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Operator space transport in collective spin Lindbladians
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Boundary time crystals (BTCs) are paradigmatic examples of continuous time crystals that emerge in
collective, dissipative quantum systems. Their microscopic origin, however, remains obscured by the complexity
of Lindbladian many-body dynamics and has largely been investigated through semiclassical and numerical
approaches. Here, we develop an exact operator space framework for collective spin Lindbladians based on
irreducible tensor representations. We map the Lindbladian dynamics onto a local non-Hermitian hopping
problem, where weak symmetries impose selection rules on operator transport, while the hopping amplitudes
and their relative strengths determine the resulting dynamical regimes. We identify the microscopic ingredients
that distinguish models supporting conventional collective precession from those supporting BTC dynamics.
Our approach further reveals how nonunital dissipation can provide a source for the traceless operator subspace,
revealing a microscopic mechanism for the reduced sensitivity of BTC dynamics to initial conditions beyond
mean-field descriptions. More broadly, our results establish operator space transport as a general perspective for
understanding dissipative many-body dynamics and its connections to non-Hermitian phenomena.

DOI: 10.1103/x51f-y16f

I. INTRODUCTION

Open quantum many-body dynamics has become a
central arena for uncovering novel phases of matter beyond
equilibrium, a particular example of which is a time crystal
phase. While time crystals were originally proposed in closed,
periodically driven systems [1–15], their extension to open
quantum systems has revealed new mechanisms by which per-
sistent oscillations can arise under dissipation in macroscopic
systems [16–19]. A paradigmatic example is the boundary
time crystal (BTC) [20], which emerges in macroscopically
large collective spin systems forming the boundary of a much
larger, weakly coupled Markovian environment.

Early studies of boundary time crystals have largely relied
on semiclassical and mean-field descriptions [20,21], where
the dynamics is reduced to nonlinear equations of motion
and time crystal behavior is identified through linear stability
analysis. However, the validity of such mean-field approxima-
tions in open many-body systems has been actively debated
[22–25]. Recent works that go beyond mean-field theory
[25–29] have revealed that BTCs possess genuinely many-
body features that are not fully captured within semiclassical
descriptions.

These developments highlight the need for a microscopic,
fully quantum framework capable of describing collective
spin Lindbladians beyond mean-field approximations. In
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particular, such a framework should allow one to systemat-
ically classify the resulting dynamical regimes and provide
a natural basis for analytical calculations, thereby offering
deeper insight into the origin and properties of BTC behavior.

In problems involving spin systems or angular momentum
degrees of freedom, it is customary to work in the angular
momentum eigenbasis, expanding operators in terms of ma-
trix elements between states | j m〉, where j and m denote
the total angular momentum and its projection along the z
axis, respectively. However, an alternative and often more
physically transparent approach—ubiquitous in nuclear mag-
netic resonance (NMR) [30–32] and atomic, molecular, and
optical (AMO) physics [33–35]—makes use of the spherical
tensor operator formalism. In this representation, operators
are expanded in terms of irreducible tensor operators T k

q , char-
acterized by tensor rank k and component q, which transform
under rotations via the adjoint action of the SU(2) group. For
fixed k, these operators form a spin-k multiplet [36,37].

The dynamics of collective spin systems can be orga-
nized through couplings between angular momentum sectors
[38,39]. At the same time, several classes of open quantum
systems admit a description directly in operator space. For ex-
ample, in quadratic fermionic systems, the Liouvillian can be
viewed as acting on a Fock space of operators and described
through ladder superoperators [40,41]. This suggests the pos-
sibility of a similar framework for collective spin systems,
motivating the question of whether Lindbladian collective
spin dynamics can likewise be understood through structured
couplings between irreducible operator subspaces.

In this work, we develop a microscopic quantum frame-
work for classifying collective spin Lindbladians according
to their weak symmetries, defined by superoperators that
commute with the Lindbladian [42,43]. Unlike semiclassi-
cal approaches based on truncations of the hierarchy of
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correlations [20,21,25], our formulation retains the full op-
erator space structure of the dynamics. We construct the
framework using the irreducible decomposition of Liouville
space, expanding the density operator in spherical tensor oper-
ators labeled by their rank k and component q [35–37]. In this
representation, the Lindblad master equation maps onto a lo-
cal non-Hermitian hopping problem in operator space. Weak
symmetries constrain the allowed directions of transport,
while the corresponding microscopic hopping amplitudes de-
termine the resulting dynamical regime. This provides a direct
microscopic route to identifying the features that distinguish
conventional collective spin precession from BTC dynamics.

The paper is organized as follows. In Sec. II, we intro-
duce the class of collective spin Lindbladians considered
throughout. In Sec. III, we review the representation theory
of collective spins and show how the relevant irreducible
representations emerge in operator space. In Sec. IV, we dis-
cuss collective spin models based on their weak symmetry
constraints by expanding the density operator in the spherical
tensor basis. We illustrate the utility of our framework by fo-
cusing on driven collective spin models that experience either
collective dephasing or collective decay. In Sec. V, we discuss
how nonunital dissipation can lead to a source term in operator
space, which we use to explain the reduced initial state sensi-
tivity of BTCs. We compare our method with semiclassical
approaches in Sec. VI. In Sec. VII, we highlight how our
framework can be used to study the extreme time crystal limit,
which occurs in the strong-driving regime. In Sec. VIII, we
examine how increasing dissipation drives the hybridization
of spherical tensor modes, which can be interpreted as a form
of delocalization in operator space. Finally, we comment on
the thermodynamic limit of the BTC model in Sec. IX.

Throughout this work, we employ natural units. The terms
irreducible tensor operators and spherical tensor operators,
as well as irreducible representations (irreps) and spherical
tensor sectors, are used interchangeably.

II. COLLECTIVE SPIN DYNAMICS UNDER
MARKOVIAN DISSIPATION

We consider open quantum systems governed by a Lind-
blad master equation for the density operator ρ(t ) (h̄ = 1),

dρ

dt
= L[ρ] = −i[H, ρ] + D[ρ],

D[ρ] = �

2 j

∑
μ

(
LμρL†

μ − 1

2
{L†

μLμ, ρ}
)
, (1)

where L is the Liouvillian superoperator generating Marko-
vian evolution and D is the Lindblad dissipator. We consider
collective spin models in which the Hamiltonian H and jump
operators Lμ are constructed from spin- j operators Jα (α =
x, y, z), with a uniform collective rate �/2 j. The factor 1/2 j
constitutes a Kac scaling and guarantees that the collective
dissipative dynamics remain extensive as j → ∞. These op-
erators satisfy the su(2) commutation relations [Jα, Jβ ] =
iεαβγ Jγ , with ladder operators J± = Jx ± iJy.

For the class of models considered here, the total spin
J2 is conserved, allowing each fixed- j sector to be analyzed
independently. Such models arise naturally in cavity systems

with cooperative emission [44–46], where N spin- 1
2 degrees

of freedom behave collectively as a single spin with j = N/2.
In this work, we focus on the collective spin models de-

fined by H = �Jx with either Lμ = Jz or Lμ = J−, which
serve as minimal representatives of models in which collective
precession and BTC dynamics can emerge. In the precession
case, the spin components Jy and Jz undergo single-frequency
oscillations that generally depend on the initial state [27,28].
This behavior arises from a simple Liouvillian structure domi-
nated by a single oscillatory mode. In contrast, BTC dynamics
exhibit qualitatively richer behavior: the oscillations display
multiple frequency components and, crucially, exist indepen-
dently of the initial state [20,21,25]. In the thermodynamic
limit ( j → ∞), the corresponding decay rate vanishes and
these oscillations persist indefinitely, giving rise to the BTC
phase [20,21,27,28].

The operators Jα generate a su(2) Lie algebra, and their
representation theory leads to the well-known basis of angu-
lar momentum eigenstates {| j m〉}, with m = − j, . . . , j. The
dynamics can then be formulated in terms of a density matrix
in the {| j m〉} basis as

ρ =
∑
m,m′

ρmm′ | j m〉〈 j m′|, (2)

for a fixed j. This usual approach has been employed in
Ref. [27], which performed a perturbative treatment of col-
lective spin Lindbladians.

However, for open quantum systems governed by a Li-
ouvillian superoperator, this state-based representation is no
longer the most symmetry-adapted description. In the follow-
ing section, we introduce an operator-based formulation using
the adjoint representation of su(2).

III. REPRESENTATION THEORY
FOR COLLECTIVE SPINS

In closed quantum systems, the fundamental dynamical
object is the state vector |ψ〉 ∈ H. For systems whose degrees
of freedom furnish a representation of the su(2) Lie algebra,
which in the case of collective spins is generated by the oper-
ators Jα , it is natural to adopt a state-based representation in
which these generators act on H. Representation theory then
organizes the Hilbert space into irreps. Concretely, one di-
agonalizes the Casimir operator J2 = J2

x + J2
y + J2

z (together
with Jz), obtaining sectors labeled by total spin j and magnetic
quantum numbers m = − j, . . . , j, such that

H =
⊕

j

H j, dim H j = 2 j + 1. (3)

This decomposition provides the conventional state-based
quantum numbers typically used to describe spin systems.

