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Motivated by recent experiments, we investigate the spin- 1
2 XXZ model on the triangular lattice with strong

Ising anisotropy, combining large-scale numerical simulations and analytical methods to uncover unconven-
tional spin dynamics at T = 0. First, we compute the dynamical spin structure factor using density matrix
renormalization group (DMRG) simulations and find excellent agreement with inelastic neutron scattering
data on the layered compound K2Co(SeO3)2. The low-energy spectrum reveals a rotonlike minimum at the
M point, absent in linear spin-wave theory, accompanied by peak intensity and a broad continuum above it.
Near the � point, we observe an approximately linear dispersion with vanishing spectral weight. Second, we
compare two analytical frameworks that reproduce the observed features. The first is a hard-core boson approach,
which includes (i) an effective staggered boson model at zero magnetic field, (ii) perturbation theory applied
to the one-third magnetization plateau, and (iii) a self-consistent mean-field Schwinger boson theory (SBT).
The second framework is based on a variational supersolid quantum dimer model (QDM) ansatz, combined
with a single-mode approximation. The SBT captures the broad continuum, the M-point minimum, and linear
dispersion at �, whereas the QDM reproduces the roton minimum and linear dispersion at finite momentum
near �. Remarkably, both the QDM wave function and the DMRG ground state exhibit nearly identical
structure factors with pronounced transverse photonlike excitations. Together, our comprehensive theoretical
and numerical analysis elucidates the microscopic origin of supersolid excitations in the XXZ triangular-lattice
model and their proximity to a spin-liquid phase observed experimentally.

DOI: 10.1103/xdwz-8k94

I. INTRODUCTION

In recent years, the study of frustrated quantum magnets
has revealed various exotic phases that challenge our con-
ventional understanding of magnetic order. Among these, the
supersolid phase, where superfluidity and crystalline order
coexist [1], has garnered considerable attention, both exper-
imentally and theoretically. Originally, supersolid order was
predicted for 4He [2–6] where the concept was defined as
a phase of matter which is simultaneously superfluid and a
crystal, breaking in this way the global U(1) phase rotation
symmetry of the bosons and translational symmetry. Subse-
quent studies extended this idea to cold-atom systems [7–10]
and to unfrustrated hard-core boson models, where numerical
methods are not hindered by the sign problem [11–16]. These
works primarily focused on ground-state properties.

Earlier theoretical studies had already identified a su-
persolid phase of spin- 1

2 particles on the triangular lattice
[11–13]. However, realizing such a two-dimensional lattice
model in solid-state materials remained out of reach until
recently. This became possible with the synthesis of com-
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pounds featuring weak interlayer coupling. In particular, the
experiments reported in [17,18] successfully realized such a
model. Both experiments demonstrate that the layered com-
pound K2Co(SeO3)2 is well described by spin- 1

2 moments
that form a triangular lattice of the Co+2 ions. Due to the
strong anisotropy, there is a dominant antiferromagnetic Ising
exchange and antiferromagnetic XX anisotropy. Through neu-
tron scattering experiments, the authors conjecture that the
ground state is in a supersolid phase close to the Ising point.
Moreover, the experiments show evidence for unconventional
excitations with substantial differences with respect to predic-
tions of linear spin-wave theory, as we will review in the next
sections.

Although the interplay of quantum fluctuations and geo-
metric frustration in the triangular lattice has been known to
host a plethora of interesting magnetic ground states, already
years ago [19], it is only recently that large-scale numerical
methods can give insight into the nature of the excitations.
Indeed, signatures of a Dirac spin liquid (DSL) have been
identified in the dynamical structure factor of the J1-J2 tri-
angular Heisenberg model [20,21]. For the XXZ model, some
features of the dynamical structure factor, such as a minimum
at the M point, have been theoretically predicted [17,22–24].
While connections to a supersolid ground state have been
proposed, it remains uncertain whether these features can be
linked to a nearby Dirac spin-liquid (DSL) phase [25]. De-
veloping a coherent understanding of the supersolid phase, its
excitations, and its potential relation to quantum spin liquids
is essential for interpreting future experiments and exploring
possible applications. One notable example is the recently
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FIG. 1. Dynamical structure factor for Jz = 3 meV, J⊥ = 0.2 meV of the spin- 1
2 XXZ model [29]. (a) DMRG results shown as a density

plot for a 24×6 cylinder geometry with circumference L = 6 and bond dimensions up to χ = 800. The lines overlaid on the heat map show
predictions from Schwinger boson theory (SBT), linear spin-wave theory (LSWT), the variational quantum dimer model wave function (QDM),
the effective staggered boson model (ESBM), and in pink a fit ω = 0.0849|k| to the maximum dynamical structure factor Smax computed from
DMRG with representative points. (b) A zoom into the low-energy region with the same theoretical curves overlaid. The left inset shows the
Brillouin zone with the relevant momenta and the path used for the plots. The right inset shows the energy bound near the K point computed
using the single-mode approximation of the QDM. (c), (d) Display inelastic neutron scattering data for K2Co(SeO3)2, taken from Refs. [18]
and [17], respectively. Note that the experimental plots have been cropped and rescaled to match the energy scales of the DMRG data shown
in (b).

proposed giant magnetocaloric effect relevant for millikelvin
cooling [26].

In our study, we combine large-scale density matrix
renormalization group (DMRG) simulations [27,28] with ana-
lytical approaches to investigate the dynamics and low-energy
excitations of the frustrated spin- 1

2 triangular-lattice XXZ
model at T = 0. Our main results show both quantitative
and qualitative agreement with neutron scattering data for
the low-energy excitations near the rotonlike minimum at the
M point, as shown in Fig. 1. Moreover, we find strong evi-
dence for gapless, photonlike transverse excitations near the �

point, as shown in Fig. 2. Our comprehensive approach, using
complementary methods, allows us to confidently establish
these features in the excitation spectrum while providing an
intuitive understanding of their microscopic origin.

II. MODEL

We consider the Hamiltonian for the spin- 1
2 XXZ model on

the triangular lattice in the frustrated Ising limit Jz � J⊥ > 0:

H = Jz

∑
〈i, j〉

Sz
i Sz

j + J⊥
∑
〈i, j〉

(
Sx

i Sx
j + Sy

i Sy
j

)
. (1)

The Hamiltonian has a U(1)×Z2 symmetry, which is the
remnant after anisotropy is introduced in the full SU(2)
Heisenberg point. The Z2 symmetry corresponds to flipping
the Sz operator, while the U(1) symmetry rotates the spins in
the XY plane. It has been argued according to Refs. [11,16,30]
that in the parameter regime 0 < J⊥/Jz < 1 the long-range
order of the XY type persists together with the translational
symmetry breaking, showcasing three sublattice order. If a
perpendicular magnetic field is included, −h

∑
i Sz

i , then a
1
3 -Neel state appears for larger values of the field beyond a
critical value of h∗ = 3(Jz + J⊥/2) and below the fully polar-
ized state. We will study the excitations of this Neel state in

Sec. V A and compare them to the zero-field case. Focusing
on this last one, we will reveal the microscopic origin of the
low-energy excitations and their relation to the ground-state
supersolid order.

III. SUMMARY OF MAIN RESULTS

In this section, we briefly discuss our main results shown
in Figs. 1 and 2.

Our numerical simulations are carried out within the matrix
product state (MPS) formalism and the DMRG algorithm. The
dynamical structure factor (DSF) as a function of momentum
and frequency is shown as a heat plot in Fig. 1; a more exhaus-
tive discussion of the numerics and experiments is presented
in Sec. IV. The different superimposed lines correspond to
the different analytical treatments we implement, as we will
discuss shortly. It is worth mentioning that we choose the
parameter values Jz = 3 meV, J⊥ = 0.2 meV relevant to the
experimental data of Ref. [17].

Our first main result is the excellent qualitative agreement
between our DMRG simulations of the XXZ model close
to the Ising point and the neutron scattering experiments.
Specifically, the low-energy branch displays a rotonlike min-
imum of the dispersion at the M point, with two maxima
at ω ≈ 2J⊥ appearing close to the midpoint between M and
�. The DMRG simulations reveal a strong maximum of the
DSF at the M point, with broad spectral weight close to the
M point that persists for frequencies up to 0.2Jz, as seen in
Fig. 1(b), which occurs for very small frequencies. Moreover,
the dispersion close to the � point is approximately linear,
although the spectral weight diminishes strongly as the �

point is approached. Experimentally, the diminishing weight
upon approaching � is observed, but the resolution only al-
lows one to see a linear momentum dependence at finite
momentum. Finally, we numerically observe a higher-energy
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FIG. 2. Static horizontal dimer structure factor calculated (a) for the ground state of the XXZ model (1) from DMRG simulations of a
simulate a 36×6 cylinder geometry with circumference L = 6, with bond dimension χ = 800, normalized and interpolated in momentum
space. (b) Dimer structure factor calculated exactly from the supersolid variational wave function of [31] with z = 0.925 and the mapping to
free Kasteleyn fermions. We have added in white the points where the structure factor diverges with system size.

Ising excitation branch at around ω ≈ Jz with a very flat
dispersion of bandwidth close to J⊥, as shown in Fig. 1(a),
concordant with the branch found in Ref. [17]. Our second
main result concerns the analytical approaches we imple-
ment to understand the physical origins of such dynamical
signatures. The lines shown Fig. 1 are calculated using
the Schwinger boson theory (SBT), the variational quantum
dimer model wave function (QDM), the effective staggered
boson model (ESBM), and linear spin-wave theory (LSWT).
Except for LSWT, all our methods capture the rotonlike
minimum of the dispersion at the M point. We find that the
two methods that have the best agreement with the DMRG
simulations are the QDM and SBT. The Schwinger boson
formalism decomposes an S = 1 quasiparticle into two S = 1

2
excitations. In linear spin-wave theory (LSWT), a spin flip
directly creates a single, S = 1 quasiparticle with a well-
defined dispersion. In contrast, within the Schwinger boson
theory (SBT), a flipped spin does not correspond to an el-
ementary excitation but to a composite object made of two
S = 1

2 spinons. As a result, the momentum and energy of a
simple spin flip can get redistributed into both constituents,
creating a continuum of scattering. In turn, the SBT shows
a linear dispersion near the � point, and the magnitudes of
the energies are shifted. The QDM is instead based on a
mapping of the Ising ground states onto dimer coverings of the
honeycomb lattice. As explained in detail in Sec. VI, a dimer
is placed at the midpoint of each frustrated bond of the original
triangular lattice; the end points of the dimer lie at the centers
of the triangles and form an auxiliary honeycomb lattice (see
Fig. 10). The Ising ground states satisfy one frustrated bond
per triangle, and are in this way mapped to hard-core dimer
coverings of the honeycomb lattice. This approach can access
the low-energy branch via a single-mode approximation as
a form of dimer density waves. Indeed, these quasiparticles,
which correspond to photonlike excitations, have also been
known to display vanishing spectral weight in the context of
quantum spin ice [32]. The QDM exhibits a linear dispersion
for finite momenta, but gives no information at the � point due
to the vanishing of the dimer structure factor for the supersolid
variational wave function presented in Sec. VI. Nevertheless,

together with knowledge of the symmetry-breaking pattern,
this can be used as a starting point to derive an effective field
theory, which we propose in Sec. VI D 3.

Another important result comes from comparing our vari-
ational supersolid wave function with the DMRG static
simulations. In particular, we calculate the dimer-dimer struc-
ture factor, as shown in Fig. 2, for horizontal dimers.
The dimer-dimer structure factor D(q) is defined as the
Fourier transform of the dimer density correlation function
〈nd

(ab)n
d
(cd )〉, with nd

(ab) equal to one (zero) if a dimer is present
(absent) in the (ab) bond with a, b sites of the auxiliary hon-
eycomb lattice. In terms of the original spins, this quantity
corresponds to a four-point correlation function of the form
〈Sz

aSz
bSz

cSz
d〉. There is a remarkable agreement between both

frameworks, specifically along the dimer direction, here qx.
Both frameworks show a vanishing weight along this line,
consistent with there being only transverse photonlike ex-
citations, as we will discuss in Sec. VI D. The maximum
weight displayed at the K, K ′ points is also well captured by
both approaches, indicative of the three-sublattice order in
the supersolid phase. The QDM approach additionally gives
an energy dispersion near K, K ′ points closely resembling
the experimental one, as shown when comparing the inset
of Fig. 1(c) with Fig. 15. Finally, we find a higher-energy
excitation branch within the DMRG simulations in Fig. 1(a) at
around ω ≈ Jz with a very flat dispersion of bandwidth close
to J⊥, which is captured analytically by the ESBM.

The remainder of the paper delves deeper into the de-
tails of each method. We detail our DMRG approach, along
with comparisons to relevant experimental measurements, in
Sec. IV, where we emphasize how the static and dynami-
cal spin structure factors provide striking signatures of the
supersolid phase. Next, in Sec. V, we turn to an analytical
hard-core boson framework that captures the interplay of
hole and particle excitations at finite field, before proposing
an effective staggered boson hopping model that reproduces
the major qualitative features of our full DMRG results.
Subsequently, we develop a Schwinger boson mean-field
description in Sec. V C, highlighting how fractionalized ex-
citations can yield a very similar dynamical structure factor as
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our DMRG methods. In Sec. VI, we derive a quantum dimer
model (QDM) formulation of the supersolid ground state and
demonstrate in Sec. VI D, via a single-mode approximation,
that both the dynamical spectra and the dimer structure factors
compare favorably with numerical simulations, emphasizing
the “photonlike” excitations that underpin the supersolid’s
emergent gauge structure. Finally, in Sec. VII, we summarize
our main conclusions.

