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Extreme-value fluctuations at quantum critical points remain poorly understood in the presence of strong
correlations and open-system amplification. We study the maximum wave-function amplitude in the open
Chalker-Coddington network at the integer quantum Hall transition. Because the stationary scattering state is
not normalized to unit total intensity, its largest amplitude contains both a sample-dependent global intensity
scale and an intrinsic spatial extreme. We separate these contributions by writing the state as a total gain
times a normalized spatial pattern. The raw maximum shows near-log-normal statistics over the studied sizes
and an approximately parabolic extreme-moment exponent in a moderate moment window. We show that this
behavior is strongly shaped by the fluctuating gain. After gain normalization, the maximum has a qualitatively
different exponent function and does not collapse to a standard generalized extreme-value form under the same
centering and scaling. These results identify extreme amplitudes as sensitive probes of open quantum criticality
and separate collective amplification from intrinsic rare-event fluctuations.
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Introduction. Extreme fluctuations often expose physics
that remains hidden at the level of typical observables. In
disordered and random systems, extreme-value (EV) statis-
tics have become an important tool for characterizing rare
events, from low-energy excitations and trapping phenomena
to fluctuating interfaces and random-matrix spectra [1–7].
This perspective is especially useful in strongly correlated sys-
tems, because the standard EV universality classes are derived
for independent or weakly dependent variables, so systematic
departures from them can directly encode correlation effects
[8–10]. Yet, despite the broad development of EV methods
in statistical physics [11,12], the EV statistics of quantum
eigenstates in strongly correlated or critical settings remain
less explored, with only a few studies in special ensembles
and related models [13,14].

Extreme-value statistics of multifractal patterns have been
explored in broader contexts such as logarithmically corre-
lated fields and the associated “freezing” scenario, where
departures from i.i.d. generalized extreme-value (GEV) uni-
versality can be intrinsic and convergence may be anoma-
lously slow, with logarithmic corrections [15]. This motivates
developing extreme-value observables for quantum-critical
states, where multifractal correlations can strongly reshape
the statistics of maxima and, in open or driven geometries, ad-
ditional sample-dependent global amplification/normalization
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factors may arise that must be separated from intrinsic ex-
tremal fluctuations.

A paradigmatic arena in which critical eigenstates are the
central objects is the integer quantum Hall (IQH) plateau tran-
sition, which has also been approached from complementary
spectral and network-based perspectives [16]. At critical-
ity, electronic wave functions are delocalized and exhibit
multifractal fluctuations, a defining feature of localization-
delocalization criticality in two dimensions. Over the past
decades, multifractal analysis has been developed extensively
for the IQH problem, both numerically and analytically, and
has revealed highly nontrivial scaling structure beyond simple
single-parameter descriptions [17–23]. Most of this litera-
ture, however, focuses on bulk moment observables (inverse
participation ratios and related quantities), which character-
ize amplitude statistics through ensemble moments and their
scaling. A complementary question remains largely open for
IQH critical wave functions: what is the scaling theory of
the most extreme wave-function amplitudes? This question is
physically natural, in principle experimentally relevant, and
conceptually nontrivial because maxima are governed by the
interplay of rare events, scale-invariant critical correlations,
and finite-size effects.

In this Letter, we study extreme wave-function ampli-
tudes of driven stationary states at the integer quantum Hall
transition in the Chalker-Coddington (CC) network [19,24],
focusing on the open, point-contact geometry [25]. The key
difference from a closed eigenstate problem is that the station-
ary state in the open network is a driven scattering state, not a
wave function normalized to unit total intensity. As a result, its
total stationary intensity fluctuates across samples and sets the
global scale for all local amplitudes. This motivates separating
the raw amplitude field into a sample-dependent gain and a
normalized spatial pattern.
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FIG. 1. Chalker-Coddington (CC) network on a 2D square lat-
tice. (a) The wave function lives on directed links and propagates
along arrows, forming closed loops with alternating circulation on
neighboring plaquettes. At each node, a local 2 × 2 scattering matrix
maps two incoming to two outgoing amplitudes; • and ◦ indicate the
two node orientations. (b) Open CC network with an external point
contact attached to link c.