Conversely, in open quantum systems the fundamental dy-
namical object is the density operator ρ. In the collective
spin case, ρ belongs to the operator space B(H j ), which
is isomorphic to a tensor-product space. This can be seen
from the fact that any operator may be constructed from the
outer products of kets {| j m〉} and bras {〈 j m′|}. Following
the Choi–Jamiołkowski isomorphism (vectorization) [47–49],
one applies the mapping | j m〉〈 j m′| �→ | j m〉 ⊗ | j m′〉∗, so
that operators are represented as vectors in the tensor-product
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space H j ⊗ H∗
j . Since tensor-product spaces are generally

reducible, it is natural to instead decompose H j ⊗ H∗
j into

the irreps of B(H j ). This decomposition introduces operator
space quantum numbers and yields a symmetry-adapted basis
particularly suited to describing dissipative dynamics.

For collective spins, this reducibility takes the explicit form

B(H j ) ∼= H j ⊗ H∗
j

∼=
2 j⊕

k=0

Bk, (4)

where each Bk transforms irreducibly under SU(2). The
allowed values of k follow from the Clebsch–Gordan de-
composition of two spin- j representations, j ⊗ j = ⊕2 j

k=0 k.
Physically, this tensor-product structure may be viewed as the
combination of two independent spin spaces. In the present
case, however, the second space corresponds to the dual
Hilbert space H∗

j , which has important consequences for
perturbative calculations (see Sec. VII). This decomposition
highlights a key structural feature of open quantum dynamics:
operator space splits into symmetry-resolved sectors that are
not visible in a state-based description.

The generators of collective rotations in operator space are
the superoperators implementing infinitesimal conjugation,

Kα[A] ≡ [Jα, A], α = x, y, z, (5)

commonly referred to as the adjoint generators (see
Appendix A). These generate rotations while acting on oper-
ators rather than states. The adjoint generators obey the same
su(2) algebra as the collective spin operators,

[Kα,Kβ ] = iεαβγKγ , (6)

and define the Casimir superoperator

K2 =
∑

α=x,y,z

K2
α. (7)

Within each irreducible sector Bk , the Casimir superoperator
acts diagonally with eigenvalue k(k + 1), providing the quan-
tum number that labels the operator irreps.

The operator space analogues of angular momentum eigen-
states are the spherical tensor operators T k

q [35–37]. These
form a basis of simultaneous eigenoperators of both K2 and
Kz,

K2
[
T k

q

] =
∑

α=x,y,z

[
Jα,

[
Jα, T k

q

]] = k(k + 1) T k
q ,

Kz
[
T k

q

] = [
Jz, T k

q

] = q T k
q . (8)

The quantum numbers k and q correspond to the spherical
tensor rank k and its magnetic component q. For a fixed k,
the allowed values of q form a multiplet with q = −k,−k +
1, . . . ,+k, giving (2k + 1) operators in each sector.

These quantum numbers admit an interpretation in terms
of multipole moments, where k denotes the order of the mul-
tipole [35]. In this sense, k labels the effective complexity of
many-body operators. For example, the sector k = 1 contains
the dipole operators Jx, Jy, and Jz, which are captured by
mean-field descriptions. Higher values of k correspond to op-
erators encoding progressively higher-order spin correlations.
Expanding the density operator in the spherical tensor basis
therefore amounts to decomposing it into contributions of

increasing multipole order. In semiclassical approximations,
this hierarchy is truncated by retaining only polynomial ex-
pectation values of k = 1 operators (see Sec. VII).

Thus, this framework introduces a set of operator space
quantum numbers that label operators independently of a
state-based description. It also provides a symmetry-adapted
operator basis that can be used for practical calculations.
In the following section, we demonstrate the utility of this
framework.

Throughout our work, calligraphic symbols (A) are used
for superoperators acting on the Hilbert space of operators
B(H j ), whereas double-lined symbols (A) are used for super-
operators acting on the vectorized, Liouville space H j ⊗ H∗

j
[49]. In addition, the vectorized form of an operator O is
denoted via |O〉〉.

IV. WEAK SYMMETRIES AND OPERATOR
SPACE TRANSPORT

In this section, we show how the adjoint generators intro-
duced in Sec. III, together with their Casimir superoperator,
can define weak symmetries of the Liouvillian [42,43]. Com-
mutation with K2 or Kz conserves the tensor rank k or
component q, respectively, thereby imposing selection rules
on transport in operator space. These weak symmetries there-
fore provide a simple way to distinguish collective spin
models according to their allowed transport structures. We
first present a general overview of this framework and then
apply it to two explicit examples, demonstrating how the
preservation or breaking of these weak symmetries modi-
fies the connectivity of an “operator lattice.” We emphasize
that these symmetry constraints determine which transport
processes are allowed, but do not by themselves determine
the realized dynamical regime, which also depends on the
Liouvillian matrix elements, model parameters, and spectral
properties.

We analyze these systems by expanding ρ in the spherical
tensor basis {T k

q } as

ρ(t ) =
2 j∑

k=0

+k∑
q=−k

ak,q(t ) T k
q , (9)

as shown in Fig. 1(a).
The master equation d

dt ρ = Lρ can be expressed in terms
of the expansion coefficients {ak,q} as

d

dt
ak,q(t ) =

2 j∑
k′=0

+k′∑
q′=−k′

L(k,q)(k′,q′ ) ak′,q′ (t ), (10)

with matrix elements

L(k,q)(k′,q′ ) ≡ Tr
[(

T k
q

)† LT k′
q′

]
. (11)

Introducing a composite index α ≡ (k, q), this can be written
compactly as

d

dt
aα (t ) =

∑
β

Lαβ aβ (t ), (12)

which has the form of a non-Hermitian tight-binding model.
In this representation, the coefficients aα play the role of
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(a) (b)

FIG. 1. Schematic representation of the spherical tensor decomposition of the density operator. (a) The density operator expanded
into irreducible tensor multiplets of rank k, where each multiplet contains 2k + 1 components labeled by q = −k, . . . , +k. (b) The same
decomposition may be viewed as a triangular lattice in operator space, where each node corresponds to a spherical tensor mode T k

q . Orange
horizontal arrows indicate intrarank (q) mixing, while gray arrows indicate interrank (k) mixing.

amplitudes on an emergent operator space lattice, whose sites
are labeled by the spherical tensor modes. The matrix ele-
ments Lαβ therefore act as effective hopping amplitudes from
site β to site α on the lattice. As we show below, the structure
of the Liouvillian leads to short-range couplings in (k, q),
giving rise to a local hopping model on the operator lattice
[see Fig. 1(b)]. For a derivation of Eq. (10), see Appendix C.

We now illustrate the utility of this framework using two
explicit models that share the same coherent drive but differ
in their choice of collective jump operator. This difference
changes the weak symmetry structure of the Liouvillian and
hence the allowed transport channels on the (k, q) lattice.

A. Driven collective spins with dephasing: Collective precession

We first consider the case in which tensor rank k is con-
served, while the component q is not,

[L,K2] = 0, [L,Kz] 
= 0. (13)

The first condition makes each fixed-k subspace invariant
under the Liouvillian evolution, whereas the second permits
off-diagonal matrix elements that couple different q compo-
nents within these subspaces. Consequently, operator weight
may be redistributed within each multiplet but cannot be trans-
ported between different tensor ranks.

Therefore, sectors with different k evolve independently,
and Eq. (10) reduces to a block-diagonal form,

d

dt
a(k)(t ) = L(k) a(k)(t ), (14)

where a(k) = (ak,−k, . . . , ak,k )T , and L(k) denotes the restric-
tion of L(k,q)(k′,q′ ) to the subspace with fixed k, i.e., the
(2k + 1)-dimensional block with matrix elements (L(k) )qq′ =
L(k,q)(k,q′ ).

A minimal realization of coherent q mixing at fixed k is
provided by a transverse collective field, H = �Jx, with a
jump operator along the quantization axis,

L[ρ] = −i�[Jx, ρ] + �

2 j

(
JzρJz − 1

2

{
J2

z , ρ
})

. (15)

The Hamiltonian term generates rotations about the x axis and
explicitly breaks conservation of q with respect to Jz. As a
result, k remains a good quantum number, but q is dynami-
cally mixed within each fixed-k sector. In the {T k

q } basis, the
dynamics maps onto a local, non-Hermitian hopping model,

d

dt
ak,q = −i�Wk,q − �

4 j
q2 ak,q, (16)

with

Wk,q = w+(k, q − 1) ak,q−1 + w−(k, q + 1) ak,q+1. (17)

Here, w±(k, q) ≡ 1
2

√
k(k + 1) − q(q ± 1) are position-

dependent couplings generated by Kx. The terms in Wk,q

admit a hopping interpretation: the first term describes
transport from (k, q − 1) to (k, q) with amplitude ak,q−1

and coupling strength w+(k, q − 1), while the second
term describes transport from (k, q + 1) to (k, q) with
amplitude ak,q+1 and coupling w−(k, q + 1). These couplings
are reciprocal in q, satisfying w+(k, q) = w−(k, q + 1).
Consequently, within each fixed-k sector the dynamics
corresponds to nearest-neighbor hopping along the q
direction, with q-dependent onsite contributions from the
Lindbladian dissipator D. For a detailed derivation of this
mapping, see Appendix D.