IV. MATRIX PRODUCT STATE METHODS
AND EXPERIMENTAL COMPARISON

We use large-scale DMRG simulations [27,33], performed
with the tenpy library [28,34], to first calculate the ground
state of Eq. (1), and then, using the time-dependent variational
principle (TDVP) [35–37] to evolve our state. We use periodic
boundary conditions along the circumference Ly, resulting in a
cylinder geometry for the triangular lattice [20,21,38,39]. We
choose to have the maximum resolution across the �-M-� line
which we accomplish by identifying sites r and r + Lya2 +
na1 with a1 = (

√
3/2, 1/2), a2 = (1, 0) are the primitive vec-

tors of the Bravais lattice, and n is an integer (more on the
details of our DMRG methods can be found in Appendix A).
We find a DMRG ground-state approximation using a com-
bination of both infinite DMRG (iDMRG) and finite DMRG,
which we first characterize in terms of the static spin structure
factor.

A. Static spin structure factor

The static spin structure factor is defined as

S (q) = 〈
S(q) · 
S(−q)〉. (2)

We plot the results from DMRG1 and assume a ground state
in the zero magnetization sector for distinct anisotropy val-
ues in Fig. 3. We see from the DMRG results of Fig. 3
a smooth interpolation in the structure factor between the
Heisenberg point and the Ising limit consistent with previ-
ous studies [30,40]. The weight in-between the high-intensity
points gets redistributed to peak more strongly at the corners
of the Brillouin zone. Since the structure factor is calculated
from the ground-state wave function, we find that the ground
state is ordered at the wave vector K , when translated into
real space, this indicates a three-sublattice structure. We fur-
thermore confirm that such a result is consistent with the
neutron scattering experiment of Ref. [17] as shown in Fig. 4.
Both the experiment and the DMRG structure factor agree
on the three-sublattice ordering in the ground state. We now
focus on the anisotropy value of the experiment, which is
J⊥ = 0.2, Jz = 3. In Appendix A we show the perpendicular
and parallel structure factors and use their values at the K, K ′
points to find consistent agreement with the order-parameter
values of the supersolid phase found in Ref. [13]. Moreover,
we confirmed that allowing for a nonzero magnetization, the

1We note that using the finite version of DMRG, one needs to
adiabatically tune the anisotropy to reach convergence, while with
infinite DMRG (iDMRG), the result can be obtained without such
adiabatic tuning. We confirmed that both algorithms lead to the same
structure factor.

FIG. 3. Static spin structure factor obtained from DMRG for
different anisotropy values. We simulate a 18×6 cylinder geometry
with circumference L = 6, with bond dimensions up to χ = 512 for
(a), (b), (c) and circumference L = 6 length 24 for (d) with bond
dimension χ = 1000.

DMRG simulations capture the peak at the � point and a
transition to the 1

3 magnetization plateau, which is also seen
in experiments for low magnetic fields.

B. Dynamical spin structure factor

After establishing that the ground state has the three-
sublattice structure consistent with other Refs. [17,18], we
now focus on the excitation spectrum via the computation of
the dynamical structure factor (DSF) defined as

S (q, ω) =
∫

dt
∑

j

eiωt−iq·(r j−r jc )〈
S j (t ) · 
S jc (0)〉. (3)

The algorithm we use for the time evolution is the TDVP
method [35–37] with δt = 0.1/Jz and evolves for NT = 400
steps for Nx = 24, Ny = 6 cylinder with J⊥ = 0.2, Jz = 3 and
bond dimension χ = 800. One of the main results of this
paper, the dynamical spin structure factor along the �-M-�,

FIG. 4. Static structure factor comparison between our DMRG
ground state for a 24×6 cylinder geometry with circumference L = 6
and bond dimension up to χ = 800. A white rectangle was selected
to indicate the DMRG resolution for Jz = 3 meV, J⊥ = 0.2 meV. In
(b) we show the results of elastic neutron scattering of Ref. [17].
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FIG. 5. Dynamical spin structure factor of the spin- 1
2 XXZ model

calculated from the DMRG simulations with parameters as in Fig. 1
with Jz = 3 meV, J⊥ = 0.2 meV separated into the (a) Sz

i Sz
j and (b)

Sx
i Sx

j + Sy
i Sy

j contributions.

is shown in Fig. 1. We indeed confirm the presence of an Ising
excitation branch at ω ≈ Jz (see Fig. 1) for our model. Such an
excitation branch has its origin in the Ising energy of flipping
a spin with a finite mean field in the disordered triangular-
lattice ground state. Only the spins in the ground state with
zero mean field have zero cost of flipping, while the others
experience a field h ∝ Jz. Since such states are eigenstates of
the pure Ising Hamiltonian, we do not have any dispersion
of the energy if J⊥ = 0. This reasoning can also be tested
by looking at the different contributions to the DSF. If we
separate the parallel Sz

i Sz
j contribution from the perpendicular

Sx
i Sx

j + Sy
i Sy

j and plot each one separately, we obtain Fig. 5.
We observe that the spin-flipped high-energy Ising branch
has a strong perpendicular spectral weight. Meanwhile, the
parallel contribution carries a strong weight at the M point and
showcases it as the minimum of the dispersion. We see almost
vanishing dispersion close to � and a broader spectral weight
above M, which gives good agreement with the Schwinger
boson calculations of Sec. V C.

For finite J⊥ values but close to the Ising point, we ex-
pect the defect spins to hop and disperse within an energy
width �E ∝ J⊥, which we observe in Fig. 1. A more detailed
explanation of such excitations and the emergent lattice on
which they hop within the 1

3 magnetization plateau is given in
Sec. V A. The key message from this analysis is that intro-
ducing a finite J⊥ perturbatively leads to the emergence of
two distinct excitation branches. As we will show, two types
of spins can be flipped, an up spin and a down spin. The
up-spin flip operation corresponds to applying to the ground
state a S−

i ∝ bi operator, which one can think of as creating
a hole. Here, the up or down states are represented as oc-
cupied or unoccupied bosons. In contrast, flipping a down
spin corresponds to applying S+

i ∝ b†
i , which we identify as

creating a particle. The particle and hole branches are shown
in Fig. 6, where we rescaled our results to the energies from
the experimental plot of Ref. [17]. A remarkably good agree-
ment is seen for the particle (red) line, which has a width of
order J2

⊥/Jz. The hole excitations are effectively described by
hopping in an emergent honeycomb lattice and have a reduced
weight for certain branches due to the neutron scattering cross
section [22]. We further take inspiration from this model and
from a hard-core boson mean field to propose an effective
staggered boson model (ESBM) (Sec. V B), which gives qual-
itative agreement with the DMRG simulations as shown in the
turquoise dotted line of Fig. 1(a).

FIG. 6. Dynamical structure factor at finite magnetic field 0.1 T
from (a) the excitation spectrum using perturbation theory about the
UUD state and (b) the experiment of Ref. [17].

Focusing on the low-energy part of the spectrum, we ob-
serve a strong signal at the M point as shown in the heat
plot of Fig. 1(b). The spectral weight is maximum at the M
point in momentum space and at a frequency of approximately
ωM ≈ 0.3J⊥. Away from this momentum point, the maximum
in the spectral weight occurs for higher frequencies than ωM .
The intensity of the spectral weight is also reduced away from
the M point and continues decreasing down to the � point.
Such a feature will be seen again within the Schwinger boson
approach [white dashed line in Fig. 1(b)] in Sec. V C, it is
reminiscent of the vanishing weight for the photon in quantum
spin-ice models [32]. Indeed, as we will see in Sec. VI, by
using the single-mode approximation on the quantum dimer
model, there are transverse photonlike excitations with a very
similar dispersion [blue line in Fig. 1(b)]. The transverse na-
ture of such excitations at finite but small momentum can be
extracted from the dimer structure factor, and indeed, quan-
titative agreement between the DMRG ground state and the
QDM variational supersolid is seen in Fig. 2. We conclude
from such an analysis that the DMRG numerical results to-
gether with the QDM supersolid variational wave function and
the Schwinger boson mean-field theory agree on the minimum
at the M point, the qualitative low-energy excitation disper-
sion, and its spectrum weight.

Not only is such an agreement reached between our nu-
merical and analytical approaches, but it is also consistent
with the neutron scattering experiments of Refs. [18] and
[17] as shown in Figs. 1(d) and 1(c). The plots we present
here are taken from the inelastic neutron cross section of the
compound K2Co(SeO3)2 across the �-M-� line. We observe
that a pronounced minimum is seen at the M point, with a
strong spectral weight, while close to the � point, we have a
decreasing spectral weight. The broad features above the M
point seen in both experimental plots are consistent with the
picture of higher-energy excitations decomposing into the sin-
gle photonlike modes obtained from our supersolid variational
wave function or from the SBT perspective: they come from
fractionalized bosonic spinons.

In both cases, we see that the relevant scattering of the
neutrons occurs with emergent quasiparticles, leading to such
a broad continuum. Indeed, we also observe such a broad
persistent feature at higher energies from the DMRG sim-
ulations as seen in the persistent spectral weight extending
from ω ∝ J⊥ to ω ∝ 2J⊥. We further analyze the dynamical
structure factor at a fixed energy ω = J⊥. We take the XX
exchange energy since that is the observed energy scale for
the low-energy branch of excitations. The resulting DMRG

184423-5



FLORES-CALDERÓN, MOESSNER, AND POLLMANN PHYSICAL REVIEW B 112, 184423 (2025)

FIG. 7. Dynamical structure factor at the XX exchange fre-
quency ω = J⊥ = 0.2 meV, Jz = 3 meV for (a) our DMRG
simulations of a 24×6 cylinder geometry with circumference L = 6
and bond dimension up to χ = 800, a white rectangle was selected
to indicate the DMRG resolution. (b) Shows the elastic neutron
scattering of Ref. [17].

simulation and experimental comparison is shown in Fig. 7.
The spectral weight now has a pinch-point structure near the
M point and a strong weight at the K point. Both DMRG and
experimental data confirm that such pinch points are broad-
ened but follow the same kagomelike lattice with triangular
cells at the K point.

It is worth mentioning that simple linear spin-wave the-
ory fails to capture the previous dynamical structure factor
features. Indeed, LSWT around the 120◦ order, which is the
proposed ordering at the Heisenberg point J⊥ = Jz, is unstable
for 0 < J⊥ < Jz as we show in Appendix B 1. The instability
arises from regions in momentum space where the linear
spin-wave spectrum has imaginary energies. These unphysical
solutions imply the 120◦ state is not a stable ground state of
the model. Even the LSWT around the classical XXZ ground
states fails to capture the minimum of the spectrum at M.
Such an analysis was discussed already in [41]; we summarize
the relevant results in Appendix B 2 and plot the spectrum in
Fig. 1(b) as a dashed green line. Since linear spin-wave theory
does not capture the features of the DSF we can conclude that
there are strong interaction effects in the excitation bands.
In the following sections, we present our distinct analytical
approaches and their implications for the excitation spectrum
near the Ising limit of the triangular-lattice XXZ model in
Eq. (1).

V. MAPPING TO HARD-CORE AND SCHWINGER BOSONS

A fundamental mapping we exploit here is that of hard-
core bosons [42]; we will further make contact with the dimer
representation and previous literature on the XXZ [31,43]. We
substitute our spins for bosons via

S+
i = bi, S−

i = b†
i , Sz

i = 1/2 − b†
i bi, (4)

we further restrict to the occupation number ni = 0, 1, and
have [bi, b†

j] = δi j (1 − 2b†
i bi ); this can be implemented for

canonical bosons by adding the term HU = U
∑

i(b
†
i )2(b2

i )/2
and taking U → ∞ which will project the canonical bosons to
new bosons in the hard-core subspace. The rest of the Hamil-
tonian can be transformed to bosons by defining t = −J⊥/2

FIG. 8. Schematic of one UUD state for the 1
3 magnetization

plateau and its excitations for J⊥ � Jz. Black (white) circles denote
spin-up (-down) states of the original triangular lattice in black.
Hole excitations (blue) hop in the emergent blue honeycomb lattice
while hopping of particle excitations is suppressed by J2

⊥/Jz and
takes place in the supertriangular lattice (red). The three-sublattice
structure A, B,C is shown on the bottom right.

and V = Jz we then have

H =
∑
〈i j〉

[−t (b†
i b j + b†

jbi ) + V nin j] −
∑

i

(3V + h)ni, (5)

where we also added a magnetic field h. Instead of analyzing
the system directly at zero field, let us think first about how to
approach it from the finite field limit.

A. Excitation spectrum within the 1
3 magnetization plateau

For a strong longitudinal magnetic field, we expect to have
a fully spin-polarized ground state with all spins pointing up.
As the field is lowered, another phase with partially polarized
spins is encountered. We can understand this from the classi-
cal Ising Hamiltonian in a field defined as

Hz = Jz

∑
〈i j〉

Sz
i Sz

j − h
∑

i

Sz
i (6)

= Jz

4

∑
�

(
Sz

� − h

3Jz

)2

+ Ez
0, (7)

where we rearranged the terms in the last line and defined
Sz

� = ∑
i∈� Sz

i together with Ez
0 = −N�(3 Jz

16 + h2

36 ) and N�
as the number of elementary triangles. Now it is clear to
see that the ground state of such a Hamiltonian for small
but finite h has Sz

� = 1
2 for each elementary triangle. This

means we need two spins pointing up and one down; there
are three such up-up-down (UUD) states (|�i〉, i = 1, 2, 3),
reflecting the spontaneously broken translational symmetry to
a unit cell with now three sublattices. In Fig. 8, we depict in
black and white one such ground state. Let us denote the z
magnetization of the ground state per unit site as mz. For a
fully polarized state, we have mz = 1 while for the UUD state
we have mz = 1

3 . Since the state is a stable phase, we expect
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this value to persist for a finite interval of the magnetic field
strength. Indeed, this is the 1

3 magnetization plateau which is
observed experimentally as discussed in Refs. [17,18]. The
relevance of this phase is that experimentally the observed
supersolid phases appear for magnetic fields close to the 1

3
plateau. We deduce then that the low-energy excitations of this
phase must come down in energy and condense to form the
supersolid as a function of the magnetic field for a finite J⊥. In
the following, we study these excitations within perturbation
theory on J⊥. We then take intuition from the nature of these
excitations to construct an effective staggered boson model for
the supersolid state in the next section.

