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Spin stiffnesses and stability of magnetic order in the lightly doped two-dimensional Hubbard model
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We analyze the density dependence of the spin stiffnesses and the stability of magnetic order with respect to
quantum fluctuations in the two-dimensional Hubbard model close to half-filling. The stiffnesses are computed
from the spin susceptibility obtained from a random-phase approximation in a magnetically ordered state. For
a sizable next-to-nearest-neighbor hopping amplitude and a moderate Hubbard interaction, the mean-field ground
state is a Néel antiferromagnet in the electron-doped regime at and above half-filling and a planar circular
spiral state in the hole-doped regime below half-filling. Upon electron doping, the Néel stiffness decreases
smoothly and not very steeply. By contrast, the in-plane and out-of-plane stiffnesses in the spiral state drop
abruptly at half-filling. The out-of-plane stiffness even drops to zero and then increases again very slowly upon
increasing hole doping. At finite temperatures, the Néel-to-spiral transition is shifted into the hole-doped regime,
the stiffnesses are continuous functions of the density, and they vanish at the transition. For small hole doping,
the spin stiffnesses describe the quantum fluctuations only in a small momentum range, which shrinks to zero
upon approaching half-filling. Using the above results, we show that the quantum ground state of the lightly
electron-doped Hubbard model remains Néel ordered, while quantum fluctuations probably destroy the spiral
long-range order in the hole-doped regime, giving rise to a quantum disordered state with a spin gap.

DOI: 10.1103/x7qr-f6lm

I. INTRODUCTION

The two-dimensional Hubbard model has attracted much
interest as a minimal model capturing the most salient prop-
erties of the valence electrons moving in the copper-oxide
planes of cuprate high-temperature superconductors [1,2].
Inspite of remarkable progress in the development of quan-
tum many-body methods over the past decades, only small
fractions of the phase diagram of the two-dimensional (2D)
Hubbard model have been firmly established [3,4]. In case of
pure nearest-neighbor hopping, the ground state is doubtlessly
a Néel ordered antiferromagnet at half-filling [5], for any
interaction strength, and a collinear spin-charge stripe state
at the special densities n = 1 ± 1

8 for sufficiently strong in-
teractions [6]. In presence of hopping amplitudes beyond
nearest neighbors, the Néel order at half-filling sets in only
above a certain critical interaction strength. At sufficiently
weak coupling the ground state of the 2D Hubbard model
is a d-wave superconductor in a broad density range around
half-filling [7–9].

Besides the special cases just mentioned, there are no
conclusive results on magnetic order in the ground state of
the 2D Hubbard model away from half-filling. Exact nu-
merical methods are limited to relatively small finite-size
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lattices. Monte Carlo methods are severely limited by the
notorious sign problem. From approximate methods, such
as Hartree-Fock theory, dynamical mean-field theory and
its cluster extensions, and the functional renormalization
group, essentially three types of magnetic order emerged
as plausible candidates: Néel order [10–15], planar circular
spiral order [13–25], and collinear spin-charge stripe order
[26–38]. In a recent comprehensive Hartree-Fock study of
the two-dimensional Hubbard model at a moderate interaction
strength these three states indeed covered almost the entire
magnetic phase diagram [39]. A more complex state with non-
collinear planar magnetic order was found in a narrow density
regime between spiral and stripe order [40]. Messy states in
an intermediate regime between spiral order and a magnetic
phase with domain walls have been observed previously in
a Hartree-Fock study of a three-band Hubbard model [41].
Away from half-filling, the magnetic order may coexist with
superconductivity [15,42–49].

At finite temperatures, magnetic order is rigorously ex-
cluded by the Mermin-Wagner theorem [50]: The SU(2) spin
symmetry of the Hubbard model cannot be spontaneously bro-
ken in two dimensions. In the ground state, instead, quantum
fluctuations of the order parameter reduce the magnetic order
found in mean-field theories but not necessarily to zero. The
impact of low-energy quantum fluctuations can be analyzed
within a nonlinear sigma model for the transverse fluctua-
tions of the order parameter [51]. The key parameters in this
model are the spin stiffnesses, which parametrize the energy
of long wavelength fluctuations. In a spiral state one needs
to distinguish spin stiffnesses related to in-plane and out-of-
plane fluctuations [52]. The nonlinear sigma model maintains
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a magnetically ordered state for sufficiently large stiffnesses
and yields a quantum disordered state for small stiffnesses.
Mean-field spin stiffnesses also play an important role in
SU(2) gauge theories of the pseudogap phase in cuprates at
finite temperatures [53–56].

In this article we compute the spin stiffnesses for the
lightly doped Hubbard model with a moderate interaction
strength within mean-field theory. We include a sizable next-
to-nearest-neighbor hopping amplitude, which, in the context
of cuprates, is more realistic than the Hubbard model with
pure nearest-neighbor hopping. The mean-field ground state
then exhibits Néel order in a density range at and above
half-filling and spiral order below half-filling. While the stiff-
ness evolves continuously as a function of density on the
electron-doped side (n > 1), there are discontinuous drops
at half-filling to strongly reduced values upon hole doping
(n < 1). The spatial out-of-plane stiffness of the spiral state
even vanishes upon approaching half-filling from below. We
derive a number of analytic results for the wave vector of the
spiral state at low hole doping and for the size of the stiffness
drops. We also present and analyze results for the stiffnesses
at finite temperatures. Finally, we apply our results for the
stiffnesses to address the issue of stability of the magnetically
ordered ground state with respect to quantum fluctuations of
the order parameter. From the well-established fact of Néel
order at half-filling [5], and the continuity of the stiffnesses
for n � 1, we can firmly conclude that Néel order persists
in a finite density interval above half-filling. By contrast, the
drastic drop especially of the spatial out-of-plane stiffness
suggests the possibility of a discontinuous transition to a
quantum disordered ground state with a spin gap upon hole
doping.

The remainder of the paper is structured as follows. In
Sec. II we compute the spin stiffnesses for spiral magnetic
order and discuss their density dependence. Based on these
results, in Sec. III we analyze the stability of magnetic order
near half-filling with respect to quantum fluctuations. A sum-
mary and outlook in Sec. IV concludes the presentation.

II. SPIRAL ORDER AND SPIN STIFFNESSES

In this section we analyze the spin stiffnesses of spiral
magnetic order in the two-dimensional Hubbard model within
mean-field theory.

A. Hubbard model

The Hubbard Hamiltonian for spin- 1
2 lattice fermions with

a local repulsive interaction U > 0 reads [3,4]

H =
∑
j, j′,s

t j j′c
†
j,sc j′,s + U

∑
j

n j,↑n j,↓, (1)

where c j,s (c†
j,s) annihilates (creates) a fermion with spin

orientation s ∈ {↑,↓} on the lattice site j and nj,s = c†
j,sc j,s.

The hopping matrix t j j′ depends only on the distance between
the sites j and j′. We consider the case of a square lattice
with nearest and next-to-nearest hopping amplitudes, that is,
t j j′ = −t if j and j′ are nearest-neighbor sites, t j j′ = −t ′ if
j and j′ are next-to-nearest neighbors, and t j j′ = 0 other-
wise. Fourier transforming, this hopping matrix yields the

dispersion

εk = −2t (cos kx + cos ky) − 4t ′ cos kx cos ky. (2)

We use the nearest-neighbor hopping amplitude t as our en-
ergy unit.

B. Mean-field theory

Recently, an unbiased mean-field phase diagram of the
two-dimensional Hubbard model at moderate interaction
strengths has been established [39,40]. For pure nearest-
neighbor hopping, the mean-field ground state is a Néel state
only at half-filling, which turns into a spin-charge stripe state
upon doping. For a finite next-to-nearest-neighbor hopping
amplitude t ′ < 0, the Néel state remains stable upon electron
doping. Upon hole doping instead, the Néel state survives
only for weak interaction strengths and is replaced by a planar
spiral state for moderate interactions. A stripe state is favor-
able only at sufficiently large doping if t ′ �= 0. A spiral state
is found for the hole-doped Hubbard model also at strong
coupling in a dynamical mean-field approximation [24,25].
The mean-field formalism for the planar spiral magnetic order
is adopted from established literature [13,57,58].