We find that the maximum in the driven stationary state
is not a purely intrinsic critical observable: it combines a
sample-dependent gain factor and an intrinsic extremal com-
ponent. More explicitly, for a stationary state with local
amplitudes ψl , we define the gain factor

A2 =
∑
l �=c

|ψl |2, (1)

which is the total intensity excluding the contact link c. The
amplitudes and the maximum are then analyzed through ψ̃l =
ψl/A and |ψ̃ |max = |ψ |max/A. These relations follow from
normalization, but their physical use is nontrivial: they sep-
arate collective amplification of the open stationary state from
the intrinsic statistics of the normalized spatial pattern. This
gain decomposition is the central new element of our work and
complements known exact relations linking wave-function
multifractality to the multifractality of Wigner delay times in
lead-attached critical systems [26].

Through this gain decomposition, we formulate an
extreme-value multifractality framework for the open CC
model. We define extreme-moment scaling for the maximum
and extract an exponent function τmax(q) and the associated
large-deviation spectrum for maxima. Over the accessible
moment window, the raw extrema exhibit an approximately
parabolic τmax(q), and ln |ψ |max is close to Gaussian, or
equivalently |ψ |max is near-log-normal, in marked contrast
to standard EV expectations for weakly dependent variables
[8–10]. We show that these raw extreme statistics are strongly
shaped by the gain factor A. Gain normalization reorga-
nizes both the exponent function and the probability density,
isolating an intrinsic, correlation-dominated extreme sector
beyond collective amplification. Consequently, the raw max-
imum probes the amplified response encoded in the gain
of the open critical system, whereas the gain-normalized
maximum probes the spatial rare-event structure after the
sample-specific global scale has been normalized out. This
distinction is the central conclusion of our analysis.

CC networks. We study the Chalker-Coddington network
model on a square lattice, shown in Fig. 1(a), which provides
a standard lattice description of the IQH plateau transition
[19,24]. The wave function lives on directed links |Ψ 〉 =∑

l ψl |l〉 with ψl ∈ C, and evolves in discrete time under

a unitary operator Û built from local scattering matrices at
network nodes, see Supplemental Material [27]. At the critical
point, the scattering probabilities are tuned to be isotropic and
the network lies in the IQH universality class.

We focus on the open CC network [25], implemented by
attaching an external contact link |c〉 [Fig. 1(b)]. The station-
ary state is obtained from

(1 − QÛ )|Ψ 〉 = |c〉, Q = 1 − |c〉〈c|, (2)

which defines a unique driven steady state in the open geom-
etry see Supplemental Material [27].

Extreme-value multifractality. We analyze the stationary
solution of Eq. (2) through the maximum link amplitude

|ψ |max := max{|ψl �=c|}, (3)

excluding the contact link since |ψc| = 1 is fixed by the injec-
tion convention of the open dynamics.

The open setting yields two useful consequences, both
observed in our critical-point simulations: (i) |ψ |max is typ-
ically larger than unity and (ii) its typical scale increases
with system size. Since the solution of Eq. (2) is a coherent
sum over propagation paths launched from the contact and
absorbed upon return, the local amplitudes ψl are not bounded
by unity. Disorder realizations with long dwell times or res-
onant propagation paths can produce high local intensities
through constructive interference, accounting for (i). Increas-
ing L increases the number of available critical paths and rare
high-intensity regions, accounting for (ii).

