softened. When
the latter becomes negative, the corresponding wave vector q
is dynamically unstable. This happens for (see Supplemental
Material [54])

ZRo(q, 0) =

2 KSOIKGP (51)
o> —F
2n}

) &)

where we introduced the stiffness of the superfluid Kgp(g),
which reads for a 2D layer of thickness 6

K22(q) = 0nol&(q) + 2noV (g)]. (6)

The superfluid stiffness represents the energetic cost, coming
from both the kinetic energy and the interatomic interactions,
of deforming the density field. We find that the instability is
favored if the superfluid and the solid have a lower stiffness,
corresponding to a lower energy cost for the density mod-
ulation of the supersolid phase. In particular, supersolidity
is facilitated by the presence of soft solids, exhibiting slow
acoustic phonons. For instance, for superfluid helium, we find
reasonable values for the critical interfacial coupling constant
for phonons of speed ¢ = 250 m/s. Its spectral function (which
highlights the branches of energy) close to the threshold is
given in Fig. 2(a): the roton mode is softened and is the first
mode to become unstable. Consistently, Fig. 2(b) shows for
every wave vector the critical interfacial coupling required to
become unstable where the minimum corresponds to the roton
mode. While we may expect corrections due to the molecular
structure of the solid at long wave vectors, the critical wave
vector is in general incommensurate with the solid’s lattice.
This mechanism is similar to the one observed in dipo-
lar gases at the onset of supersolidity. Therefore, we can
test this hypothesis by evaluating the ground-state energy
using the variational ansatz V¥ (r, t) = ,/ng(1 + € cos(gox))
and 8ng (T, t) = €501 cOS(gox), where x is the in-plane di-
rection and ¢ is a fixed wave vector. Here, we assumed a
one-dimensional (1D) density modulation for simplicity, as
a lattice structure would not change qualitatively our results
[55]. We use the amplitude of the density modulations €, and
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FIG. 2. Supersolid transition in two dimensions. (a) Spectral function —%Im[GR(q, ® ~+i0")] of a 2D layer of He II renormalized by
acoustic phonon of speed ¢ = 250 m/s through an interfacial coupling o« = 0.02 meV nm?. Helium has a density of ny = 2.2 x 10*®/m? and
we use @ = 0.3 nm. As an example, we use the properties of graphene in the following: an atomic density n’; = 38/nm? and mass g, = 12 my
(my being the atomic mass). The dashed lines correspond to the energy bands of noninteracting superfluid helium and phonons. (b) Critical
interfacial coupling « to induce the supersolid instability as a function of the wave vector of the density modulation for the same system.
The minimum corresponds to the roton mode. (c) Sketch of the instability bifurcation: the uniform density state becomes unstable above the
interfacial coupling critical and a density modulation then becomes stable. The translation symmetry breaking results in a bifurcation. (d)
Phase diagram for a 2D layer of a BEC of thickness # = 1 nm over a length L, = 50 nm interacting with acoustic phonons of speed ¢ = 50
m/s: relative density modulation amplitude €)/,/ng as a function of the contact coupling g and interfacial coupling o. The supersolid phase
corresponds to a nonzero modulation. The BEC molecular mass m = 7 m, with density ny = 10%/m?>.

€501, Which vanish in the superfluid phase and are nonzero in
the supersolid phase, as variational parameters. By plugging
this ansatz into the action for the whole system (superfluid and
solid), we obtain the energy functional to minimize over the
variational parameters. The interfacial coupling energy reads

1 2
Ea+ Ein = ZKsolesol — QNp€p€so] - @)

Minimizing with respect to the solid’s density modulation
yields €50 = ZanOngll €o. Thus, the solid modulation is in
phase with the superfluid’s modulation. Note, however, that
this modulation is independent of the solid’s lattice. Plugging
this into Eq. (7) and including the Gross-Pitaevskii contribu-
tion from Eq. (2) provides the effective energy cost for the
superfluid which reads, up to fourth order in €, (see Supple-
mental Material [54]),