The operators Jx, Jy, and Jz form the k = 1 operator mul-
tiplet, so their dynamics is entirely determined by the q ∈
{−1, 0,+1} components of this sector. The corresponding
coefficients (a1,−1, a1,0, a1,1) obey

d

dt
a1,0(t ) = − i�√

2
(a1,1(t ) + a1,−1(t )),

d

dt
a1,1(t ) = − i�√

2
a1,0(t ) − �

4 j
a1,1(t ),

d

dt
a1,−1(t ) = − i�√

2
a1,0(t ) − �

4 j
a1,−1(t ). (18)

For a complete discussion of the eigenvalues and eigenvec-
tors of this system, see Appendix E. When viewed in terms
of the observables Jx, Jy, and Jz, this results in a dynamics
where Jx is decoupled and exhibits exponential decay. (Jy, Jz )
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are coupled together and exhibit decaying oscillations with
frequency �

√
1 − (κ/2)2, where κ ≡ �/(4 j�). The decay

factor is given by �/(8 j), which vanishes in the thermody-
namic limit ( j → ∞). In this limit, both Jy and Jz exhibit
persistent oscillations, leading to collective precession. An
exceptional point emerges at κ = 2, where oscillatory eigen-
modes coalesce and the dynamics becomes pure relaxation
[27,28]. This example explicitly demonstrates that the weak
symmetry structure fixes the allowed transport channels but
does not by itself determine whether the resulting dynamics is
oscillatory or relaxational.

The main consequence of the weak symmetry generated
by K2 is that operator weight cannot be transferred between
different tensor ranks. The initial distribution across k sectors
therefore cannot be dynamically redistributed, and observ-
ables in the k = 1 multiplet cannot acquire contributions
from higher-rank modes. This restricted connectivity is the
transport property predicted by the symmetry analysis; the
frequencies, decay rates, and exceptional points within each
block must instead be determined from the corresponding
matrix elements of L(k).

In the following subsection, we consider a model for which
[L,K2] 
= 0. Breaking this weak symmetry permits interrank
transport and converts the independent one-dimensional q
chains into a coupled two-dimensional operator space lattice.
Whether this enlarged connectivity produces BTC or over-
damped behavior remains a dynamical question governed by
the model parameters and Liouvillian spectrum.

B. Driven collective spins with decay: BTC model

So far, we have considered a Liouvillian that commutes
with K2, such that each tensor-rank sector evolves indepen-
dently. We now turn to a model in which K2 is not conserved.
Breaking this weak symmetry removes the fixed-k block
structure and permits transport between different tensor ranks.

The canonical form of the BTC model is given by [20]

L[ρ] = −i�[Jx, ρ] + �

2 j

(
J−ρJ+ − 1

2
{J+J−, ρ}

)
, (19)

where the jump operator J− describes collective decay. In
contrast to the Jz dissipator considered above, its action does
not preserve the adjoint Casimir superoperator,

[D,K2] 
= 0. (20)

Consequently, for � 
= 0,

[L,K2] 
= 0. (21)

The coherent drive generated by Jx also breaks conservation
of the tensor component with respect to the z axis. Thus, for
�,� 
= 0,

[L,K2] 
= 0, [L,Kz] 
= 0. (22)

Therefore, neither k nor q is conserved, and transport along
both directions of the operator space lattice is allowed. In
the limiting case � = 0, conservation of q is restored and the
dynamics reduces to dissipative transport at fixed q.

We emphasize that Eq. (22) establishes only that K2 and
Kz are not weak symmetries of this Liouvillian; it does not
exclude the existence of other weak or strong symmetries. For

0.7 0.2 0.5

1.4 0.7 1.1

2.1 1.6 1.7

2.9 3.1 2.3

3.5 5.2 2.7

3.7 7.9 2.5

3.4 11.3

FIG. 2. Rank coupling matrix. A numerical visualization of the
coupling strengths between irreducible sectors k′ → k, quantified
by C (k′→k) [Eq. (27)] and represented by the color scale. Results
are shown for total spin j = 7/2 (k = 0, 1, . . . , 7) with � = � = 1.
Numerical values are displayed for nonzero entries to highlight the
allowed transitions between sectors.

example, the total spin operator J2 remains a strong symmetry
because it commutes separately with the Hamiltonian and
the jump operator. Since we work within a fixed- j sector
this strong symmetry does not constrain transport between
operator sectors labeled by k and q.

The action of D couples neighboring tensor-rank sec-
tors, thereby permitting interrank transport. Together with
the q mixing generated by the coherent drive, this produces
a two-dimensional connectivity structure on the (k, q) lat-
tice. Specifically, D generates nearest-neighbor hopping along
the k direction together with local onsite contributions (see
Appendix F). Note that nearest-neighbor hopping in k is a
consequence of linear jump operators. More general jumps,
such as J2

+, may generate longer-range couplings in k, with the
allowed hopping range determined by the irreducible tensor
addition rules discussed in Appendix F.

The Lindbladian dynamics can therefore be represented as
a nearest-neighbor non-Hermitian hopping problem, where
k and q act as effective coordinates on an emergent two-
dimensional operator lattice. In this representation, Eq. (19)
maps to

d

dt
ak,q = −i�Wk,q + �

2 j
Tk,q, (23)

with

Tk,q = t+(k − 1, q) ak−1,q + t−(k + 1, q) ak+1,q

− γ (k, q) ak,q. (24)

Here, γ (k, q) denotes an onsite term at the coordinate (k, q),
while t±(k, q) describe hopping between (k, q) and (k ± 1, q).
In the present case, hopping along the k direction is non-
reciprocal, t+(k, q) 
= t−(k + 1, q) (see Fig. 2), giving rise
to an effective non-Hermitian transport problem in k. The
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hopping amplitudes t±(k, q) generally depend on the total spin
j. Since our analysis is performed within a fixed- j sector, for
qualitative discussions this may be suppressed for notational
simplicity. The full expressions t±(k, q, j) together with their
derivation, are presented in Appendix F. On the other hand,
γ (k, q) is independent of the total spin j, yielding

γ (k, q) = 1
2 [k(k + 1) − q2]. (25)

This corresponds to an inhomogeneous onsite decay in oper-
ator space: the damping increases with rank k, while for fixed
k it is largest at the center of a multiplet (q = 0) and weakest
at its boundaries (q = ±k).

In contrast, the coherent contribution remains identical to
the collective precession case, with w±(k, q) generating re-
ciprocal hopping along the q direction between (k, q) and
(k, q ± 1). The corresponding hopping amplitudes can also be
extracted numerically from the Liouvillian matrix elements in
the {T k

q } basis, as shown in Fig. 2.
A numerical visualization of the coupling strengths be-

tween different ranks k′ and k, C(k′→k), is shown in Fig. 2.
To construct C(k′→k), we first define the projectors onto the
eigenspace of K2 with eigenvalues k(k + 1) as P (k). Then, by
introducing

D(k′→k) = P (k) DP (k′ ) (26)

as the flow of operator weight from the sector k′ to k generated
by the Lindbladian dissipator D (acting on the vectorized
|ρ〉〉), we define C(k′→k) as

C(k′→k) =
√∑

qq′
|(D(k′→k) )qq′ |2 (27)

such that we sum over all possible q channels to go from k′ to
k. Therefore, this represents a measure of the overall coupling
strength between the two sectors. For further details on the
construction of the projectors, see Appendix G.

In Fig. 2, the first off-diagonal elements encode ef-
fective, nearest-neighbor couplings between sectors. These
couplings are asymmetric, which is because of the nonrecipro-
cal hopping amplitudes, t+(k, q) 
= t−(k + 1, q). The diagonal
elements correspond to dissipative contributions that preserve
k, captured by the onsite decay rates γ (k, q) [cf. Eq.(25)].

Therefore, we have demonstrated how the dynamics of
the canonical BTC model [Eq. (19)] can be formulated as a
nearest-neighbor transport problem on the two-dimensional
(k, q) lattice. The symmetry analysis predicts that operator
weight is no longer confined to fixed-rank multiplets and that
low-rank observables may hybridize with higher-rank opera-
tor sectors; see Sec. VIII for more detail on the hybridization.
These symmetries therefore constrain the allowed forms of
collective spin dynamics, whose specifics are determined by
the ratio �/�. We expand on this in Sec. VII by discussing
how our approach can be used to study the extreme time
crystal regime, which is characterized by � � �.

V. INITIAL STATE INDEPENDENT DYNAMICS:
BTC MODEL

The example considered in Sec. IV A illustrates how os-
cillatory dynamics can arise in the strong-driving regime,

� � �. The coherent term generated by Jx produces imagi-
nary couplings between different q components within each
fixed-k multiplet. For k = 1, these couplings give the familiar
collective precession of Jy and Jz about the x axis. The same
mechanism applies more generally to every tensor-rank sec-
tor. Higher-rank multiplets, however, contain several distinct
nonzero values of |q|, and can therefore support multiple
oscillation frequencies, beating, and higher harmonics; see
Ref. [50] for further discussion.

When k is conserved, these oscillations are necessarily
initial state dependent. Each multiplet evolves independently
according to a(k)(t ) = (ak,−k (t ), . . . , ak,k (t ))

T
, so a sector can

evolve only if it is populated initially. For example, since the
k = 1 multiplet is spanned by Jx, Jy, and Jz, an initial state
satisfying

Tr(ρ(0)Jα ) = 0, α = x, y, z, (28)

has no initial weight in this sector. If [L,K2] = 0, no other
rank sector can subsequently populate it, and the k = 1 con-
tribution therefore remains zero.