Two types of spins can be flipped. First, if one flips an up
spin (black), then in the boson language we have created a
hole |i,−〉 = bi|�1〉. It is easy to check, since the state is again
a product state, that the Hz energy with respect to the ground
state is �Eh = h. However, it is also possible to flip a down
spin (white), in which case we have a particle state |i,+〉 =
b†

i |�1〉, with excitation energy �Ep = 3Jz − h. From this, we
conclude that hole excitations have lower energy, and as the
magnetic field is increased, an energy crossing occurs at h ≈
3Jz for which both excitations will be degenerate in energy.

Turning now to the effect of the XX term we may calculate
the correction in energy to such excitations for small J⊥ from
HXX = J⊥

2

∑
〈i j〉(S

†
i S j + S†

j Si ). For the hole excitations |i,−〉,
we have, at first order in degenerate perturbation theory, that a
hopping process is possible. We can flip a neighboring black
spin with hopping amplitude J⊥/2, such that black spins form
an emergent honeycomb lattice depicted in blue in Fig. 8.

The problem of finding the energy correction becomes that
of diagonalizing 〈i,−|HXX | j,−〉, which we know can be done
in momentum space and results in the energy dispersion of
graphene ε�(k). The unit cell of the honeycomb lattice is
larger, and thus the graphenelike correction to the energy
will have a reduced Brillouin zone compared to the original
triangular lattice. In contrast, the hole excitations behave very
differently; first-order perturbation theory does not connect
such states as the down spins are separated by black spins.
As such, one needs to flip first a black spin down and then flip
it back to move the particle excitation. Mathematically, we
have to go to second order in perturbation theory; such a su-
perexchange gives us that the correction to the energy comes
from hopping in the supertriangular lattice (red) in Fig. 8,
suppressed by J2

⊥/Jz. We show both particle and hole branches
of the excitation energy spectrum in Fig. 19(a), where we
approximate the particle energy to be flat. For the parameter
values relevant to the experiment, we observe a very good
agreement. Nevertheless, one of the honeycomb dispersion
branches is absent, as has been noted before [22]. The reason
for this comes from the experimental neutron measurements
projecting into only one branch.

B. Effective staggered boson hopping model (ESBM)

Although the previous analysis describes quite well the
excitations above the UUD state, we note that such an analysis
is strictly valid for the model of Eq. (6) only at finite h
since the zero field limit is disordered. Nevertheless, we may
suggest that the zero-field model of Eq. (1) may perhaps host
similar features to the finite field model for small enough J⊥.

In this case, let us consider that the three-sublattice structure
persists and motivate an effective model from a mean-field
perspective on the hard-core boson model (5). We label sites
of the triangular lattice by λ = A, B,C, as shown in Fig. 8.
Small fluctuations around an unknown mean-field value re-
sult in nin j ≈ 〈ni〉n j + ni〈n j〉 − 〈ni〉〈n j〉 where we reexpress
the hard-core boson Hamiltonian terms with such values and
assume 〈nl̃B〉 = 〈nl̃C〉 = μ̃2, 〈nl̃A〉 = μ̃1 for all l̃ sites of the
three-sublattice unit cell. The effective staggered boson model
is

Heff = −t
∑
〈i j〉

(b†
i b j + b†

jbi ) −
∑

l̃

μ2(nl̃B + nl̃C ) + μ1nl̃A.

(8)

We defined μ1 = 6V μ̃2 − 3V − h and μ2 = 3V (μ̃1 + μ̃2 −
3V − h). As an effective model, we can think of the parame-
ters μ1, μ2 as tunable and wonder when the spectrum matches
the previously calculated dynamical structure factor plots. The
resulting values which generate the plot of Fig. 1 turn out to
be 〈nA〉 = 0.525, 〈nB〉 = 〈nC〉 = 0.83. Further comparison to
the previous UUD state spectrum and details of the previous
calculation are given in Appendix C. This indicates, from a
different perspective, that the system indeed chooses a three-
sublattice ordering with two sublattices having approximately
the same occupation and one with slightly lower occupation.
From the supersolid perspective, such a sublattice has a dis-
tinct center spin. Importantly, we remark here that not only
is there a good agreement with the dynamical structure factor
shown in Fig. 1 along the �-M-� line, but we also find gapless
excitations at the K point as shown in the Appendix. Such
low-energy excitations are consistent with the experimental
results of Ref. [17] as seen in the inset of Fig. 1(d).

C. Schwinger boson self-consistent mean-field theory (SBT)

To go beyond the simple LSWT result, we must take into
account the correlations of the underlying low-energy degrees
of freedom. One approach that takes into account interactions
already at the mean-field level is using Schwinger bosons.
In this representation, we can capture the interaction effects
of the magnons and naturally describe fractionalization. We
follow the Schwinger boson approach of Refs. [44–48]. The
quantum spin decomposes into a multiplication of spinon
bosonic operators φi with an occupation constraining the size
of the local Hilbert space, in equations


Si = 1
2φ

†
is 
σss′φis′ , (9)

[φ†
is, φ js′ ] = δss′δi, j,

∑
s

φ
†
isφis = 2S. (10)

The last constraint makes the Hilbert space of the right di-
mension, and we consider in the following S = 1

2 . We may
substitute in the original spin Hamiltonian to obtain a quartic
interaction. To interpret the mean field, it is convenient to
define first the bond operators

Âi j = 1
2φi(iσ

y)φ j, (11)

B̂i j = 1
2φiφ

†
j , (12)

D̂i j = i
2φi(σ

ziσ y)φ j . (13)
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We interpret the first operator as an operator detecting an-
tiferromagnetic correlations, while B detects ferromagnetic
correlations, and the last operator comes from the anisotropic
interactions since it disappears for the Heisenberg limit. Using
the boson particle constraint and defining the normal ordering
operation with double dots, we can express the Hamiltonian
exactly as

H = 1

2

∑
〈i j〉

[
(J⊥ + Jz )(: B̂†

i j B̂i j : −Â†
i j Âi j )

− (J⊥ − Jz )(S2 − 2D̂†
i j D̂i j )

]
. (14)

We may now do a mean-field analysis by considering
expectation values of the bond operators such that the Hamil-
tonian becomes quadratic in the Schwinger boson operators.
Mathematically, we consider X̂ †

i j X̂i j ≈ 〈X̂ †
i j〉X̂i j + X̂ †

i j〈X̂i j〉 −
〈X̂ †

i j〉〈X̂i j〉, where X = A, B, D; we further assume transla-
tional symmetry for the three distinct bonds of the triangular
lattice, meaning Xi j → Xδ. In Appendix D, we calculate
the dispersion from going to momentum space and apply-
ing a Bogoliubov transformation. The values of the mean
field are calculated similarly to superconductors, where we
numerically solve the self-consistent gap equation for each
order A, B, D. Since each of these operators represents a
different mean-field ground state, solving the coupled gap
equations is akin to an intertwined charge density wave and
superconducting order. Because of this, there exist multiple
instabilities, and we focus on the calculation which con-
verges for J⊥ = 0.2, Jz = 3. The resulting energy dispersion
along the �-M-� line is plotted as a dashed line denoting
Schwinger boson theory (SBT) in Fig. 1. The magnitude of
the energy can change dramatically depending on how the
constraints imposed on the bond operators are handled. An
example comes with the A, B operators, which satisfy always
:B†

i jBi j : +A†
i jAi j = S2 because of the commutation relations

and the constraint imposed on the φi spinons. If one uses the
constraint in the Heisenberg model to express everything in
terms of only the A operators, it has been shown [45–48] that
the energy differs from the one calculated with both the A, B
operators by the exchange constant in front of the Heisenberg
case Jz = J⊥. In our case, we use both A, B operators but
reduce the anisotropic complexity by using the occupation
constraint to have only one D operator. To compare with the
other methods, we divide by the exchange constant in front
of this operator Jz-J⊥ and we plot this rescaled dispersion in
Fig. 1. Indeed, we find a minimum at the M point and a linear
dispersion near the � point. Additionally, the dispersion can
be evaluated directly to find gapless excitations at the K point.
We can go further and calculate directly the dynamical spin
structure factor, at least for the z component of spin, as shown
in Ref. [48]; indeed, the general expression is

Szz(k, ω) = 1

4N

∑
q

w(k, q)δ[ω − (ωq↑ + ωk−q↓)], (15)

where w(k, q) = (uqvk+q − uk+qvq)2 and the weights uq, vq
come from the Bogoliubov transformation. The result is plot-
ted in Fig. 9, where we find again a minimum at the M point
and a gapless � point as seen also in the DMRG simulations.

FIG. 9. Sz dynamical spin structure factor from Schwinger boson
mean-field theory for Jz = 3 meV, J⊥ = 0.2 meV.

The comparison can be done directly since the DMRG sim-
ulations allow us to get the z component directly as plotted
in the Appendix A in Fig. 18(c). Astonishingly, we find both
the Schwinger boson mean-field theory and the DMRG simu-
lations show a bright spot at the M-point minimum, together
with a decreased intensity as we approach the � point. Such
a decreased spectral weight has been seen in experiments as
shown in Figs. 1(c) and 1(d). It also appears in the three-
dimensional case of quantum spin ice, where this has been
interpreted as a signal for the emergent photons. As we will
see in the next section, such an interpretation can be followed
for our case if we employ the quantum dimer formulation. We
will find that there exist transverse photonlike excited states
described by a single-mode approximation from a variational
supersolid wave function.

VI. QUANTUM DIMER MODEL (QDM) AND THE
VARIATIONAL SUPERSOLID WAVE FUNCTION

We are interested in the properties of the XXZ model of
Eq. (1) close to the Ising limit where Jz � J⊥. In the pure
Ising limit, the model reduces to the antiferromagnetic Ising
model on the triangular lattice. As is well known, the ground
state of such a model is disordered due to the triangular-lattice
frustration. The correlation functions of the Ising spins have
algebraic decay as shown by Wannier in 1950 [49]. Of rele-
vance to us is the Ising ground-state manifold since for small
J⊥ we expect perturbations to act within this space only. Gen-
erally, they will lift the degeneracy and select an ordered state
via a quantum order-by-disorder mechanism. In the following,
we will argue that the variational supersolid wave function
discussed in previous studies [31,43] also captures the low-
energy properties as well as the nature of the correlations.
Indeed, as hinted at in the Introduction, we will first map
the Ising ground-state manifold to hard-core dimer coverings
of the honeycomb lattice; an example covering is shown in
Fig. 10 and the upper right hexagon in Fig. 11. The structure
of this manifold will reveal an emergent Gauss law, which,
for a translation-invariant variational wave function composed
of the equal-weight superposition of all dimer coverings, will
lead to a dimer-dimer structure factor exhibiting a character-
istic pinch-point singularity in momentum space as shown in
Fig. 12(b). Such a singularity, well known from the theory
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FIG. 10. Example of one possible hard-core dimer covering of
the honeycomb lattice within a triangular lattice. The white (black)
circles represent the down (up) Ising spins. We have denoted the
honeycomb lattice bonds with a black dashed line and dimers in red.
A dimer is placed for every frustrated bond. The antiferromagnetic
Ising ground-state manifold in the original triangular lattice maps to
all such hard-core dimer coverings on the dashed honeycomb lattice.

of classical spin liquids [50–56], occurs when the intensity
along the transverse (longitudinal) direction is maximal (min-
imal). In turn, only transverse correlations are present while
longitudinal ones are suppressed. We will find that when the
supersolid variational wave function is considered, a small
spontaneous translational symmetry-breaking parameter will

FIG. 11. Honeycomb lattice for the dimer model representation
of the XXZ model in the triangular lattice; we use the convention
of Ref. [31]. We show the triangular-lattice vectors in black and the
variational wave-function wave vectors showcasing three-sublattice
ordering in red. The arrows correspond to a given Kasteleyn ori-
entation. We name the six sublattices according to the small black
bottom-right hexagon. The labels I,II,III denote the three symmetry-
inequivalent hexagons under the three-sublattice ordering. The red
lines have a weight of z while the blue lines have a weight of 1.

gap the pinch point while allowing only for transverselike
excitations.

A. Ising GS manifold

The antiferromagnetic Ising GS manifold in the triangular
lattice is characterized by triangles with only one frustrated
bond being ferromagnetic. One can move from one degenerate
ground state to another by flipping a spin that has no net field
since that is a zero-energy move. Since we know the ferro-
magnetic bonds are rare but always present, it makes sense
to adopt a formalism that incorporates them directly. Indeed,
one can better understand the Ising ground-state manifold by
mapping it to a dimer model. For every frustrated bond, we
put a dimer at the midpoint perpendicular to the bond, as seen
for a specific configuration in Fig. 10. The end points of the
dimers will then form a honeycomb lattice, which is depicted
with dashed lines. If we focus on the ground state, it will
have the minimum number of frustrated bonds possible. As
such, each dimer end point in the ground state will touch only
one site of the honeycomb lattice. We can then identify the
low-energy space of the Ising Hamiltonian as the hard-core
dimer coverings of the honeycomb lattice.

The low-energy theory for the extensively degenerate Ising
GS manifold can be easily shown by going to alternating
variables defined as Bi(x) = σx[ni(x) − 1

3 ] where σx = ±1 for
A, B sublattices of the honeycomb lattice; here ni(x) with
i = 1, 2, 3 is the dimer occupation between sites x and x +
δi. The hard-core dimer constraint manifests as

∑
i ni(x) +

ni(x − δi ) = 1 which in the new variables implies an emergent
Gauss law

∇ · B = 0. (16)

B. Dimer resonance from perturbation theory

For finite J⊥ we consider the effective Hamiltonian from
first-order perturbation theory. This will be given by the pro-
cesses that flip two neighboring spins such that the hard-core
dimer constraint is respected. In dimer language, we have

H.c.

(17)

In contrast, when we consider a transverse field, we only have
to lowest order single-hexagon resonances. The extra structure
from the nearest-neighbor flips will contribute to the minima
observed at the M point.