Eerrleo] = L[KGh(q0) — 20°ngK | |eg + 1K (q0)eg.  (8)

where KZD(qo) is the 2D stiffness of the superfluid given in
Eqg. (6) and the second term describes the interfacial cou-
pling. The quadratic coefficient becomes negative with the
same threshold as in Eq. (5), signaling the transition toward
a supersolid state with a density modulation. The quartic
term, originating from interatomic interactions, stabilizes the
density modulation and yields an analytic expression for its
amplitude in the limit of small modulations. This is a standard
Landau-Ginzburg functional with a pitchfork bifurcation, as
sketched in Fig. 2(c), and leads to a spontaneous symmetry
breaking. Above a threshold the uniform superfluid state be-
comes unstable while the supersolid state—with positive or
negative €y and more generally with any shift of the density
modulation—becomes stable.

For a BEC with contact interactions, the stiffness Kélg (q0)
[Eq. (6)] is a growing function of the wave vector: the smallest
wave vectors are therefore the easiest to destabilize. In prac-
tice in a finite size system, its length L, selects the possible
wave vectors and sets the first unstable wave vector guin =
27 /L. On the other hand, the interfacial coupling o selects

the larger unstable wave vector gm,x, which is independent
from the system size L,. Thus, all wave vectors gmin < qo <
gmax are linearly unstable and the resulting density profile
must be determined beyond linear order. For a BEC with
finite-range or nonlocal interactions, an intrinsic length scale
may provide a preferred modulation wave vector, similarly to
the roton softening for helium. The critical coupling [Eq. (5)]
to excite a wave vector gg reads (see Supplemental Material
(541

+2£72). )

For a BEC, the density ng is smaller than for superfluid
helium, leading to a weaker superfluid-solid interaction and
therefore a higher threshold. The resulting phase diagram in
Fig. 2(d), computed with a softer solid (¢ = 50 m/s), shows
the boundary between superfluid and supersolid phases as
a function of the interfacial coupling o, which drives the
instability, and the interaction coupling g, which tends toward
density uniformity. For wavelengths larger than the healing
length, the critical interfacial coupling scales with o, o €71 o
g'/%. Thus, the stronger the interatomic interaction, the harder
it is to destabilize the density.

In the presence of a phase twist Q along the x direc-
tion, we take the order-parameter ansatz ¥ (r,t) = \/no(1 +
€0 cos(gox))e'S+9™) where ¢(r) is periodic and ensures cur-
rent conservation, V - [n(r)(Q 4+ V¢(r)] = 0. Minimization
of the energy yields the same transition as in the absence
of the twist. The quadratic energy cost associated with the
twist defines the superfluid phase stiffness (see Supplemental
Material [54]),

h2
D™ = 92[E(Q) — E(O)]| g0 = %(1 —&)?, o)
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which is independent of the specific form of the interaction
potential V. The corresponding superfluid fraction is

w_ mDP_ (1-g)”

s (n(r))r 1+e2/2

(11)

Thus, f?P decreases continuously from unity as the den-
sity modulation develops but remains positive throughout the
regime of validity of the variational approach.

Let us now turn to a three-dimensional (3D) system: we
consider a half-space superfluid at the solid interface. We
likewise expect an interfacial instability toward a density mod-
ulation which decays far from the interface. Therefore, we
evaluate the ground-state energy using the same variational
ansatz where the superfluid density modulation amplitude €(z)
is now a function of the distance to the interface z. Fixing
€(z = 0) = €y, we expect the density modulation amplitude
to decay over a skin length £(go), which replaces the physical
thickness 6 of the 2D system. Its precise form is obtained
by minimizing the Gross-Pitaevskii energy cost, which then
reduces to

Eaple] = 3K5p(qo) € + 3K3° (o) €, (12)
where KZP is now the 3D stiffness of the superfluid and the
stabilizing quartic terms arises from interatomic interactions
(see Supplemental Material [54]).

