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Vibrational instabilities in charge transport through molecular nanojunctions:
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The current-induced vibrational dynamics is a key factor determining the mechanical stability of molecular
nanojunctions. Beyond conventional Joule heating, a different mechanism leading to vibrational instability,
which is induced by nonconservative current-induced forces, has been reported at low bias voltage. Given
reports that this mechanism can induce extremely large vibrational excitation in models in which the unperturbed
vibrational potentials are harmonic, a natural question is whether it can also be a source of current-induced bond
rupture and dissociation in anharmonic systems. Consequently, in this work, we extend previous investigations of
two-level, two-mode molecular nanojunctions to various anharmonic unperturbed vibrational potentials. Using
a mixed quantum-classical approach based on electronic friction and Langevin dynamics, we first explore the
impact of nonconservative forces on dissociation dynamics in Morse-type potentials. Furthermore, using quartic
vibrational potentials, we use steady-state vibrational excitation and electric current to explore the impact of
anharmonicity on this mechanism of vibrational instability, investigating whether it survives beyond the purely

harmonic limit in this system.
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I. INTRODUCTION

The continuous aim to further miniaturize electronic cir-
cuits has led to the idea of building electronic devices from
single molecules [1-8]. The simplest building blocks of such
molecular devices, molecular nanojunctions, are constructed
by attaching single molecules to two metallic leads. Beyond
potential technological applications, such devices offer fasci-
nating insight into nonequilibrium physics and can be used to
explore intriguing novel physical effects that originate from
the quantum mechanical nature of such systems.

One of the most fundamental obstacles regarding the
investigation of molecular nanojunctions, both in technolog-
ical applications and experiments, is their stability under
nonequilibrium charge transport when applying a finite bias
voltage. The interaction between the vibrational and elec-
tronic degrees of freedom (DOFs) within the molecule causes
current-induced or Joule heating, which can lead to vibrational
instabilities [9-18] and current-induced rupture of parts of the
junction [19-29].

While Joule heating may significantly influence the stabil-
ity of the nanojunction at high bias voltages, there have been
reports of a different mechanism of vibrational instability
already at low bias voltage in systems with multiple active
vibrational modes [30-33]. Generally, this mechanism can be
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understood in a mixed quantum-classical framework of the
vibrational dynamics, in which the nuclear vibrational DOFs
are treated classically, and the quantum electronic DOFs are
integrated out, appearing as effective electronic forces. Under
further assumptions of Markovianity and weak nonadiabatic-
ity, this yields the Markovian electronic friction and Langevin
dynamics approach, in which the electronic forces explicitly
separate into an adiabatic mean force, electronic friction, and
a stochastic force.

At equilibrium, these electronic forces possess certain
properties. For example, at zero bias voltage, the elec-
tronic friction tensor is positive semi-definite; the second
fluctuation-dissipation theorem (FDT) is satisfied; and the
adiabatic mean force is conservative. However, in nonequilib-
rium scenarios, such as at finite bias voltage, these properties
are not guaranteed, potentially leading to negative electronic
friction, breaking of FDT through Joule heating, and a non-
conservative adiabatic mean force [34—40]. It is exactly this
last effect that provides the basis for the multimode mech-
anism of vibrational instability under investigation in this
work. Specifically, if two or more vibrational frequencies in
a multimode system are degenerate, the nuclear trajectory
follows a path with fixed rotational direction and, hence, gains
energy in each cycle from the nonconservative force field [34],
eventually leading to an instability.

Although this mechanism is well understood for degen-
erate vibrational modes, there have been differing reports
about whether it survives in nondegenerate multimode sys-
tems. For example, in Refs. [30,32], the authors used an
eigenmode analysis to predict that the Berry force, which
corresponds to the antisymmetric component of the electronic
friction tensor, can pull the vibrational trajectories into ellipti-
cal shapes, therefore allowing vibrational instability even for
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nondegenerate vibrational modes [30,32,41,42]. In contrast,
we recently used a fully coordinate-dependent Markovian
Langevin equation to simulate the dynamics of the same
system as in Ref. [32], and only observed instabilities for
truly degenerate vibrational modes [33]. For nondegenerate
modes, the dynamics remained stable, and the Berry force had
a negligible impact on the dynamics.

Given that the mechanism is highly sensitive to detuning
of the frequencies of the unperturbed vibrational potentials, a
natural question is whether it is also highly sensitive to anhar-
monicity in the unperturbed nuclear potentials. Moreover, if
this mechanism of vibrational instability can be observed in
systems with anharmonic, unbound potentials, would it then
have a measurable impact on bond rupture and the corre-
sponding dissociation dynamics? These questions are highly
relevant for more realistic systems, in which vibrational fre-
quencies may indeed be close to degenerate, but are unlikely
to be purely harmonic, and may give an important hint as to
why experimental evidence of this mechanism is scarce [43].

Motivated by these questions, in this work, we explore
the vibrational dynamics of various degenerate and nonde-
generate anharmonic multimode systems. As in Ref. [33],
we treat the vibrational dynamics with a Markovian
Langevin equation [32,44-59] and calculate the elec-
tronic forces via nonequilibrium Green’s functions (NEGFs)
[46,47,49,54,60,61], which form the combined (NEGF-LD)
approach. Specifically, we explore a two-level, two-mode
dissociative model containing Morse potentials instead of har-
monic oscillators, as well as a simpler quartic model that
allows for rigorous investigation of the anharmonic effects.
Via dissociation rates and steady-state vibrational energies,
we show that the mechanism of vibrational instability arising
from nonconservative electronic forces disappears when the
unperturbed vibrational potential is even slightly anharmonic.

The paper is structured as follows. In Sec. II, we introduce
a general two-level, two-mode model of a molecule interact-
ing with metallic leads. In Sec. III, we give an overview of
the nonequilibrium transport theory in this work, first demon-
strating how to obtain electronic forces from NEGFs and
then describing the vibrational dynamics with a Markovian
Langevin equation. In Sec. IV, we apply the approach to
various model systems for which we simulate the vibrational
dynamics, thereby analyzing the effect of anharmonic nuclear
potentials on their stability and steady-state observables.

Since we have to differentiate between classically and
quantum mechanically treated coordinates and momenta, we
will explicitly denote the vectors of position and momentum
operators as X and P, while their classical counterparts will be
denoted by x and p. Moreover, we use units where e = /i = 1.

II. MODEL

In this section, we introduce the general model of a molec-
ular nanojunction and specify it for the particular models
considered within this work, thereby expanding the model
considered in Ref. [33] to anharmonic potentials. The total
Hamiltonian of the setup is

H = Hyo1 + Hieads + Hinol-leads (1)

where H,, is the molecular Hamiltonian, Hje,qs is the Hamil-
tonian of the leads, and Ho.eads describes the interaction
between the two.

In our model, the molecular Hamiltonian consists of a vi-
brational component, Hr;?p and a term accounting for both the
purely electronic contribution and the electronic—vibrational
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The operators d and d,, create and annihilate an electron at
the mth energy level with energy h,,,,(X), respectively. The
off-diagonal elements A, (X) refer to the electron hopping
between the electronic levels. Moreover, U, ;(%;) denotes the
potential of the uncharged state of the molecule along vi-
brational mode i. The ith vibrational DOF has coordinate X;,
and momentum p;. Since we will consider exclusively models
with two vibrational modes, we collect them into vectors
X = (X1, %) and p = (P, p2), respectively.

