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Fitness landscape for quantum state tomography from neutron scattering
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Recently, a direct connection between static structure factors and quantum ground states for two-spin in-
teraction Hamiltonians was proven. This suggests the possibility of quantum state tomography from neutron

scattering. Here, we investigate the associated fitness landscape numerically. We find a linear relationship
between the mean-square distances of structure factors and associated state overlaps, implying a well-behaved
fitness landscape. Furthermore, we find evidence suggesting that the approach can be generalized to thermal
equilibrium states. We also extend the arguments to the cases of applied magnetic fields and finite clusters.
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The large number of degrees of freedom in condensed
matter systems can make obtaining detailed microscopic in-
sights from experimental data challenging. Usually a model
Hamiltonian A is used to predict the state of the system in the
form of a ground-state wave function vy (or, more generally,
a thermal density matrix p). Once the state is known, the
expectation value of an observable O can be evaluated us-
ing a known ground-state functional, (O) = (y,|O|¥) (more
generally, (O) = Tr pO). A comparison to the experiment is
then used to refine the model A. In general, however, the
relationships H — (O) and ¥y — (O) (p — (O)) are not in-
vertible: There is no guarantee of a unique model A, or even
a unique ground state (or density matrix) compatible with a
given observation. A prominent counterexample is provided
by Hohenberg and Kohn’s theorem, stating that knowledge of
the density distribution uniquely determines the ground state
of the system [1], providing the latter is nondegenerate. Gener-
alizing this point of view, the prefactors of any unknown terms
in the Hamiltonian are fully constrained if the corresponding
ground-state or thermal correlation functions are known [2].
Recently, one of us has highlighted that this enables the learn-
ing of Hamiltonian parameters of systems with exclusively
pairwise interactions of spins where the observable is the
ground-state magnetic structure factor S g(q) [3], as well as
proving that the many-body wave function can also be inferred
directly from the ground-state correlators. The proof of the
former, and a weaker form of the latter, have been generalized
to finite temperatures [4].

Crucially, the magnetic structure factor is experimen-
tally accessible via diffuse magnetic neutron scattering. This
offers the prospect, in principle, of using diffuse magnetic
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scattering on a quantum magnet to completely determine its
wave function (quantum state tomography) or its Hamiltonian
(Hamiltonian learning). Compared to other schemes aiming to
determine states [5,6] or Hamiltonians [7—12] from local mea-
surements that have been discussed in the context of quantum
simulators, this has the advantage that it does not require the
full covariance matrix [7—10] and that all the necessary corre-
lators are determined simultaneously in the neutron-scattering
measurement, so there is no scaling of experimental complex-
ity [12] with the size of the system or the range of interactions.

The main purpose of the present Letter is to determine
whether the above scheme could work in practice. To ad-
dress this question, we study how the normalized difference
between random trial scattering functions and a given target
scattering function varies as the trial state moves away from
the target. The ensemble of rms differences across a large
set of trial states represents a “fitness landscape” for the in-
verse neutron-scattering problem (according to Theorem 2 in
Ref. [3]). We numerically explore both the zero- and finite-
temperature cases. We also generalize previous discussions
[3,4] to the case where there are applied magnetic fields and
provide further evidence of the validity of the theorems at
finite temperature.

General framework. We first provide key definitions to set
up the general framework and choice of models we consider.
Specifically, we define appropriate metrics in the spaces of
scattering functions and quantum states. We will assume the
Hamiltonian is of the class considered in Refs. [3,4], featuring
only two-spin interactions,

Hy=3 ) i Sis), M
i,j a.p

where operators S represent spin components along axis o €
X, y, z at site i of the lattice, and J: }‘3 are a completely generic
set of coupling constants between these. Note that this form
does not include linear terms. Meanwhile, in the experimental
setup, one cannot exclude local magnetic fields affecting the
state of the system. Indeed, such fields are often an important
tool to explore the physics of a given material. For instance,
they can be used to tune a material to quantum criticality

Published by the American Physical Society


https://orcid.org/0000-0001-9820-4615
https://orcid.org/0000-0002-8572-730X
https://orcid.org/0000-0001-8986-0899
https://ror.org/00xkeyj56
https://crossmark.crossref.org/dialog/?doi=10.1103/x9mb-x1gz&domain=pdf&date_stamp=2025-10-16
https://doi.org/10.1103/x9mb-x1gz
https://creativecommons.org/licenses/by/4.0/

TULA, QUINTANILLA, AND MOLLER

PHYSICAL REVIEW B 112, L140402 (2025)

[13,14]. Our first result is a proof that the class of generic
spin Hamiltonians described by Eq. (1) in fact includes all
Hamiltonians with local fields,

Hypo= Y JAPsesi+3 3 wesy, @)

ij apB

if we allow the coupling constants Jajﬁ in Eq. (1) to be
complex. A proof follows straightforwardly by noting that
the commutators of products of two spin operators on the
same site naturally generate imaginary single-spin terms. We
give a detailed proof in the Supplemental Material [15]. In our
numerical study we will therefore include systems of the form
(2) with real exchange constants J; Jﬁ and magnetic fields 4.