The situation changes qualitatively once the weak symme-
try generated by K2 is broken. When [L,K2] 
= 0, operator
weight can be transported between different tensor ranks. For
the BTC model, the Lindbladian dissipator with a linear col-
lective jump operator produces nearest-neighbor hopping in k,
so the dynamics of a given multiplet is no longer determined
solely by its initial amplitudes: it can also be fed dynamically
by neighboring sectors.

Crucially, such feeding contains both initial state depen-
dent and initial state independent contributions. To distinguish
them, we decompose the density operator into its identity and
traceless parts [51–54],

ρ(t ) = 1
d

+ δρ(t ), (29)

where d = 2 j + 1 and

δρ(t ) =
∑
k�1

k∑
q=−k

ak,q(t )T k
q . (30)

The coefficient of the identity is fixed by normalization and is
therefore the same for every physical initial state.

Trace preservation implies Tr(L[ρ]) = 0 [55]. In partic-
ular, if δρ is traceless, then L[δρ] is also traceless, so the
traceless operator subspace is invariant under the evolution.
The identity, however, need not itself be invariant: for a
nonunital Lindbladian, L[1] 
= 0. Because L[1] is necessarily
traceless, the identity sector may act as a source for the trace-
less subspace, whereas trace preservation forbids the reverse
process.

In the decomposition into identity and traceless sectors, the
Liouvillian therefore takes the block-triangular form [56]

L =
[

0 0
S M

]
, (31)

where M governs evolution entirely within the traceless sub-
space, while S[1] = L[1] encodes the nonunital source.
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The traceless component consequently obeys the inhomo-
geneous equation [57–59]

d

dt
δρ(t ) = M δρ(t ) + 1

d
S[1]. (32)

Its formal solution is

δρ(t ) = eMtδρ(0) + 1

d

∫ t

0
ds eM(t−s)S[1]. (33)

This expression makes the distinction transparent. The first
term is the homogeneous contribution and retains information
about the initial traceless components of the density operator.
The second is an inhomogeneous contribution generated en-
tirely by the nonunital source. Since the identity component
1/d is fixed by normalization, this contribution is common to
all physical initial states.

For the BTC model, Appendix F gives

S[1] = −�

j
Jz. (34)

Thus, collective decay continuously injects operator weight
from the k = 0 identity sector into the k = 1, q = 0 compo-
nent, since T 1

0 ∝ Jz. The coherent Jx drive then mixes this
component with q = ±1 within the same multiplet, generating
oscillatory Jy and Jz dynamics. Importantly, this mechanism
does not require any initial population of the k = 1 sector.

The same sourced weight can subsequently propagate to
higher tensor ranks through dissipative hopping in k. Con-
sequently, higher-rank oscillatory components can also be
generated dynamically even when they are absent from the
initial state. The maximally mixed state, ρ(0) = 1/d, pro-
vides the clearest example: initially, every traceless amplitude
ak,q(0) vanishes, yet nonunital dissipation first generates the
k = 1 component and the combined k and q transport can then
spread this weight throughout operator space [50].

Nonunitality therefore provides a microscopic mechanism
by which oscillatory modes can be populated independently of
the initial traceless state δρ(0). In the operator space picture,
the identity sector acts as a universal source, while coherent
transport in q can convert the sourced weight into oscillatory
dynamics and dissipative transport in k distributes it between
different multipole sectors. Further details of these source-
driven contributions and their dynamical behavior are given
in Ref. [50].

Finally, we emphasize that this is a purely dissipative effect
and cannot arise from unitary Hamiltonian dynamics. Indeed,
for any Hermitian Hamiltonian H , one has [H, 1] = 0, so
the identity sector remains invariant under coherent evolution.
Consequently, the nonreciprocal transport discussed here orig-
inates entirely from the dissipative (Lindbladian) contribution.

VI. RELATION TO SEMICLASSICAL APPROACHES:
BTC MODEL

The time crystal phase of the canonical BTC model
[Eq. (19)] was originally identified through the emergence of
stable limit-cycle dynamics [20,21]. These approaches begin
from the Heisenberg equations of motion for the collective
spin operators Jα . Since the resulting equations couple first

moments to higher-order spin correlations, an approximation
is required to obtain a closed set of equations.

The simplest closure is provided by the mean-field approx-
imation [60–62],

〈JαJβ〉 ≈ 〈Jα〉〈Jβ〉, (35)

where α, β = x, y, z. Introducing the normalized magnetiza-
tions

mα = 〈Jα〉
j

, (36)

this factorization closes the hierarchy at the level of first mo-
ments and yields the nonlinear equations [20,21,50]

d

dt
mx = κmxmz,

d

dt
my = −�mz + κmymz,

d

dt
mz = �my − κ

(
m2

x + m2
y

)
, (37)

with κ = �/2. In the thermodynamic limit, this approxima-
tion becomes exact for the class of initially uncorrelated states
[22–24]. It therefore provides a particularly useful description
of the symmetry-breaking and limit-cycle structure of the
BTC phase. Note that any nonzero initial magnetization vector
m(0) = (mx(0), my(0), mz(0))T can, in principle, develop os-
cillatory dynamics through the nonlinear coupling between its
components. For example, for an initial state polarized along
the x direction,

ṁz(0) = −κm2
x (0) 
= 0, (38)

so a nonzero mz component can be generated dynamically
even when my(0) = mz(0) = 0. This differs from collective
precession [cf. Eq. (15)], where mx decouples from my and
mz, and an initially x-polarized state remains stationary in the
thermodynamic limit (see Appendix E for more detail).

Our operator space representation provides a comple-
mentary way to understand what information is retained
by this approximation. The first moments mx,y,z are com-
pletely determined by the k = 1 spherical tensor multiplet,
{a1,−1, a1,0, a1,+1}. By contrast, the sectors k � 2 contain
higher-order multipole moments and correlations. Mean-field
factorization does not retain these higher-rank amplitudes as
independent dynamical variables. Instead, their influence on
the equations of motion is approximated by products of the
k = 1 expectation values.

This also clarifies its dependence on the initial state. Two
states with identical first moments but different higher-order
correlations are indistinguishable within a mean-field descrip-
tion, despite occupying different regions of the full operator
space. In the particularly important case mx(0) = my(0) =
mz(0) = 0, the mean-field variables contain no information
about higher-rank components of the initial density operator.
Consequently, dynamics originating from these correlations,
or from their subsequent transport into the k = 1 sector,
cannot in general be reconstructed from the first-moment
equations alone. This provides an operator space interpre-
tation of the initial state restrictions identified in Ref. [25].
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Namely, initial states satisfying

mx(0) = my(0) = mz(0) = 0, (39)

equivalently a1,q(0) = 0 for q = 0,±1, have no initial support
in the k = 1 sector.

A systematic improvement is obtained by extending the
closure to second order. As demonstrated in Ref. [25], re-
taining second-order cumulants allows BTC oscillations to
be recovered for a broader class of initial states [62–65]. In
our accompanying work [50], we show explicitly how the
nonunital sourcing of the k = 1 multiplet appears through
the second-order cumulants, and that it is absent from the
first-order mean-field description.

The cumulant hierarchy may therefore be viewed as a
sequence of progressively refined closures of the full op-
erator space dynamics: mean-field theory retains only first
moments, second-order cumulant expansions additionally
capture quadrupolar (k = 2) correlations, and higher-order
closures progressively restore further multipole sectors. By
contrast, the spherical tensor formulation employed here re-
tains the complete hierarchy of k sectors from the outset. This
is particularly useful for obtaining analytical results at finite
system size, where mean-field theory is not generally exact
and becomes asymptotically controlled only in the thermo-
dynamic limit, subject to assumptions on the class of initial
states [23–25]. Moreover, perturbative approaches formulated
directly in the angular momentum basis can still require nu-
merical diagonalization [27]. In Sec. VII, we instead exploit
the irreducible tensor structure to derive an effective Lind-
bladian that provides an analytical description of the extreme
time crystal regime. Retaining the full operator space structure
also makes the weak symmetries of L explicit and provides
a framework for identifying properties that emerge upon ap-
proaching the thermodynamic limit (see Sec. IX for more
detail).

VII. PERTURBATIVE APPROACH IN THE EXTREME
TIME CRYSTAL PHASE

The above framework can be extended to a perturbative
description of the dynamics. In this section, we outline how
the spherical tensor representation can be used to construct
an effective Liouvillian valid deep in the time crystal regime.
To this end, we perform a perturbative expansion, treating the
dissipative contribution to first order in �/ j.

Following the Choi–Jamiołkowski isomorphism [47,48],
we vectorize the density operator as ρ �→ |ρ〉〉 [49]. Under this
mapping, the adjoint generators transform as

Kα �→ Sα ≡ Jα ⊗ 1 − 1 ⊗ JT
α , (40)

where Sα (α = x, y, z) define the components of an effective
“superspin” representation, as introduced in Ref. [28].

In that work, the notion of a superspin was introduced
by observing that the tensor-product space H j ⊗ H∗

j can be
interpreted as describing two coupled subsystems. The second
subsystem corresponds to the dual Hilbert space, such that
spin operators act as Jα ⊗ 1 on the original space and −1 ⊗ JT

α

on the dual space.
In the limit � → 0, Eq. (19) reduces to purely unitary

evolution generated by these two contributions, which can

be combined into a single effective degree of freedom. This
emergent object is referred to as the superspin [28].