The energies of the electronic DOFs are contained in
the matrix of single-particle energies and interactions, h(x),
which in this work will always have the form

h®) = <

Here, UV(%,) and U®(%,) denote the potentials of the
charged states (1) and (2). The off-diagonal terms, #(X,), de-
scribe vibrationally assisted hopping between the electronic
levels. The specific form of the introduced potentials used in
this work will be given in Sec. IV. Note that, in general, both
vibrational modes may couple diagonally and off-diagonally
to both electronic levels. In principle, such systems can also be
explored in the NEGF-LD framework introduced in Sec. III.
In this work, however, we have chosen the explicit form of
Eq. (3) as it represents the simplest anharmonic extension of
previous investigations into instabilities arising from current-
induced forces in multimode systems [30-33,39].

To this end, throughout this work we further restrict the
anharmonicity to mode 2, such that the potential of mode 1
has the form

UM (%) — Uy 2 (%) (%)
t(x1) UP (3y) = Uun(R2) )

3

Uy 1(B1) = mioify. )

Moreover, the hopping between the electronic levels is as-
sumed to always couple linearly to coordinate X, such that

t(&1) = to + A% )

Furthermore, to compare our results to previous work [33],
we will also consider the corresponding harmonic version of
Eq. (3), which we obtain by performing a Taylor expansion
of Uy 2(x2), UP(%), and U (%2) up to second order around
their respective minima. For example, the corresponding
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harmonic potential of U, »(X;) is
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Throughout this work, we choose the potential UJ‘E"“ (X,) such
that the minimum of the potential is at £) = 0. Using a similar
procedure, we obtain the corresponding harmonic versions of
UM (%) and UP(%,).

Finally, the harmonic analog of Eq. (3) is given by

(N

to + A1y

harm oy [ €0+ A2Xs
h (x) - ( —&0 — )\42522

fo + Ak >

where A; = A, /m;w;, and the potentials of both coordinates in
the uncharged state are now harmonic,

harm (4 1, 242
Ui (&) = smo; &5 (8)

The parameters Xi, w;, €0 and 1, are determined by the Taylor
expansion of Uy ;(%:), UM (%2), and UP (%y).

The left (L) and right (R) leads are modeled as reservoirs
of noninteracting electrons,

Hieads = Z ngacZacka' 9)
} ok

ae{L,R

The energy of state k in lead « is given by &, , while cza and
cre denote the corresponding creation and annihilation oper-
ators, respectively. Both leads are held at local equilibrium,
such that they have a well-defined chemical potential, i, and
temperature, 7. By applying a bias voltage to the junction,
® = pup — pug with up = —ug = e®/2, the system is driven
out of equilibrium.

The interaction between the molecule and the leads is given
by

Hinolleads = Z Z Vka,m(czadm + dlj’lcka)’ (10)
ka m

where Vi, ,, describes the coupling strength between state m
in the molecule and state k in lead «. For noninteracting reser-
voirs and a molecule-lead coupling linear in the respective
creation and annihilation operators, the influence of the leads
on the molecular dynamics is completely described by two-
time correlation functions, which are in turn characterized in
terms of the spectral density of each lead,

o (€) =27 Y Vi Vig w8 = Eka)- )
k

We will work in the wideband limit, such that the spectral
density is a constant: Iy, (€) = Iy . Moreover, we ex-
clusively consider models where only level (1) couples to the
left lead and level (2) to the right lead, such that I'y 2, =
I'r.11 = Ta.21 = I'y.12 = 0. Moreover, we assume that the re-
maining coupling strengths are the same: I't, j; = 'r 2 =T,
and will refer to I" as the molecule-lead coupling strength.

III. NONEQUILIBRIUM TRANSPORT THEORY

In this section, we briefly introduce and discuss the
approaches we use to investigate the influence of anhar-
monic potentials on vibrational instabilities in molecular
nanojunctions. More detailed overviews can be found in
Refs. [32,33,52-54,57,60,61].

First, in Sec. Il A, we introduce the classical approxi-
mation to the vibrational dynamics, before introducing the
further timescale separation approximation in Sec. III B that
leads to a Markovian Langevin equation. Finally, in Secs. III C
and III D, we provide expressions for the resulting electronic
forces in terms of NEGFs and discuss the numerical details
and observables, respectively.

A. Classical vibrational dynamics

As shown in Refs. [52] and [32], the time evolution of the
fully quantum mechanically vibrational DOFs, X(¢), can be
exactly expressed in terms of the Feynman-Vernon influence
functional, which incorporates the effect of the electronic
DOFs in the molecule and leads via an effective action. From
this starting point, a classical equation of motion for the vibra-
tional DOFs is obtained by introducing Wigner coordinates
and expanding the influence functional up to second order
in electronic influence and in the quantum difference to the
classical path, denoted by Sx(t) = %(t) —x(t):

m,‘jé,‘ = —

U, OHS (x(t
s _Trel { mol (x( ))
8x,~

=Fi[x(t)]

pel[x(t)]} +/i(®), (12)

Xi

where x;(¢) is the ith vibrational coordinate of the classical
path.

In this limit, molecular vibrations experience a classical
force from the unperturbed vibrational potential, U, ;(x;), an
average electronic force, F;[x(7)], and a Gaussian electronic
stochastic force, f;(¢). Since in this limit the electronic in-
fluence has been expanded only up to second order, f;(¢) is
completely characterized by its mean, (f;(¢)) = 0, and colored
correlation function,

(i) ;) = Tral i) f;(t)pa(to)} = Dyj(t, 1) (13)

In general, the exact electronic influence contains higher-order
forces and non-Gaussian noise terms, which would appear
when continuing the expansion. This also applies to the ex-
pansion in 8x(r), which would add quantum corrections to
both the classical vibrational force and the electronic force
terms if taken to higher order. We note that for models contain-
ing harmonic vibrational potentials and electronic-vibrational
couplings that are linear in the vibrational coordinates, the
expansion in dx(t) naturally terminates at the classical limit,
but that it is an approximation for the anharmonic models
treated in this work. This can also be seen in other approaches
to obtaining the LD method, such as applying a partial Wigner
transform to the Liouville-von Neumann equation and ex-
panding up to the classical limit [50,57,59].

For noninteracting models as in Sec. II, one can write
the average electronic force in terms of Keldysh NEGFs
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[45,49,60],

dh(x) }’ (14)

Flx(t)] = iTr{TG<(t,t)

Xi

where the Tr{...} indicates a trace over the single-particle
Hilbert of 4(x). The lesser Green’s function is defined as

Gy (t, 1) = iTra{d) (t')d(t)pei(to)}, (15)

where the molecular electronic creation and annihilation op-
erators have been written in the Heisenberg picture,

Oul(t) = Uj(t, 10)O0uUa(t, 1o). (16)
Here, the time-evolution operator is given by the time-ordered
exponent,

Ua(t. 19) = Te~ o 471, )

where Hei(x) = Hrfllol (x) + Hieads + Hmol-leads-
The correlation function of the stochastic force can simi-
larly be expressed as [50,61]

Dij(t, 1) = Tra{ fi(t) f; (") pea(to)} (18)
_ r{ IEO) oy 41y 2EED) e t)},
8)(,' 8.Xj
(19)

where the greater Green’s function is defined as
Gt 1) = —iTra{dy(t)d, (") pei (1)} (20)
We explicitly assume that for ) — —oo the density matrix
for the electronic subsystem is factorized into
Pei(f0) = Pmolel (f0) Pieads (o) 2D

where pmole1(fo) is the initial electronic state of the molecule
and preags (fo) is the initial state of the leads. The latter is a
product of Gibbs’ states,

e~ (Fieads.a—Ha) kT

Pleads (IO) = | | .
—(Hea s,u_ﬂa)/k T
o Trieads, o [€™Head 5]

(22)

B. Timescale separation and Langevin dynamics

In principle, Eq. (12) could be solved directly using
the NEGF expressions in Eqs. (14)—(20). In practice, how-
ever, it is challenging to sample the colored noise of the
stochastic force, which is itself a functional of the vi-
brational path, and also to self-consistently propagate the
electronic and vibrational DOFs. Consequently, most practical
mixed quantum-classical treatments introduce further approx-
imations. For example, a deterministic but non-Markovian
equation of motion is obtained by neglecting the stochastic
force, which leads to the Ehrenfest approach [19,62], while
near-adiabatic approximations lead to Langevin-type equa-
tions that are much easier to propagate, which is the route
taken in this work.