For planar spiral magnetic order all spin expectation values
〈S j〉 lie in the same (arbitrary) plane and have the same am-
plitude m = |〈S j〉| for all sites j. We choose the spins to be
aligned in the xy plane. The spiral order then has the form

〈S j〉 = m[cos(Q · R j ) ex + sin(Q · R j ) ey], (3)

where Q is a fixed wave vector, R j is the position vector
of the lattice site j, and eα are unit vectors with directions
α = x, y, z. The components of the spin operator S j can
be expressed in terms of fermion creation and annihilation
operators as

Sa
j = 1

2

∑
s,s′

c†
j,sσ

a
ss′c j,s′ , (4)

where σ a with a = 1, 2, 3 are the Pauli matrices. In the fol-
lowing it will be convenient to include also the charge operator
ρ j as S0

j = 1
2ρ j with the 2 × 2 identity matrix σ 0 in Eq. (4).

Fourier transforming, the Eqs. (3) and (4) yield the relation

m =
∫

k
〈c†

k,↑ck+Q,↓〉, (5)

where ck,s and c†
k,s are creation and annihilation operators

in momentum space and
∫

k = ∫
d2k

(2π )2 . For spiral order of
the form (3), the mean-field Hamiltonian can be written in
momentum representation as [58]

HMF =
∫

k

∑
s

ξkc†
k,sck,s + �

∫
k

c†
k,↑ck+Q,↓ + H.c., (6)

where ξk = εk − μ and � = Um is the energy gap associated
with the spiral order. Diagonalizing HMF yields two quasipar-
ticle bands,

E±
k = 1

2
(ξk + ξk+Q) ±

√
1

4
(ξk − ξk+Q)2 + �2. (7)
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The gap is determined by the self-consistency equation [58]

� = U
∫

k

�

2ek
[ f (E−

k ) − f (E+
k )], (8)

where ek =
√

h2
k + �2 with hk = 1

2 (ξk − ξk+Q) and f (x) =
(ex/T + 1)−1 is the Fermi function. The optimal wave vector Q
is obtained by minimizing the mean-field free energy [57,58]

F (Q) = −T
∫

k

∑
	

ln(1 + e−E 	
k/T ) + �2

U
+ μn, (9)

at fixed density n.
It is useful to introduce rotated fermion operators [58]

c̃ j = e− i
2 Q·R j e

i
2 Q·R jσ

3
c j,

c̃†
j = c†

j e
− i

2 Q·R jσ
3
e

i
2 Q·R j , (10)

where c j = (c j,↑, c j,↓) and c†
j = (c†

j,↑, c†
j,↓). In the new basis

c̃ j = (c̃ j,↑, c̃ j,↓), the spins appear ordered ferromagnetically
in the x direction. In momentum space, the transformation
(10) corresponds to c̃k = (c̃k,↑, c̃k,↓) = (ck,↑, ck+Q,↓). In the
rotated basis, the inverse Green function has the form

G̃−1(k, iν) =
(

iν − ξk −�

−� iν − ξk+Q

)
. (11)

Using a partial fraction decomposition, the Green function can
also be written as [52]

G̃(k, iν) = 1

2

∑
	=±

u	
k

iν − E 	
k

, (12)

with the matrix coefficients

u	
k = σ 0 + 	

hk

ek
σ 3 + 	

�

ek
σ 1. (13)

C. Spin-charge susceptibility

The imaginary time spin-charge susceptibility can be de-
fined as [52,58]

χab
j j′ (τ ) = 〈

T Sa
j (τ )Sb

j′ (0)
〉
, (14)

where Sa
j (τ ) with a ∈ {0, 1, 2, 3} is the spin/charge operator

from Eq. (4) in the imaginary time Heisenberg representation,
and T represents the time-ordering operator.

In a spiral state, translation invariance is broken, and this
property is shared by the susceptibility. The susceptibility in
the rotated spin basis,

χ̃ab
j j′ (τ ) = 〈

T S̃a
j (τ )S̃b

j′ (0)
〉
, (15)

with S̃a
j = 1

2 c̃†
jσ

ac̃ j , remains instead translation invariant. One
can transform the susceptibility to the rotated basis and back
by using the formula

χ j j′ (τ ) = M j χ̃ j j′ (τ )MT
j′ , (16)

where χ j j′ (τ ) and χ̃ j j′ (τ ) are 4 × 4 matrices with matrix
elements χab

j j′ (τ ) and χ̃ab
j j′ (τ ), respectively. The right-hand side

of Eq. (16) is a matrix product with the rotation matrix

M j =

⎛⎜⎜⎝
1 0 0 0
0 cos(Q · R j ) sin(Q · R j ) 0
0 − sin(Q · R j ) cos(Q · R j ) 0
0 0 0 0

⎞⎟⎟⎠. (17)

We denote the Fourier transform of χ j j′ (τ ) by
χ (q, q′, iωn), and its analytic continuation to real frequencies
iωn → ω + i0+ by χ (q, q′, ω). Due to the broken translation
invariance, the susceptibility has nonzero components not
only for q′ = q but also for q′ = q ± Q and q′ = q ± 2Q.
Fourier transforming Eq. (16), one obtains the following
relations for the momentum and spin diagonal components of
the susceptibility [52,58]:

χ00(q, ω) = χ̃00(q, ω), (18)

χ11(q, ω) = χ22(q, ω) (19)

= 1

4
[χ̃11(q+Q, ω) + χ̃11(q−Q, ω)

+χ̃22(q+Q, ω) + χ̃22(q−Q, ω)

+2iχ̃12(q+Q, ω) + 2iχ̃21(q−Q, ω)],

χ33(q, ω) = χ̃33(q, ω). (20)

In random-phase approximation (RPA), the susceptibility
in the rotated spin frame is given by [52,58]

χ̃ (q, ω) = χ̃0(q, ω)[I4 − �0χ̃0(q, ω)]−1, (21)

where �0 = 2Udiag(−1, 1, 1, 1) is the bare interaction ver-
tex, I4 is the 4 × 4 identity matrix, and χ̃0(q, ω) is composed
of the matrix elements,

χ̃ab
0 (q, ω) = −1

4

∫
k

T
∑
νm

Tr[σ aG̃(k, iνm)

×σ bG̃(k + q, iνm + iωn)]
∣∣∣
iωn→ω+i0+

(22)

is the bare susceptibility. Using the decomposition (12), the
Matsubara frequency sum can be carried out, yielding

χ̃ab
0 (q, ω) = −1

8

∑
	,	′=±

∫
k
Aab

		′ (k, q)
f (E 	

k ) − f (E 	′
k+q)

ω + i0+ + E 	
k − E 	′

k+q

,

(23)

with the coefficients

Aab
		′ (k, q) = 1

2 Tr
(
σ au	

kσ
bu	′

k+q

)
. (24)

D. Goldstone poles

The diagonal components of the spin susceptibility
χaa(q, ω) with a = 1, 2, 3 have poles at q = ±Q and ω = 0,
which are associated with the Goldstone modes. In the spiral
state there are three Goldstone modes, one corresponding to
in-plane fluctuations, and two corresponding to out-of-plane
fluctuations [20,58–60]. For our choice of spin order in the
xy plane, the in-plane and out-of-plane modes are reflected
by poles in χ11 = χ22 and χ33, respectively. In the rotated
spin basis, where all spins are aligned along the x direction,
the in-plane mode appears as a (single) pole in χ̃22(q, ω)
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at (q, ω) = (0, 0), while χ̃11(q, ω) remains bounded at low
energies.