For � 
= 0, the dissipator induces an effective coupling be-
tween these subsystems and renormalizes their energy levels.
Nevertheless, as shown in Ref. [28], the dynamics can still be
captured by an effective description in terms of the superspin
to first order in �/ j,

Leff = −i�Sx − �

8 j

[
S2

x + S2]. (41)

This framework has since been used to derive precision
bounds for frequency estimation in continuously monitored
BTCs and to show that these systems can surpass the Heisen-
berg limit [66,67].

Here, we show that the superspin method emerges directly
from the adjoint representation and working in the spherical
tensor basis. The superspin components shown in Eq. (40) are
equivalent to the adjoint generators, expressed in a form that
acts on vectorized Liouville space. Consequently, Eq. (41) can
be written as

Leff = −i�Kx − �

8 j

[
K2

x + K2
]
. (42)

Its eigenoperators are given by T k
qx

with eigenvalues

λk,qx = −i� qx − �

8 j

[
q2

x + k(k + 1)
]
, (43)

where the quantization axis has been rotated along the x axis.
To first order in �, the eigenvalues therefore form multi-
plets labeled by k = 0, 1, . . . , 2 j and qx = −k, . . . ,+k. This
structure explains the eigenspectrum of L observed in numer-
ics [20,27,28]. In addition, the superspin basis {|s, sx〉〉} is
equivalent to the vectorized spherical tensor basis such that
T k

qx
�→ |k, qx〉〉.
Therefore, in the extreme time crystal limit, the leading-

order BTC dynamics [Eq. (42)] reduces to the same qualitative
form as Eq. (15) [28]. The key distinction is that Eq. (42) fea-
tures anisotropic rather than isotropic dephasing, as discussed
in detail in Ref. [28].

Next, we demonstrate how dissipation modifies the dynam-
ics beyond the extreme time crystal limit.

VIII. DISSIPATION-DRIVEN HYBRIDIZATION
IN OPERATOR SPACE

In Sec. IV B, it was demonstrated how the BTC model
can be mapped to a local hopping problem, which describes
the transport of operator weight across a two-dimensional
operator lattice. Eq. (23) highlights that the dissipator drives
transport across k; therefore, in general, we expect the Liou-
villian eigenmodes to be a superposition of many spherical
tensor modes. We demonstrate this numerically in Fig. 3.

We quantify how delocalized each eigenmode is in k via
the k-resolved participation ratio PR(n)

k , which we define as

PR(n)
k = 1∑

k

(
w

(n)
k

)2 , w
(n)
k =

∑
q

∣∣c(n)
kq

∣∣2
. (44)

This measures the effective number of rank sectors contribut-
ing to the nth right eigenvector of L. Here, ckq = 〈〈k q|r (n)〉〉
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(a) (b) (c) (d)

FIG. 3. Hybridization of spherical tensor modes. Results are shown for j = 5/2 with �/� = 0.5 (a), (b) and �/� = 4 (c), (d). Panels (a)
and (c) display the Liouvillian eigenvalues (filled circles) in the (Re(λ), Im(λ)) plane, where the color indicates the k-resolved participation
ratio PRk of each eigenmode. The eigenmode analyzed in (b) and (d) is marked by a red cross. Panels (b) and (d) show the corresponding
distribution of weights across rank sectors, wk , as a function of k. The bar heights and accompanying numerical labels indicate the total weight
in each sector, with labels shown only for weights larger than 0.01.

is an expansion coefficient of this right eigenvector in the
vectorized spherical tensor basis and q is defined with respect
to the quantization axis rotated along the x direction, such that
q ≡ qx. If PRk = 1, then only a single sector contributes and
the eigenmode is localized. Alternatively, if an eigenmode is
highly delocalized and has equal weights across all sectors
then PRk = 2 j + 1.

To further characterize this hybridization, we examine the
distributions wk and wkq = |ckq|2 for an eigenmode belonging
to the slowest-decaying oscillatory pair. These are shown in
Figs. 3(b), 3(d), and 4, respectively.

The dynamics of the model is governed by two com-
peting mechanisms that dominate in opposite limits. The
unitary evolution generated by the Hamiltonian localizes the
dynamics in tensor rank k while permitting transport in q.
Consequently, the unperturbed eigenmodes are the vectorized
spherical tensors |k qx〉〉, and the dynamics correspond to col-
lective precession within a fixed-k multiplet. In contrast, the
Lindblad dissipator induces nonreciprocal hopping between
different tensor ranks, promoting transport and delocalization
along the k direction.

The BTC phase emerges in the regime where transport
along both directions is present. Here, dissipation is suf-
ficiently strong to hybridize different k sectors, yet weak
enough that coherent transport in q remains the dominant

effect. As a result, operator weight spreads over a broad re-
gion of operator space while retaining the coherent dynamics
necessary for persistent oscillations.

When � � �, transport along k dominates with coher-
ent transport in q becoming perturbatively suppressed. The
multiplets therefore cease to undergo collective precession,
leading to the disappearance of the BTC oscillations. This
transport-based picture is fully consistent with finite-size
spectral analysis: as the dissipation strength increases, com-
plex conjugate eigenmode pairs [Figs. 3(a) and 3(c)] merge
at exceptional points, signaling the breakdown of oscillatory
dynamics and the onset of an overdamped regime [27,28].

Furthermore, delocalization in k hybridizes 〈Jz(t )〉 with
higher-rank multiplets containing larger values of q. Since
q determines the oscillation frequencies of the Liouvillian
eigenmodes [Eqs. (23) and (43)], this hybridization causes
〈Jz(t )〉 to acquire frequency components originating from
higher-order sectors, as observed in Ref. [20].

IX. THERMODYNAMIC LIMIT OF THE BTC MODEL

The 1/ j Kac scaling of the Lindblad dissipator suggests
that dissipative effects vanish in the thermodynamic limit,
j → ∞. However, the operator space representation reveals
a more subtle behavior: different contributions generated by

(a) (b)

FIG. 4. Heatmap on the (k, q) lattice. Results are shown for j = 5/2 and �/� = 0.5 (a) and �/� = 4 (b). Weights wkq are shown for each
site on the (k, q) lattice, illustrating the spherical tensor modes contributing to a given eigenmode and their relative amplitudes. The eigenmode
analyzed is marked by a red cross in Figs. 3(a) and 3(c), respectively. Numerical labels are shown only for weights larger than 0.01. The
quantum number q is defined with respect to a quantization axis rotated along the x direction, such that q ≡ qx .
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the dissipator scale differently with j, such that local damping
vanishes while dissipative hopping remains finite. As we high-
light below, the surviving transport suggests a microscopic
relation between the mean-field transition point [20] and the
bulk transport properties of the operator lattice.

For j → ∞, the interrank hopping amplitudes scale as
t±(k, q, j) ∼ O( j), whereas the local damping terms scale
as γ (k, q) ∼ O(1). After including the Kac scaling of the
dissipator, the onsite decay vanishes, γ (k, q)/ j → 0, while
the hopping amplitudes remain finite, t±(k, q, j)/ j ∼ O(1).
Thus, in the thermodynamic limit, local damping vanishes but
dissipative transport remains finite.

More explicitly, the BTC model retains the local hopping
structure of Eq. (23), with γ (k, q)/ j → 0 and

t−(k, q, j) = [(k − 1) f (k, q)] j + O(1),

t+(k, q, j) = −[(k + 2) f (k + 1, q)] j + O(1), (45)

where

f (k, q) =
√

(k − q)(k + q)

(2k − 1)(2k + 1)
. (46)

The long lifetime of BTC oscillations is typically diagnosed
through finite-size scaling of the Liouvillian gap [20,21,27].
Our operator space representation reveals the microscopic
origin of this behavior: in the thermodynamic limit, the local
damping contributions generated by the dissipator vanish as
j → ∞. Consequently, the thermodynamic BTC dynamics
becomes a transport-dominated process in operator space,
where operator weight propagates along the k and q direc-
tions. Note that this is fundamentally different from the model
presented in Eq. (15), in which case only the Hamiltonian-
induced coherent transport remains, and each k sector evolves
independently.

The same operator space picture provides a microscopic
connection to the BTC phase transition. In the thermodynamic
limit, the (k, q) lattice becomes macroscopic, allowing the
bulk transport properties to be analyzed for 1 � k � j. The
coherent hopping generated by the Hamiltonian is

−i�w±(k, q) = − i�

2

√
k2 − q2

√
1 + 1

k ± q
, (47)

which away from the lattice boundaries, q = ±k, reduces to

−i�w±(k, q) ≈ − i�

2

√
k2 − q2. (48)

Similarly, the dissipative hopping amplitudes become

�

2 j
t±(k, q) ≈ ∓�

4

√
k2 − q2. (49)

Hence, the bulk dynamics is governed by

d

dt
ak,q = [−i�(ak,q−1 + ak,q+1)

− �

2
(ak−1,q − ak+1,q )]g(k, q), (50)

with

g(k, q) = 1
2

√
k2 − q2. (51)

To determine the corresponding bulk spectrum, we con-
sider a locally uniform region around (k0, q0) and introduce
the plane-wave ansatz [68–70]

ak,q(t ) = A(k0, q0)eλt eipk (k−k0 )eipq (q−q0 ), (52)

where pk and pq are conjugate momenta to the two operator
space directions. Substitution into Eq. (50) yields

λ(pk, pq ) = 2i� g(k0, q0)(r sin(pk ) − cos(pq)), (53)

where r = �
2�

.
Therefore, the mean-field critical point �c = 2� emerges

directly from the bulk operator transport, marking the balance
between coherent- and dissipative-dominated propagation.