C. Supersolid variational wave function

We now review the supersolid wave function that was pro-
posed for the XXZ model of Eq. (1) in Refs. [31,43]. First,
from the perspective of the hard-core bosons, we see that to
get a superfluid wave function |�〉, we need a finite expec-
tation value 〈�|bi|�〉 �= 0. Such a requirement in the dimer
language amounts to the presence of dimer configurations
with one elementary plaquette of the lattice having an alter-
nating dimer occupancy, which we call a flippable plaquette.
The natural wave function to postulate is an equal-weight su-
perposition of all hard-core dimer coverings of the honeycomb
lattice; this is the Rohksar-Kivelson (RK) wave function. Such
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an idea goes back to Anderson’s resonating valence bond
(RVB) state from 1973, which features an incompressible
quantum liquid [57], as he revisited it in the context of a
mechanism for high-temperature superconductivity in 1987
[58]. The Rokhsar-Kivelson model, postulated in 1988 [59],
recognizes the previously mentioned wave function as the
U(1) quantum spin-liquid ground state of a quantum dimer
model Hamiltonian at the RK point. We denote each hard-core
covering by C and its corresponding state in the Hilbert space
by |C〉. Now, such a state has full translational symmetry,
while we are interested in a supersolid with a broken trans-
lational symmetry. Since we know that the Bragg peaks are at
the K, K ′ points, it is natural to think of a wave function with a
unit cell that allows the original crystal momentum vectors of
K, K ′ to be folded down to the new � point. The easiest way
to implement this is to change the weights such that they are
positive and reflect this pattern. We then define the supersolid
variational wave function as

|�〉 =
∑
C

φ(C)|C〉, Z =
∑
C

W (C), (18)

P(C) = W (C)/Z, φ(C) =
√

P(C). (19)

The weights W (C) are shown in Fig. 11. The red or blue
colors represent the wab = z and wab = 1 weight for each
dimer, respectively. The weight z is found by minimizing the
expectation value of 〈�|Heff|�〉/〈�|�〉. Indeed, this was
done by the authors of Ref. [31] where they found the min-
imum occurred for z = 0.9250; we use this value in the
following. Since we are still summing over hard-core dimer
coverings, we expect still flippable plaquettes to be present
and in this way 〈�|bi|�〉 �= 0. Now we would like to under-
stand the excitations above this ground state; for this, we use
the single-mode approximation (SMA).

D. Single-mode approximation

The SMA was originally introduced by Feynman in 1954
to investigate the collective excitations of superfluid He4 [60];
its use has been widely applied to various systems including
cold-atom systems, BCS-BEC crossover, phonons in crystals,
metals, quantum spins, and fractional quantum Hall systems
[61–69]. The spirit of the approximation relies on noticing that
for a quantum harmonic oscillator the first excited state can
be constructed by multiplying by the position operator since
x̂ ∝ a + a†. This creates an orthogonal state to the ground
state, as the average position of the ground state is zero. For
a superfluid, the particle density and phase operators satisfy
analogous position-momentum commutation relations. Thus,
it is instructive to consider the wave function with an applied
density operator on the ground state as a possible low-energy
excitation. In our case this corresponds to ni(R)|�〉. Let us de-
fine for convenience the operator σ x

τ (R) = 2nτ̂ (R) − 1 = ±1,
minus when the dimer in the τ = 1, 2, 3 direction of the unit
cell located at R is unoccupied and plus for occupied, where R
lives in the original triangular lattice R = la1 + ka2. We show
an example of the values of this operator in Fig. 11, where
the red bonds of the honeycomb lattice that are occupied by
dimers lead to σ x

τ = +1. Now we expect the Fourier modes to

be the relevant decoupled modes, so we define

σ̃ x
τ̂ (q) = 1√

N

∑
R

σ x
τ̂ (R)eiq·R, (20)

where N is the number of lattice sites. A candidate for a low-
energy excited state becomes

|q, τ 〉 = σ̃ x
τ̂ (q)|�〉. (21)

The energy of this excitation will not necessarily match the
true lowest excitation energy, which we call E (q, τ̂ ). Never-
theless, as long as the excitation is orthogonal to the ground
state, the energy of our candidate wave function will act as an
upper bound to E (q, τ̂ ). To calculate the variational energy of
our state, we first define the norm of our candidate excitation
as Dτ (q) = 〈q, τ |q, τ 〉. This quantity will also turn out to be
the dimer-dimer structure factor. Next, we need the expecta-
tion value of the effective Hamiltonian 〈q, τ |Heff|q, τ 〉. For
computing this expectation value, it is better to rewrite this in
terms of commutators

E (q, τ̂ ) � 1

2

〈�|[σ̃ x
τ̂ (−q),

[
Heff, σ̃

x
τ̂ (q)

]]|�〉
〈�|σ̃ x

τ̂ (−q)σ̃ x
τ̂ (q)|�〉 ≡ 1

2

fτ (q)

Dτ (q)
,

(22)

where fτ (q) is called the oscillator strength. In the following,
we calculate both quantities separately, starting with the oscil-
lator strength.

1. Oscillator strength

We calculate the numerator of the SMA energy by using
the commutator [σ±, σ x] = ∓2σ± and expressing all reso-
nance operators from Eq. (18) in terms of σ±. As shown
in Appendix F, this depends on z, but for the lowest-order
contribution where z ≈ 1, we can write

f3(q) = 4|E0|
3N

(∣∣eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1
∣∣2

+ 4 sin2(q · a2) + ∣∣1 + eiq·(a1−a2 )

− eiq·(a1−2a2 ) − e−iq·a2
∣∣2)

, (23)

where we assumed the resonance operators along all nearest-
neighbor directions have all the same expectation value to
first order in 1 − z for the variational wave function, so that
the oscillator strengths turn out to be proportional to the
minimized energy per site |E0|/N = 0.1377J⊥ which we take
from Ref. [31]. The form of the oscillator strength in other
directions is shown in the Appendix F.

Before calculating the structure factor, let us mention that
the oscillator strength has a gapless zero line from � to M
for the τ = 3 dimers. Such a line also appears for the square-
lattice dimer model with single-plaquette resonances. In that
case for the dimers in the τ = x̂ direction there is a conserved
quantity σ x

τ (q0) with q0 = (qx, π ) so f (q0) = 0 and the oscil-
lator strength for q0 + k has the form f (q0 + k) ∝ (k × τ̂ )2.

In our case we also find that the quantum dynamics creates
and destroys pairs of dimers, and hence for τ = x̂ = 3̂ we
find that σ x

τ (q0) is conserved with q0 = (qx, 0) we can expand
to obtain (assuming resonances have approximately the same

184423-10



UNCONVENTIONAL SPIN DYNAMICS AND SUPERSOLID … PHYSICAL REVIEW B 112, 184423 (2025)

expectation value)

fτ̂=x̂(q0 + k) ∝ (k × τ̂ )2 + O(|k|3). (24)

2. Dimer structure factor

Next, we calculate the denominator of Eq. (23), which is
given by the dimer structure factor as can be seen by reex-
pressing the σ x correlator in terms of the occupations in real
space. We end up needing to calculate the Fourier transform
of

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉
= 4〈�|nτ̂ (R1)nτ̂ (R2)|�〉 − 2〈�|nτ̂ (R1)|�〉

− 2〈�|nτ̂ (R2)|�〉 + 1. (25)

Since we are first treating the t > 0 model (we will use the
unitary mapping from Ref. [43] to convert to the frustrated
regime), we can calculate the correlation functions from clas-
sical dimer models. Any planar graph close-packed classical
dimer model can be solved in terms of Pfaffians via Kaste-
leyn’s theorem. In more modern language, one can invoke
fermionic variables that represent the hard-core dimers. In this
case, we have a free-fermion action:

Z =
∣∣∣∣
∫

Dψ eS

∣∣∣∣, S = 1

2

∑
ab

ψaKabψb, (26)

where the so-called Kasteleyn fermions live in the sites of
the honeycomb lattice ψa, where a, b label the sites of the
honeycomb lattice. Kab is known as the Kasteleyn matrix and
is defined in terms of the dimer model weights or fugacities
wab, where W (C) = ∏

covered〈a,b〉 wab, a chosen orientation of
the bonds in the lattice also known as a Kasteleyn orientation.
This orientation needs to satisfy that when traversing clock-
wise, each elementary plaquette of the lattice, here hexagons,
has an odd number of arrows in the clockwise direction. For
the variational wave function exhibiting supersolid order, we
have wab is z or 1, and the Kasteleyn orientation is taken as
in Fig. 11. The Kasteleyn matrix entries are then defined as
Kab = wab if an arrow goes from a to b and Kab = −wab if it
goes from b to a instead.

The correspondence for correlation functions says that we
should replace nab → Kabψaψb. To write the positions of the
fermions we rename r1 = R1 + τA since then we can identify
τ = 1, 2, 3 with the bonds of the honeycomb δ1, δ2, δ3 point-
ing away from the site. We note that the mapping to fermions
fails for correlations of the double occupancy 〈n2

τ (R)〉. In this
case, we need to add the occupations by hand, which will
result in a constant shift of the values for the structure factor
as a function of momentum.

The full structure factor from just the fermionic map-
ping is given by D(q) = Dc(q) + Dd (q), where Dd (q) is the
disconnected structure factor. We used Wick’s theorem to
decompose the four-point fermion correlator in terms of two-
point correlators. It has the general form Dd (q) ∝ Nδq,G +
cte. The connected part of the structure factor is given by
the polarization bubble of the Kasteleyn fermions, in diagram-
matic form it is shown in Fig. 13, and the explicit expression is
shown in Appendix C. Performing the corresponding integrals
in momentum space for horizontal dimers, we obtain as a main
result the plot of Fig. 2, where we also plot the dimer structure

FIG. 12. Connected component of the structure factor for the
τ = 3 bonds Dc(q) for (a) z = 0.9250 and (b) z = 1 corresponding
to the supersolid variational wave function and RK honeycomb wave
function, respectively.

factor from our DMRG wave function. We see a remarkably
good agreement between the two distinct methods. Indeed,
both methods show zero weight for wave vectors propagating
parallel to the dimers, meaning (qx, 0). This is consistent with
the vanishing found for the oscillator strength for the same
momentum line, necessary so that there is no line of gapless
excitations. Moreover, there is a region where the structure
factor weight is very close to zero (shown in black) between
the K and K ′ points with both methods. The main intensity
peaks are at � and the K, K ′ points, as suspected since the
variational wave function has the three-sublattice structure;
nevertheless, this is not explicitly so with the DMRG, yet we
also see a peak at these wave vectors. Otherwise, the intensity
increase is mainly seen in the transverse direction, meaning
for crystal momentum perpendicular to the dimers. The struc-
ture of the excitations from the SMA is therefore reminiscent
of photons with only transverse propagation. Nevertheless, it
is worth noting that this pinch-point structure is an emergent
feature that appears for a momentum not arbitrarily close to
zero but only above the small parameter 1 − z.

This can be seen more clearly by comparing the connected
dimer structure factor of both the supersolid wave function
and the Rohksar-Kivelson (RK) wave function, as shown in
Fig. 12. The RK wave function shown in Fig. 1(b) has the
pinch-point singularity for arbitrarily small momentum, while

FIG. 13. Feynman diagram representing the connected part of
the dimer structure factor for the supersolid variational wave func-
tion. The mapping to Kasteleyn fermions leads to the form of a
polarization bubble with external momentum q. We emphasize that,
in contrast to usual diagrams, there is no frequency summation since
we have classical fermions.
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FIG. 14. (a) Connected component of the structure factor for the
τ = 1 bonds Dc(q) for the z = 0.9250 variational wave function. (b)
Cuts along the original BZ.

this singularity is cut off for the supersolid wave function at a
very small but finite momentum of the order 1 − z. Another
notable difference is the reduced peak at K, K ′, which can
be understood since the RK wave function sits at the border
of two distinct crystalline phases; this implies the presence
of gapless pi0n modes, a term coined in Ref. [70], indicat-
ing the incipient order. For the supersolid variational wave
function of Eq. (19), the symmetry is explicitly broken, and
the logarithmic divergence found for the RK point becomes
a full extensive divergence present in the disconnected dimer
structure factor. Finally, we note that the same analysis holds
for the dimer structure factor along different directions, for
example, τ = 1 dimers as shown in Fig. 14. Since the dimer
direction is changed, we now have only transverse correlations
along the perpendicular direction to the dimers as seen in
panel Fig. 14(a). Meanwhile, for a momentum path through
the �-M points, we get a finite structure factor going to zero
at the � point and a maximum at K, K ′ as seen in Figs. 14(b)
and 14(c). This will become the finite-energy excitations, and
at the M point, a rotonlike minimum will emerge as shown in
the next section.

3. Variational energy bound and effective field theory

The analysis from the previous sections can be combined
now to calculate the variational energy along the q0 = (qx, 0)
line. As can be seen from Fig. 2 or 12, this line has zero
structure factor for the horizontal τ = 3 dimers. This implies
that the wave function στ=3(q)|�〉 is not a normalizable state.
We can conclude, then, that there are no collective dimer
density excitations that propagate parallel to the horizontal
dimer direction. In other words, because of the proximity to
the RK wave function, we have that there are only transverse
density fluctuations near q = 0. Nevertheless, for τ = 1, 2
we can consider the same line, which will now have a finite
structure factor. Because of this, there will be finite-energy
excitations. Since the oscillator strength has a minimum at
the M point, we also have such a feature as shown in Fig. 1
in blue. This minimum corresponds to a finite-momentum
dimer density excitation which resembles the roton minimum
of superfluid He4. We also present here the result along the
�-K-K ′ line in Fig. 15. The vertical red line indicates the jump
to the divergent contribution coming from the disconnected

FIG. 15. SMA energies for the variational wave function with
z = 0.9250 the momentum cut goes through the K and K ′ points.
The disconnected component of the structure factor gives a divergent
contribution to K, K ′, � indicated as red lines.

part of the dimer structure factor. Such a gap is actually
also seen in experiments, as can be noted from the inset of
Fig. 1(d).