Near the poles, the spin susceptibilities in the rotated frame
have the form

χ̃22(q, ω) � m2

J�
αβqαqβ − Z�ω2

, (25)

χ̃33(q, ω) � m2

J⊥
αβ (qα ∓ Qα )(qβ ∓ Qβ ) − Z⊥ω2

, (26)

with Einstein’s summation convention for repeated Greek in-
dices. We have not written (imaginary) Landau damping terms
in the denominator, which are of the same (quadratic) order
as the other terms in the in-plane susceptibility and of higher
(cubic) order in the out-of-plane susceptibility [52]. The co-
efficients in the above expansion are the spatial and temporal
spin stiffnesses, which are related to second derivatives of the
inverse susceptibilities at the Goldstone poles as [52,61]

J�
αβ = 1

2 m2 ∂2
qαqβ

[χ̃22(q, 0)]−1|q=0, (27)

J⊥
αβ = 1

2 m2 ∂2
qαqβ

[χ̃33(q, 0)]−1|q=±Q, (28)

and

Z� = − 1
2 m2 ∂2

ω[χ̃22(0, ω)]−1|ω=0, (29)

Z⊥ = − 1
2 m2 ∂2

ω[χ̃33(±Q, ω)]−1|ω=0. (30)

E. Special case: Néel order

Néel order can be viewed as a special case of spiral order
with Q = (π, π ). All spins are collinear in the Néel state, and
the SU(2) symmetry is only partially broken: a U(1) symme-
try remains. Hence, there are only two linearly independent
Goldstone modes, corresponding to fluctuations perpendicular
to the spin alignment in the Néel state. The symmetry of the
Néel state with respect to rotations around the axis of spin
alignment (the x axis in our representation) implies that these
two Goldstone modes are degenerate and are thus described
by the same spatial and temporal stiffnesses, Jαβ = Jδαβ and
Z , respectively. This degeneracy can also be obtained from the
above formulas for the stiffnesses in the spiral state by using
the symmetry relation χ̃22(ω, q) = χ̃33(ω, q + Q), which is
specific for the Néel state [52].

Since 2Q = (2π, 2π ) ≡ 0 in the Néel state, the off-
diagonal components of the susceptibilities with q′ = q ± 2Q
contribute actually to the diagonal components, yielding the
simpler relations [52]

χaa(q, ω) = χ̃aa(q + Q, ω), (31)

for a = 1, 2.

F. Spatial stiffnesses

The evaluation of the RPA susceptibilities generally in-
volves a 4 × 4 matrix inversion. However, reflection and other
symmetries facilitate the evaluation of the RPA stiffnesses, so
that relatively simple expressions can be derived [52,62].

1. In-plane stiffness

For the spatial in-plane stiffness one obtains [52]

J�
αβ = −2�2

[
∂2

qαqβ
χ̃22

0 (q, 0)

+ 2
∑

ab=0,1

∂qα
χ̃2a

0 (q, 0)�
ab

(q, 0)∂qβ
χ̃b2

0 (q, 0)

]∣∣∣∣∣
q=0

,

(32)

where the matrix �(q) represents the RPA effective interaction
in the subspace spanned by the charge channel and the spin
channel in the xdirection,

�(q) =
[

I2 −
(−2U 0

0 2U

)(
χ̃00

0 (q) χ̃01
0 (q)

χ̃10
0 (q) χ̃11

0 (q)

)]−1

×
(−2U 0

0 2U

)
, (33)

with q = (q, ω). The matrix elements �
ab

(q) with a, b ∈
{0, 1} are all finite for ω = 0 and q → 0.

The momentum derivatives on the right-hand side of
Eq. (32) can be evaluated by applying them to the bare sus-
ceptibilities as given in Eq. (23). For the derivative in the first
term one obtains [62]

∂2
qαqβ

χ̃22
0 (q, 0)

∣∣∣
q=0

=
∫

k
γ α

k γ
β

k+Q

[
f (E−

k ) − f (E+
k )

8e3
k

+ f ′(E+
k ) + f ′(E−

k )

8e2
k

]
,

(34)

where f ′(x) = df /dx and γ α
k = ∂kα

εk. The momentum
derivatives in the second term can be written as

∂qα
χ̃20

0 (q, 0)
∣∣
q=0 = −∂qα

χ̃02
0 (q, 0)

∣∣
q=0

= i�
∫

k
∂kα

hk

[
f (E−

k ) − f (E+
k )

8e3
k

+ f ′(E+
k ) + f ′(E−

k )

8e2
k

]
,

(35)

and

∂qα
χ̃21

0 (q, 0)
∣∣
q=0 = −∂qα

χ̃12
0 (q, 0)

∣∣
q=0

= i
∫

k
hk∂kα

gk
f (E−

k ) − f (E+
k )

8e3
k

+ i
∫

k

∑
	

[hk∂kα
gk + 	ek∂kα

hk]
f ′(E 	

k )

8e2
k

,

(36)

where gk = 1
2 (ξk + ξk+Q).

2. Out-of-plane stiffness

For the spatial out-of-plane stiffness one obtains the simple
expression [52]

J⊥
αβ = −2�2∂2

qαqβ
χ̃33

0 (q, 0)|q=Q. (37)
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It is fully determined by the bare susceptibility. Applying the
momentum derivatives to χ̃33

0 (q, 0) as given by Eq. (23) yields
the expression [61,62]

J⊥
αβ = 1

4

∫
k

∑
	,	′=±

(
1 − 	

hk

ek

)(
1 + 	′ hk+Q

ek+Q

)
γ α

k+Qγ
β

k+Q

× f
(
E 	

k

) − f
(
E 	′

k+Q

)
E 	

k − E 	′
k+Q

− 1

4

∫
k

∑
	=±

[(
1 − 	

hk

ek

)2

γ α
k+Q + �2

e2
k

γ α
k

]
γ

β

k+Q f ′(E 	
k

)
− 1

4

∫
k

∑
	=±

[
�2

e2
k

(γ α
k+Q − γ α

k )

]
γ

β

k+Q

f (E 	
k ) − f (E−	

k )

E 	
k − E−	

k

.

(38)

G. Numerical results: Ground state

In this section we show some numerical results for
the order parameter and the spatial spin stiffnesses in the
ground state as a function of doping p = 1 − n. We choose
t = 1 as energy unit, t ′ = −0.2t , and a Hubbard interac-
tion U = 2.35t . Viewed as an effective interaction obtained
from a renormalization group flow [15,43,63], this interac-
tion strength corresponds to a bare Hubbard interaction near
U = 4t . For these parameters, the ground state is Néel ordered
at half-filling and in the electron-doped regime (n � 1), while
in the weakly hole-doped regime spiral order with a wave
vector of the form Q = (π − 2πη, π ) with η > 0 is obtained.
There is a twofold degeneracy in that the incommensurability
η could of course appear equivalently in the second compo-
nent of Q, instead of the first one.

Within mean-field theory, there is a sizable range of mod-
erate coupling strengths U exhibiting qualitatively the same
phase diagram near half-filling [14]. The results presented in
this section, and the underlying physics of spiral magnetic
order being favored over Néel order upon small finite hole
doping, are robust for any value of U for which the Néel
order is unstable towards spiral order at any small finite dop-
ing p > 0. For the next-nearest-neighbor hopping t ′ = −0.2t
considered here, this range of (effective) interaction U is
approximately 2.22t � U � 3t [14].

For weaker couplings, 2.1t < U < 2.22t , the Néel state
remains the ground state at small finite doping before transi-
tioning to other phases. Furthermore, for U � 2.1t , the system
becomes entirely paramagnetic near half-filling due to the
finite value of t ′, thus preventing the formation of any or-
dered magnetic state. At stronger couplings, the mean-field
approximation loses its reliability, requiring the use of more
sophisticated techniques, such as dynamical mean-field the-
ory [64]. Therefore, the choice of U = 2.35t is not a rigid
restriction but a representative value that exhibits the Néel to
spiral instability upon small hole doping, justifying the use of
this value to showcase the general behavior of the model.