X. DISCUSSION

The operator space transport picture developed here sug-
gests several extensions beyond the canonical collective spin
models considered in this work. One immediate direction
is to consider more general reservoir-engineered dissipators
[71,72]. In the spherical tensor representation, the irreducible
tensor content of the jump operators constrains which tensor-
rank sectors can be coupled. Higher-rank jump operators
may therefore generate longer-ranged transport along the
k direction of the operator lattice, with the precise hop-
ping structure determined by the irreducible tensor coupling
rules and by cancellations between the different contribu-
tions to the Lindblad dissipator; see Appendix F. This raises
the possibility of engineering the connectivity of the oper-
ator space lattice directly through the choice of dissipative
channels.

A broader question is whether a similar transport-based de-
scription can be formulated for systems without permutation
invariance. For generic dissipative spin chains, the spherical
tensor basis could be replaced by a Pauli-string basis, which
has been widely used to characterize operator spreading and
growth in quantum circuits and many-body systems [73–78].
In such a representation, the relevant notion of transport
would no longer be between collective tensor ranks, but be-
tween operators of different spatial support and complexity.
Analogously, fermionic systems admit simple operator space
descriptions in terms of Majorana operators, as exploited in
Refs. [40,79]. It would therefore be interesting to investigate
whether the symmetry-constrained transport picture intro-
duced here admits a useful analog in spatially resolved open
many-body systems.

Such an extension would be particularly relevant for
dissipative time crystals away from the idealized limit of
perfect collectivity. Several works have investigated BTC-like
behavior in systems with spatial structure and long-range in-
teractions [19,80,81], but their descriptions have so far been
limited to mean-field theory and cumulant expansions.

The role of nonunitality also raises several open questions.
In the canonical BTC model, nonunital dissipation provides
a source for traceless operator components and can dynami-
cally populate oscillatory modes even when these are absent
from the initial state. This offers a microscopic explanation
for the initial state insensitivity observed in Refs. [20,25,50],
which is further discussed in Ref. [50]. It would be interesting
to determine how general this mechanism is across other
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realizations of dissipative time crystals, and in particular
whether the so-called quantum BTC regimes discussed in
Refs. [80,81] admit a similar source-driven interpretation.
More generally, this raises the question of whether nonuni-
tality can be used as a diagnostic for identifying dissipative
models capable of generating oscillatory dynamics indepen-
dently of their initial traceless components.

In the thermodynamic limit, the BTC model can be further
investigated as a bulk transport problem in operator space, in
which the critical threshold �c = 2� emerges directly from
the competition between coherent and dissipative propaga-
tion. This raises the broader question of whether operator
space transport can provide a useful microscopic framework
for describing dissipative phase transitions. In particular, it
would be interesting to determine whether changes in the
dynamical phase can be related to qualitative changes in the
transport properties of operator space, such as transitions be-
tween localized and delocalized operator space eigenmodes.
Establishing whether such a correspondence exists represents
a natural direction for future work.

Finally, since our framework maps the collective spin dy-
namics directly onto a lattice model in operator space, it
suggests connections with topological lattice systems, includ-
ing free-fermion models. Given the progress in categorizing
topology in such systems from both a Hermitian [82–87] as
well as non-Hermitian Hamiltonian point of view [88,88–
94], this provides a direct area of research in topological
features, for example, to address the robustness of BTC
oscillations [50].

XI. CONCLUSIONS

In this work, we have developed a microscopic operator
space framework for collective spin Lindbladians based on
their weak symmetries and spherical tensor structure. By
expressing the density operator in this tensor operator ba-
sis, we map the Lindbladian evolution onto a non-Hermitian
hopping problem on an emergent operator space lattice.
Within this representation, weak symmetries impose kine-
matic constraints on the allowed classes of operator space
dynamics, which we interpret as selection rules on the per-
mitted transport processes. The realized dynamical regime is
then determined by the competition between the correspond-
ing microscopic processes, in particular coherent intrarank
and dissipative interrank transport, including whether BTC
oscillations emerge.

Beyond mean-field descriptions, our framework reveals
how operator sectors beyond the collective spin triplet (Jx, Jy,
and Jz) remain dynamically relevant and provides a mi-
croscopic explanation for the initial state insensitivity of
BTC oscillations through nonunital operator space trans-
port. Furthermore, the spherical tensor representation enables
systematic analytical approaches, including perturbative de-
scriptions of the extreme time crystal regime explored in
Ref. [28].

In the thermodynamic limit, we have shown that the BTC
dynamics can be related to a bulk transport problem in op-
erator space, where the mean-field phase transition threshold
emerges from the competition between coherent and dissipa-
tive propagation.

More broadly, our results suggest that dissipative many-
body dynamics can be understood through the language of
transport in operator space. This perspective provides a frame-
work for studying nonequilibrium phases of open quantum
systems and opens connections to broader concepts including
operator spreading, non-Hermitian dynamics, and topology in
quantum many-body systems.
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APPENDIX A: ADJOINT GENERATORS

Under a symmetry transformation generated by Jα , the
density operator transforms as

ρ �→ UρU †, (A1)

where

U = e−iθJα ∈ SU(2) (A2)

in the spin- j representation. Expanding for infinitesimal θ ,

UρU † = (1 − iθJα ) ρ (1 + iθJα )

= ρ − iθ [Jα, ρ] + O(θ2), (A3)

which shows that the induced symmetry action on operators
is generated by the adjoint (commutator) action,

Kα[O] ≡ adJα
[O] = [Jα, O]. (A4)

The operators {Kα} therefore define a representation of
the su(2) algebra on the operator space B(H j ). In direct
analogy with the closed-system case, one may construct the
corresponding Casimir superoperator,

K2 = K2
x + K2

y + K2
z . (A5)

Simultaneous diagonalization of K2 and Kz yields the oper-
ator space quantum numbers (k, q), which label irreducible
multiplets. For each fixed k, the allowed values of q are

q = −k,−k + 1, . . . , k, (A6)

forming a (2k + 1)-dimensional irrep.

APPENDIX B: SPHERICAL TENSOR OPERATORS

In this appendix, we summarize standard results on spher-
ical tensor operators used throughout the main text.

A spherical tensor operator of rank k and component q,
denoted T k

q , is defined through its transformation under the

214305-11



NEMETH, NAZIR, SLAGER, AND PRINCIPI PHYSICAL REVIEW B 114, 214305 (2026)

adjoint action of the collective spin generators [36,37],

Kz
[
T k

q

] ≡ [
Jz, T k

q

] = q T k
q ,

K±
[
T k

q

] ≡ [
J±, T k

q

] =
√

k(k + 1) − q(q ± 1) T k
q±1. (B1)

For a collective spin system with fixed total spin j, the
operators T k

q furnish an explicit basis for the irreducible rep-
resentations appearing in the decomposition

j ⊗ j∗ =
2 j⊕

k=0

k. (B2)

An explicit construction in terms of angular momentum eigen-
states {| j m〉} j

m=− j is given by

T k
q =

j∑
m,m′=− j

(−1) j−m〈 j m′; j −m|k q〉 | j m′〉〈 j m|, (B3)

where 〈 j m′; j −m|k q〉 are Clebsch–Gordan coefficients [35].
The spherical tensor operators are chosen to be orthonor-

mal with respect to the Hilbert–Schmidt inner product [35],

Tr
[(

T k
q

)†
T k′

q′
] = δkk′ δqq′ , (B4)

and therefore form a complete orthonormal basis for operators
acting within the spin- j sector.

Using the orthonormality of spherical tensor operators, one
can show that all tensors with (k � 1) are traceless. Recall
that the identity operator corresponds to the unique rank-zero

tensor T 0
0 = 1√

2 j+1
1. Then,

Tr
(
T k

q

) = Tr
[
(1)†T k

q

]
=

√
2 j + 1 Tr

[(
T 0

0

)†
T k

q

]
=

√
2 j + 1 δk0 δq0

= 0 for k � 1. (B5)

Next, we will outline the coupling rules obeyed by ir-
reducible tensors with arbitrary normalizations and later
specialize to the case where both tensors describe the state
of a spin- j object.

Irreducible tensor operators obey angular momentum cou-
pling rules analogous to those for state vectors. In general, the
direct product of two irreducible tensor operators decomposes
as

V k1
q1

U k2
q2

=
k1+k2∑

k=|k1−k2|
〈k1 q1; k2 q2|k q〉W k

q , (B6)

where the allowed values of k satisfy the triangle rule

k = |k1 − k2|, |k1 − k2| + 1, . . . , k1 + k2, q = q1 + q2.

Thus, the composition of irreducible tensor operators follows
the same algebra as the addition of angular momenta. This
construction extends straightforwardly to products of three or
more tensors by successive application of Eq. (B6).

