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Coulomb correlated multiparticle states of weakly confining GaAs quantum dots
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We compute the electronic and emission properties of Coulomb–correlated multiparticle states (X 0, X ±,
XX) in weakly confining GaAs/AlGaAs quantum dots using an eight-band k · p model coupled to continuum
elasticity and configuration interaction (CI). We evaluate polarization-resolved oscillator strengths and radiative
rates both in the dipole approximation and in a quasielectrostatic beyond-dipole (BDA) longitudinal formulation
implemented via a Poisson reformulation exactly equivalent to the dyadic Green-tensor kernel. For the dots
studied, BDA yields lifetimes in quantitative agreement with experiments, e.g., τX = 0.279 ns vs 0.267 ns (exp.)
and τX X = 0.101 ns vs 0.115 ns (exp.). The framework also reproduces electric-field tuning of the multiparticle
electronic structure and emission—including the indistinguishability inferred from P = τX /(τX + τX X )—and
we assess sensitivity to CI-basis size and to electron–electron and hole–hole exchange.
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I. INTRODUCTION

Among the key components in quantum networks [1],
quantum light sources are of dominant importance. As one
of those, quantum dots (QDs) have been identified as one
of the leading solid-state quantum light emitters [2–5]. Since
their discovery [6–9], considerable progress has been obtained
by improving the material quality to reduce charge noise
[10,11] by integrating QDs in photonic structures [3,12–15],
by tailoring the QD properties through external electric [16],
magnetic [17], and elastic fields [18–23], and by implement-
ing advanced excitation schemes [14,24].

Along with the experimental development, theoretical
computational models were also improved [25–30] to cap-
ture the detailed physics of QDs and guide experimental
efforts. In principle, such models could be used to design QDs
with tailored properties without the need to perform many
resource-intensive growth and measurements. If such models
are quantitatively validated, they might enable the develop-
ment of quantum light sources with increasing complexity.

One of the possibilities to prepare quantum light photons is
the biexciton-exciton cascade [31–36]. Clearly, a model that
would correctly predict the energy ordering of the biexciton
(XX) with respect to the exciton (X) would be beneficial. It
should also find the correct energies of the negative trions
(X −) and positive trions (X +) relative to X, as well as the emis-
sion rates of all of the aforementioned complexes. Clearly, it
is crucial to test such a theory with an experimentally reliably
measured quantum system for which complete experimental
data on multiple features of the system are available [37]. To
this end, GaAs QDs in AlGaAs nanoholes [38–46] are chosen
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in this work. The reason is their high ensemble homogeneity
[47–49], negligible built-in strain, and limited intermixing
between the GaAs core and AlGaAs barriers [50]. In addition,
these dots also exhibit the effect of weak confinement [51–53],
considerably decreasing the radiative emission lifetime of the
emitted exciton and other complexes [54].

Although realistic models have been applied to this system
in the past, such as for GaAs/AlGaAs QDs [39], theoretical
predictions have unfortunately not yet been able to faithfully
reproduce the experimentally observed values. This holds
even when realistic QD structural properties and advanced
theoretical models were employed [27].

In this work, we present correlated multiparticle calcula-
tions for large GaAs/AlGaAs QDs that successfully replicate
the electronic and emission properties of the system. Our anal-
ysis demonstrates that, to achieve accurate agreement with
the experimental data, it is essential to account for the weak
confinement effects present in these QDs.

II. THEORY MODEL

A. Single-particle states

In the calculations, we first implement the 3D QD model
structure (size, shape, and chemical composition). This is
followed by the calculation of elastic strain by minimizing the
total strain energy in the structure and subsequent evaluation
of piezoelectricity up to nonlinear terms [55–57]. The result-
ing strain and polarization fields then enter the eight-band k · p
Hamiltonian [58].