At larger hole doping eventually a spin-charge stripe state
has a lower energy [39,40]. Although the focus of this work
is on the regime of weak hole doping, where a spiral state
has the lowest energy, we show results for spiral states also at
larger hole doping, that is, in a regime where the ground state

FIG. 1. Incommensurability η as a function of doping p = 1 − n
in the ground state. The dashed line represents the asymptotically
linear behavior for small p. Inset: Magnetic gap � as a function of
doping.

is actually stripe ordered. This is to see trends in the doping
dependence in a wider regime.

In Fig. 1 we show the incommensurability η and, in the
inset, the magnetic gap � as a function of doping. The
incommensurability η decreases linearly while approaching
half-filling and vanishes continuously at n = 1. There is a
simple relation between η and doping p in the low-doping
limit, as we will show below.

In Fig. 2 the stiffnesses J� and J⊥ are plotted as a func-
tion of the doping. As already observed in Refs. [52,53],
both stiffnesses are discontinuous at half-filling. As we will
see below, one can analytically compute the size of the
jumps and analyze their origin. Remarkably, the out-of-plane

FIG. 2. Spatial stiffnesses as a function of doping p in the ground
state. For the spiral state in the hole-doped regime, there are dis-
tinct in-plane and out-of-plane stiffnesses with distinct xx and yy
components. In the Néel state, for p � 0, both Goldstone modes are
characterized by the same isotropic stiffness.
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FIG. 3. Bare contributions J�,0
αα and vertex corrections J�,v

αα to the
spatial in-plane stiffness J�

αα as a function of doping. There are no
vertex corrections in the Néel state, and in the spiral state only J�,v

xx

is nonzero.

stiffness J⊥ tends to zero for p → 0+, which we will
also prove analytically. This feature was not observed in
Refs. [52,53] due to increasing numerical inaccuracies for
smaller hole doping.Contrary to the out-in-plane stiffness,
which is fully determined by a single particle-hole bubble,
the in-plane stiffness has in general vertex corrections, given
by the second term in Eq. (32). In Fig. 3 we compare the
bare component and its vertex correction. At half-filling and
for electron doping, the vertex corrections vanish since the
functions ∂qα

χ̃2a(q, 0) and ∂qα
χ̃b2(q, 0) are identically zero

in the Néel state. In the spiral state with Q = (π − 2πη, π ),
which corresponds to Néel type order in the y direction,
the vertex correction J�,v

yy remains zero, too. The only re-

maining vertex correction J�,v
xx is generally small compared

to its bare counterpart, and vanishes at small doping. In
Fig. 4 we show the density dependence of the temporal stiff-
nesses. In the hole-doped spiral regime there are again distinct

FIG. 4. Temporal stiffnesses as a function of doping p in the
ground state. For the spiral state in the hole-doped regime, there are
distinct in-plane and out-of-plane stiffnesses.

FIG. 5. Hole pockets in the first quarter of the Brillouin zone for
electron densities n < 1 close to half-filling.

in-plane and out-of-plane stiffnesses, Z� and Z⊥, respec-
tively; see Eqs. (29) and (30). Explicit expressions can be
found in Refs. [52,62]. In the electron-doped Néel regime,
both Goldstone modes have the same temporal stiffness Z .
The in-plane stiffness is continuous, while the out-of-plane
stiffness exhibits a pronounced drop at half-filling.

H. Low-doping expansion

In this section we evaluate the spatial spin stiffnesses of
the spiral ground state in the limit of low hole doping, follow-
ing partially Ref. [21]. In particular, we will derive a simple
formula for the discontinuities of the stiffnesses at half-filling,
and we will show that the out-of-plane stiffness vanishes upon
approaching half-filling from the hole-doped regime.

1. Hole pockets

At half-filling the lower quasiparticle band E−
k is com-

pletely filled, while the upper band E+
k remains empty. For

low hole doping, small hole pockets are formed in the lower
quasiparticle band, as shown in Fig. 5, with a Fermi surface
defined by E−

k = 0.
The centers of the pockets are defined by the max-

ima of E−
k = 0 in momentum space, where ∇kE−

k = 0. For
Q = (π − 2πη, π ), their positions are given by the four
points

kss′ =
(

s
π

2
+ πη, s′ π

2

)
, (39)

with s, s′ ∈ {+,−}. They also satisfy the independent equa-
tions εk = εk+Q and ∇k(εk + εk+Q) = 0. Note that these
points depend only on the incommensurability η, not on the
details of the dispersion εk, as long as the hopping am-
plitudes beyond nearest neighbors remain sufficiently small
compared to t . In the Néel state all four pockets are equal
in size. For η > 0, the two pockets on the right, centered
around (π/2 + πη,±π/2), are larger than the pockets around
(−π/2 + πη,±π/2) on the left.
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In the low-doping limit, we can expand E−
k around the

maxima at kss′ to quadratic order [21].

E−
k = E−

s − 1
2 k̃T · M−1

s k̃ + O(|k̃|3), (40)

with k̃ = k − kss′ . For a dispersion of the form (2), one finds
E−

s = −� − μ + 2st sin(πη), and

M−1
s =

(
2t[t cos(2δ)+st� sin δ]

�
s

4[t2−2stt ′ sin δ+t ′�] cos δ

�

s
4[t2−2stt ′ sin δ+t ′�] cos δ

�

4[t−2st ′ sin δ]2

�

)
,

(41)

with δ = πη. Neither E−
s nor Ms depend on s′, since the

pockets are symmetric with respect to the kx axis.
Since the matrices M± are symmetric, the quadratic form

(40) can be diagonalized by a rotation in momentum space,
yielding

E−
k = E−

s − k̃2
⊥

2ms⊥
− k̃2

‖
2ms‖

, (42)

where ms‖ and ms⊥ are the two eigenvalues of Ms, while k̃‖ and
k̃⊥ are the momentum coordinates in the rotated basis. We will
show below that the incommensurability η is proportional to
the doping p at low hole doping. Hence, to leading order in
our expansion, we can sometimes replace the mass matrix by
its value for η = 0, where it is the same for all pockets.

Within the quadratic expansion (40), the hole pockets in
the lower quasiparticle band E−

k have the form of an ellipse.
The number of holes accommodated in each pocket is given
by the area of the ellipse divided by (2π )2, that is,

ps = 1

2π

√
ms⊥ms‖ |E−

s |. (43)

2. Incommensurability

Assuming that the Néel state at half-filling is replaced by a
spiral state upon arbitrarily small hole doping, we now show
that the incommensurability η is proportional to the doping
p for small p and that only two (not four) hole pockets are
present. To this end we consider the minimization of the
ground-state energy

E (Q) =
∫

k
[E−

k (Q) + μ(Q)] f [E−
k (Q)] + �2

U
(44)

for fixed density with respect to the ordering wave vector
Q. Here we have made the Q dependence of all involved
quantities explicit. The second contribution to the integral,
involving the chemical potential, yields simply μ(Q)n. The
energy can also be written in the form

E (Q) =
∫

k
Ẽ−

k (Q) −
∑
ss′

∫
k∈Pss′

Ẽ−
k (Q) + �2

U
, (45)

where Ẽ−
k (Q) = E−

k (Q) + μ(Q) and Pss′ denotes the set
of momenta contained in the pocket labeled by s and s′.

Expanding the energy as a function of Q around π = (π, π )
to second order in η yields

E (Q) =
∫

k
Ẽ−

k (π) + �2

U
+

∫
k

1

2

∂2Ẽ−
k (Q)

∂η2

∣∣∣∣∣
η=0

η2

+ 2π
∑

s

p2
s√

ms⊥ms‖

+ 2�(p+ + p−) − 4πt (p+ − p−)η. (46)

Here in the expansion, we considered that the partial deriva-
tive with respect to η of the energy equals its total derivative,
since the gap and the chemical potential, implicitly depending
on η, minimize the ground-state energy.