For the irreducible tensors considered here, T k1
q1

( j) and
T k2

q2
( j), both irreducible tensors describe the polarization of

an underlying spin- j particle [36] and satisfy the following
relations:

T k1
q1

( j)T k2
q2

( j) =
∑

K

(−1)2 j+K
√

(2k1 + 1)(2k2 + 1)

{
k1 k2 K
j j j

}
〈k1q1; k2q2|KQ〉 T K

Q ( j), (B7)

and {
T k1

q1
( j), T k2

q2
( j)

} =
∑

K

(−1)2 j+K [1 + (−1)k1+k2+K ]
√

(2k1 + 1)(2k2 + 1)

{
k1 k2 K
j j j

}
〈k1q1; k2q2|KQ〉 T K

Q ( j), (B8)

where

{
k1 k2 K
j j j

}
(B9)

is a 6 j symbol that enforces the triangle rule K = |k1 −
k2|, . . . , k1 + k2. Here, 〈k1q1; k2q2|KQ〉 is a Clebsch–Gordan
coefficient. Importantly, the 6 j symbols possess a high degree
of permutation symmetry: they are invariant under the inter-
change of any two columns, as well as under the simultaneous
interchange of upper and lower entries in any two columns.
Clebsch–Gordan coefficients, however, are sensitive to the
ordering of the coupled tensors. Permuting their arguments
generally introduces phase factors, and therefore the chosen
coupling convention must be applied consistently through-
out the derivation to preserve the correct sign structure. See
Ref. [36] for further details.

APPENDIX C: GENERAL FORM OF EVOLUTION
EQUATION IN THE SPHERICAL TENSOR BASIS

Equation (10) follows directly by expanding the density
operator in the spherical tensor basis [Eq. (9)] and inserting
this into the master equation d

dt ρ = Lρ. Explicitly,

d

dt

(∑
k′q′

ak′,q′ (t ) T k′
q′

)
= L

(∑
k′q′

ak′,q′ (t ) T k′
q′

)

⇒
∑
k′q′

(
d

dt
ak′,q′ (t )

)
T k′

q′ =
∑
k′q′

ak′,q′ (t )LT k′
q′ . (C1)

Projecting onto a given spherical tensor mode by mul-
tiplying from the left with (T k

q )† and taking the trace
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yields

∑
k′q′

(
d

dt
ak′,q′ (t )

)
Tr

((
T k

q

)†
T k′

q′
)

=
∑
k′q′

ak′,q′ (t ) Tr
((

T k
q

)† LT k′
q′

)
. (C2)

Using the orthonormality relation [Eq. (B4)], we obtain

d

dt
ak,q(t ) =

∑
k′q′

L(k,q)(k′,q′ ) ak′,q′ (t ), (C3)

where the matrix elements of the Liouvillian in the spherical
tensor basis are given by

L(k,q)(k′,q′ ) ≡ Tr
[(

T k
q

)† LT k′
q′

]
. (C4)

APPENDIX D: MAPPING TO A NON-HERMITIAN
HOPPING MODEL (COLLECTIVE PRECESSION)

In this appendix, we derive Eq. (16) by expressing the
Liouvillian L in the spherical tensor basis {T k

q } [cf. Eq. (11)].
The unitary contribution may be written in terms of

the adjoint generators as Kx[·] = [Jx, ·], using Eq. (5). For
Hermitian jump operators, the dissipator admits the double-
commutator form

JzT
k

q Jz − 1
2

{
J2

z , T k
q

} = − 1
2

[
Jz,

[
Jz, T k

q

]]
. (D1)

Using the defining relations of spherical tensors [Eq. (B1)],
we obtain [

Jz,
[
Jz, T k

q

]] = Kz
[
Kz

[
T k

q

]] = q2 T k
q , (D2)

which shows that the dissipator contributes a diagonal term
proportional to q2.

The Liouvillian therefore takes the compact form

L = −i�Kx − �

4 j
K2

z . (D3)

We now evaluate the matrix elements in Eq. (11). The
unitary contribution reads

Tr
[(

T k
q

)†KxT k′
q′

] = 1
2 Tr

[(
T k

q

)†[
J+, T k′

q′
]]

+ 1
2 Tr

[(
T k

q

)†[
J−, T k′

q′
]]

, (D4)

where we used Jx = 1
2 (J+ + J−). Applying Eq. (B1), yields

1
2

√
k′(k′ + 1) − q′(q′ + 1) Tr

[(
T k

q

)†
T k′

q′+1

]
+ 1

2

√
k′(k′ + 1) − q′(q′ − 1) Tr

[(
T k

q

)†
T k′

q′−1

]
. (D5)

Using the orthonormality relation [Eq. (B4)], this reduces to

w+(k′, q′) δk,k′δq,q′+1 + w−(k′, q′) δk,k′δq,q′−1, (D6)

where we defined

w±(k, q) = 1
2

√
k(k + 1) − q(q ± 1).

Including the dissipative contribution, we obtain the Liou-
villian matrix elements

L(k,q)(k′,q′ ) = − i�[w+(k′, q′) δk,k′δq,q′+1

+ w−(k′, q′) δk,k′δq,q′−1]

− �

4 j
q2 δk,k′δq,q′ . (D7)

Substituting this result into Eq. (10) yields the hopping
model in Eq. (16).

APPENDIX E: EIGENSYSTEM IN THE k = 1 SUBSPACE
(COLLECTIVE PRECESSION)

We now derive the equations of motion for the expansion
coefficients ak,q(t ) [cf. Eq. (18)]. Substituting into the master
equation yields

d

dt
ak,q(t ) = − i�

2
[
√

k(k + 1) − (q − 1)q ak, q−1(t )

+
√

k(k + 1) − q(q + 1) ak, q+1(t )]

− �

4 j
q2 ak,q(t ). (E1)

To diagonalize this system, we focus on the k = 1 sector
and introduce symmetric and antisymmetric combinations,

a±(t ) = 1√
2

(a1,1(t ) ± a1,−1(t )). (E2)

In this basis, the antisymmetric mode decouples,

d

dt
a−(t ) = − �

4 j
a−(t ), (E3)

with solution

a−(t ) = a−(0) e− �
4 j t

. (E4)

The remaining components (a1,0, a+) satisfy

d

dt

(
a1,0(t )
a+(t )

)
=

(
0 −i�

−i� − �
4 j

)(
a1,0(t )
a+(t )

)
. (E5)

The corresponding eigenvalues are

λ± = − �

8 j
± i�

√
1 −

(κ

2

)2
, (E6)

where κ ≡ �/(4 j�).
To connect to physical observables, we use the rela-

tions between spherical tensors and spin operators (following
Ref. [35]),

T 1
0 = N1( j) Jz, T 1

±1 = ∓N1( j)√
2

J±, (E7)

with normalization

N1( j) =
[

3

(2 j + 1)( j + 1) j

]1/2

. (E8)

This implies that the symmetric and antisymmetric combina-
tions correspond to

T+ = −
√

2 N1( j) iJy, T− = −
√

2 N1( j) Jx. (E9)

We therefore conclude that Jx decouples and exhibits
purely exponential decay with rate �/(4 j), while Jy and Jz
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form a coupled pair undergoing damped oscillations with de-
cay rate �/(8 j) and frequency �

√
1 − (κ/2)2. This matches

the results presented in Ref. [28].

APPENDIX F: DISSIPATOR-INDUCED k-HOPPING (BTC)

Here, we show that the dissipator in Eq. (19) couples spher-
ical tensor operators with different tensor rank k. A simple
way to see this is to evaluate its action on low-rank tensors.

The k = 0 sector is one-dimensional, with T 0
0 =

1/
√

2 j + 1. Acting with the dissipator yields

D[1] = �

2 j

(
J−1J+ − 1

2
(J+J−1 + 1J+J−)

)

= �

2 j
(J−J+ − J+J−)

= �

2 j
[J−, J+]

= −�

j
Jz ∝ T 1

0 , (F1)

showing that the identity operator (rank k = 0) is mapped to a
rank-1 tensor.

Next, consider the action on Jz ∝ T 1
0 . A straightforward

calculation gives

D[Jz] = �

2 j

(
J−JzJ+ − 1

2
(J+J−Jz + JzJ+J−)

)

= �

2 j

(
J2 − 3J2

z − Jz
)
, (F2)

where we have used [Jz, J±] = ±J± and [J2, Jz] = 0.
This expression can be decomposed into spherical tensor
components as

D[Jz] = �

2 j

(−Jz − (
3J2

z − J2
))

(F3)

Here, Jz ∝ T 1
0 and (3J2

z − J2) ∝ T 2
0 . Thus, the dissipator

maps a rank-1 tensor onto a superposition of tensors with
ranks k = 1 and k = 2.

These examples demonstrate that the dissipator preserves
the quantum number q, while it can induce nearest-neighbor
coupling in k. In particular, it generates transitions k → k ± 1,
implying that

[D,K2] 
= 0. (F4)

This structure admits a representation-theoretic interpre-
tation. Since the jump operators J± transform as rank-1
irreducible tensors, the product J−T k

q corresponds to the
coupling of tensors with ranks 1 and k. By angular momen-
tum addition, this decomposes into irreducible tensors with
ranks K = k − 1, k, k + 1. Acting subsequently with J+ pro-
duces tensors with ranks K ′ = k − 2, k − 1, k, k + 1, k + 2,
while the component remains fixed at q, since Q′ = −1 +
q + 1 = q.