For the RK wave function with z = 1 and dimers in the
τ = 1 direction, D(qx, 0) takes a constant value with a discon-
tinuous behavior at � where it goes to another constant. Since
the oscillator strength depends quadratically on momentum
as shown in Eq. (25), the dispersion of the excitation is of
the form ωRK = ck2. This is indeed what has been found in
the original RK paper [59] for the square lattice and later
generalizations [70]. At the level of an effective action, this
corresponds to [70]

S =
∫

d2x dt[(∂t A)2 − ρ2(∇×A)2 − ρ4(∇×∇×A)2],

(27)

where we defined the emergent electromagnetic potential A =
ϕẑ determining B = ∇×A and ϕ the height field. The height
field is introduced in two-dimensional (2D) dimer models as
an integer-valued field defined on the dual lattice. The changes
of height around any given site are zero, and the height change
between plaquettes depends on the presence or absence of
a dimer. B is the emergent magnetic field introduced at the
beginning of this section, satisfying a Gauss law, characteristic
of most classical spin liquids [50–56,71,72]. The RK point has
the peculiarity that ρ2 = 0, resulting in the quadratic disper-
sion mentioned before.

In our case, for z �= 1 we instead have the connected com-
ponent vanishing at � and a crossover between a quadratic
dependence and a linear behavior as a function of momentum
along the q0 = (qx, 0) line. Indeed, the change in behavior
is linked to the center black region of Fig. 2, which has a
radius proportional to 1 − z ≈ 0.08, we know that for z = 1
there is a pinch-point singularity. It is clear then that for a
region of momentum that is farther than 1 − z but close to �

the dispersion can be calculated from the oscillator strength
which goes like (k×τ )2 and the structure factor with a linear
dependence ∝ |k| so that there are only transverse excitations
with SMA energy ω⊥ � c |k|. The effective action related
to this transverse mode is Sϕ = ∫

d2xdt (∂tϕ)2 + ρ2(∇ϕ)2 −
gcos(2πϕ) + ρ4(∇2ϕ)2, where a pinning field term with cou-
pling g was introduced as it is relevant in the renormalization
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group (RG) sense for d = (2 + 1) dimensions. The micro-
scopic origin of the pinning term comes from the integer
valuedness of the height field.

For a complete effective field theory, we may also
include the three-sublattice ordering, which, following
Refs. [73,74], is characterized by an order parameter
ψ (r, t ) = eiθ (r,t )|ψ (r, t )| = ∑

i mz
i e

iK·Ri where mz
i is the lo-

cal magnetization in the unit cell r for the three-sublattice
sites Ri, i = 1, 2, 3. Here we have summed over positions
for a fixed wave vector K since that is the relevant three-
sublattice wave vector where we expect ordering. Moreover,
for an ordered phase, there will be a finite magnetization;
therefore, fluctuations in the magnitude |ψ (r, t )| will be small
and can be neglected when compared to fluctuations in the
phase, coming from the θ (r, t ) field. From a symmetry ap-
proach, similar to Refs. [73,74], we expect an action of the
form Sθ = ∫

d2xdt g1(∂tθ )2 + g2(∇θ )2 − λ cos(6θ ). The first
two terms come from space-time fluctuations of θ , while
the last term allows for pinning of the phase into six min-
ima, which is the lowest-order symmetry-allowed coupling
between the magnitude and the phase, here λ ∝ |ψ |6. Ad-
ditionally, the supersolid variational wave function, just like
the RK wave function, is composed of a superposition of
all hard-core dimer coverings; thus, it will have a nonzero
expectation value of flipping a plaquette. In the language of
the hard-core bosons in the original triangular lattice, this
means 〈�|bi|�〉 = cte, which implies XY ordering of the
spins. The goldstone boson φ associated to the spontaneous
U(1) symmetry breaking will contribute to lowest order in
the field with a free action, so that the total effective action
is now

S =
∫

d2xdt[g1(∂tθ )2 + g2(∇θ ) − λ cos(6θ )

+ (∂tϕ)2 + ρ2(∇ϕ)2 − gcos(2πϕ) + ρ4(∇2ϕ)2

+ (∂tφ)2 + ρ0(∇φ)2 + ∂tθ∂tϕ + ∇θ · ∇ϕ + · · · )].

(28)

In terms of the RK field theory, this shows a nonzero ρ2.
We additionally added some symmetry-allowed couplings be-
tween the θ and ϕ modes, although more couplings mixing the
fields are in principle possible. The nature of the transitions as
a function of magnetic field or further neighbor interactions is
the subject of future work.

VII. CONCLUSIONS AND OUTLOOK

In this work, we have thoroughly analyzed the excita-
tion spectrum of the triangular-lattice XXZ model close to
the Ising point. Our study provides a comprehensive and
unified description of the supersolid phase by combining nu-
merical simulations with multiple complementary analytical
techniques. Our matrix product state (DMRG) simulations
robustly capture the emergence of a three-sublattice ordered
ground state, as evidenced by pronounced peaks in the static
spin structure factor, and reveal a rich dynamical spectrum
marked by a distinctive rotonlike energy minimum at the M
point and photonlike transverse excitations near the � point.
These findings are reinforced by complementary analytical

treatments: perturbative expansions around the Ising limit ex-
pose emergent graphenelike dispersions for hole excitations,
while our effective staggered boson hopping model quantita-
tively reproduces the DMRG-calculated dynamical features.
In addition, the Schwinger boson self-consistent mean-field
approach and a variational quantum dimer model analyzed via
the single-mode approximation offer independent confirma-
tion of the low-energy spectral properties. Consistently, the
QDM and DMRG simulations yield nearly identical dimer
structure factors, both displaying pronounced transverse pho-
tonlike excitations.

The excellent quantitative and qualitative agreement
among these varied methodologies not only substantiates the
microscopic mechanisms driving the coexistence of crys-
talline and superfluid orders but also reconciles our theoretical
predictions with recent inelastic neutron scattering experi-
ments. By demonstrating that our effective models capture
both the subtle interplay of anisotropic interactions and
quantum fluctuations, as well as the emergent low-energy
excitations inherent to frustrated magnetic systems, our work
solidifies the understanding of supersolidity in quantum mag-
nets.

The observed agreement in both the ground-state and
low-lying excitations may well persist to higher energies. In
particular, the QDM model may be suitable for understanding
the excitation branch at the Ising energy for zero magnetic
field, a subject of future work. Furthermore, another inter-
esting direction to continue is to study the transition out of
the supersolid phase into a U(1) symmetric or a translational
invariant state. In the continuum, this has been linked to a dual
critical vector-tensor gauge theory [75], which may be linked
to the experimentally observed second-order phase transition
at finite temperature and finite magnetic field. Finally, our
methods could also be used to investigate the microscopic
origin of the reentrant high-field supersolid phase observed
in Ref. [17].
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FIG. 16. Static structure factor from the matrix product state
wave function of N = 36×6 with χ = 800 calculated with DMRG
for Jz = 3, J⊥ = 0.2. (a) z component of the structure factor de-
fined as the equal-time Fourier transform of the correlation function
〈Sz

i Sz
j〉. (b) ⊥ component of the structure factor defined as the equal-

time Fourier transform of the correlation function 〈Sx
i Sx

j + Sy
i Sy

j 〉.

APPENDIX A: DETAILS ON THE DMRG TIME
EVOLUTION AND DMRG

The ground-state wave function was found using both
iDMRG and finite DMRG, for cylinders with periodic y di-
rection. We observed a Bragg peak of the z component of the
structure factor at the K, K ′ vectors as shown in Fig. 16(a)
confirming the three-sublattice order of the ground state.
Furthermore, we also observed a peak for the perpendicular
component of the structure factor, as shown in Fig. 16(b).
Our values of the superfluid and three-sublattice order param-
eters, 〈m⊥〉2 = S⊥(K )/N ≈ 0.0044 and 〈mz〉2 = Sz(K )/N ≈
0.08, are within 10% and 3% of the values 〈m⊥〉2 = 0.002
and 〈mz〉2 = 0.06, found in Ref. [13] in the large-Jz limit.
Together, these signatures indicate a supersolid ground state
with a spontaneously broken U(1) and translational symmetry.
This result is consistent with the extensive numerical studies
indicating supersolidity of references [13,16,30,43]. The time
evolution was done using the TDVP algorithm, and we use a
Gaussian kernel for the final Fourier transform as in [21] with
the form e−η2t2

and we use η = T −1
max. A check was done to

ensure the entropy built from perturbing on the ground state
and time evolving does not hit the boundary of the system,
as shown in Fig. 17. For the main plots of Fig. 1 we further
process the DMRG time-evolved data by first doing a linear
prediction on the time series for each momentum point, then
interpolating the momentum with a cubic spline, the time
data are then multiplied by the window function and Fourier
transformed in time. Finally, a cubic spline interpolation is
performed on the frequency space, and for the final plots, the
zero-frequency component is subtracted for better comparison
with the experiment.

We also present in Fig. 18 the dynamical spin structure
factor [(a) and (b)], separated into the (c) SzSz and (d) the per-
pendicular parts, the first panel shows the raw uninterpolated
data of Fig. 1, while (b) is evaluated at the XX exchange value.
We can see from the separated DSF that the Ising fluctuations
happen very close to the M point, as expected from our quan-
tum dimer results and the Schwinger boson theory (the weight
at � decreasing is also predicted by this approach). Intuitively,
the S⊥ excitations correspond to an S+S− term that flips spins
and generates a dispersion for the original Ising excitations
near Jz. Meanwhile, the SzSz term has a soft branch near the

FIG. 17. Entanglement entropy production as a function of time
for the time-evolved ground state after a local spin operator is applied
for a 24×6 cylinder geometry with circumference L = 6 and bond
dimensions up to χ = 700. For our TDVP simulations, we used a
maximum time Tmax = 400 and a time interval of �t = 0.1.

M point, and we see a minimum at this momentum point. The
perpendicular component instead has a bigger intensity near
the � point, as expected for a superfluid order.

APPENDIX B: LINEAR SPIN-WAVE THEORY (LSWT)

In this appendix, we review the known linear spin-wave
theory results (LSWT), which, as we will see, indicate that
the 120◦ order of the Heisenberg point is unstable as soon as
anisotropy is added. We then focus on LSWT starting from
the classical XXZ ground states and conclude that the sim-
ple picture fails to capture the M-point excitation minimum
shown in our DMRG results and experiments. This indicates
that we must approach the problem from a strongly correlated
perspective.

1. Instability of the 120◦ order

For the simplest theory, we note that from previous studies,
the Heisenberg point seems to have 120◦ order. Let us assume
the order persists up to the Ising point and investigate if it is
stable. We expand around the classical state. We label the spin
at the sublattice λ = 1, 2, 3 at position i as Si

λ, each sublattice
has the same ordering vector. We set the λ = 1 ordering vector
in the y direction of a new coordinate system, and the other
directions are separated by 120◦. We want the Sz direction
of our system to point in the ordering directions. We do this
by rotating the reference frame of each sublattice with the
transformation

⎛
⎜⎝

Sλ
x

Sλ
y

Sλ
z

⎞
⎟⎠ →

⎛
⎜⎜⎝

0 − sin θλ cos θλ

0 cos θλ sin θλ

1 0 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

Sλ
x

Sλ
y

Sλ
z

⎞
⎟⎟⎠, (B1)

where we have the angles θ1 = π/2, θ2 = π/2 − 2π/3, θ3 =
π/2 + 2π/3; note cos(θλ − θλ′ ) = − 1

2 . We will use the
lowest-order Holstein-Primakoff expansion to convert to
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FIG. 18. Dynamical spin structure factor obtained from our DMRG simulations with no further data processing. We simulate a 24×6
cylinder geometry with circumference L = 6 and bond dimensions up to χ = 800 for J⊥ = 0.0666Jz. (a) Shows the full DSF. (b) Shows a
frequency cut at the XY exchange. Bottom panels show the DSF for the (c) z and (d) xy components of spin.

hard-core bosons by

SR
λ,z = S − a†

RλaRλ, SR
λ,+ = aRλ(2S)1/2, (B2)

SR
λ,− = a†

Rλ(2S)1/2. (B3)

Doing now the lowest expansion in S corresponding to LSWT
has no sublattice-dependent factor, and so one can regroup the
terms into the original unit cell to give

H = H0 + H2, H0 = −3

2
JS2N, (B4)

H2 = S

2

∑
r

∑
δ

{(
Jz − J⊥

2

)
[a†

rar+δ + a†
r+δ

ar]

−
(

Jz + J⊥
2

)
[arar+δ + a†

r+δ
a†

r]

+ J⊥[a†
rar + a†

r+δ
ar+δ]

}
. (B5)

We can diagonalize the Hamiltonian by going to momentum
space with a Bogoliubov transformation to obtain

H =
∑

k

εk

(
b†

kbk + 1

2

)
, (B6)

εk = 3J⊥S
√

(1 − γk )(1 + 2αγk ), γk = 1

6

∑
δ

eik·δ. (B7)

This Hamiltonian actually has regions of imaginary energy,
unstable solutions for Jz > J⊥ > 0, α = Jz/J⊥, indicating that
120◦ order is not the classical ground state.

2. LSWT about the classical XXZ ground states

Instead of a 120◦ order, we can take θλ to be arbitrary
and vary as a function of J⊥/Jz. We choose the angle that
gives the classical ground-state energy. The resulting spin-
wave spectrum was studied in Ref. [41], although not plotted
explicitly, and we present the result in Fig. 1 for convenience.
The model gets simplified if one goes close to the Ising limit.
An effective Hamiltonian in terms of a magnetic field term
V = −h

∑
i Sz

i is then obtained in the honeycomb lattice (sites
b, c), with one spin in the original triangular lattice frozen,
one gets

heff =
∑
b,c

[
Sz

bSz
c + J⊥

Jz

(
Sx

bSx
c + Sy

bSy
c

)]
(B8)

+ 3S

(
1 − h

6

)(∑
b

Sz
b +

∑
c

Sz
c

)
. (B9)

The spin-wave spectrum for zero field is plotted in Fig. 1.
Analytically, one has the two branches

ω2
1(k) = J2

⊥
4J2

z

(9 − f ∗ f ) + J⊥h

Jz

(
1

4
+ | f |

12

)
, (B10)

ω2
2(k) = J2

⊥
4J2

z

(9 − f ∗ f ) + J⊥h

Jz

(
−1

4
+ | f |

12

)
, (B11)

with the function f (k) = eikδ1 + eikδ2 + eikδ3 for the δi nearest
neighbors in the triangular lattice. Near the Ising limit one
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obtains a doubly degenerate LSW branch that has a maximum
at the M point, not a minimum.