The prefactor of the term proportional to η2 in Eq. (46) is
essentially the stiffness at half-filling,

1

2

∫
k

∂2Ẽ−
k (Q)

∂η2

∣∣∣∣∣
η=0

= −π2

2

∫
k
γ x

k γ x
k+Q

�2

e3
k

= 2π2J (n = 1).

(47)
At half-filling, Q = (π, π ) and J⊥

αβ = J�
αβ = Jδαβ . In the third

term in Eq. (46) one can replace the masses by their values
at half-filling, so that the pocket index s can be dropped.
The η dependence of the masses yields a contribution beyond
quadratic order (in the doping) to the energy. The energy (46)
can then be written as

E (Q) = E (π) + 2π2J (n = 1) η2 + 2π√
m‖m⊥

(p2
+ + p2

−)

+ 2�(p+ + p−) − 4πt (p+ − p−)η. (48)

Minimizing the energy with respect to η yields

η = t

πJ (n = 1)
(p+ − p−), (49)

and

E (Q) = E (π) +
(

π√
m⊥m‖

− 2t2

J (n = 1)

)
(p+ − p−)2

+ π√
m⊥m‖

(p+ + p−)2. (50)

Since the prefactor of the term of order (p+ − p−)2 is neg-
ative, the energy at fixed total hole density p = 2(p+ + p−)
is minimized when the volume difference p+ − p− is max-
imal, that is, when only the two pockets centered around
( π

2 − πη,±π
2 ) are present, so that p− = 0. The relation (49)

then yields the simple linear relation

η = t

2πJ (n = 1)
p (51)

between the doping p and the incommensurability η. In the
low-hole-doping limit this result agrees perfectly with the
numerical results for the doping dependence of η shown in
Fig. 1.

An approximate version of Eq. (51) was also found in the
low-doping limit in Ref. [21] within a strong-coupling approx-
imation. Furthermore, a similar formula was also derived in
the context of the t-J model in the Refs. [20,65].
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From neutron-scattering measurements of spin fluctuations
in La2−xSrxCuO4, Yamada et al. [66] extracted the approxi-
mate empiric relation η = p between the incommensurability
and the hole doping. For our choice of parameters we have
J (n = 1) ≈ 0.18t , leading to η ≈ 0.88p, which happens to be
quite close to the Yamada relation. However, the prefactor of
this linear relation is obviously not universal. A recent slave
boson mean-field study of the Hubbard model yielded numer-
ical results consistent with the empirical Yamada relation in
the intermediate to strong-coupling regime [67].

3. In-plane stiffness at low doping

In this section we analyze the difference between the spin
stiffness at half-filling J (n = 1) and the low-hole-doping limit
of the in-plane stiffness J�

αα (n → 1−). All contributions in
Eq. (32) are regular in the low-doping limit, apart from the
contribution containing f ′(E−

k ) to the first (bare) term; see
Eq. (34). This term leads to the discontinuity

J (n = 1) − J�
αα (n → 1−) = �2

∫
k
γ α

k γ α
k+Q

f ′(E−
k )

4e2
k

. (52)

Since f ′(E ) = −δ(E ) at T = 0, the only contributions to
this integral come from momenta on the Fermi surface of
the (two) hole pockets centered around k+s′ = ( π

2 − πη, s′ π
2 ).

For small hole doping, the pockets are small, and η → 0,
so that we can replace γ α

k γ α
k+Q/e2

k → γ α
k+s′

γ α
k+s′+Q/e2

k+s′
→

−4t2/�2. In the last step a dispersion of the form Eq. (2) was
assumed. With the elementary integral over the two pocket
Fermi surfaces,

∫
k f ′(E−

k ) = − 1
π

√
m‖m⊥, we then obtain

J (n = 1) − J�
αα (n → 1−) = t2

π

√
m⊥m‖, (53)

where m⊥ and m� are the effective masses characterizing the
dispersion of the two hole pockets in the limit n → 1−. For a
dispersion of the form Eq. (2), with t ′ < 0, one obtains [68]

m‖ = − 1

4t ′ , m⊥ = �

8t2 + 4�t ′ . (54)

For the parameters used for the stiffnesses shown in Fig. 2,
Eq. (53) yields J (n = 1) − J�

αα (n → 1−) ≈ 0.094t , which
agrees with the numerical results. Note that m‖ in Eq. (54)
diverges for t ′ → 0. This indicates, once again, that the case
of pure nearest-neighbor hopping is very special.

4. Out-of-plane stiffness at low doping

We now apply a similar analysis to the out-of-plane stiff-
ness, as given by Eq. (38). At first sight one might expect that,
as before, the discontinuity at half-filling is determined by the
term containing the factor f ′(E−

k ). However, this term actually
vanishes in the low-doping limit n → 1−, since the regular
prefactor of f ′(E−

k ) in Eq. (38) vanishes for k → k+s′ →
( π

2 , s′ π
2 ) and Q → (π, π ). The only singular contribution is

the one in the first line of Eq. (38) for l = l ′ = −,

J⊥,1
αα = 1

4

∫
k

(
1 + hk

ek

)(
1 − hk+Q

ek+Q

)

× (
γ α

k+Q

)2 f (E−
k ) − f (E−

k+Q)

E−
k − E−

k+Q

. (55)

For the Néel state, E−
k = E−

k+Q for all k, so that J⊥,1
αα becomes

J⊥,1
αα

∣∣
Q=(π,π ) = 1

4

∫
k

(
γ α

k+Q

)2
(

1 + hk

ek

)(
1 − hk+Q

ek+Q

)
× f ′(E−

k ). (56)

At half-filling this term vanishes, since E−
k < 0 for all k (no

Fermi surface). Hence, the discontinuity is given by

J (n = 1) − J⊥
αα (n → 1−) = −J⊥,1

αα (n → 1−). (57)

Due to the difference of Fermi functions, the integrand in
Eq. (55) is nonzero only if k or k + Q are situated in one
of the hole pockets. Let us first evaluate the former contribu-
tion. In the limit n → 1−, the size of the pockets shrinks to
zero, and the regular functions in the integrand of Eq. (55)
can replaced by their values at the pocket center k+s′ , that
is, hk → 0, hk+Q → 0, ek → �, ek+Q → �, γ α

k+Q → −2t ,
and E−

k − E−
k+Q → 4πηt . The integral over the difference of

Fermi functions yields simply the volume of the hole pockets,
that is, the doping p. Collecting all the factors in the limit
k → k+s′ as listed above, one obtains the first contribution
J⊥,1a
αα = − t

4πη
p to the integral in Eq. (55). The second contri-

bution, J⊥,1b
αα , from momenta k + Q inside a hole pocket, is

obtained analogously and has the same value. We thus find

J⊥,1
αα = − t

2πη
p = −J (n = 1), (58)

where the last relation follows from Eq. (51). Hence, the dis-
continuity of the out-of-plane stiffness at half-filling is given
by the stiffness at half-filling itself, so that

J⊥
αα (n → 1−) = 0. (59)

We emphasize that this striking result hinges on the relation
(51) between the doping and the incommensurability.

I. t ′ dependence

It is instructive to study the dependence on the next-
nearest-neighbor hopping amplitude t ′, which was set to
t ′ = −0.2t in the preceding sections. We now vary t ′ to assess
its effect on the magnetic stiffnesses and the validity of our
low-doping expansion. We fix the coupling value as before
to U = 2.35. We first observe that, as t ′ approaches zero, the
hole pockets become narrower. In fact, the expansion (42)
fails in the t ′ → 0 limit due to the divergence of the parallel
mass parameter m‖ [see Eq. (54)]. Nevertheless, for any small
but finite value of t ′, there always exists a doping regime,
as n → 1−, where the expansion (42) remains valid, and the
hole pockets are accurately represented by small (albeit highly
eccentric) ellipses.