To characterize its finite-size scaling, we introduce the
extreme moments

E[(|ψ |max)2q] ∼ L−d τmax(q), (4)

where E[· · · ] denotes disorder averaging and d = 2 is kept
explicit as our scaling convention. By definition, the q = 0
moment equals unity; hence τmax(0) = 0. The two conse-
quences above imply that E[(|ψ |max)2q] increases with L for
q > 0 and decreases with L for q < 0, implying τmax(q >

0) < 0 and τmax(q < 0) > 0. This sign structure already
distinguishes the EV sector of the open network from conven-
tional multifractal moments of normalized wave functions.

Parabolic extreme-moment exponent. Our first central re-
sult is that, in the accessible moment window |q| � 1,
the extreme-moment exponent is accurately described by a
parabolic form,

τmax(q) ≈ −γ q2 + νq, (5)

with ν = −0.430 ± 0.002 and γ = 0.137 ± 0.0007, obtained
from finite-size scaling, see Supplemental Material [27].

To expose the quadratic structure more transparently, we
define the shifted extreme moments

E
[
p2q

] ∼ L−d �max
q (6)

with p := Lνd/2|ψ |max, so that Eq. (5) implies

�max
q ≈ −γ q2. (7)

Figure 2 shows that �max
q follows the predicted parabola

with excellent accuracy throughout the measured range.
The agreement is quantified by adjusted R̄2 > 0.999 for the
parabolic fits, see Supplemental Material [27]. At the same
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FIG. 2. Parabolic extreme-moment exponent. (a) Measured �max
q

for |q| � 1. The dashed curve shows the prediction �max
q ≈ −γ q2,

while the solid curve is an unconstrained best parabolic fit. (b)
lnE[p2q] versus ln L (equivalently, the moments of the shifted vari-
able entering the fit). Data from bottom to top correspond to L =
64, 128, . . . , 2048; ensemble sizes are of order O(107) for L < 1000
and O(106) for L > 1000. (c) Representative extractions of �max

q

from the slopes of linear fits of lnE[p2q] versus ln L.

time, this parabolicity is established only over the finite mo-
ment interval studied here. It cannot be a global expression for
all q: the observed growth of the raw maximum requires the
sign of τmax(q) to remain opposite to the sign of q, whereas
the parabola in Eq. (5) has a turning point at qt = ν/(2γ ) and
exhibits a second zero at 2qt ≈ −3.14, outside the measured
window. We therefore interpret Eq. (5) as an accurate effective
description of the moderate-q regime, not as an asymptotic
spectrum valid for arbitrarily large |q|.

Importantly, the parabolic form in Eq. (5) is distinct from
the conventional multifractal exponents of the full (all-link)
wave-function statistics, see Supplemental Material [27], un-
derscoring that the maximum probes a different rare-event
sector. At the same time, this parabolicity pertains to the raw
maximum in the open geometry and therefore incorporates the
effect of a fluctuating global gain field. As we show below,
gain normalization reorganizes the extreme-moment expo-
nent and drives systematic deviations from a simple parabola,
demonstrating that the raw parabolicity is not purely intrinsic
to the extremal sector.

Parabolic extreme-value singularity spectrum. To com-
plement the extreme-moment exponents, we characterize
sample-to-sample fluctuations of the maximum by a large-
deviation description on the scale ln L. For each realization,
we define α by |ψ |2max := L−d α; equivalently

α = − ln |ψ |2max

d ln L
, (8)

which need not be positive since the open-network gain can
produce |ψ |max > 1. We introduce an extreme-value singular-
ity spectrum fmax(α) through

PDFL(α) 	 Ld fmax(α) (L → ∞), (9)

where 	 denotes equality at the level of the leading exponent
in ln L [32,33]. Normalization implies maxα fmax(α) = 0.