Specifically, we introduce an additional separation of
electronic and vibrational timescales, which enables a system-
atic reduction of memory effects. The electronic relaxation
timescale is mostly determined by the molecule-lead coupling
strength ', while the intrinsic vibrational timescale is de-
termined by the characteristic frequencies w;. In the regime

€ = w;/I" K 1, the electrons relax rapidly compared to vi-
brational motion, allowing the electronic influence to be
expressed as a function of slowly varying vibrational vari-
ables.

Within this regime, the dynamics can be reformulated in
terms of the central time of the electronic correlation func-
tions, which tracks the slow nuclear evolution, while the
relative time encodes fast electronic relaxation. Consequently,
the Green’s functions appearing in Eq. (14) and Eq. (19)
can be expanded in powers of the central-time derivatives,
yielding a hierarchy of effective equations of motion for the
vibrations. Truncation at leading order in € yields a Markovian
Langevin equation, in which the electronic force depends only
on the instantaneous nuclear configuration and the noise be-
comes Gaussian and white. This procedure is shown in detail
in Refs. [45] and [60], for example, and yields

Uy

mii = — 2 FR00 = ) 08 + ). (23)
! J

While the force arising from the unperturbed vibrational po-
tential remains unchanged, the average electronic force has
now been expanded:

Filx(t)] ~ F4x) = ) v (i), (24)
J

Here, F*(x) represents the zeroth-order, purely adiabatic
contribution to the mean electronic force, corresponding to
the limit of infinitely fast electronic relaxation at a frozen
vibrational frame, x. In contrast, the electronic friction force
is proportional to the vibrational velocity and represents the
first-order nonadiabatic correction to Ffd (x), and is character-
ized by the electronic friction coefficient, y;;(x). Furthermore,
in this limit the correlation function of the stochastic force
reduces to

(i) ;) = Dij(x)s(t —1'). (25)

Before discussing the properties and explicit forms of these
electronic forces in terms of NEGFs, we note that Eq. (23)
is a Markovian equation of motion, in that the electronic
forces do not depend on the vibrational path and the stochastic
contribution is now described by white noise. The Markovian
limit arises naturally when including terms only to first order
in the gradient expansion with respect to the central time. It
can be shown that continuing the gradient expansion would
yield not only higher-order corrections to the electronic forces
but also non-Markovian terms describing colored noise. This
has not only been demonstrated with the NEGF treatment used
in this work [61], but also in the quantum-classical Liouville
equation (QCLE) approach to obtaining electronic friction
and Langevin dynamics [49].

We also note that similar systems have previously been
analyzed with a different type of Langevin equation, derived
under the assumption of weak-electronic vibrational cou-
plings or, equivalently, small-amplitude vibrational motion
[30-32]. In this approach, a generalized Langevin equation is
derived by expanding the electronic forces around the equi-
librium geometry. This represents a fundamentally different
approximation from the Markovian Langevin equation used
in this work, as the resulting electronic forces are indeed
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non-Markovian, but do not retain the full nonlinear depen-
dence on the vibrational coordinates.

We end this section with a brief discussion of the physical
interpretation of the electronic forces in Eq. (23) and some
relevant equilibrium properties. First, it can be shown that
the adiabatic contribution to the mean force is conservative
in equilibrium [49],

V x F¥(x) =0. (26)

Critically for the multimode models considered in this work,
this property is not guaranteed out of equilibrium: that is, at
finite bias voltage ® # 0.

In contrast to F2(x), the electronic friction force captures
nonadiabatic energy transfer between the vibrational degrees
of freedom and electron-hole pair (EHP) formation in the
leads. Indeed, previous investigations into electronic friction
have shown that it can explicitly be written as an EHP-
weighted density of states [30,32,49]. Similarly to F (),
the Markovian electronic friction tensor y;;(x) has specific
properties in equilibrium, namely that it is symmetric and
positive-definite,

D xyijx)x; > 0. 7
ij

Consequently, the equilibrium electronic friction force cap-
tures the effect of vibrational relaxation via coupling to EHP
creation in a single lead. However, at finite bias voltage, y;;(x)
is not guaranteed to be positive semi-definite and, depending
on the specific form of the electronic-vibrational coupling, it
can contain additional contributions from EHP creation across
the junction that can have a driving rather than dissipative
effect.

Furthermore, since the electronic friction tensor is not
guaranteed to be symmetric out of equilibrium, it can be split
into symmetric and antisymmetric contributions,

y+v  v—y"
== (28)
—
}'S }'A

Here, y* represents a Berry force that, although it does not
directly contribute to the dissipative or driving nature of the
dynamics, can be critical in pulling trajectories in specific
directions in the nonconservative adiabatic force field. We
note that the notation used in this work differs from some
investigations that explicitly separate the symmetric and anti-
symmetric components, calling y° the electronic friction and
y the Berry force [30,32,41,42].

Finally, it can be shown that the equilibrium process of
vibrational relaxation due to coupling to EHP formation in
the leads, which is described by the electronic friction, is
balanced by the reverse process of vibrational excitation due
to EHP decay. This effect is captured by the stochastic force,
and it further manifests in the classical fluctuation-dissipation
theorem,

Dij(x) = kgTy;j(x), (29)

which, again, is only satisfied in equilibrium. A unique fea-
ture of molecular nanojunctions is that so-called stochastic or
Joule heating can occur in nonequilibrium, where finite bias

voltage can cause D;;(x) = kpTy;;(x) for a significant range
of the vibrational landscape and induce an overall energy
transfer to the molecular vibrations.

Note that the classical limit is generally justified in the
limit of @ > kT, compared to the regime explored in this
work, where w ~ kgT. However, we specifically consider
the nonequilibrium situation in which the molecule is sub-
ject to an electric current, where the effective temperature of
the molecule is primarily determined by the current-induced
forces acting on the vibrational DOFs and can greatly exceed
the temperature of the leads. Therefore, in the nonequilibrium
steady state, the vibrational DOFs are expected to equilibrate
to temperatures well above kT, such that a classical treatment
is justified.

C. NEGF expressions for the electronic forces

The electronic forces can be calculated in the Keldysh
NEGFs framework via

F¥x) = ifoo ﬁTr{@G< (e x)} (30)
i 0 27 ax; O
[ de oh(x) ~_
i) = —z/_w ZTr{a—mG(U,xj(s,m}, (1)
and
Dji(x) = /OO ﬁTr{%(f (e x)wé< (e x)}
Y oo 2 dx; O gy, O

(32)

and are equivalent to the ones in Refs. [45,60,61]. Note that
the Green’s functions with the index (0) correspond to the
zeroth-order expansion of Eq. (14) and Eq. (18), while the
ones with the index (1) come from the first-order expansion.
The adiabatic lesser/greater Green’s function in Eq. (30) and
Eq. (32), G(<o/)>’ is given by
~</> _ AR S</>AA

Goy =627 G, (33)
where the retarded/advanced Green’s functions take the stan-
dard form,

Gt = (el —h — VAL (34)

By taking the wideband limit for the leads, the self-energies

for lead o take the form

sR—_'r,, sa-lr, (35)
2 2

Si(e) =ifu(e)la, T, (e) = —ill — fu(e)ITa,  (36)
with the Fermi-Dirac function given by

1

Jo(e) = W- (37)
The total self-energy, which is a sum of the self-energy con-
tributions from each lead, is written without a lead subscript,
ER =% SR The wideband limit in Eq. (35) can be justified
for typical metals used in molecular nanojunctions, which
generally have bandwidths on the order of 5 — 10 eV [63,64].