Our methodology of testing the fitness landscape of scat-
tering functions can be summarized as follows: First, we
select a reference Hamiltonian H describing a chain of L
sites S = % Calculating either a ground state i, or thermal
density function p(8) allows us to evaluate the full diffuse
magnetic scattering function S(q) for the reference Hamil-
tonian. Then we proceed to add random variations to the
ground state/density function, ¥ =¥ + 8¢, o' = p + 8p,
and evaluate the scattering functions S’(q) that are obtained
from the new states. By defining a metric for the distance
between two scattering functions AS(S, S’) (chosen as a
properly normalized mean-square deviation), we can study the
relationship of AS with the distance between the respective
states by examining multiple samples of random variations
81 or §p. Overlaps induce a natural metric in state space; for
further details see the Supplemental Material [15].

State tomography. We now present the results of our
investigation into the fitness landscape for quantum state to-
mography in magnets. A first overview is given in Fig. 1. In
Fig. 1(a), we illustrate the relation between the distance AS
of random states from the target scattering function against
their state distance [15] for a molecular magnetic tetramer
(L = 4) comprising four spln-— described by the antiferro-
magnetic Heisenberg with nearest-neighbor interactions of
fixed strength J in a ring geometry. Random state vectors
were created by adding Gaussian noise terms of width o to
each component of the target state vector, followed by nor-
malization [15]. We display groups of results for three distinct
maximal widths op,x. Similar results were obtained using
uniform noise distributions (not shown). Figure 1(a) shows a
clear correlation between AS and dist(y, ¥').

To gain some intuition, we also provide examples of scat-
tering functions, including Fig. 1(b) for the target ground
state and Figs. 1(c)-1(e) for three of the randomly drawn
states, hand-picked for representativeness [marked by stars
in Fig. 1(a)]. The differences in the scattering functions are
clearly appreciable by eye, even for the state in Fig. 1(c) that
is closer to the target. The scattering function in Fig. 1(c) is
about 15% from the target while the wave-function overlap
deviates by ~5%. This suggests that it is possible to deter-
mine the system’s ground state with considerable precision
using realistically noisy neutron-scattering data. We also note
that the candidate function in Fig. 1(c) has, to a very good
approximation, the same fourfold symmetry as the target
function, in contrast to the candidates with smaller overlaps,
which look qualitatively different. This is a trend we see in
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FIG. 1. Fitness landscape for quantum state tomography using
the ground state’s diffuse magnetic neutron-scattering function. The
target state v is the ground state of a spin-% ring tetramer (L =
4) with nearest-neighbor, antiferromagnetic Heisenberg interactions.
(a) Cost function AS as a function of the distance dist(y, ') of the
trial state vectors ¥/’ to the target ground state [15]. We display three
sets of 1000 random state vectors each, with amplitudes drawn from
Gaussian distributions centered on . The color legend indicates
the maximum standard deviation o, used for the set, while each
trial state is marked by a solid circle and has components generated
from distribution with a random width o, where 0 < 0 < o [15].
(b) The target diffuse magnetic scattering function S(q) for the
exact ground state. (c)—(e) Three scattering functions obtained from
the three random states highlighted with stars on (a), in order of
increasing state distance.

all our simulations. These observations have practical impli-
cations: On the one hand, when symmetry constraints or other
qualitative features of the data are known, including them
can accelerate the search for the target state and improve its
accuracy. On the other hand, our results show that an unbiased
search through the Hilbert space may yield states with the
correct features even if these are not known a priori and
the experimental and target scattering functions can only be
determined with limited accuracy.