For a BEC with contact interaction, we find that
the density modulation amplitude decays exponentially as
€(z) = egexp( — z/€(qo)), where the skin length is £(gg) =

1/,/q% + 2& 2. For short wavelengths, the gradients of den-

sity are large and therefore the kinetic term dominates
the energy cost, which is minimized by a short thickness
£(qo) =~ 1/qo. For long wavelengths, however, the interatomic
interactions are dominant and the slowly varying density mod-
ulation decays over the usual healing length £(go) ~ & //2.
Finally, we obtain the associated 3D stiffness K2b(go) =
Ti?no/2me(qo), which corresponds to the 2D stiffness of a
layer of thickness £(go). Since the effective thickness depends
on the parameters of the supersolid, the scalings are different.
In particular, for long wavelengths the stiffness is less sen-
sitive to the interatomic interaction, K2 o g'/?, because the
thickness of the modulations then shrinks.

For a generic potential V, (e.g., our model of superfluid
helium), we similarly assume an exponential decay €(z) =
€0 exp(—z/¢£) and determine £(qo) by minimizing the stiffness
KZ2(qo, €) numerically. Including the interfacial contribu-
tions, the effective energy cost is again a Landau-Ginzburg
functional and the instability threshold is still given by Eq. (5),
in which the superfluid stiffness is now 3D. Figure 3(a) shows
the critical interfacial coupling as a function of the wave
vector for superfluid helium. We again find an instability for
reasonable interfacial couplings and first for the roton mode.

For a BEC, the resulting phase diagram in Fig. 3(b) shows
the boundary between superfluid and supersolid phases, with
critical coupling

h Ksol
o = =
2\ nom

1/4

(3 +2677) (13)

(a) (b) ~ - 0
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FIG. 3. Supersolid transition in three dimensions. (a) Critical
interfacial coupling « for the supersolid instability vs modulation
wave vector for He II coupled to acoustic phonons with ¢ = 250 m/s.
The minimum occurs at the roton mode. (b) Phase diagram of a BEC
of length L, = 50 nm coupled to acoustic phonons with ¢ = 50 m/s:
relative modulation amplitude €)/,/ny vs contact coupling g and in-
terfacial coupling . The supersolid phase corresponds to a nonzero
modulation. (c) Ground-state density n/ng of a BEC fora = 1.1, «,
obtained from numerical imaginary-time evolution of the Hamilto-
nian, with g = 0.75meV nm?, o, &~ 0.16 meV nm?, £ ~ 6.3 nm, and
L, = 8¢ = 50 nm. (d) Interfacial density profile vs in-plane distance
x/&. Blue and black dashed lines indicate the mean interfacial and
bulk densities, respectively. (e) Density profile normal to the inter-
face at x = 0 vs z/&€. The dashed line shows the exponential decay
predicted in the small-modulation regime. (f) Total and superfluid
density, extracted from the phase stiffness, vs interfacial coupling.
(g) Corresponding superfluid fraction. The dashed line corresponds
to the upper bound 1/(n(r))r((n(l'))v_z1 )x [6].

For wavelengths larger than the healing length, the critical
interfacial coupling scales with a, o g'/4, a weaker scaling
than in two dimensions. Nevertheless, the condition 6 < &
ensures that the supersolid instability in three dimensions is
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less favorable than in two dimensions, due to the out-of-plane
gradient cost.

In the presence of a phase twist, the same variational
treatment yields the superfluid phase stiffness and the corre-
sponding superfluid fraction. Unlike in two dimensions, the
latter depends on the system size L, normal to the interface
but remains positive in all cases.