Moreover, the first nonadiabatic correction to the adiabatic

lesser Green’s function in Eq. (31), G(<1),x,’ corresponds to the
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Green’s functions in Eq. (15) expanded to first order and is
given by [54]

. 1 oh
Gy, = 5;00| 76| Glor 53—
Xj{_

L g 957 oh A
o, 0l g + Giogy THe: |GGy (8

In the same way, we define the first-order correction to the
retarded Green’s function as

1 [~x 0k
Gl = ;00| Gy 5 X G(O) (39)

We end this part with a discussion of the validity of the
Markovian NEGF-LD used in this work. Generally, a clas-
sical description of the vibrational DOFs is assumed to be
justified in regimes where kg7 > w; and nuclear quantum
effects can be neglected. However, when simulating steady-
state transport observables, this can extend even to kg7 ~ w;,
which corresponds to the parameter regime explored in this
work [58]. This is rationalized by considering the electronic-
vibrational coupling, and by extension the molecule-lead
coupling, which leads to a broadening of the quantized vi-
brational energy levels, and the fact that quantum vibrational
coherences decay in the nonequilibrium steady state. Fur-
thermore, given that we only investigate small anharmonic
perturbations to the vibrational potentials, we expect the
corresponding quantum corrections to also be small. Conse-
quently, we do not expect quantum effects to significantly
influence the main conclusions of this investigation.

Furthermore, the electronic friction approach is justified
for systems with a clear timescale separation between the elec-
tronic and vibrational DOFs. While the electronic timescales
are mostly determined by the molecule-lead coupling, T,
the vibrational timescales are determined by the effective
harmonic frequencies of the vibrational DOFs, w;. Since all
results in our investigation are obtained in the limit I > w;,
this condition is fulfilled and we can expect the electronic
friction approach to be valid.

D. Langevin simulations and observables

All observables of interest are obtained by simulating
the vibrational dynamics of our model systems by solving
the Langevin equation in Eq. (23). In this work, we use
the ABOBA algorithm, an efficient method for integrating
stochastic differential equations. The approach splits the gen-
erator of the Langevin equation into three components (A,
B, O) using a Trotter decomposition and applies them in a
specific sequence. For a more comprehensive outline of the
method, see Ref. [65]. In the context of charge transport in
molecular nanojunctions, this algorithm has previously also
been applied in Refs. [33,58].

Since the Langevin equation describes a stochastic pro-
cess, we need to average over many trajectories to calculate
meaningful averages of the observables of interest. Assuming
that the molecule is initially in its vibrational ground state, we
sample Ny, initial conditions from the Wigner distribution of

the ground state of a two-dimensional harmonic oscillator,

0)2 1

’2
i (40)

1 —m;w; (X;—X;
pw(x, p) = ]_[ —e
For the anharmonic potentials considered here, the frequency
w; is obtained by the harmonic approximation to the un-
charged potentials U, 2(x;) at the respective minima of their
potential wells, x3, as given in Eq. (6). With initial conditions
generated from this sampling procedure, the trajectories are
then propagated in time using the ABOBA algorithm men-
tioned above.

For the dissociative models in this paper, we define a
certain threshold position x4, Each time a trajectory ex-
ceeds this position, the molecular junction is assumed to be
dissociated. Based on this definition of x95 we calculate
time-dependent dissociation probabilities via an ensemble av-
erage over the trajectories,

Piss(0) = & Z O (x, (1) — xU%). (41)

lra_| nen, "

In contrast, in the non-dissociative models, we use the average
vibrational energy of each mode as a measure of instability,
(E;)(t). At time ¢, this is obtained by

Mraj

> Eixj(0), p;(t)) (42)

j=1

Ei(x;(), p;(t)) = Uyi(xi j(1)) +

(Ei)(r) =

]Vtraj

pij(t)?
2m,- ’

where (x; ;(t), pi j(t)) refers to the phase-space position of
vibrational mode i in trajectory j at time ¢. Note that this
expression only considers the potential of the unperturbed
nuclear potentials and does not include the energy originating
from the electronic-vibrational interaction.

We also investigate steady-state quantities, which we ob-
tain by propagating N, initial conditions to a time #y at
which both (E;)(¢) are constant. Upon reaching the steady
state, we propagate the trajectories further and sample Ngmple
equally spaced points, yielding a total of Nio; = Niraj X Nsample
points from which the expectation values of observables are
computed. Following this procedure, we evaluate steady-state
expectation values of the vibrational kinetic energies as

(43)

Not

> Ei(x;. p)). (44)

(E)S =
’ Niot

Similarly, the steady-state expectation values of an elec-
tronic observable O can be obtained by replacing the
kinetic energy variable with the corresponding phase-space-
dependent quantum expectation value, (O)e(x;, p;):

N
1 tot
(0)* = — > (O)alx;. p)). (45)
N 55
We are specifically interested in the electric current from
lead «,
(I) <dN“> (46)
alel = — s
dt [4
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which can be expressed in the Heisenberg picture as

(Ia)er(r) = —i{[H (1), Na(D)])e1, (47)

where N, is the occupation number operator of lead «.

Similarly to the electronic forces in Sec. III B, the full
semiclassical electric current operator can be expanded to
first order in gradients of the central time. This allows one to
express (I, )1 (¢) in terms of an adiabatic contribution, (I(;‘d(x)),
which depends instantaneously on the molecular coordi-
nates, and a first-order nonadiabatic correction, (I;*(x, p)),
which additionally accounts for the non-zero momenta of the
molecule:

(I)a(x, p) ~ (I3%) (o) + (1%, (x. ). (48)
The adiabatic term is given by [66],

: 1 [ e eh AR <
(1) @) = -~ / de Re(Tr{G 20 + G 251, (49)
—00

while the nonadiabatic correction is [41,60]
D

()@ p) =) LY@~ (50)

j J

m

Ina-(x):/oo d—SRe(Tr{G< D AT Sl I 1))
o, j : T (1),x,- o 1),x; “a

o0

IV. RESULTS

In this section, we will explore the influence of anharmonic
nuclear potentials on nanojunction stability by performing
Langevin simulations of the vibrational dynamics. First, we
will investigate the vibrational dynamics and the dissociation
dynamics of the two-level, two-mode system introduced in
Sec. II with Morse potentials for the uncharged and charged
states. By expanding the Morse potentials up to second order,
we directly compare the vibrational dynamics of the anhar-
monic model with the corresponding harmonic case. Next, in
order to obtain a quantitative understanding of the effect of
anharmonicities on vibrational instability, we consider quartic
potentials, which can be easily tuned. Note that our aim is
to investigate effects of anharmonic potentials on the stability
and dissociation dynamics of nanojunctions in general, and
not of a specific molecule.