APPENDIX C: EFFECTIVE STAGGERED BOSON
HOPPING MODEL

Here, we present a mean-field analysis assuming three-
sublattice ordering and expanding the interaction term in the
following way:

HV = V
∑
〈i j〉

nin j −
∑

i

(3V + h)ni (C1)

≈ V
∑
〈i j〉

〈ni〉n j + 〈n j〉ni − 〈ni〉〈n j〉 −
∑

i

(3V + h)ni

(C2)

≈ V
∑

T

〈nTA〉(nT−c1B + nT−c1C + nTB (C3)

+ nTC + nT−c2C + nT−c1+c2B) (C4)

+ nTA(〈nT−c1B〉 + 〈nT−c1C〉 + 〈nTB〉 (C5)

+〈nTC〉 + 〈nT−c2C〉 + 〈nT−c1+c2B〉) (C6)

+〈nTB〉nTC + 〈nTC〉nTB + 〈nTB〉nT−c2C (C7)

+〈nT−c2C〉nTB + 〈nTB〉nT−c2+c1C + 〈nT−c2+c1C〉nTB

(C8)

−
∑
Tλ

(3V + h)nTλ, (C9)

where we distinguished between the sites connected from the
occupation at a site A to B and C to the ones between B and
C alone. Because of the three-sublattice translation symmetry
we assume 〈nTB〉 = 〈nTC〉 = μ̃2 for all T, and 〈nTA〉 = μ̃1:

HV ≈ V
∑

T

3μ̃1nTB + 3μ̃1nTC + 6μ̃2nTA + 3μ̃2nTC

+ 3μ̃2nTB −
∑
Tλ

(3V + h)nTλ (C10)

= V
∑

T

3(μ̃1 + μ̃2)(nTB + nTC ) + 6μ̃2nTA (C11)

−
∑
Tλ

(3V + h)nTλ (C12)

=
∑

T

(3V μ̃1 + 3V μ̃2 − 3V − h)(nTB + nTC ) (C13)

+ (6V μ̃2 − 3V − h)nTA (C14)

=
∑

T

−μ2(nTB + nTC ) − μ1nTA. (C15)

As described in the main text, we tune the occupations to
reach a good agreement with the dynamical structure factor

FIG. 19. (a) Excitation spectrum for the particle and hole
branches of the UUD state within the 1

3 magnetization plateau
(here h = 3.22). Hole excitations move within an emergent hon-
eycomb lattice with the graphene dispersion ε�(k) and hopping
t = −J⊥/2, while particle excitations are higher in energy for h <

3Jz and are supressed by hopping t = J2
⊥/Jz in the super triangular

lattice with energy εS�(k). (b) Effective staggered boson hopping
model spectrum with a three-sublattice structure at zero magnetic
field, Jz = 3, J⊥ = 0.2 and two chemical potentials μ1 = 3Jz + h −
6〈nB〉, μ2 = 3Jz + h − 3〈nB〉 + 3〈nA〉; values are chosen as in Fig. 1,
〈nA〉 = 0.525, 〈nB〉 = 0.83.

obtained from the DMRG simulations. The resulting plot and
comparison with the UUD spectrum is shown in Fig. 19.

APPENDIX D: DETAILS ON THE SCHWINGER BOSON
MEAN-FIELD THEORY

After the mean-field decoupling and rewriting in momen-
tum space, we obtain a Hamiltonian (15) with terms of the
form φ†φ† so that a Bogoliubov transformation is necessary.
The final expression in terms of the bogolons αks leads to the
mean-field Hamiltonian

HMF =
∑

k

ωk,↑α
†
k,↑αk,↑ + ω−k,↓α

†
−k,↓α−k,↓ + EMF, (D1)
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where we defined the quasiparticle energies as

ωk↑ = ω−k↓ = ωk =
√[

�B
k + λ

]2 − [
�AD

k

]2
, (D2)

�B
k = 1

2

(
1 + Jz

J⊥

)
γ B

k , (D3)

�AD
k = 1

2

(
1 + Jz

J⊥

)
γ A

k −
(

1 − Jz

J⊥

)
γ D

k (D4)

with the following functions:

γ A
k =

∑
δ>0

J⊥Aδ sin(k · δ), γ B
k =

∑
δ>0

J⊥Bδ cos(k · δ), (D5)

γ D
k =

∑
δ>0

J⊥Dδ cos(k · δ). (D6)

The self-consistent mean-field equations become

S + 1

2
= 1

2N

∑
k

�BC
k + λ

ωk
,

Aδ = 1

2N

∑
k

�AD
k

ωk
sin(k · δ),

Bδ = 1

2N

∑
k

�BC
k + λ

ωk
cos(k · δ),

Cδ = 1

2N

∑
k

�BC
k + λ

ωk
sin(k · δ),

Dδ = 1

2N

∑
k

�AD
k

ωk
cos(k · δ). (D7)

The dispersion can be calculated and has a minimum at the
M point. Moreover, the Sz contribution to the dynamical spin
structure factor can also be calculated as [48]

Szz(k, ω) = 1

4N

∑
q

w(q, p)2δ[ω − (ωq↑ + ωk−q↓)]. (D8)

The weights uq, vq come from the Bogoliubov transformation
as explained in the main text.

APPENDIX E: RK DIMER STRUCTURE FACTOR
ON THE HONEYCOMB LATTICE

Here we benchmark the dimer-dimer correlation functions
of the RK wave function on the honeycomb lattice, which
for the honeycomb has been calculated in real space along
a certain direction. Here we generalize and calculate the full
momentum-space correlation function. We begin as in the
main text and focus on the honeycomb:

s(q) = 〈�|σ̃ x
τ̂ (−q)σ̃ x

τ̂ (q)|�〉

= 1

N

∑
R1,R2

〈�|σ x
τ̂ (R1)σ x

τ̂ (R2)|�〉eiq·(R2−R1 ), (E1)

where R lives in the original triangular lattice R = la1 + ka2,
we denote τ = 1, 2, 3 the three distinct bonds on the hexag-
onal lattice and σ̃ x

τ̂ (R) is 1 for a dimer at R with link τ or it
has the value −1 when no dimer is present. Let us write the
dimer density nτ̂ (R) so that it has values 1 or 0; we then have

the relation σ̃ x
τ̂ (R) = 2nτ̂ (R) − 1. We continue to rewrite

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉 (E2)

= 〈�|[2nτ̂ (R1) − 1)(2nτ̂ (R2) − 1]|�〉 (E3)

= 4〈�|nτ̂ (R1)nτ̂ (R2)|�〉 − 2〈�|nτ̂ (R1)|�〉
− 2〈�|nτ̂ (R2)|�〉 + 1. (E4)

The correspondence for correlation functions says that we
should replace nab → Kabψaψb. To write the positions of the
fermions we rename r1 = R1 + τA since then we can identify
τ = 1, 2 with the bonds of the square lattice δ1 = −x, δ2 = y
pointing away from the site. A very subtle issue arises because
the fermionic mapping fails to give the correct result since for
the dimers we have〈

n2
τ (R)

〉 = 〈nτ (R)〉 = 1
3 , (E5)

while for the fermions〈
n2

τ (R)
〉
F = Kr,r1+τKr,r+τ〈ψrψr+τψrψr+τ〉 (E6)

= 〈ψrψr+τ〉〈ψrψr+τ〉 − 〈ψrψr〉〈ψr+τψr+τ〉 (E7)

+〈ψrψr+τ〉〈ψr+τψr〉 (E8)

= 〈ψrψr+τ〉〈ψrψr+τ〉 (E9)

− 0〈ψr+τψr+τ〉 + 〈ψrψr+τ〉(−〈ψrψr+τ〉) = 0.

(E10)

Therefore, we need to sum this term independently to calcu-
late the true sc(q). We can write the correlation function as

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉 (E11)

= 4〈Kr1,r1+τψr1ψr1+τKr2,r2+τψr2ψr2+τ〉
+ 4δR1,R2〈nτ (R1)〉 − 2〈Kr1,r1+τψr1ψr1+τ〉
− 2〈Kr2,r2+τψr2ψr2+τ〉 + 1. (E12)

We now use Wick’s theorem for the free-fermionic four-point
correlation function (without the correct n2):

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉F (E13)

= 4Kr1,r1+τKr2,r2+τ (〈ψr1ψr1+τ〉〈ψr2ψr2+τ〉 (E14)

−〈ψr1ψr2〉〈ψr1+τψr2+τ〉 + 〈ψr1ψr2+τ〉〈ψr1+τψr2〉)

−2Kr1,r1+τ〈ψr1ψr1+τ〉 − 2Kr2,r2+τ〈ψr2ψr2+τ〉 + 1. (E15)

Now, since the r1 and r2 are located in the same sublattice
and the correlation function for the same sublattice is zero,
we have 〈ψr1ψr2〉 = 0, as well as the ones with the same τ

displacement we have then a simplified expression

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉F (E16)

= 4Kr1,r1+τKr2,r2+τ (〈ψr1ψr1+τ〉〈ψr2ψr2+τ〉 (E17)

+〈ψr1ψr2+τ〉〈ψr1+τψr2〉)

− 2Kr1,r1+τ〈ψr1ψr1+τ〉 − 2Kr2,r2+τ〈ψr2ψr2+τ〉 + 1. (E18)

The Fourier transform of the disconnected components will
give contributions of δq,G. To see this, we use the translational
invariance〈

ψα
x ψβ

y

〉 = 1

Ñ

∑
k

e−ik·(x−y)[h−1(k)]β,α. (E19)
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Then, for fixed τ , say horizontal direction, and in the conven-
tion where they all have the same sign +1 we have∑

R1,R2

Kr1,r1+τKr2,r2+τ〈ψr1ψr1+τ〉〈ψr2ψr2+τ〉eiq·(R2−R1 ) (E20)

=
∑
R1

〈ψr1ψr1+τ〉e−iq·R1
∑
R2

〈ψr2ψr2+τ〉eiq·R2 (E21)

=
∑
R1

1

Ñ

∑
k

e−ik·(r1−r1 )h−1
β,αe−iq·R1 (E22)

×
∑
R2

1

Ñ

∑
k

e−ik·(r2−r2 )h−1
β ′,α′ (k)eiq·R2 (E23)

= 1

Ñ2

∑
R1

e−iq·R1
∑
R2

eiq·R2Cα′β ′
αβ (E24)

= δq,Gδq,−G̃Cα′β ′
αβ = δq,GCα′β ′

αβ . (E25)

The same logic applies to the 〈nx(R)〉 terms, giving a Fourier
transform δq,G, so that for nonzero momentum we can restrict
to the connected contribution

s̃c(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ

×〈ψr1ψr2+τ〉〈ψr1+τψr2〉, (E26)

sc(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ

×〈ψr1ψr2+τ〉〈ψr1+τψr2〉
+

∑
R1,R2

eiq·(R2−R1 )〈nτ (R1)〉δR1,R2 , (E27)

sc(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ (E28)

×〈ψr1ψr2+τ〉〈ψr1+τψr2〉 + 1

N

∑
R

〈nτ (R)〉. (E29)

The Kasteleyn matrix for a case where we have all Fourier
conventions with the physical positions of the fermions and
the Kasteleyn convention has the A sites with only outward

flowing arrows and f (k) = eik·δ1 + eik·δ2 + eik·δ3 :

h(k) =
(

0 f (k)
− f (k) 0

)
. (E30)

Now the Kasteleyn orientation is the same as the unit cell with
two sublattices, so for the orientation with positive Kasteleyn
elements in the horizontal direction, we write [with 1/N nor-
malization for σ x(q)]

s̃3
c (q) = 1

N

∑
r1,r2

eiq·(r2−r1 )4Kr1,r1+τKr2,r2+τ (E31)

×〈ψr1ψr2+τ〉〈ψr1+τψr2〉 (E32)

= 4
1

N

∑
r1,r2

eiq·(r2−r1 )〈ψ1
r1
ψ2

r2+δ3

〉〈
ψ2

r1+δ3
ψ1

r2

〉
(E33)

= 4

N

∑
r1,r2

eiq·(r2−r1 ) 1

N

∑
k

eik·(r2+δ3−r1 ) (E34)

× h−1
2,1(k)

1

N

∑
k′

eik′ ·(r2−r1−δ3 )h−1
1,2(k′) (E35)

= 4

N

∑
k,k′

∑
r1

∑
r2

e−ir1·(q+k+k′ )eir2·(q+k+k′ ) (E36)

× 1

N2
h−1

2,1(k)eiδ3·(k−k′ )h−1
1,2(k′) (E37)

= 4

N

∑
k,k′

δq+k+k′,Gδq+k+k′,−G̃h−1
2,1(k)h−1

1,2(k′)eiδ3·(k−k′ )

(E38)

= 4

N

∑
k

eiδ3·(2k+q)h−1
2,1(k)h−1

1,2(−q − k) (E39)

= 4

4π2

∫∫
d2k eiδ3·(2k+q)h−1

2,1(k)h−1
1,2(−q − k) (E40)

For this Hamiltonian, we have the function

h−1(k) =

⎛
⎜⎜⎝ 0 − ei(kx+ky )/3

1 + eikx + eiky

e−i(kx+ky )/3

1 + e−ikx + e−iky
0

⎞
⎟⎟⎠. (E41)

Then for q = qxb1 we have

s̃3
c (qxb1 + qyb2) = 4

4π2

∫ π

−π

dkx

∫ π

−π

dky
−ei(2ky+qy )

(eikx + eiky + ei(kx+ky ) )(ei(kx+qx ) + ei(ky+qy ) + ei(kx+ky+qx+qy ) )
. (E42)

Doing this integral numerically, we find, as expected a zero contribution for parallel excitations q = (q, 0) (for τ = 3 see Fig. 20
and nonzero for τ = 1 see Fig. 21).