In Fig. 6, we show the out-of-plane stiffness J⊥
xx as a func-

tion of doping p for various values of t ′. As a general feature,
we observe stable Néel order at half-filling and upon electron
doping, which transitions to spiral order for any finite small
hole doping. The resulting incommensurability η is displayed
in the inset. The linear dependence of η in the low-doping
limit is almost independent of the value of t ′. Specifically, its
dependence on doping is consistently given by Eq. (49), and
the stiffness at half-filling only has a very weak dependence on
t ′. The doping behavior of the stiffness on the electron-doped

245149-8



SPIN STIFFNESSES AND STABILITY OF MAGNETIC … PHYSICAL REVIEW B 112, 245149 (2025)

FIG. 6. Doping dependence of out-of-plane stiffnesses for vari-
ous t ′ values. In the inset, the incommensurability η as a function of
the doping for various t ′.

side is strongly t ′ dependent. On the hole-doped side, all
curves approach zero independently of t ′, which confirms the
generality of our finding in Eq. (59).

In Fig. 7, we plot the in-plane stiffness J�
xx . On the hole-

doped side, we observe, as before, a sharp jump whose
magnitude sizably depends on the t ′ value. We confirmed that
the analytical prediction in Eq. (52) remains valid across all
cases. This strong t ′ dependence of J�

xx in the low-doping limit
for small |t ′| is analytically justified by considering the t ′ → 0
limit: The parallel mass parameter m‖ [see Eq. (54)] diverges,
which, as a direct consequence, causes the jump in Eq. (52)
to also diverge. Indeed, for a small value like t ′ = −0.02t , the
jump is already large enough to drive the in-plane stiffness to
negative values. This negative stiffness implies that the spiral
order with Q = (π, π − 2πη) is not stable in this regime, and
another mean-field state, specifically a diagonal spiral order
with Q = (π − 2πη, π − 2πη), is found to have a lower
energy. Alternatively, since we observe a diverging charge
susceptibility, it is also possible that a spin-charge stripe state
has the lowest energy in this regime [39].

As a general remark, this analysis illustrates that in the low-
doping limit there will always be a finite small |t ′| value below
which the planar spiral order becomes unstable, necessitating

FIG. 7. Doping dependence of in-plane stiffnesses for various t ′

values.

FIG. 8. Doping dependence of in-plane and out-of-plane stiff-
nesses for various temperatures.

a search for other states, such as diagonal spiral or stripe order.
Conversely, for |t ′| values larger than the range explored here,
specifically for −0.23t < t ′ < −0.27t , the Néel state remains
stable only for very small doping, and the system becomes
entirely paramagnetic for even larger |t ′|. We emphasize that
the specific boundaries of these magnetic phases depend on
the coupling U , as explained above.

J. Temperature dependence

So far, we focused on the ground state, where many
momentum integrals can be analytically evaluated in the low-
doping limit. It is instructive to analyze the behavior of the
stiffnesses at the Néel-spiral transition also at finite temper-
ature. At finite T the Néel-spiral transition occurs at a finite
critical doping pc, whose value is temperature dependent and
approaches zero only for T → 0. The incommensurability η

is always a smooth function of doping, at any temperature.
In Fig. 8 the spatial in-plane and out-of-plane stiffnesses

are shown as functions of doping for various temperatures.
In the spiral regime only the xx component is shown. The
yy component behaves similarly, and the mixed xy compo-
nent vanishes. Both the out-of-plane and in-plane stiffnesses
vanish at the transition, at any finite temperature. The same
behavior was already observed for the stiffnesses as obtained
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FIG. 9. In-plane J� and out-of-plane J⊥ stiffnesses as functions of doping for U = 2.2t . Left panel: T = 0, right panel: T = 0.05t . The
insets show the doping dependence of the incommensurability η.

from a dynamical mean-field calculation at a sizable finite
temperature, and it was explained by the merging of the two
Goldstone poles at ±Q at the Néel ordering vector (π, π ) as
one approaches the transition from the spiral regime [54].

In view of the distinct behavior we found for the ground
state, it is useful to work out the argument of the merging
poles in some detail. Let us start with the out-of-plane stiff-
ness, which is obtained from the 33-component of the static
susceptibility χ33(q) = χ33(q, 0). Close to the Néel-spiral
transition, the inverse of χ33(q) can be expanded around the
Néel wave vector (π, π ) as

[χ33(π + δqx, π )]−1 = α(n)δq2
x + β(n)δq4

x , (60)

where α(n) and β(n) are density-dependent coefficients. Its
minimum is located at δqx = 0 for α(n) > 0, corresponding
to a Néel state, and at δqx = [− 1

2α(n)/β(n)]1/2 for α(n) <

0, corresponding to a spiral state. The stiffness is given by
J = m2α(n) in the Néel regime, and by

J⊥
xx = 1

2
m2 d2(χ33)−1

dδq2
x

∣∣∣∣
δqx

= −2m2α(n) (61)

in the spiral regime. Assuming that α(n) is a continuous func-
tion of density, we see that the stiffnesses vanish continuously
along with α(n) on both sides of the Néel-spiral transition.
This explanation holds only when all relevant quantities, such
as the gap, the incommensurability, and the Fermi surface, are
continuous functions of the doping, which is no longer true at
zero temperature.

The above arguments hold analogously for the in-plane
stiffness. The Goldstone poles of the corresponding suscep-
tibility χ22(q) are also located at ±Q, which are distinct
points in the spiral state, while they merge at the Néel-spiral
transition.

At T = 0, the above continuity argument breaks down
since the coefficients in Eq. (60) can exhibit jumps, and the
stiffnesses exhibit discontinuities at the Néel-spiral transition.
That the out-of-plane stiffness nevertheless vanishes on the

spiral side of the transition has distinct (and more subtle)
reasons, which have been explained in Sec. II H.

K. Néel-spiral transition at finite doping

In the previous sections, we focused on the case where
in the ground state the Néel-spiral transition occurs at half-
filling. This situation arises, at least in mean-field theory,
when the Hubbard interaction is sufficiently strong [13]. For
weaker interactions, the Néel state may remain stable for
low hole doping, and the Néel-spiral transition occurs at a
finite critical hole doping pc. In our mean-field theory, we
can realize this case by slightly reducing the coupling value
to U = 2.2t , keeping the value of t ′ as before. For these
parameters, the transition occurs at pc ≈ 0.053.

In Fig. 9 we show the corresponding in-plane and out-of-
plane stiffnesses in the ground state and at a finite temperature.
At T = 0.05t , shown on the right panel, the incommensura-
bility η is continuous at the transition, such that the transition
is second order and both stiffnesses vanish at the transition,
as explained in the previous section by the merging of the
Goldstone points. The situation is, however, different at zero
temperature, shown on the left panel, where the transition is
first order, with a jump in the incommensurability η. Here
there is no a priori reason for the stiffnesses to vanish, and
indeed the in-plane stiffness jumps at the critical doping.
However, the out-of-plane stiffness still approaches zero at
the transition, at least within the numerical accuracy, which
is surprising. To gain further insight, we show the Landau
energy as a function of the incommensurability η for various
choices of the hole doping in Fig. 10. One can see that the
Qxdependence becomes very flat for doping values near the
critical doping pc. In particular, the curvature at Qx = π is
practically zero, as if the transition was of second order. In
view of this situation, the vanishing of the Néel stiffness and
the out-of-plane spiral stiffness is plausible. The distinct be-
havior of the in-plane stiffness can again be traced back to the
term involving f ′(E−

k ) in Eq. (34), which yields a contribution
proportional to the number of hole pockets [see the discussion
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FIG. 10. Landau energy as a function of the incommensurability
η at T = 0 for various choices of the doping p.

leading to Eq. (53)]. This number changes abruptly from 4
to 2 at the discontinuous Néel-spiral transition. When going
beyond mean-field theory, the flatness of the Landau energy
for doping values near pc can be expected to yield particularly
strong fluctuation effects.