Next, we study antiferromagnetic Heisenberg rings of
different lengths L = 4,6, 8, 10, 12, 14, employing a size-
dependent width in the noise distributions for good data
coverage [15]. Figure 2(a) shows that as L increases, the scat-
ter in the data reduces, and they cluster around a single sharply
defined curve. Remarkably, a simple linear relationship with a
coefficient equal to unity describes this curve very well:

AS = dist(yr, ¥'). 3)
Our results further suggest that trial states v’ approaching
the target y are more likely to obey the remarkably simple
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FIG. 2. Dependence of the fitness landscapes on the number of
spins L in the cluster. For each L, 1000 target states were sampled
with normal-distributed perturbations around the target wave func-
tion (see main text). Target states were chosen as ground states of
(a) a spin-%, nearest-neighbor antiferromagnetic Heisenberg model
in a ring geometry, i.e., the same model as in Fig. 1, but with varying
L. (b) A random long-range spin—% Hamiltonian in a linear open
chain geometry, given by Eq. (2) with random exchange constants
Jfl’.’s and a random global magnetic field with components hf = h“.
For each L, Hamiltonian parameters ij’.ﬁ and h* were drawn from a
normal distribution with zero average and standard deviation equal
to J [the nearest-neighbor coupling of the Heisenberg Hamiltonian
used in (a)]. Dashed lines in (a) and (b) show the linear relation in
Eq. 3).

law (3). This indicates an easy-to-navigate fitness landscape:
Once we are in the vicinity of the target scattering function,
there is a well-defined slope towards the target state. This is
a remarkable result and constitutes our main finding. The fact
that the “empirical” law (3) is independent of L encourages us
to conjecture the relationship will hold even in the thermody-
namic limit.

In the above discussion, we used the antiferromag-
netic Heisenberg model with nearest-neighbor interactions
to generate our target ground state. This was selected as a
well-known textbook example for quantum magnets. The ring
geometry was inspired by molecular quantum magnets which
are experimental realizations of finite-size magnetic clusters
amenable to treatment by exact diagonalization and quantum
eigensolvers [16,17]. However, our conclusions are robust to
variations in the the model and geometry. To illustrate this,
Fig. 2(b) shows results for a linear molecule with randomly

chosen coupling constants and an externally applied field of
arbitrary strength and direction. In addition to the different
geometry, these models lack SU(2) and time-reversal symme-
tries. Moreover, the couplings are defined on a fully connected
graph with no natural length scale. Thus, as L grows the model
can no longer be considered one dimensional. Finally, we
note that such random Hamiltonians typically have compet-
ing ferromagnetic and antiferromagnetic couplings. In spite
of all these differences, we obtain very similar behavior.
These results also confirm our proof shown above and in the
Supplemental Material [15] that the arguments in Ref. [3] can
be extended to pairwise-interacting spin models with an exter-
nally applied magnetic field. Moreover, they strongly suggest
that the linear relationship (3) describing the fitness landscape
for quantum tomography in the vicinity of a target ground
state applies universally. Our results in Fig. 2(b) additionally
demonstrate that the inverse scattering problem can be solved
even for a nonperiodic magnetic structure. We extend the
arguments of Ref. [3] and formally prove the possibility of
quantum tomography for nonperiodic structures or finite-size
clusters in the Supplemental Material [15].

Finite temperature. In the foregoing we have shown numer-
ical evidence that the T = 0 ground states of pairwise coupled
spin models can be inferred from neutron-scattering data. Is
the same true for magnetic systems at finite temperatures? In
fact, while Hamiltonian learning from structure factors was
proven to be possible at 7 > 0 [4], so far no extension for
state tomography to thermal density matrices was found [18].
Nevertheless, we can apply the same numerical analysis as
for the ground state, to check whether there is any numerical
evidence to suggest that the relationship from finite-7" density
matrices to the structure factor is also invertible. We test this
hypothesis by sampling random, positive-definite density ma-
trices in the vicinity of the thermal equilibrium density matrix
of a given target Hamiltonian with normal-distributed long-
range couplings (for details, see Supplemental Material [15]).

The resulting data are shown in Fig. 3, numerically sup-
porting the hypothesis. The most salient feature, compared
to the zero-T cases in Fig. 2, is the much steeper (sublinear)
increase in AS with increasing interstate distance dist(p, p’).
This is due to the fact that the space of trial density matrices
o’ is of higher dimensionality than that of trial pure states v/’
Even if we choose the target state to be arbitrarily close to the
ground state (by choosing the target temperature to be very
low, compared to all the Hamiltonian parameters) we still find
this markedly sublinear behavior, as the p’ matrices almost
never represent pure states such as those considered earlier.
Additionally, we find that the prefactor of the sublinear scaling
depends on the random choice for the target Hamiltonian (see
the inset illustrating the data for a distinct set of randomized
target Hamiltonians).