However, for the specific Lindblad structure in Eq. (19),
cancellations between the jump term and the anti-commutator
remove the K ′ = k ± 2 contributions. As a result, the dissi-
pator couples only the neighboring ranks k − 1, k, and k + 1.
We prove this explicitly below.

We first note that

J−T k
q J+ − 1

2

{
J+J−, T k

q

} = 1
2

[
J−, T k

q J+
] + 1

2

[
J−T k

q , J+
]
,

(F5)

which can be further simplified to
1
2

[
J−, T k

q

]
J+ + 1

2 J−
[
T k

q , J+
] − {

Jz, T k
q

}
(F6)

using [J−, J+] = −2Jz. The commutator terms can be simpli-
fied via Eq. (B1) to obtain terms proportional to T k

q±1. Then,
T k

q−1J+ and J−T k
q+1 may be evaluated using Eq. (B7) and the

anticommutator via Eq. (B8). For each of these three terms,
the triangle rule enforces K = k − 1, k, k + 1, which already
demonstrates that only nearest-neighbor and onsite terms re-
main. We can evaluate the coefficients explicitly by noting that

{
1 k k
j j j

}
= (−1)−2 j−k+1

√
k(k + 1)

4 j( j + 1)(2 j + 1)(2k + 1)
(F7)

for 1 � k � 2 j and 0 for k = 0,{
1 k k − 1
j j j

}
= (−1)−2 j−k

√
k[(2 j + 1)2 − k2]

4 j( j + 1)(2 j + 1)(2k − 1)(2k + 1)
, (F8)

for 1 � k � 2 j and 0 for k = 0 and{
1 k k + 1
j j j

}
= (−1)−2 j−k+1

√
(k + 1)[(2 j + 1)2 − (k + 1)2]

4 j( j + 1)(2 j + 1)(2k + 1)(2k + 3)
, (F9)

for 0 � k � 2 j − 1 and 0 for k = 2 j.

The 6 j symbols are implemented in various numerical
software packages, for example, in Mathematica via the
SixJSymbol function, or can be evaluated analytically from
Racah coefficients given in Ref. [36]. These expressions ap-
pear in all three terms of Eq. (F6), which yield K = k −
1, k, k + 1 via the triangle rule.

Combining these results we obtain

D
[
T k

q

] = �

2 j

(
t−(k, q, j)T k−1

q + t+(k, q, j)T k+1
q

− γ (k, q, j)T k
q

)
. (F10)
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Here, the onsite damping factors are independent of j such
that

γ (k, q, j) = γ (k, q) = 1
2 [k(k + 1) − q2], (F11)

for 0 � k � 2 j and −k � q � +k. The hopping amplitude
t−(k, q, j) is given by

t−(k, q, j) = (k − 1)

2

√
[(2 j + 1)2 − k2](k2 − q2)

(2k − 1)(2k + 1)
, (F12)

for 1 � k � 2 j and −k � q � +k and it vanishes for k =
1, reflecting trace preservation. Furthermore, t−(k, q, j) ∝√

k2 − q2, implying that hopping out of the extremal multiplet
states q = ±k is forbidden. Geometrically, this is because the
neighboring rank-(k − 1) multiplet only supports |q| � k − 1,
so no destination states (k − 1,±k) exist.

Similarly,

t+(k, q, j) = − (k + 2)

2
S(k, q, j),

S(k, q, j) =
√

(2 j − k)(2 j + k + 2)[(k + 1)2 − q2]

(2k + 1)(2k + 3)
,

(F13)

is valid for 0 � k � 2 j − 1 and −k � q � +k. This hopping
amplitude vanishes for k = 2 j since it corresponds to the
upper edge of the lattice along the k coordinate.

In practice, one can also extract these coefficients numeri-
cally from the matrix elements of the Liouvillian in the {T k

q }
basis. This basis can either be constructed from angular mo-
mentum states or by finding the simultaneous eigenvectors of
the vectorized superoperators K2 and Kz.

In the thermodynamic limit j → ∞, one can expand
t±(k, q, j) in powers of j with the leading order contributions
being O( j), followed by O(1), O( j−1) etc.

We note that nearest-neighbor hoppings arising from dis-
sipators with collective jump operators J± have also been
identified in Ref. [39]. However, that work is restricted to
models with a conserved charge, in contrast to the present
setting.

APPENDIX G: PROJECTORS FOR K2 EIGENSPACES

In this appendix, we provide further details on the projec-
tors used in the main text.

In the vectorized Liouville space, the spherical tensor basis
{|k q〉〉} satisfies the completeness relation

I =
2 j∑

k=0

+k∑
q=−k

|k q〉〉〈〈k q|

=
2 j∑

k=0

( +k∑
q=−k

|k q〉〉〈〈k q|
)

︸ ︷︷ ︸
P (k)

=
2 j∑

k=0

P (k), (G1)

where P (k) = (P (k) )
†

projects onto the eigenspace of K2 with
eigenvalue k(k + 1).

Using these projectors, the Liouvillian can be decomposed
into blocks connecting different tensor sectors,

D(k′→k) ≡ P (k) DP (k′ )

=
+k∑

q=−k

+k′∑
q′=−k′

|k q〉〉〈〈k q|D |k′ q′〉〉〈〈k′ q′|

=
+k∑

q=−k

+k′∑
q′=−k′

|k q〉〉(D(k′→k) )qq′ 〈〈k′ q′|. (G2)

This operator describes the transfer of operator weight from
the k′ sector to the k sector under the action of D.

To quantify the strength of this coupling, we define

C(k′→k) ≡
√

Tr[(D(k′→k) )†D(k′→k)]

=
√∑

q,q′
|(D(k′→k) )qq′ |2, (G3)

which corresponds to the Frobenius norm of the block
D(k′→k).
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group classification of topological band-insulators, Nat. Phys.
9, 98 (2013).

[85] A. Bouhon, T. Bzdušek, and R.-J. Slager, Geometric approach
to fragile topology beyond symmetry indicators, Phys. Rev. B
102, 115135 (2020).

[86] H. C. Po, A. Vishwanath, and H. Watanabe, Symmetry-based
indicators of band topology in the 230 space groups, Nat.
Commun. 8, 50 (2017).

[87] P. W. Brouwer and V. Dwivedi, Homotopic classifica-
tion of band structures: Stable, fragile, delicate, and stable
representation-protected topology, Phys. Rev. B 108, 155137
(2023).

[88] N. Hatano and D. R. Nelson, Localization transitions in non-
Hermitian quantum mechanics, Phys. Rev. Lett. 77, 570 (1996).

[89] C. M. Bender, Making sense of non-Hermitian Hamiltonians,
Rep. Prog. Phys. 70, 947 (2007).

[90] E. J. Bergholtz, J. C. Budich, and F. K. Kunst, Exceptional
topology of non-Hermitian systems, Rev. Mod. Phys. 93,
015005 (2021).

[91] H. Zhou and J. Y. Lee, Periodic table for topological bands with
non-Hermitian symmetries, Phys. Rev. B 99, 235112 (2019).

[92] K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, Symmetry
and topology in non-Hermitian physics, Phys. Rev. X 9, 041015
(2019).

[93] D. S. Borgnia, A. J. Kruchkov, and R.-J. Slager, Non-Hermitian
boundary modes and topology, Phys. Rev. Lett. 124, 056802
(2020).

[94] N. Okuma, K. Kawabata, K. Shiozaki, and M. Sato, Topologi-
cal origin of non-Hermitian skin effects, Phys. Rev. Lett. 124,
086801 (2020).

214305-17

https://arxiv.org/abs/1205.6220
https://doi.org/10.1016/j.sysconle.2012.08.001
https://doi.org/10.1103/PhysRevLett.10.159
https://doi.org/10.1103/PhysRevB.45.3137
https://doi.org/10.21468/SciPostPhysLectNotes.99
https://doi.org/10.1143/JPSJ.17.1100
https://doi.org/10.1103/PhysRevA.82.033810
https://doi.org/10.1088/1367-2630/aaa11d
https://arxiv.org/abs/2508.15448
https://doi.org/10.1103/v23m-yq9q
https://doi.org/10.1103/PhysRevB.59.14915
https://doi.org/10.1103/PhysRevB.102.245147
https://doi.org/10.1088/0034-4885/35/1/306
https://doi.org/10.1103/PhysRevLett.127.083602
https://doi.org/10.1103/PhysRevX.12.011015
https://doi.org/10.1103/PhysRevX.8.021014
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevX.8.031057
https://doi.org/10.1103/PhysRevX.9.041017
https://doi.org/10.1103/PhysRevB.108.054301
https://doi.org/10.1103/PhysRevA.107.032418
https://doi.org/10.1103/PhysRevA.76.032316
https://doi.org/10.1103/jhd4-1khw
https://doi.org/10.1103/dc2s-94gv
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1038/nature23268
https://doi.org/10.1038/nphys2513
https://doi.org/10.1103/PhysRevB.102.115135
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1103/PhysRevB.108.155137
https://doi.org/10.1103/PhysRevLett.77.570
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1103/RevModPhys.93.015005
https://doi.org/10.1103/PhysRevB.99.235112
https://doi.org/10.1103/PhysRevX.9.041015
https://doi.org/10.1103/PhysRevLett.124.056802
https://doi.org/10.1103/PhysRevLett.124.086801