To prove that the ground state of the system is indeed a
supersolid phase beyond the small modulation regime, we
compute numerically the ground state of a BEC coupled to the
interface by minimizing the total energy (see Supplemental
Material [54]). Integrating out the solid density modulation ¢,
the interfacial coupling appears as a Robin boundary condi-
tion for the bulk Gross-Pitaevskii functional,

2 o
m 811/f |z:O - Ksol

where 8|v/|? is the deviation of the interfacial superfluid den-
sity from its average, removing the uniform attraction that is
not relevant here. For strong interfacial couplings, we find a
collapse of the superfluid order parameter that focuses at the
boundary. Because this is an interfacial effect, the Lee-Huang-
Yang corrections [56,57] are not enough to stabilize the
superfluid, thus we do not include these higher-order terms.
However, in practice, the solid cannot accommodate unlim-
ited density accumulation, therefore the right-hand-side term
saturates for large superfluid densities. We thus implement a
smooth saturation of the boundary condition in order to avoid
any collapse. At a distance far from the interface z = Zpax,
that is, far from the interface, the superfluid is homogeneous
and thus we impose its density as ¥ (zmax) = /0. We choose
the system size L, in order to investigate the wave vector
qo = 27 /L, and set the range of the interfacial couplings in
order to excite only go.

Starting from an initial state that breaks translation sym-
metry, we then perform an imaginary-time evolution of the
Gross-Pitaevskii equation in order to determine the ground
state. As expected, for interfacial couplings below the thresh-
old, the initial density modulation disappears and we find the
ground state to be uniform. However, above the threshold the
density modulation stabilizes with a cosinusoid-like shape, as
shown in Fig. 3(c). Figure 3(d) shows the in-plane interfacial
density modulation, which corresponds to the first harmonics
of the system, while Fig. 3(e) displays its out-of-plane decay,
which is similar to the exponential decay derived for small
modulations. In the absence of a phase twist, the order pa-
rameter remains globally phase coherent. Upon imposing a
small phase twist Q, the phase acquires an additional periodic

811 ¥lozos (14)

component that ensures current conservation while preserving
global coherence. Numerically, the corresponding increase in
the ground-state energy scales quadratically with Q, allowing
us to extract the superfluid phase stiffness and the asso-
ciated superfluid density and fraction [see Figs. 3(f)-3(g)].
These quantities remain constant below the critical interfa-
cial coupling and decrease once the density-modulated phase
emerges, while remaining positive throughout the parameter
range considered. As anticipated, the ground state of the sys-
tem therefore corresponds to a superfluid phase below the
threshold and a supersolid phase above it.

In conclusion, we have shown within a mean-field
framework that the elastic response of a smooth interface
can promote the transition from a superfluid to a supersolid
state. While this coarse-grained description calls for future
validation through more advanced numerical approaches
such as quantum Monte Carlo (QMC), it isolates a feedback
mechanism of the solid that has not been explored in
this context [8,14,58—61]. Our results therefore suggest an
alternative route to realizing supersolids experimentally, based
on engineering internal wall properties rather than relying on
surface roughness or strong interfacial attraction. Realizing
this scenario experimentally requires a soft solid, supporting
slow phonons, and a reasonable interfacial coupling between
the solid and the superfluid. Both conditions might be
attainable, for instance, by engineering metamaterials [62,63]
and controlling the solid-superfluid attraction [64,65]. While
we have assumed 7" = 0 throughout this paper, incorporating
finite-temperature phonon effects would offer a natural
and experimentally relevant extension of this mechanism.
Moreover, our model predicts supersolidity as an interfacial
phenomenon while the bulk remains superfluid. For helium
films, this mechanism may contribute to the phase of
the first layers [13-17]. This mixed state could combine
the advantages of both phases and their mutual coupling,
reminiscent of the cross-term effects between interfacial and
bulk transport observed, for example, in classical nanofluidics
[66]. It could also serve as a seed for bulk supersolid
formation by lowering the barrier of the phase transition
thanks to an interfacial nucleation.
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