A. Vibrational dynamics in a dissociative model

We start by specifying the parameters and potentials of the
general model introduced in Sec. II. The two electronic levels
(1) and (2) describe two sites of a molecular bridge, such as
in a diatomic molecule, and each couples only to the closest
lead. In this scenario, the vibrational coordinate x, describes
the center-of-mass motion of the entire molecule, while the
vibrational coordinate x; describes the bond-stretching motion
between both parts of the molecule. The raw nuclear potential
of vibrational coordinate x; is given by

Uu,2(-x2) =Du(1 _ e—au(xzfxg))z (52)

(53)

while the potential of charged state m is

(¢

Uc(m)(xz) — D((:m)(l _ e—aﬁ”’)(xz—xcm)))2 + Vc(m)' (54)

!
1.0y
1
1
N1
0.8 =11\
> 1\
® \‘\ Uy,2(x2)
— 11 — 1
0.6 \ Uc( ) (22)
—_— U®
g U™ (w2)
~— 0.4+
b = anharmonic
=== harmonic
0.2
0.0 =
L] L] L] L] L]
-2 0 2 4 6 8 10

s [A]

FIG. 1. Potentials U,»(x2), UV (x;), and UP(x,) of the un-
charged state and the charged states (1) and (2), as well as their
harmonic approximations. The parameters are the same as in Set (1)
in Table I, with w, = 20 meV.

Here, x™ describes the shift in the equilibrium geometry of
the molecule upon state (m) becoming occupied. For large
displacements from the equilibrium geometry, the molecule
can dissociate along the x, coordinate, with the dissociation
threshold taken as x3 = 10 A. These potentials are illus-
trated in Fig. 1. The functional dependence of the potential
U, 1(x1) and the hopping between the electronic levels has
already been given in Sec. II.

The parameters of U,2(x2), UM (x2), and UP(xy) are
determined by their respective harmonic approximations, as
outlined in Sec. II, and are given by

—w [T g, [
T R e By O (35)

N=0, x"™=—5,/\/maw3, (56)

and
VI = gy — (Am)?/ Q). (57)

The parameters Jms i, €0, and fp are chosen such that
the harmonic approximation to the Morse potentials yields a

TABLE 1. Two sets of parameters used for the analysis in this
work. The only difference between the two sets is the electronic-
vibrational coupling, A;.

Parameters Set (1) Set (2)

w 20 meV 20 meV

w, 20 meV, 22.5 meV 20 meV, 22.5 meV
i 20 meV 4 meV

&o 0 0

to —-0.2eV —-0.2eV

D,, DV, D® leV leV

m; 5 amu 5 amu

kg T 25.8 meV 25.8 meV

r, leV leV
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— ®=103V L,
— $=04V &
— 12 — =05V V 4

Pdiss (t)

FIG. 2. Dissociation probability Py;ss over time for different volt-
ages and the two cases w; = w, and w; # w,. For the case of w; #
w,, we set w; = 20 meV and w, = 22.5 meV. Other parameters are
listed in Set (1) in Table 1. The dissociation threshold is xgiss =10A.
The number of initial trajectories for each curve is Ni,; = 20000. The
standard deviation is marked by the shaded area around each curve.

harmonic system with similar parameters as in Refs. [32,33],
where the mechanism for vibrational instability has been thor-
oughly studied. The explicit parameters used are given in
Table 1. Note that we use two parameter sets, which differ
only in the electronic-vibrational couplings, ;.

Previous studies of purely harmonic models with similar
parameters have predicted strong vibrational instabilities in
the case of degenerate vibrational modes. For example, in
Ref. [33], a large vibrational excitation was observed at rel-
atively low bias voltages of ® = 0.3 V. Consequently, we are
particularly interested in whether a similar effect can also oc-
cur in a dissociative model. Specifically, we examine the case
where the effective frequency of mode 2 is degenerate with
the frequency of the harmonic potential of mode 1: w, = ;.
If the mechanism of vibrational instability had a significant
effect on the dynamics, then it could increase the dissociation
probability beyond that of normal Joule heating.

To this end, in Fig. 2, we show the dissociation probability
as a function of time for various voltages and the degener-
ate, w; = wy, and nondegenerate, w; # w,, cases. Parameters
have been taken from set (1). Fig. 2 demonstrates that the
dissociation probability at time ¢ increases with increasing
voltage. Counterintuitively, for all voltages considered here,
it appears that the dissociation probability in the degenerate
case is consistently smaller than in the nondegenerate case.
We discuss this in further detail below.

Although not shown here, the dissociation probability for
Set (2) remains below 1% over the timescale considered in
Fig. 2, even at large bias voltages, ® = 2 V. This indicates that
the junction is more stable for smaller electronic-vibrational
couplings. Furthermore, for Set (2), the dissociation probabili-
ties do not differ significantly between the cases of degenerate
and nondegenerate modes.

The behavior shown in Fig. 2 is in clear contrast to the
mechanism of vibrational instability in multimode degenerate

0.5+
0.4
@ —— .
0.3 anharmf)mc
—~ —— harmonic
~
-
p—
& 0.2 w1 = W2
~
0.1
L] L] L] L]
0 2000 4000 6000 8000 10000
t [fs]

FIG. 3. Total vibrational energy (E) = (E;) + (E,) over time for
the anharmonic and harmonic system and the two respective cases
w; = w; and w; # w,. For the case of w; # w,, we set w; = 20 meV
and w, = 22.5 meV. Other parameters are the same as in parameter
set (1) in Table I. The voltage is = 0.5 V.

harmonic systems [30-33], such as in Egs. (8) and (7). While
in the harmonic case, vibrational dynamics is highly unsta-
ble for w; = w;, it appears that higher excitation and hence
higher dissociation occur for nondegenerate modes in this
anharmonic system. Consequently, it appears that the original
effect leading to a vibrational instability for harmonic systems
vanishes when at least one of the nuclear potentials is a Morse
potential.

To investigate the harmonic and anharmonic differences
in more detail, in Fig. 3 we compare the total vibrational
energy of this anharmonic system to the total vibrational en-
ergy obtained in the harmonic limit. In the harmonic limit,
the vibrational dynamics differ significantly between the de-
generate and nondegenerate cases. In the degenerate case, the
energy of both modes increases rapidly over time, eventually
leading to a vibrational instability. Conversely, in the nonde-
generate case, the vibrational energy increases substantially
more slowly than in the degenerate case, in agreement with
Refs. [30-33]. In the anharmonic limit, however, the degen-
eracy of w; and w, only leads to a marginal difference in
the vibrational dynamics of both systems. Furthermore, the
growth of (E)(¢) in the degenerate and nondegenerate cases
is significantly slower than in the degenerate harmonic sys-
tem, closely resembling the behavior of the nondegenerate
harmonic case. The insensitivity of the vibrational dynamics
to mode degeneracy in the anharmonic system implies that the
dissociation probability of the junction is also not enhanced by
w; and w, being degenerate, as shown in Fig. 2.

Next, we discuss why the vibrational dynamics of the an-
harmonic model is largely unaffected by mode degeneracy.
The harmonic approximation to the anharmonic potentials,
U,,(x2) and U™ (x,), is obtained via a Taylor expansion
around the expansion point xJ. In the vicinity of this point, the
harmonic approximation is accurate, UM™ (x,) ~ U, ,(x2),
and the vibrational dynamics essentially e)’(periences two har-
monic potentials with frequencies w; and w,. However, once
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FIG. 4. Kinetic energies (Eyini) and (Exin») of the individual
vibrational modes over time for the anharmonic system. At the time
ts, the system has reached a limit cycle and the average kinetic
energy stops changing over time. Shown are the two cases w; = w,
and w; # w,. The trajectory has been initialized with the initial
conditions (x;,x;) = (0,0) and (pi, p2) = (0,0). The parameters
are the same as for Fig. 2; however, the stochastic force is removed:
f(t) = 0. The voltage is & = 0.5 V.

the molecular trajectory moves away from x), the harmonic
approximation becomes less accurate and the effective fre-
quency w, does not reflect the true restoring force of the
Morse potential. Indeed, one observes in Fig. 1 that the ef-
fective frequency w, of the Morse potential in the direction
of dissociation will be smaller than the bottom of the well,
effectively detuning the oscillators away from xJ.