In the low-doping limit, where the Néel state is now stable,
we can analytically compute the size of the drop of the stiff-
ness at half-filling and T = 0 as before. In the Néel state the
in-plane and out-of-plane stiffnesses coincide, that is, there is
only one stiffness J . It is most convenient to use the formulas
for the in-plane stiffness, (32) and (34), with Q = (π, π ),
to compute J . The only discontinuous contribution contains
the term f ′(E−

k ), leading to the discontinuity (52). While the
spiral state has only two hole pockets at low doping, the Néel
state has four of them, yielding an extra factor two compared
to Eq. (53), such that

J (n = 1) − J (n → 1−) = 2t2

π

√
m⊥m‖. (62)

Inserting the effective masses m⊥ and m‖ from Eq. (54), we
find J (n = 1) − J (n → 1−) ≈ 0.175t , in agreement with the
numerical results.

III. STABILITY OF MAGNETIC ORDER

We now investigate whether quantum fluctuations destroy
the magnetic order of the ground state, obtained within mean-
field theory, in the lightly hole-doped regime. We first review
the analysis of this issue via a quantum nonlinear sigma
model, from which emerges the need for a more comprehen-
sive approach.

A. Nonlinear sigma model

Low-energy small-momentum order parameter fluctua-
tions of a spiral magnet can be described by a quantum
nonlinear sigma model of the form [53]

S[R] = 1

2

∫
dx Tr[Pμν (∂μRT )(∂νR)], (63)

where R(x) with x = (r, τ ) is a SO(3) matrix depending on
the position r (in continuous space) and on the imaginary time

τ , while ∂μ with μ ∈ {τ, x, y} denotes partial derivatives with
respect to time or space. The coefficient in this action is a
3 × 3 matrix of the form Pμν = 1

2 Tr[Jμν]13 − Jμν , where 13

is the three-dimensional unit matrix, and Jμν is a diagonal
3 × 3 matrix [61],

Jμν = diag( 1
2 J⊥

μν,
1
2 J⊥

μν, J�
μν ). (64)

Here Ja
ττ with a ∈ {�,⊥} are the in-plane and out-of-plane

temporal stiffnesses Za, while Ja
αβ with α, β ∈ {x, y} are the

corresponding spatial stiffnesses.
In the case of Néel order, the corresponding nonlinear

sigma model assumes the simpler form [69,70]

S[n̂] = 1

2

∫
dx (Z|∂τ n̂|2 + J|∇n̂|2), (65)

where n̂(x) is a unit vector fluctuating in space and time.
The nonlinear sigma model (63) has a convenient CP1

representation, where the matrix R(x) is expressed in terms
of a spinor of two complex Schwinger bosons z(x) =
(z↑(x), z↓(x)) subject to the local constraint |z↑(x)|2 +
|z↓(x)|2 = 1. The CP1 action reads [53,71]

S[z, z∗] =
∫

dx
[
J⊥
μν (∂μz∗)(∂νz) − (

J⊥
μν − 2J�

μν

)
jμ jν

]
, (66)

with jμ = 1
2 [z∗(∂μz) − (∂μz∗)z]. For the Néel case one ob-

tains the same expression with J⊥
μν → 2Jμν and J�

μν = 0.
The nonlinear sigma model is spin rotation invariant. At

finite temperatures, the SU(2) symmetry cannot be broken in
two space dimensions. At zero temperature, however, a spon-
taneous breaking of the SU(2) symmetry is possible. In the
CP1 representation, SU(2) symmetry breaking is reflected by
a condensation of the Schwinger bosons, that is, by a nonzero
expectation value 〈zσ 〉.

In a saddle-point approximation, which becomes exact in a
large N extension of the CP1 action, the condensate fraction
n0 is determined by the equation [51,53,71]

n0 + T
∑
ωn

∫
q

2

Z⊥ω2
n + J⊥

αβqαqβ + Z⊥m2
s

= 1, (67)

where ωn = 2πnT are bosonic Matsubara frequencies and
ms is a dynamically generated spin gap. Note that only the
out-of-plane modes contribute to the saddle-point solution. By
the Goldstone theorem, ms = 0 if n0 is nonzero. At T > 0, the
condition (67) cannot be fulfilled for ms = 0, since the clas-
sical contribution from ωn = 0 leads to an infrared divergent
momentum integral. Hence, n0 = 0 and ms > 0 in this case,
in agreement with the Mermin-Wagner theorem.

In the ground state, the Matsubara sum is an integral
over a continuous frequency variable, such that the combined
momentum-frequency integral is convergent at low frequen-
cies and momenta. Whether a solution of Eq. (67) with n0 > 0
and ms = 0 exists, depends then on the size of the integral.
Carrying out the frequency integral, we obtain

I =
∫

dω

2π

∫
q

2

Z⊥ω2 + J⊥
αβqαqβ

=
∫

q

1

Z⊥ωq
, (68)

where ωq =
√

J⊥
αβqαqβ/Z⊥. The remaining momentum inte-

gral needs to be cut off at large momenta. We choose a cutoff
scale �uv such that the spin-wave energy is restricted to values
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ωq < c⊥
s �uv, where c⊥

s =
√

J⊥/Z⊥ with J⊥ = [det(J⊥
αβ )]1/2

is an average spin-wave velocity. With this choice, the mo-
mentum integral yields the particularly simple result

I = c⊥
s �uv

2πJ⊥ = �uv

2π
√

Z⊥J⊥ . (69)

Hence, Eq. (67) has a symmetry-broken solution with ms = 0
and n0 > 0 if and only if

Z⊥J⊥ >

(
�uv

2π

)2

. (70)

This criterion depends on the rather arbitrary ultraviolet cutoff
�uv. However, whatever value is chosen, since J⊥ → 0 in the
low-doping limit p → 0, one might conclude that ultimately
Z⊥J⊥ will fall below the critical value [�uv/(2π )]2, so that the
ground state seems necessarily quantum disordered close to
half-filling. This conclusion is, however, premature, since the
momentum range in which the order parameter fluctuations
can be described by the nonlinear sigma model is shrinking
to zero upon approaching half-filling. An analysis beyond the
limitations of the sigma model will follow in the next section.

B. Beyond the nonlinear sigma model

The description of order parameter fluctuations by the
nonlinear sigma model is based on an expansion of the
spin susceptibility around the Goldstone poles to leading
(quadratic) order in momentum and frequency. The coef-
ficients of the leading quadratic momentum and frequency
dependences are the stiffnesses. In Sec. II we have shown that
the spatial out-of-plane stiffness J⊥

αβ vanishes upon approach-
ing half-filling from the hole-doped regime. We will now show
that the momentum range in which the out-of-plane suscepti-
bility is well described by the leading quadratic behavior, also
shrinks to zero for n → 1−.

In Fig. 11 we plot the inverse out-of-plane susceptibility
[χ33(q, 0)]−1 at zero frequency and qy = π as a function of
qx. The top panel shows a global view on a linear scale,
and the double-logarithmic plot in the bottom panel high-
lights the regime near one of the Goldstone poles described
by the leading quadratic momentum dependence. At half-
filling the momentum dependence of the inverse susceptibility
is quadratic in a wide momentum range. Below half filling
instead, the leading quadratic momentum dependence is lim-
ited to a much smaller momentum range, which shrinks to
zero upon approaching half-filling. It is clear that the mo-
mentum range supporting the leading quadratic momentum
dependence near one of the Goldstone poles is limited by the
vicinity of the other Goldstone pole (at which [χ33(q, 0]−1

also vanishes, see in particular the right panel at the bottom of
the figure). The two poles, situated at Q = (π − 2πη, π ) and
−Q = (−π + 2πη,−π ) ≡ (π + 2πη, π ) coalesce to (π, π )
as η → 0. Hence, the momentum range in which a quadratic
expansion is valid, necessarily vanishes with the incommen-
surability η, and thus with the doping p.