Discussion and conclusions. In this Letter we have pre-
sented an exact diagonalization study of the fitness landscape
for static magnetic structure factors of many-spin Hamiltoni-
ans with pairwise interactions, both in the ground state and at
finite temperature. Our results allow us to assess the practical-
ity of quantum state tomography based on diffuse magnetic
neutron scattering.

Our results include the important cases when there is
a magnetic field applied to the sample. This was achieved
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FIG. 3. Dependence on L (see legend) of the fitness landscape
for finite-temperature quantum tomography for a model with random
long-range interactions. The target Hamiltonian and geometry are
defined in the same way as in Fig. 2(b). The target density matrix p
is the thermal equilibrium density matrix of that Hamiltonian at tem-
perature 7 = J. One thousand trial configurations (random density
matrices) were tested against this target, based on adding noise terms
followed by restoring positive definiteness and normalization [15].
The horizontal axis shows a distance between random density matri-
ces that for 7 = 0 would have coincided with the overlap-induced
distance dist(y, ¥') between ground states [15]. The dashed line
represents Eq. (3), for comparison. The inset shows similar output
with different random targets at each size.

through an analytical transformation between Hamiltonians
with linear terms and purely quadratic Hamiltonians with
complex interaction constants [15]. This result extends the
validity of our study and the theorems that underpin it [3,4]
and is our first result.

Our results for the fitness landscape indicate that the cost
functions for quantum tomography from structure factors are
well behaved, both in the ground state and at finite tempera-
ture, with no evidence of barren plateaus or local minima. This
is our second main result, and the core result in this Letter.
Third, we proved that tomography is possible even from the
structure factors of nonperiodic magnetic clusters [15].

The case of quantum tomography at finite temperature
deserves special attention. The proofs of the one-to-one corre-
spondences between Hamiltonians and correlators (Theorem
1 in Ref. [3]) and between wave functions and correlators
(Theorem 2) are based on the Rayleigh-Ritz variational prin-
ciple [19], which is used by many numerical techniques, such
as density functional theory (DFT) [20], variational Monte
Carlo methods [21], or recent artificial intelligence methods
[22]. The principle states that given a Hamiltonian H, the
ground state will minimize the energy globally, which means
that E(y¥) = (Y |H|¥) /(¥ |¥) is a good optimization function
for finding ground states. Their generalizations to systems at
finite temperatures require using a similar inequality applied
to thermal density matrices known as the Gibbs-Delbriick-
Moliére quantum variational principle [23] (or, equivalently,
the Gibbs-Bogoliubov inequality). In this case, the objective

function is the free energy, defined by

F(p) =TrlpH] — B~ Tr[pln p], “
consisting of terms corresponding to expectation values of the
energy and entropy, respectively. The free energy (4) is min-
imized for the thermal density matrix p = e ## /Tr[e #H]. It
turns out that the entropy term does not alter the reasoning of
the proof of Theorem 1, as shown by Murta and Ferndndez-
Rossier [4]. However, as noted in that reference, that does not
carry over to Theorem 2: One cannot discard the possibility
that there are density matrices with lower entropy than the
real ones which reproduce the experimental data. However,
the systematic numerical exploration presented in the present
Letter did not provide any examples of this, giving strong
indication that such cases, if they exist, must be special, at
least for finite-size systems. This is the fourth principal result
of the present study.

Finally, we note the advantage of using experimental
neutron-scattering data as an input, rather than real-space
correlators. At a mathematical level, both inputs are closely
related due to their linear relation and arguments related to
Parseval’s theorem of Fourier analysis (see Appendix A in
Ref. [3] for the proof in the case of translational-invariant
systems and the Supplemental Material [15] for the extension
to finite clusters), so our approach would operate similarly
on both input data. However, experimental approaches giving
access to the spatial two-site correlation functions, includ-
ing experiments with cold atoms/ions [24-26] or potentially
surface measurements using local probes [27-30], typically
require separate measurements for each pairwise correlator
and, for the latter, probe only surface states. In contrast, as
discussed in Ref. [3], neutron scattering yields information
about the bulk wave function of the material in a single shot.

Our results suggest that the variational approach to
quantum magnets proposed in Ref. [3], where an efficient
representation of the wave function of a magnet is optimized
to reproduce experimentally obtained neutron-scattering data,
may be feasible, at least for magnets formed of finite-size clus-
ters. Additional studies will be necessary to ascertain whether
this conclusion carries over to fully connected systems as
well as the effect of noisy and incomplete data sets. Effec-
tive ways to represent the wave function, for instance, using
neural networks, tensor networks, or quantum circuits (and
the potential of the latter to achieve scaling advantages when
implemented on noisy, intermediate-scale quantum hardware)
will also need to be developed.
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