APPENDIX F: SMA OSCILLATOR STRENGTH

For single-hexagon resonances, it is easy to calculate and indeed find as in Ref. [70][
σ̃ x

τ̂ (−q),
[−t T̂◦, σ̃ x

τ̂ (q)
]] = 8t T̂◦{1−cos[(Q+k) · r]}. (F1)

In this case f (0) = 0 with T = −t
∑

◦ T◦. We may generically express the resonance term as a sum T = T2 + T †
2 . In this

case it will be enough to calculate f for just one of these terms since f (q) = 〈 f2(q)〉 + 〈 f †
2 (−q)〉 as can be seen from taking

the Hermitian conjugate of the expression defining f and f2 is defined just as f but with T replaced by T2. Now, for the
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double-hexagon resonance of Eq. (18), we have

T2 = − t
∑
R,δ

T2(R, δ) = −t
∑

R

σ+
2 (R − a1)σ−

1 (R − a1)σ+
3 (R)σ−

1 (R)σ+
3 (R + a1)

× σ−
2 (R + a1)σ+

1 (R − a2 + a1)σ−
3 (R − a2 + a1)σ+

1 (R − a2)σ−
3 (R − a2)

+ σ+
2 (R − a1)σ−

1 (R − a1)σ+
2 (R − a1 + a2)σ−

1 (R − a1 + a2)σ+
3 (R + a2)

× σ−
2 (R + a2)σ+

1 (R)σ−
2 (R)σ+

1 (R − a2)σ−
3 (R − a2)

+ σ+
2 (R − a1)σ−

1 (R − a1)σ+
3 (R)σ−

2 (R)σ+
3 (R + a1 − a2)σ−

2 (R + a1 − a2)

× σ+
1 (R + a1 − 2a2)σ−

3 (R + a1 − 2a2)σ+
2 (R − a2)σ−

3 (R − a2), (F2)

where δ = 1, 2, 3 are the three nearest-neighbor resonance processes represented by the three summands. Let us define T̃2 such
that T2 = −t T̃2. Next, we calculate the commutator with the variational field. Let us look first at the τ = 3 bond[

T̃2, σ̃
x
3 (q)

] =
∑

R′

[
T̃2, σ

x
3 (R′)

]
eiq·R′

(F3)

=
∑

R′

[∑
R,δ

T2(R, δ), σ x
3 (R′)

]
eiq·R′

(F4)

=
∑
R,δ

∑
R′

[
T2(R, δ), σ x

3 (R′)
]
eiq·R′

. (F5)

We use now the identity
[σ±, σ x] = ∓2σ±. (F6)

For the calculation it is useful to think of the R as fixed and identifying the σα
3 (R′) that appear in T̃2 since the other operators σ x

τ

commute with σ x
3 (R′). We have then for the first commutator with T̃2(R, 1):[

T̃2(R, 1), σ̃ x
3 (q)

] =
∑

R′

[
T̃2(R, 1), σ̃ x

3 (R′)
]
eiq·R′ =

∑
R′

[
σ+

2 (R − a1)σ−
1 (R − a1)σ+

3 (R)σ−
1 (R)σ+

3 (R + a1) (F7)

× σ−
2 (R + a1)σ+

1 (R − a2 + a1)σ−
3 (R − a2 + a1)σ+

1 (R − a2)σ−
3 (R − a2), σ x

3 (R′)
]
eiq·R′

(F8)

= σ+
2 (R − a1)σ−

1 (R − a1)σ+
3 (R)

[
σ−

1 (R)σ+
3 (R + a1)σ−

2 (R + a1)σ+
1 (R − a2 + a1)σ−

3 (R − a2 + a1) (F9)

× σ+
1 (R − a2)σ−

3 (R − a2), σ x
3 (R)

]
eiq·R + [

σ+
2 (R − a1)σ−

1 (R − a1)σ+
3 (R), σ x

3 (R)
]
σ−

1 (R)σ+
3 (R + a1)

(F10)

× σ−
2 (R + a1)σ+

1 (R − a2 + a1)σ−
3 (R − a2 + a1)σ+

1 (R − a2)σ−
3 (R − a2)eiq·R +

∑
R′ �=R

(. . . ) (F11)

= [
σ+

2 (R − a1)σ−
1 (R − a1)σ+

3 (R), σ x
3 (R)

]
σ−

1 (R)σ+
3 (R + a1)σ−

2 (R + a1)σ+
1 (R − a2 + a1) (F12)

× σ−
3 (R − a2 + a1)σ+

1 (R − a2)σ−
3 (R − a2)eiq·R +

∑
R′ �=R

(. . . ) (F13)

= −2σ+
2 (R − a1)σ−

1 (R − a1)σ+
3 (R)σ−

1 (R)σ+
3 (R + a1)σ−

2 (R + a1)σ+
1 (R − a2 + a1) (F14)

× σ−
3 (R − a2 + a1)σ+

1 (R − a2)σ−
3 (R − a2)eiq·R +

∑
R′ �=R

(. . . ) (F15)

= −2T̃2(R, 1)eiq·R +
∑

R′ �=R

(. . . ). (F16)

We used the commutator identity for two operators and included the rest of terms in the dots. It is clear that since the commutation
of σ x and σ± gives the same σ± that we will always obtain in the end the whole resonance operator T̃2(R, 1) [indeed even if the
ordering changes all operators in T̃2(R, 1) commute with each other]. We also get an exponential factor picking up the position
in space and a −2∓. So that the whole sum will be equal to[

T̃2(R, 1), σ̃ x
3 (q)

] =
∑

R′

[
T̃2(R, 1), σ̃ x

3 (R′)
]
eiq·R′

(F17)

= 2T̃2(R, 1)(−eiq·R − eiq·(R+a1 ) (F18)

+ eiq·(R+a1−a2 ) + eiq·(R−a2 ) ) (F19)

= 2T̃2(R, 1)eiq·R(eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1). (F20)
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FIG. 20. Connected component of the structure factor for the
τ = 3 bonds (a) sc(q) and (b) q = qxb1 + πb2, (c) q = qxb1.

Similarly we can calculate the commutator for the other reso-
nance operators[

T̃2(R, 2), σ̃ x
3 (q)

] =
∑

R′

[
T̃2(R, 2), σ̃ x

3 (R′)
]
eiq·R′

(F21)

= 2T̃2(R, 2)(−eiq·(R+a2 ) + eiq·(R−a2 ) )

(F22)

= 2T̃2(R, 2)eiq·R(e−iq·a2 − eiq·a2 ). (F23)

And for the last resonance[
T̃2(R, 3), σ̃ x

3 (q)
] =

∑
R′

[
T̃2(R, 3), σ̃ x

3 (R′)
]
eiq·R′

(F24)

= 2T̃2(R, 3)eiq·R(−1 − eiq·(a1−a2 )

+ eiq·(a1−2a2 ) + e−iq·a2 ). (F25)

For the actual commutator in the SMA we need another time
to commute this with the dimer density[

σ̃ x
3 (−q),

[
T̃2(R, 1), σ̃ x

3 (q)
]]

(F26)

= [
σ̃ x

3 (−q), 2T̃2(R, 1)eiq·R (F27)

× (eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1)
]

(F28)

= −2eiq·R(eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1) (F29)

×[
T̃2(R, 1), σ̃ x

3 (−q)
]

(F30)

= −2eiq·R(eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1) (F31)

FIG. 21. Connected component of the structure factor for the
τ = 1 bonds (a) sc(q) and (b) q = qxb1 + πb2, (c) q = qxb1.

×{2T̃2(R, 1)e−iq·R(e−iq·(a1−a2 ) + eiq·a2 − e−iq·a1 − 1)}
(F32)

= −4T̃2(R, 1)|eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1|2. (F33)

We repeat for the other resonances and summarize[
σ̃ x

3 (−q),
[
T̃2(R, 1), σ̃ x

3 (q)
]]

(F34)

= −4T̃2(R, 1)|eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1|2, (F35)[
σ̃ x

3 (−q),
[
T̃2(R, 2), σ̃ x

3 (q)
]]

= −4T̃2(R, 1)|e−iq·a2 − eiq·a2 |2, (F36)[
σ̃ x

3 (−q),
[
T̃2(R, 3), σ̃ x

3 (q)
]]

(F37)

= −4T̃2(R, 3)|1 + eiq·(a1−a2 ) − eiq·(a1−2a2 ) − e−iq·a2 |2.
(F38)

We sum over all positions to obtain

f2(q) = [
σ̃ x

3 (−q),
[
T2, σ̃

x
3 (q)

]]
(F39)

= −4
∑

R

T̃2(R, 1)|eiq·(a1−a2 ) + e−iq·a2 − eiq·a1 − 1|2

(F40)

+ T̃2(R, 1)|e−iq·a2 − eiq·a2 |2
+ T̃2(R, 3)|1 + eiq·(a1−a2 ) − eiq·(a1−2a2 ) − e−iq·a2 |2.

(F41)

Using now that f (q) = 〈 f2(q)〉 + 〈 f †
2 (−q)〉 we have the final

result

fτ=3(q) = 〈�|[σ̃ x
3 (−q),

[
Heff, σ̃

x
3 (q)

]]|�〉
= −4

∑
R

〈T (R, 1)〉|eiq·(a1−a2 ) + e−iq·a2−eiq·a1 − 1|2

+ 〈T (R, 2)〉|e−iq·a2 − eiq·a2 |2 + 〈T (R, 3)〉|
× 1 + eiq·(a1−a2 ) − eiq·(a1−2a2 ) − e−iq·a2 |2. (F42)

In contrast to other cases with single-plaquette resonances, we
cannot naively group all resonance operators since they can
have different expectation values in the |�〉 state because of
its reduced symmetry. Nevertheless, it follows that f (0) = 0
and at q0 = b1/2 the M point we have f (q0) = 0, even for
different values of 〈T (R, δ)〉, more generally it is zero for all
q = (qx, 0) just as in the square-lattice case.

For the other two types of bonds, we have a very similar
reasoning leading to

fτ=2(q) = 〈�|[σ̃ x
2 (−q),

[
Heff, σ̃

x
2 (q)

]]|�〉
= − 4

∑
R

〈T (R, 1)〉|e−iq·a1 − eiq·a1 |2

+ 〈T (R, 2)〉|e−iq·a1 + eiq·(a2−a1 ) − eiq·a2 − 1|2

+ 〈T (R, 3)〉|e−iq·a1 − eiq·(a1−a2 ) + e−iq·a2 − 1|2
(F43)
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FIG. 22. Oscillator strength f (q) along the �, M line for all res-
onance operators having the same expectation value 〈T (δ)〉 = 〈T 〉.
The prefactor is calculated from the variational energy found in
previous studies and t = J⊥/2 with J⊥ = 0.0666Jz. We note f1 and
f2 lie on top of each other.

and

fτ=1(q) = 〈�|[σ̃ x
1 (−q),

[
Heff, σ̃

x
1 (q)

]]|�〉
= − 4

∑
R

〈T (R, 1)〉|e−iq·a1 + 1 − eiq·(a1−a2 )

− e−iq·a2 |2 + 〈T (R, 2)〉|e−iq·a1

+ eiq·(a2−a1 ) − 1 − e−iq·a2 |2

+ 〈T (R, 3)〉|e−iq·a1 − eiq·(a1−2a2 )|2. (F44)

We plot the oscillator strength in Fig. 22 for the approxima-
tion where all resonances have on average the same value
〈T (δ)〉 = 〈T 〉. We take that value to be the energy found in
the variational study found before and plug in t = J⊥/2 with
J⊥ = 0.0666Jz.

Before calculating the structure factor, let us mention that
the gapless zero line also appears for the square-lattice dimer
model with single-plaquette resonances. In that case for the
dimers in the τ = x̂ direction there is a conserved quantity
σ x

τ (q0) with q0 = (qx, π ) so f (q0) = 0 and the oscillator
strength for q0 + k has the form f (q0 + k) ∝ (k × τ̂ )2. In
our case we have also that the quantum dynamics creates and
destroys pairs of dimers and hence for τ = x̂ = 3̂ we have
that σ x

τ (q0) is conserved with q0 = (qx, 0) we can expand
to obtain (assuming resonances have approximately the same
expectation value)

fτ̂=x̂(q0 + k) ∝ (k × τ̂ )2 + O(|k|3). (F45)

FIG. 23. Band structure calculated from diagonalizing h(k) with
z = 0.9250 as found in previous studies of the supersolid order.

APPENDIX G: STRUCTURE FACTOR FOR THE
VARIATIONAL SUPERSOLID WAVE FUNCTION

Let us tackle now the more complicated problem of the
supersolid variational wave function. We can go back to the
calculation for the honeycomb at an early stage (E18) which
we repeat here:

〈�|σ̃ x
τ̂ (R1)σ̃ x

τ̂ (R2)|�〉F (G1)

= 4Kr1,r1+τKr2,r2+τ (〈ψr1ψr1+τ〉〈ψr2ψr2+τ〉 (G2)

+〈ψr1ψr2+τ〉〈ψr1+τψr2〉)

− 2Kr1,r1+τ〈ψr1ψr1+τ〉 − 2Kr2,r2+τ〈ψr2ψr2+τ〉 + 1. (G3)

We need to know two correlators:

〈ψr1ψr1+τ〉, 〈ψr1+τψr2〉. (G4)

Also, since the last line of the previous equation only depends
on one or the other coordinate and we have a sum over both for
the structure factor it is clear then that they will only contribute
for q = 0, mod(G), with G reciprocal lattice vector of the
extended unit cell. Let us focus then on the second-order
contributions:

s̃2(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ (G5)

× (〈ψr1ψr1+τ〉〈ψr2ψr2+τ〉 + 〈ψr1ψr2+τ〉〈ψr1+τψr2〉).