Since the mechanism leading to vibrational instabilities is
highly sensitive to frequency detuning between the modes, the
effect vanishes once the vibrational dynamics leaves the vicin-
ity of x9. Consequently, there is no effect on the dissociation
dynamics, because, although the vibrational motion can be ex-
cited around the bottom of the well, the dominant contribution
once it nears x‘zlliSS is still Joule heating, which does not differ
significantly between the degenerate and nondegenerate cases.

This is also observable in Fig. 4, where remnants of the
effect are visible. Here, the time evolution of the kinetic en-
ergy of a single trajectory for both w; = w; and w; # w, for
the full anharmonic Morse potential is shown. To remove the
perturbative influence of the stochastic force, we have also set
the stochastic force to zero: f(r) = 0. Since the trajectories
do not equilibrate without a stochastic force, we plot the part
of the trajectory once it reaches a limit cycle after time f. If
) = wy, the molecular trajectory in the vicinity of xJ follows
an ellipse with fixed rotational direction in the (x, x;) plane,
as shown in Fig. 5. Here, one also observes that the adiabatic
electronic force field is nonconservative: V x F¥(x) < 0.

Consequently, in this region, the trajectory gains energy
from F®(x) that can compensate energy loss due to the
electronic friction force. Although it is not shown here, the
electronic friction tensor is positive semi-definite for the entire
vibrational coordinate range, such that it has a purely dis-
sipative effect. Therefore, for degenerate vibrational modes,
the vibrational kinetic energy does not decay to zero, as

2
—0.732 219

—0.822 0.2
—0.912
~1.002 04

—1.092

—1.182

x5 [A]

—1.272

V x Fd [eV/A2?]

—1.362

—1.452

—1.542

—0.125 —0.100 —0.075 —0.050 —0.025 0.000 0.025 0.050

@1 [A]

FIG. 5. Trajectory in the (x;,x;) plane after reaching a limit
cycle in white for the anharmonic model and the case w; = w,.
The random force has been removed, f(r) = 0. The bias voltage is
@ = 0.5 V. The background shows the curl of the force field.

can be seen in Fig. 4. Note the oscillatory behavior of the
trajectory in the degenerate case in Fig. 4, which originates
from the approximately harmonic dynamics near the bottom
of the unperturbed vibrational potential of coordinate x,. Thus
the vibrational trajectory moves under the influence of the
harmonic potentials in the x; and x, directions. Moreover,
since the stochastic force is turned off, there is also no noise
observable in the trajectories. Despite these persistent oscilla-
tions, the overall vibrational excitation without the stochastic
force is still small, as the effect vanishes when the trajectory
moves too far away from x(z), such that electronic friction dom-
inates and effectively caps the maximum kinetic and potential
energy.

In contrast, in the nondegenerate case, the molecular tra-
jectory does not follow a fixed rotational direction and will, in
total, not gain energy from the force field. For clarity, this has
not been shown in Fig. 5, as it obscures the elliptical trajectory
for w; = w,. Furthermore, because the random force has been
artificially turned off, there is no compensation for dissipation
due to the electronic frictional force and the kinetic energy
decays to zero over time, as shown in Fig. 4.

B. Influence of quartic anharmonicity
on the vibrational dynamics

In the previous section, it was shown that the mechanism of
vibrational instability present for degenerate vibrational fre-
quencies and harmonic vibrational modes largely disappears
when one mode is replaced by a Morse potential and has no
effect on the dissociative dynamics. However, as shown in
Fig. 4, remnants of the mechanism are still present near the
bottom of the potential wells. Given that realistic molecular
potentials are generally anharmonic, this raises an important
question. Namely, did the signature of vibrational instability
in Sec. IV A vanish due to the specific nature of the Morse
potentials used, or will other, simple forms of anharmonic
perturbations to the unperturbed vibrational potentials also
destroy this mechanism?

To explore this question, we now investigate the degree
of anharmonicity a system is allowed to exhibit before the
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FIG. 6. (a) Steady-state vibrational energy (E;)

and (E,)* of the individual modes in the quartic system for different values of the

anharmonicity parameter « and different bias voltages. The frequencies are w; = w, = 20 meV, all other parameters are the same as in
parameter set (1) listed in Table 1. (b) Steady-state vibrational energy of the individual modes for the harmonic system for different values
of frequency difference A. The frequencies are w; = 20 meV and w, = w; + A. For all frequencies, the electronic vibrational couplings are
chosen such that A, = le . All other parameters are the same as for the quartic system.

signature of the vibrational instability vanishes. In order to
simplify the effect of the anharmonicity, we will not use a
Morse potential, instead taking the harmonic system intro-
duced in Egs. (7) and (8) and adding a quartic contribution
to U, u,g(xz),

Uyr(x) = %mza)%x% + axj. (58)
This allows us to rigorously control the strength of the anhar-
monicity via a single parameter, «.

In Fig. 6(a), we show the vibrational energy for different
values of the anharmonicity parameter o and different bias
voltages for the quartic system introduced above. Note that
we show the steady-state vibrational energy, as this can be
reached for the bound quartic potentials. Based on Fig. 6(a),
we can distinguish three regimes in the vibrational dynamics
for all voltages considered. In the first regime, where 0 < o <
10~° j.\—\:, we observe a clear vibrational instability. Here, the
vibrational energy in the steady state reaches unrealistically
high values already at very low bias voltages. Note that a
realistic junction would already break before reaching such
high vibrational energies. The fact that we are able to observe
such high energies is due to the non-dissociative potentials of
our model.

The second regime, where 10~° eA—\i <a < 107° %, marks
the suppression of this instability. While the vibrational en-
ergy in this regime is still substantial, the energy distribution
among both vibrational modes changes significantly and the
energy difference between both modes becomes larger. The
energy of vibrational mode (E;)* only starts decreasing for
slightly larger « than (E,)*, as the latter contains the quartic
contribution.

We note that in this regime, the system does not exhibit
a unique steady state for certain values of «. For the lat-
ter mentioned points, the stochastic force pushes individual
trajectories to one of two steady states, which differ signif-
icantly in their vibrational energy. This is also connected to

the steep decrease in vibrational energy between 10~7 &¥ <

A4

a < 107° 2—\:. As this finding does not further impact the fol-
lowing analysis, we defer a detailed analysis of the vibrational
dynamics in this regime to the end of this section.

The third regime, where o > 10~ % marks the stable
regime where the signature of the instability vanishes. Here,
the vibrational energy is significantly smaller than in the other
two regimes and the junction is essentially stable.

The results shown here indicate that adding even a small
anharmonicity to one of the harmonic potentials destroys the
mechanism leading to a vibrational instability observed in de-
generate harmonic models. This observation is similar to our
findings in Ref. [33], in which it was shown that the instability
also vanishes in harmonic systems upon slightly detuning
the vibrational frequencies: A = w, — w; # 0. To connect to
these ideas, in Fig. 6(b), we also show the vibrational kinetic
energy of the harmonic approximation to the quartic model as
a function of the manual detuning parameter A.

Here, we observe a similar dependence of (E;)* on A as it
had to the anharmonicity parameter « in the quartic system.
Specifically, for the harmonic system with manual detuning,
we can also distinguish three different regimes of the vibra-
tional dynamics: the regime of instability (A < 1076 eV),
the transition regime in which the instability is suppressed,
(107%eV < A < 107* eV) and the regime where the dynam-
ics become stable (A > 10~* eV).