The integrand in Eq. (68) corresponds to the quantity
m−2χ33(q, iω), expanded to leading (quadratic) order around
the two Goldstone poles at ±Q; see Eq. (26). We have just
shown that the expansion has a shrinking regime of validity in

FIG. 11. Top: Static inverse out-of-plane susceptibility
[χ 33(q, 0)]−1 with q = (qx, π ) as a function of qx for several
densities at and slightly below half-filling. Bottom: Double
logarithmic plot of [χ 33(q, 0)]−1 with q = Q + (δqx, 0) as a
function of δqx for the same densities as in the top panel (left:
δqx < 0; right: δqx > 0).

momentum space as we approach half-filling from the hole-
doped regime. To better assess the stability of the magnetically
ordered ground state in this regime, we now analyze the
integral

I =
∫

dω

2π

∫
q

1

m2
χ33(q, iω) (71)

without expanding the integrand in momentum and frequency.
Note that m2I is a fluctuation correction to the mean-field
order parameter amplitude square m2, from out-of-plane spin
fluctuations, which could also be derived from a perturbation
expansion around the mean-field solution. We cut off the
momentum integral at a fairly large cutoff, |q − (π, π )| �
�uv = 1.2, such that both Goldstone poles are situated deep
inside the integration region for all considered doping values.

In Fig. 12 we show numerical results for the integral I for
various choices of the doping at and near half-filling. We also
show the size of the contributions from momenta close to one
of the Goldstone poles by imposing a small doping-dependent
cutoff |q − Q| � �uv(p) with �uv(p) proportional to p. In-
spite of the out-of-plane stiffness vanishing for vanishing hole
doping p → 0+, the integral I remains finite in this limit.
However, the numerical data indicate a discontinuity of I at
half-filling on the hole-doped side, that is, already a small hole
doping leads to a large increase of I compared to its value at
half-filling.

Exactly at half-filling, reliable numerical data for the
magnetization of the two-dimensional Hubbard model are
available [5]. They show that the magnetic order parameter
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FIG. 12. Momentum and frequency integral I over m−2χ 33 for
various choices of hole and electron doping, along with the contri-
butions from a small momentum region around one of the Goldstone
poles (light blue curve), in which a quadratic expansion is applicable.
The inset shows the magnetization m as a function of doping.

is reduced compared to mean-field calculations, but it remains
finite. Due to the continuity of the fluctuation integral I upon
electron doping, we can conclude that the ground state of the
lightly electron-doped Hubbard model remains magnetically
ordered. The transition to a quantum disordered state can
occur only at some finite critical doping value in the electron-
doped regime. By contrast, the discontinuous strong increase
of I on the hole-doped side indicates that the magnetic order
could be destroyed by quantum fluctuations already for arbi-
trarily small hole doping.

We conclude this section by comparing our results with
those by Kharkov et al. [72], who estimated an integral of the
form integral (71) near a Néel to spiral transition in frustrated
magnets. In that work, the susceptibility was expanded as

χ33(q, iω) � m2

Zω2 + δ − aq2 + bq4
, (72)

where q is the momentum relative to the Néel vector (π, π ).
This form captures both Goldstone poles at Q and −Q, and,
when these two modes are merging, the coefficients a and
δ necessarily tend to zero. Substituting this ansatz into the
integral Eq. (71), one obtains I ∼ b−1/2 log(�uv/

√
a). This

term diverges logarithmically as a → 0, provided b remains
finite, leading to a quantum disordered ground state near the
(mean-field) Néel to spiral transition [72]. However, in our
case, a numerical analysis showed that the coefficient b di-
verges as p → 0, suppressing the logarithmic divergence, so
that the integral remains finite.

IV. CONCLUSION

We have analyzed the doping dependence of the spin stiff-
nesses in the lightly doped two-dimensional Hubbard model.
The results allowed us to address the open problem concern-
ing the stability of magnetic order with respect to quantum
fluctuations in the ground state.

The spin stiffnesses were obtained from an RPA calcu-
lation of the spin susceptibility in a magnetically ordered

mean-field state. Choosing a moderate Hubbard interaction
U = 2.35t and a sizable next-to-nearest-neighbor hopping
amplitude t ′ = −0.2t , the mean-field theory yields a Néel
ordered ground state at and above half-filling and spiral order
with a wave vector of the form Q = (π − 2πη, π ) below.
A functional renormalization group improved renormalized
mean-field theory [43] with a Hubbard interaction U = 4t
yields roughly the same results [53]. In the Néel state there are
two Goldstone modes characterized by the same stiffness J ,
while the spiral state exhibits two Goldstone modes associated
with out-of-plane fluctuations and a stiffness J⊥ and another
with in-plane fluctuations and a distinct stiffness J�.

The asymmetry of the phase diagram between the electron-
doped (n > 1) and the hole-doped (n < 1) regime is exceeded
by an even stronger asymmetry of the doping dependence
of the stiffnesses. Upon electron doping, the Néel stiffness
J decreases smoothly and not very steeply. By contrast,
upon hole doping both J⊥ and J� drop discontinuously at
infinitesimal doping. The out-of-plane stiffness even drops
to zero, and small finite values are recovered only at finite
hole doping p = 1 − n. We have derived several analytic
formulas for the ordering wave vector and the spin stiff-
nesses in the lightly doped spiral regime. In particular, we
have shown that the incommensurability η is proportional
to the doping p, with a prefactor depending exclusively on
the spin stiffness at half-filling. The discontinuity of J�

is fully determined by the effective masses of the hole-
pockets, and we have proven analytically that J⊥ indeed drops
to zero.

We have also analyzed the doping dependence of the stiff-
ness for a weaker interaction strength U = 2.2t , where the
ground state remains Néel ordered for small hole doping,
before spiral order sets in via a weak first-order transition at
a critical doping strength pc. In that case the stiffness also
exhibits a pronounced drop at half-filling, and it vanishes upon
approaching pc from below. On the spiral side of the transition
the out-of-plane stiffness increases (from zero) continuously,
while the in-plane stiffness jumps to a sizable finite value.

At finite temperatures the spin stiffnesses always vary con-
tinuously as a function of doping, and they vanish at the
Néel-spiral transition. This agrees qualitatively with the dop-
ing dependence of the stiffnesses obtained at strong coupling
in a recent dynamical mean-field calculation [54].

Based on our results for the density dependence of the
spin stiffnesses, we could address the issue of the stability
of magnetic order with respect to quantum fluctuations in
the ground state of the two-dimensional Hubbard model. At
half-filling (only), the ground-state magnetization can be com-
puted reliably by quantum Monte Carlo methods, and a finite
magnetization has been obtained [5]. The smooth dependence
of the spatial and temporal spin stiffnesses as a function of
electron doping therefore implies that magnetic order persists
in some finite electron doping range above half-filling. By
contrast, the drastic and discontinuous drop of the stiffnesses
upon hole doping suggests a destruction of the magnetic
order on the hole-doped side of the phase diagram. How-
ever, the long wavelength expansion of the order parameter
susceptibilities underlying the description of fluctuations by
a nonlinear sigma model breaks down in the lightly hole-
doped regime. Our analysis of fluctuation corrections to the
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mean-field magnetization beyond the long wavelength expan-
sion confirms their strong enhancement upon hole doping.
Hence, the ground state of the lightly hole-doped Hubbard
model is probably quantum disordered, at least for moderate
interactions and in presence of a sizable next-to-nearest-
neighbor hopping.

In the context of SU(2) gauge theories of the pseudogap
phase [53,73,74], these results imply that the moderately in-
teracting two-dimensional Hubbard model probably exhibits
a robust pseudogap with a finite spin gap even for T → 0
in the lightly hole-doped regime but not for light electron
doping. This pronounced electron-hole asymmetry is in line
with the experimental facts in the cuprates, where such a
robust pseudogap is observed only in case of hole doping.

Our analysis can be extended to strong coupling, replacing
the Hartree-Fock approximation by the dynamical mean-field
theory [64]. Preliminary results suggest that our qualitative
findings on the electron-hole asymmetry of the spin stiff-
nesses, and the stability of the mean-field order with respect
to quantum fluctuations, remain true at strong coupling.
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