(G6)

Let us focus on τ = 3 since it is the one that has f (q) = 0 at
the M point. Now care must be taken for using the variational
wave function with the symmetry-breaking pattern since it has
different translational symmetry and thus we must translate
the original points of the Kasteleyn fermions to this basis. First
we reexpress the sum as a sum over the new lattice vectors,
which needs to consider also the blue plaquettes which are
not part of the red lattice:

∑
R1

=
I∑

R1=T1

+
II∑

R1=T1−a1

+
III∑

R1=T1−a2

, (G7)

where the Roman numerals label the three sublattices of
the plaquettes. We defined the new translation vectors as
c1, c2 and the lattice vectors as T1 = ic1 + jc2, i, j ∈ Z as in
Fig. 11. It is clear that c1 = 2a2 − a1 and c2 = a2 + a1. We
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also wrote there the sublattice index α = 1, . . . , 6 for each
hexagon where the fermions sit, based on the inequivalent
sites of the variational wave function. The fermions will map
to

I : ψr1 → ψ5
T1

, (G8)

II : ψr1 → ψ4
T1

, (G9)

III : ψr1 → ψ6
T1

. (G10)

τ = 3 structure factor

We also need the translated fermions for τ = 3, τ = δ3

which will be

I : ψr1+δ3 → ψ2
T1

, (G11)

II : ψr1+δ3 → ψ3
T1+c1−c2

, (G12)

III : ψr1+δ3 → ψ1
T1

. (G13)

We write now the weights as (they have the same arrow
direction in our Kasteleyn orientation)

Kr1,r1+τ → I : z, (G14)

II : 1, (G15)

III : z. (G16)

The first part of the connected correlation function factorizes
so that we need to consider the onsite correlation function

so(q) =
∑
R1

eiq·(−R1 )Kr1,r1+τ〈ψr1ψr1+τ〉 (G17)

=
I∑

R1=T1

+
II∑

R1=T1−a1

+
III∑

R1=T1−a2

(G18)

× eiq·(−R1 )Kr1,r1+τ〈ψr1ψr1+τ〉 (G19)

=
I∑

R1=T1

e−iq·R1 Kr1,r1+τ〈ψr1ψr1+τ〉 (G20)

+
II∑

R1=T1−a1

e−iq·R1 Kr1,r1+τ〈ψr1ψr1+τ〉 (G21)

+
III∑

R1=T1−a2

e−iq·R1 Kr1,r1+τ〈ψr1ψr1+τ〉 (G22)

=
I∑

T1

e−iq·T1 z〈ψr1ψr1+τ〉 +
II∑

R1=T1−a1

e−iq·(T1−a1 )

(G23)

×〈ψr1ψr1+τ〉 +
III∑

R1=T1−a2

e−iq·(T1−a2 )z〈ψr1ψr1+τ〉

(G24)

=
∑
T1

e−iq·T1 z
〈
ψ5

T1
ψ2

T1

〉 + II∑
R1=T1−a1

(G25)

× e−iq·(T1−a1 )
〈
ψ4

T1
ψ3

T1+c1−c2

〉
(G26)

+
III∑

R1=T1−a2

e−iq·(T1−a2 )z
〈
ψ6

T1
ψ1

T1

〉
(G27)

=
∑
T1

e−iq·T1
(
z
〈
ψ5

T1
ψ2

T1

〉 + zeiq·a1
〈
ψ6

T1
ψ1

T1

〉
(G28)

+eiq·a2
〈
ψ4

T1
ψ3

T1+c1−c2

〉)
. (G29)

We note from previous studies that the action in Fourier space
and the two-point correlator are given by

S = 1

2

∑
k,α,β

hαβ (k)ψα
k ψ

β

−k, (G30)

〈
ψα

x ψβ
y

〉 = 1

Ñ

∑
k

e−ik·(x−y)[h−1(k)]β,α, (G31)

where the momentum points are given in the new basis
k = n

L̃x
d1 + m

L̃y
d2, n, m ∈ Z so that di · c j = 2πδi j . Solving

the linear system of equations we find d1 = 1
3 (b2 − b1), d2 =

1
3 (2b1 + b2), and Ñ = L̃xL̃y = N/3 for the original N-site lat-
tice. With the matrix

h(k) =
(

0 W̃ (k)
−W̃ †(k) 0

)
, (G32)

W̃ (k) =
⎛
⎝ z −e−iky −z

−z −z eikx

−e−ikx+iky z −z

⎞
⎠. (G33)

The spectrum of the matrix is shown in Fig. 23, where the gap
appears as a consequence of z �= 1. Because of the translation-
invariant form of the correlations, we notice that we can
simplify the onsite correlator so(q):

(
z
〈
ψ5

0 ψ2
0

〉 + zeiq·a1
〈
ψ6

0 ψ1
0

〉 + eiq·a2
〈
ψ4

0 ψ3
c1−c2

〉)∑
T1

e−iq·T1

= Ñ
(
z
〈
ψ5

0 ψ2
0

〉 + zeiG·a1
〈
ψ6

0 ψ1
0

〉 + eiG·a2
〈
ψ4

0 ψ3
c1−c2

〉)
δq,G.

(G34)

We note that here a G reciprocal lattice vector of the extended
unit cell is included since it is defined so that e−iq·T1 = 1. We
note that K = d2 is a reciprocal lattice vector. We only have a
contribution for zero momentum in the thermodynamic limit,
consistent with the fact that this term is an onsite correlator.
We can come back to the original dimer structure factor and
write

s̃(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ (G35)

×〈ψr1ψr2+τ〉〈ψr1+τψr2〉 − 4so(G)δq,G (G36)

+ 4
1

N
so(G)so(−G)δq,G + Nδq,G. (G37)
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We see that the only nonzero momentum (modulo reciprocal lattice vectors) component is given by

s̃c(q) = 1

N

∑
R1,R2

eiq·(R2−R1 )4Kr1,r1+τKr2,r2+τ〈ψr1ψr2+τ〉〈ψr1+τψr2〉 (G38)

= 4

N

⎛
⎝ I∑

R1=T1

+
II∑

R1=T1−a1

+
III∑

R1=T1−a2

⎞
⎠

⎛
⎝ I∑

R2=T2

+
II∑

R2=T2−a1

+
III∑

R2=T2−a2

⎞
⎠eiq·(R2−R1 )Kr1,r1+τKr2,r2+τ〈ψr1ψr2+τ〉〈ψr1+τψr2〉

(G39)

= 4

N

⎛
⎝ I∑

R1=T1

+
II∑

R1=T1−a1

+
III∑

R1=T1−a2

⎞
⎠Kr1,r1+τ

⎛
⎝ I∑

R2=T2

+
II∑

R2=T2−a1

+
III∑

R2=T2−a2

⎞
⎠Kr2,r2+τeiq·(R2−R1 )〈ψr1ψr2+τ〉〈ψr1+τψr2〉

(G40)

= 4

N

⎛
⎝ I∑

R1=T1

z +
II∑

R1=T1−a1

+
III∑

R1=T1−a2

z

⎞
⎠

⎛
⎝ I∑

R2=T2

z +
II∑

R2=T2−a1

+
III∑

R2=T2−a2

z

⎞
⎠eiq·(R2−R1 )〈ψr1ψr2+τ〉〈ψr1+τψr2〉 (G41)

= 4

N

⎛
⎝ I∑

R1=T1

z
I∑

R2=T2

z +
I∑

R1=T1

z
II∑

R2=T2−a1

+
I∑

R1=T1

z
III∑

R2=T2−a2

z +
II∑

R1=T1−a1

I∑
R2=T2

z +
II∑

R1=T1−a1

II∑
R2=T2−a1

+
II∑

R1=T1−a1

III∑
R2=T2−a2

z

+
III∑

R1=T1−a2

z
I∑

R2=T2

z +
III∑

R1=T1−a2

z
II∑

R2=T2−a1

+
III∑

R1=T1−a2

z
III∑

R2=T2−a2

z

⎞
⎠eiq·(R2−R1 )〈ψr1ψr2+τ〉〈ψr1+τψr2〉. (G42)

We can see a matrix structure arising from the cal-
culation which we make clear now by defining the fac-
tor φμ(q), with m = I,II,III or in the sublattice notation
of Fig. 11, μ = 5, 4, 6 and ψI(q) = φ5(q) = z, ψII(q) =
φ4(q) = eiq·a1 , ψIII(q) = φ6(q) = zeiq·a2 . We also will need
the vector uμ = (c1 − c2)δμ,II. We also will need the analog
of the sublattice when translated by τ , the function p(μ) =
2, 3, 1. We can then write

s̃c(q) = 4

N

∑
μ,ν

∑
T1

∑
T2

eiq·(T2−T1 )φμ(q)φ∗
ν (q) (G43)

× 〈
ψ

μ

T1
ψ

p(ν)
T2+uν

〉〈
ψ

p(μ)
T1+uμ

ψν
T2

〉
. (G44)

Polarization bubble

We note now that we can write the connected structure
factor in terms of a static pair fermion bubble (see Fig. 13),
and we note that the dimer connected structure factor has an
extra term coming from the R1 = R2 correlations that the
fermionic mapping fails to calculate. We include this now
explicitly

s̃c(q) =
∑
μ,ν

�μν (q)φμ(q)φ∗
ν (q), (G45)

sc(q) = s̃c(q) + 4

N

∑
R1,R2

eiq·(R2−R1 )〈n2
τ (R1)

〉
δR1,R2 , (G46)

sc(q) = s̃c(q) + 4

N

∑
R

〈nτ (R)〉, (G47)

where we defined

�μν (q) = 4

N

∑
T1

∑
T2

eiq·(T2−T1 )〈ψμ

T1
ψ

p(ν)
T2+uν

〉
(G48)

× 〈
ψ

p(μ)
T1+uμ

ψν
T2

〉
. (G49)

Moreover by using the Fourier transform of the correlations

�μν (q) = 4

N

∑
T1

∑
T2

eiq·(T2−T1 ) 1

Ñ

∑
k

eik·(T2+uν−T1 )

× [h−1(k)]p(ν)μ
〈
ψ

p(μ)
T1+uμ

ψν
T2

〉
(G50)

= 4

N

∑
T1

∑
T2

eiq·(T2−T1 ) 1

Ñ

∑
k

eik·(T2+uν−T1 ) (G51)

× [h−1(k)]p(ν)μ
1

Ñ

∑
k′

eik′ ·(T2−T1−uμ )[h−1(k′)]νp(μ)

(G52)

= 4

N
eiuμ·(q−G)

∑
k∈BZT

eik·(uμ+uν )

× h−1
p(ν)μ(k)h−1

νp(μ)(−k − q − GT), (G53)

�μν (q) = 4

N
eiuμ·(q−G)

∑
k∈BZT

eik·(uμ+uν ) (G54)

× h−1
p(ν)μ(k)h−1

νp(μ)(−k − q − GT). (G55)

We expressed now q → q + GT, where GT is a reciprocal
lattice vector of the red hexagon lattice and BZT is its first
Brillouin zone so that calling G(k) = h−1(k) we have

�μν (q) =
∑

k∈BZT

eik·(uμ+uν )+iq·uμGp(ν)μ(k)Gνp(μ)(−k − q).

(G56)

We note that hT (k) = −h(−k). Let us call then G(k) =
h−1(k); it follows that GT (k) = −G(−k), so that Gαβ =
−G∗

βα . We now organize the matrix elements of the sublattices
appearing before by defining the reduced G̃, and we omit
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momentum index for the moment matrix

(G̃nm) = (Gp(μ)ν ) =
⎛
⎝Gp(5)5 Gp(4)5 Gp(6)5

Gp(5)4 Gp(4)4 Gp(6)4

Gp(5)6 Gp(4)6 Gp(6)6

⎞
⎠

(G57)

=
⎛
⎝G25 G35 G15

G24 G34 G14

G26 G36 G16

⎞
⎠, (G58)

where now we label n, m = I,II,III. We then have that sums of
products are given by matrix multiplications

(Gνp(μ) ) =
⎛
⎝G5p(5) G5p(4) G5p(6)

G4p(5) G4p(4) G4p(6)

G6p(5) G6p(4) G6p(6)

⎞
⎠ (G59)

=
⎛
⎝G52 G53 G51

G42 G43 G41

G62 G63 G61

⎞
⎠ = −(G̃nm)∗,(G60)

∑
ν

Gp(5)νGp(ν)5 = G25G25 + G24G35 + G26G15 (G61)

=
∑

m

G̃ImG̃mI . (G62)

In general, we express the sum as

∑
μν

Gp(ν)μ(k)Gνp(μ)(−k − q) (G63)

= −
∑
μν

Gp(μ)ν (k + q)Gp(ν)μ(k) (G64)

= −
∑
nm

G̃nm(k + q)G̃mn(k), (G65)

in our case we have other factors that depend on μ, ν so the
sum is not just a trace. We need to define the object

Tμν (k, q) = φμ(q)φ∗
ν (q)eiuμ·qeik·(uμ+uν ) = (Tmn)(k, q).

(G66)

Then the correlation function becomes a single momentum
sum

s̃c(q) =
∑
μ,ν

�μν (q)φμ(q)φ∗
ν (q) (G67)

= 4

N

∑
k∈BZT

Tμν (k, q)Gp(μ)ν (k + q)Gp(ν)μ(k) (G68)

= − 4

3Ñ

∑
k∈BZT

∑
nm

Tmn(k, q)G̃nm(k + q)G̃mn(k).

(G69)

Let us now turn it into an integral and our final result

s̃c(q) = − 4

3(2π )2

∫
k∈BZT

∑
nm

Tnm(k, q)G̃mn(k + q)G̃nm(k).

(G70)

This is the function we integrate and plot in Fig. 1, with the
disconnected part contributing with the delta function peaks
shown in white.
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