As we observe in Fig. 6, increasing the anharmonicity pa-
rameter « for the quartic system and increasing the frequency
difference in the harmonic system have a similar impact on
the vibrational dynamics of the respective system. However,
while the results show a qualitative similarity, it seems like
the signature of the instability is even more sensitive to an-
harmonicity than to the frequency difference in the harmonic
system. In the following, we explore this behavior in further
detail.

First, we observe the values of o, and A. that mark the
onset of the instability in Fig. 6(a) and Fig. 6(b), respectively.
The values of . and A, are determined by considering the
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FIG. 7. Energy difference §E, between the vibrational modes
caused by the quartic term, and the classical turning point x; max as a
function of the occupation number 7,.

smallest values of o and A where the vibrational energy in
one of the modes exceeds E. = 2 eV at a voltage of ® =
0.3 V, which corresponds to values of o, = 1 x 10~ % and

A. =9 x 107 eV. Once the vibrational energy in one of
the modes exceeds E., we assume the junction to exhibit a
vibrational instability. Note that, although the exact choice of
the vibrational energy marking the onset of an instability is
somewhat arbitrary, different choices would not qualitatively
impact the following analysis.

Next, we calculate the energy detuning between the vi-
brational modes induced by the anharmonicity via first-order
perturbation theory, in which « is treated as a small parameter:

SEy = 2 (my + 28 1 1), (59)
dmsywy
where n; is the occupation number of the vibrational mode
corresponding to coordinate x;. Note that, although we treat
the vibrational modes classically, one can still define a clas-
sical harmonic analog to the occupation number via n; =
(Ei)/w;.

For the harmonic system, the energy difference between

both oscillators is simply

SEx = A. (60)

By setting 6E,, = EA, and using the values of «, and A,
marking the onset of instability, it is possible to determine the
occupation number for which the anharmonicity and the fre-
quency detuning lead to the same energy difference between
both modes.

Moreover, by considering the classical turning point of the
harmonic oscillator,

1
o = | 2212, (61)

mpw;
we can determine the position at which the energy difference
caused by the quartic term becomes larger than the energy
difference caused by the frequency detuning. In Fig. 7, we
show 8E,, and x; max for different values of n,. The point at

which §E, = 8E_ is at a relatively low vibrational occupa-
tion, n, & 14, which corresponds to x max &~ £1.1 A.

Consequently, we observe that even for relatively small
deviations from the bottom of the potential well, |x;| > 1.1 A,
the quartic anharmonicity induces a larger energy deviation of
both modes than the manual detuning A that has already been
shown to destroy the mechanism of vibrational instability
[33]. As a result, for ¢ > «., the mechanism leading to the
instability is suppressed for such small-amplitude motion that
it has no influence on the steady-state vibrational excitation.

The results presented in this section show that even a small
anharmonicity in one of the nuclear potentials destroys the ef-
fect leading to a vibrational instability in degenerate harmonic
systems. Given that the anharmonicity in this section was a
simple quartic term with relatively small anharmonicity pa-
rameter, it is unclear whether this mechanism of vibrational
instability would be observable in more realistic molecular
nanojunction systems, as even molecules containing degen-
erate vibrational modes are rarely purely harmonic. Indeed,
in Sec. IV A, where we included more realistic Morse po-
tentials, the dissociation dynamics showed no evidence of the
instability.

In the last part of this section, we present a more detailed
analysis of the vibrational dynamics shown in Fig. 6(a) in
Sec. IV B. In particular, we discuss the occurrence of the steep
decrease of the vibrational energy in Fig. 6(a). We start by
showing the expectation values of the vibrational energy over
time for two different values of « in Fig. 8. The first value of
a=1x 10’72—\: lies distant from the kink in Fig. 6(a), while

the second value of @ = 1.8 x 10’72—\: lies within the region
of the kink.

While Fig. 8(a) shows that within the timescale considered
here both modes have reached the vibrational steady state,
Fig. 8(b) shows that the average vibrational energy is still
changing over time. While Fig. 8(b) suggests that the vibra-
tional steady state is not yet reached, we demonstrate in the
following that the system exhibits no unique steady state.

In Fig. 9, we show the vibrational energy of individual
trajectories for mode (1) for ¢ = 1.8 x 10‘7%. To remove
any dependence of the steady state on the initial condition, all
trajectories have been initialized with the same initial condi-
tion, (x1,x2) = (0,0) and (p;, p2) = (0, 0), in contrast to all
previous calculations. The energy of the individual trajectories
oscillates around two different mean values, indicating that
the system exhibits two steady states. Moreover, when setting
f(t) = 0, only one steady state is found with similar energy as
in one of the beforehand mentioned steady states when sim-
ulating the full vibrational dynamics. We therefore conclude
that in the vicinity of the kink in Fig. 6(a), the stochastic force
drives individual trajectories to one of two different steady
states.

Since we do not observe a unique steady state for certain
values of «, we have to adjust the procedure outlined in
Sec. III D to obtain the steady-state observables. In particular,
we decide to calculate our observables by averaging over both
steady states, weighted by the number of trajectories in each
of them. Therefore, depending on the value of «, the number
of trajectories in each steady state may change abruptly, which
leads to the observed kink in Fig. 6(a). Note that, as already
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FIG. 8. (a) Average vibrational energy of the two vibrational modes over time for the system from Sec. IV B and a value of @ = 1 x 1077 %.

(b) Average vibrational energy over time for o = 1.8 x 10_7%. The initial conditions for all trajectories are (x1, x,) = (0, 0) and (py, p2) =

(0, 0), in contrast to all previous calculations.

mentioned earlier, this concerns only values of « near the kink
in Fig. 6(a), and does not impact the main message in this
section.

C. Influence of anharmonicity on steady-state electric current

So far, the discussion was centered on the impact of an-
harmonicity on the vibrational dynamics. We now turn to its
effect on the steady-state electric current. We consider the
same model with the same parameters as in Sec. IV B.

Figure 10 shows the adiabatic current through the left lead,
(I39yss, and its first-order nonadiabatic correction ([29)* +
(1['*)* for the same range of the anharmonicity parameter o as
in Fig. 6(a) and different bias voltages. For all voltages shown
here, the adiabatic contribution to the current shows a strong
signature for 1072 <Y v

S <a < 107° <%, which is the same

range of « for which the vibrational energy drops significantly

30
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FIG. 9. Vibrational energy of individual trajectories over time for
mode (1) and @ = 1.8 x 10‘7%. The red curve shows the average
vibrational energy for mode (1) within the time considered here
obtained by setting f(r) = 0. All trajectories have the same initial
condition, (x{, x;) = (0, 0) and (py, p2) = (0, 0).

in Fig. 6(a). For increasing o, ([29)** first increases, reaching
its maximum around 2 x 107 %—\i, before it decreases over a
small range of « and starts increasing again.