The connection to τmax(q) follows from Laplace (saddle-
point) evaluation of

E[(|ψ |max)2q] =
∫

dα PDFL(α) L−dq α

	
∫

dα exp{d ln L[ fmax(α) − qα]}. (10)

Comparing with E[(|ψ |max)2q] ∼ L−d τmax(q) yields the usual
Legendre relations

fmax(α) = qα − τmax(q), α = ∂qτmax(q), (11)

with saddle condition q = ∂α fmax(α). Here fmax(α) describes
large deviations of the single maximum per sample (an
extreme-value spectrum), not the conventional multifractal
spectrum that encodes the geometric distribution of intensities
over all links.

Using the parabolic form in Eq. (5), we obtain

fmax(α) ≈ − 1

4γ
(α − ν)2 (12)

(see Supplemental Material [27]). Thus, within the measured
regime |q| � 1, the raw maxima are described by a local
parabolic large-deviation spectrum. This should not be viewed
as a complete spectrum over all α, because the parabolic
form of τmax(q) holds only within the moderate-q window
discussed above. A quadratic fmax(α) implies that PDFL(α)
is approximately Gaussian near its typical value on the ln L
scale. Therefore, ln |ψ |max has an approximately Gaussian
bulk, or equivalently |ψ |max is near-log-normal, over the same
moment window. This is nontrivial: for weakly dependent
variables, one expects convergence to the standard GEV uni-
versality classes rather than near-log-normal behavior [8–10].
In the present open geometry, the observed near-Gaussian
bulk is further shaped by the fluctuating gain discussed below.

Figure 3 demonstrates this behavior directly. After center-
ing and scaling, PDF(ln |ψ |max) collapses toward a Gaussian
curve. We quantify the approach to Gaussianity using the
skewness, excess kurtosis, and

√
2π − (σh)−1 (with h the

peak height of the PDF), which vanish for an exact Gaussian.
The excess kurtosis and height-based diagnostic remain close
to zero across sizes, with mild deviations at the largest L
attributable to finite sampling. The skewness decays as aL−b

with R̄2 > 0.999, see Supplemental Material [27], providing
strong evidence that the standardized bulk of PDF(ln |ψ |max)
approaches a Gaussian form as L increases (within the
sampled window); tail asymptotics may involve additional
finite-size or correlation-induced structure. In our largest sys-
tems (L = 1024, 2048), the ensemble size is of order O(106),
which sets the scale of the residual statistical noise.

Gain normalization and intrinsic extreme sector. The cen-
tral ingredient of the open network is the sample-dependent
global gain A defined in Eq. (1), whose square gives the total
stationary intensity excluding the fixed contact amplitude. A
close analog is the integrated intensity in lead-attached critical
systems, tied to scattering observables such as Wigner delay
times and their moments [26]; our “gain” factor isolates the
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FIG. 3. Near-log-normal statistics of the raw maxima. (a) Prob-
ability densities of ln |ψ |max shown in terms of the standardized
variable X = (ln |ψ |max − μ)/σ , where μ and σ are the mode and
standard deviation of PDF(ln |ψ |max), respectively. The curves ap-
proach a normal distribution. (b) Two diagnostics of Gaussianity,√

2π − (σh)−1 and the excess kurtosis (with h the peak height of the
PDF), remain close to zero; the larger scatter at the largest L is due to
finite ensemble size. (c) Skewness versus L. The data are well fitted
by aL−b (solid line) with b = 0.314 ± 0.002 and a = 1.218 ± 0.016,
while the more general form aL−b + c gives c ≈ 3 × 10−4 (dash-
dotted line), consistent with vanishing skewness as L → ∞.

global amplification component entering the extremal statis-
tics.

This global factor A contributes directly to the raw maxi-
mum and, as shown in Supplemental Material [27], strongly
shapes the observed scaling and near-log-normality. In other
words, the raw maximum contains both the global amplifi-
cation and the intrinsic fluctuation; it therefore probes the
amplified response of the open system. In contrast, the nor-
malized maximum probes the spatial concentration of the
stationary pattern once the global amplification has been fac-
tored out. To focus on these intrinsic fluctuations, we use the
gain-normalized maximum

|ψ̃ |max := |ψ |max

A
. (13)

The normalized extremes obey their own scaling law,
E[|ψ̃ |2q

max] ∼ L−d τ̃max(q), with the resulting exponent function
qualitatively different from the raw one. As shown in Fig. 4,
τ̃max(q) is dominated by a linear term, well approximated by
−νq, while the residual nonlinear part �̃max

q ≡ τ̃max(q) + νq
is small and asymmetric in q, with visible quadratic and cubic
contributions. This should not be viewed as gain normaliza-
tion destroying an underlying universal law. Rather, it shows
that the simple parabolicity of the raw maximum is not an in-
trinsic property of the extremal fluctuations alone; it emerges
from the interplay between critical extremes and the global
gain field in the open geometry. Once the gain is normalized
out, the maximum reveals an intrinsic extreme sector with its
own exponent function.

The probability density of the normalized maxima cor-
roborates this picture. In contrast to the raw variable,

×10-1

×10-3

FIG. 4. Scaling exponents for gain-normalized maxima |ψ̃ |max.
The exponent τ̃max(q) (solid line) is dominated by a linear contri-
bution ≈ − νq (dashed line). Inset: the nonlinear remainder �̃max

q

shows a small but systematic parabolic term and a cubic correction,
generating an asymmetry between q and −q. The fitted coefficients
are γ2 = −0.005 ± 2.54 × 10−5 and γ3 = −0.0014 ± 8.06 × 10−6;
higher-order terms are also present but subleading in the plotted
range.

PDF(ln |ψ̃ |max) is no longer close to a single Gaussian form.
Instead, it exhibits a compound structure with a Gaussian-like
tail at large values together with systematic deviations from
a single-parameter GEV description under the same center-
ing/scaling protocol across sizes, see Supplemental Material
[27]. This supports that the normalized maximum defines a
distinct intrinsic extreme sector, consistent with correlation-
dominated critical fluctuations.

Conclusions. We have introduced an extreme-value scaling
framework for critical wave functions at the integer quantum
Hall transition and applied it to the open Chalker-Coddington
network. The raw maximum |ψ |max exhibits an extreme-
moment exponent τmax(q) that is approximately parabolic in
the accessible moderate-q range, and an extreme singularity
spectrum with the corresponding local quadratic form. Con-
sistently, the standardized bulk of ln |ψ |max is well described
by a Gaussian distribution over accessible sizes, i.e., the raw
maxima are near-log-normal in this regime rather than gov-
erned by standard i.i.d. extreme-value theory.

The key physical result is that the open geometry endows
the stationary state with a fluctuating global gain factor A,
so the raw maximum combines collective amplification and
intrinsic extremal fluctuations. After normalizing out this
gain, the resulting maximum |ψ̃ |max displays the intrinsic
extreme sector. The corresponding intrinsic exponent func-
tion and probability density show qualitative differences from
those of the raw maximum. Thus the gain decomposition is
not merely a change of variables: it separates the amplified
response of the open driven system from the spatial rare-event
structure of the normalized critical pattern. This distinction
is absent in conventional analyses of closed, self-normalized
eigenstates and is therefore specific to the open setting of the
model.
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The raw intensity profile is the quantity most directly
connected to a driven or scattering measurement of an open
network. The gain factor and the gain-normalized maximum
can be constructed once the raw intensity profile is available.
These two observables provide complementary probes of the
same critical state: one sensitive to global amplification and
the other to intrinsic spatial extremes.

Our results establish extreme observables as a sensitive
probe of correlated quantum criticality in open systems and
open a route to studying rare-event sectors at localization tran-
sitions beyond standard moment-based multifractality. Future
work includes testing extreme-value criticality and gain de-
composition in open CC networks with other symmetry

classes, as well as in broader open quantum models. Another
important direction is to establish the corresponding frame-
work away from the critical point, where the scale-invariant
multifractal correlations studied here should no longer persist.
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