This signature in the adiabatic current can be attributed to
the fact that, between 10~° % <a <107 2—\:, the vibrational
dynamics change significantly, redistributing the vibrational
energy among both modes, as we showed in Fig. 6(a). There-
fore, within this range of «, the molecular trajectory also
changes considerably. To illustrate this, we show the molec-
ular trajectory in the (x;, x;) plane in Fig. 11 exemplarily for
two values of «. For o = 1078 E—\i, the radius of curvature is
larger than for o = 1077 ‘il:, since the system possesses more
vibrational energy, as shown in Fig. 6(a). Moreover, consid-
ering the magnitude of the adiabatic current, (Iﬂd)el(x), we

see that for o = 1077 %, on average, the trajectory intersects

the areas of the coordinate grid where (Iﬁd)el (x) has a larger

61 — s—-01V
— ®=02V
_5d — @=o03v
2| — e
‘_'4- ad\ss
s 41 =
=
= 34
2-
—- =
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0 10— 10-°  10-° 10~® 10~7 10~% 10~°
A4
a [eV /A"

FIG. 10. Adiabatic current and its first-order nonadiabatic cor-
rection (1) + (I")*s and the purely adiabatic current (I24)* for
different values of the anharmonicity parameter o and different bias
voltages.
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a=10"%eV/A*
--= a=10"eV/A*

Ty [A]

FIG. 11. Trajectories in the (x;, x,) plane after reaching a limit
cycle for different values of «. The random force has been removed,
f(z) = 0. The bias voltage is & = 0.3 V. The background shows the
adiabatic current, ([*).(x), as given in Eq.(49).

magnitude more often than for o = 1078 ;—\:. This change in
the radius of curvature and the shape of the trajectory in the
steady-state leads to the observed non-monotonous behavior
in the current for different values of .

Adding the first-order nonadiabatic correction to the cur-
rent increases the overall current slightly for all voltages
considered. This increase in magnitude can be explained
considering the formula for the nonadiabatic contribution to
the current in Eq. (51). Because the nuclear momenta are
substantially large in regimes of vibrational instability and
the nonadiabatic correction is proportional to the individual
momenta, the nonadiabatic correction to the current becomes
relevant.

For increasing bias voltage, on the other hand, the nonadi-
abatic correction becomes less relevant. This can be attributed
to the fact that the radius of curvature of the molecular trajec-
tory increases for increasing bias, since the trajectory gains
more energy from the force field [see Fig. 6(a)]. Once the
radius becomes sufficiently large, the trajectory no longer in-
tersects the areas of the coordinate grid where the Iff‘j (x) have
a significant magnitude, similar to what we showed for the
adiabatic current in Fig. 11. Thus, for increasing voltage, the
nonadiabatic correction to the current decreases. Moreover,
since for larger «, the instability is suppressed, and the nu-
clear momenta become substantially smaller, the nonadiabatic
current becomes less relevant in this regime.

V. CONCLUSION

In this work, we investigated the influence of anhar-
monic nuclear potentials on the vibrational dynamics and the
corresponding mechanical stability of multimode molecular
nanojunctions. This extends previous harmonic investigations
of vibrational instabilities originating from nonconservative
electronic forces in two-level, two-mode systems. To simulate
the vibrational dynamics in our model systems, we used a
mixed quantum-classical approach based on electronic fric-
tion and Langevin dynamics.

First, we investigated the vibrational dynamics in a dis-
sociative model containing one harmonic and one Morse
oscillator. We showed that the dissociation dynamics of this
model was almost completely unaffected by the degeneracy
of the effective frequencies, although remnants of the effect
were visible for small regions around the bottom of the po-
tential well. Based on our simulations, we would not expect
this mechanism to show a significant effect when measuring
dissociation rates in an experiment.

Next, we investigated whether the specific form and
strength of the anharmonicity affects the mechanism of vi-
brational instability. To this end, we additionally considered
a model containing one harmonic and one quartic oscillator.
We found that adding even a small quartic term to a har-
monic potential destroys this mechanism. Furthermore, we
connected these findings to previous work on purely harmonic
oscillators, where it was found that the instability vanishes
even for small detunings of the two oscillators. Our analysis
showed that the effective detuning induced by even very small
anharmonicities is much larger than what is needed to break
the mechanism and stabilize the junction. Finally, we inves-
tigated the influence of the anharmonicity on the steady-state
current, showing that the steady-state current exhibits a strong
signature near the onset of the instability.

While the analysis in this paper has been restricted to
generic models of molecular nanojunctions with anharmonic
nuclear potentials, our results indicate that anharmonicity de-
stroys the original effect that leads to vibrational instabilities
in harmonic models. Based on our results, it is therefore ques-
tionable whether instabilities specifically originating from
current-induced nonconservative forces could be observed in
a molecular junction. Since our results are obtained using a
mixed quantum-classical method, benchmark calculations of
the full quantum dynamics, for example using the hierarchical
equations of motion (HEOM) approach [67-72], could pro-
vide a validation of our simulations. Moreover, this approach
could be used to study the effect of electron-electron inter-
actions on the mechanism leading to vibrational instabilities,
both in a mixed quantum-classical framework and a full quan-
tum description of the dynamics.
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APPENDIX: EQUIVALENCE OF DIFFERENT FRICTION
TENSOR EXPRESSIONS

In the literature, there exist different expressions of the
friction tensor which are formally equivalent. Here, we show
explicitly the equivalence of the expression in Ref. [45] and
Eq. (31) in this work. In order to do so, we show that the
expression for the first-order nonadiabatic correction to the
lesser Green’s function entering the friction tensor in Eq. (31),
G(l) , is identical to the expression in Ref. [45]. From this, it
1mmed1ately follows that the two expressions for the friction
tensor in this work and in Ref. [45] are also the same.

For better readability, in this Appendix, we use the nota-
tion 9, = ai , 0p = a . We start by considering the first-order
nonad1abat1c correctlon to the lesser Green’s function in
Ref. [45], which, in our notation, is given by

< _ R <
G(l),x,- = 2(3 G(0)3 hG(o) G(O)ax,.haa(;(o)

+ (0:G)) 05, hG ) — Gy 0x,h9:G)). (A
Expressing the lesser adiabatic Green’s function via
Gy = Gio) = ~Gio)- (A2)
and using the identity 8, G, = —Gy;) G, we obtain
0:Gy) = =G, Gio) = ~Go, + Gioy (2 =G,
— G2 "G5,Glo)- (A3)

Entering Eq. (A3) into Eq. (A1) results in

Gy, = 2(( G0,GnZ Gy +
= Gioy=~G)Gip)) 9y, G,
— Gloydsh( = Gy Gioy B + Gy (3: )G,
— Gy =G, Gp)
+(8:Gloy)d:,hGg) —

)(8 = )G(O)

G (00, h0e G(O)) (A4)

Expressing 0, G?O/)A in the last two terms via 0 Gﬁ]/)A =
R/A ~R/A
_G(o/) G(o/) and factoring out G ©) to the left and G(()) to the

right, this can be written as

Gy, = ZG(m( TG, [Gloys 35,k — 35,hGiG,8: 2

— G0 b+ (3. Z7)Gly 0y, h + 3, hGR) GR) T~
+ 8, hGy) — G0, hGi, ) Gy (AS)

The first three terms in this equation are the same as the first
three terms on the right-hand side of Eq. (38). What is left
to show is that the other terms correspond to their Hermitian
conjugates. We start with the fourth term in Eq. (AS),

((6.z~ )G(()>3th)T = 3xfh(G(o>) (0. 2)"

= —0,,hGR 8, 5. (A6)

This is exactly the second term in Eq. (A5). Next, we combine
the fifth and seventh term in Eq. (AS5) via a commutator and
calculate the Hermitian conjugate

.
(851G ()G (o) == — G0y, hG (5, £7)

= ([ h. Gy JGf5, =)
—27Gp)[Gly)» 01

(A7)

This corresponds to the first term in Eq. (AS). Finally, the
Hermitian conjugate of the sixth term in Eq. (A5) is

(8,hGiy)' = Gy (A8)
corresponding to the third term in Eq. (AS). Thus we can
write Eq. (AS) as in Eq. (38) in the main text, from which the
equivalence between the expressions for the friction tensor in
Ref. [45] and our work follows.
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