In k · p, implemented within the Nextnano + + compu-
tational suite [59], we consider the single-particle states as
linear combinations of s-orbital-like and x, y, z p-orbital-like
Bloch waves [58,59] at the � point of the Brillouin zone, i.e.,

ψan (r) =
∑

ν∈{s,x,y,z}⊗{↑,↓}
χan,ν (r)u�

ν , (1)

where u�
ν is the Bloch wave function of s- and p-like conduc-

tion and valence bands at � point, respectively, ↑ / ↓ marks
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the spin, and χan,ν is the envelope function for an ∈ {en, hn}
[e (h) refers to electron (hole)] of the nth single-particle state.
Thereafter, the following envelope-function k · p Schrödinger
equation is solved:

∑
ν∈{s,x,y,z}⊗{↑,↓}

([
E�

ν − h̄2∇2

2m0
+ V0(r)

]
δν ′ν

+ h̄

2m0
{∇, pν ′ν} + Ĥ str

ν ′ν (r) + Ĥ so
ν ′ν (r)

)
χan,ν (r)

= Ek·p
n · χan,ν ′ (r), (2)

where the term in round brackets on the left side of the
equation is the envelope function k · p Hamiltonian Ĥk·p

0 , and
Ek·p

n on the right side is the nth single-particle eigenenergy.
Note that in Eq. (2) we use the symmetrized gradient–
momentum operator h̄

2m0
{∇, p}, which guarantees a Hermitian

k · p Hamiltonian. Furthermore, E�
ν is the energy of bulk �-

point Bloch band ν, V0(r) is the scalar potential (e.g., due
to piezoelectricity), Ĥ str

ν ′ν (r) is the Pikus-Bir Hamiltonian in-
troducing the effect of elastic strain [58–60], and Ĥ so

ν ′ν (r) is
the spin-orbit Hamiltonian [58,60]. Further, h̄ is the reduced
Planck’s constant, m0 the free electron mass, δ the Kronecker
delta, and ∇ := ( ∂

∂x ,
∂
∂y ,

∂
∂z )T .

Furthermore, in the eight-band k · p model, the spin–orbit
interaction is explicitly included through the coupling be-
tween conduction and valence bands. In particular, the valence
band states are described within the total angular momen-
tum basis |J, mJ〉 with J = 3/2 (heavy and light holes) and
J = 1/2 (split-off band), where mJ combines both spin and or-
bital angular momentum. As a result, the single-particle states
ψ

(e)
k and ψ

(h)
l obtained from the k · p Hamiltonian represent

mixed spin–orbital character. Consequently, spin is not a good
quantum number in this basis and cannot be unambiguously
separated or assigned to the single-particle orbitals used in
subsequent configuration interaction (CI) calculations.

The aforementioned Schrödinger equation is then solved
self-consistently with the Poisson equation to improve the
spatial position of electron and hole wave functions [59]. Note
that the Poisson equation solver used in the single-particle
calculations does not include Coulomb exchange.

B. Configuration interaction

The single-particle states computed by the aforementioned
k · p are used as basis states for CI [29,61,62]. In CI, we
consider the multiparticle (M) mth state as

	
(e)
I

(
x1, . . . , xNe

) = 1√
Ne!

det
[
ψe,ia (xb)

]Ne

a,b=1,

	
(h)
J

(
y1, . . . , yNh

) = 1√
Nh!

det
[
ψh, ja (yb)

]Nh

a,b=1,∣∣DM
m

〉 = 	
(e)
I 	

(h)
J (3)

with Ne (Nh) the number of electrons (holes) in the com-
plex M (e.g., Ne = 2, Nh = 1 for the negative trion X −).
Due to spin-orbit coupling, the orbital and spin parts of ψ

cannot be separated, it is thus advantageous to write the mul-
tiparticle states considered in this work in compact form of

second quantization. The multiparticle states are the neutral
exciton X,

|X 〉 =
ne∑
i

nh∑
j

ηX
i j ĉ†

i d̂†
j |GS〉, (4)

positive trion X +

|X +〉 =
ne∑
i

nh∑
k<l

ηX +
i;kl ĉ†

i d̂†
k d̂†

l |GS〉, (5)

negative trion X −

|X −〉 =
ne∑

i< j

nh∑
k

ηX −
i j;k ĉ†

i ĉ†
j d̂†

k |GS〉, (6)

and the neutral biexciton XX,

|XX 〉 =
ne∑

i< j

nh∑
k<l

ηXX
i j;kl ĉ†

i ĉ†
j d̂†

k d̂†
l |GS〉, (7)

where ne and nh mark the number of single-particle states for
electrons and holes in the CI basis, respectively. Moreover, ĉ†

i

creates an electron in conduction spinor orbital i, d̂†
j creates a

hole in valence orbital j, and |GS〉 marks the fully occupied
valence band with electrons. The coefficients ηm are normal-
ized, i.e.,

∑
m |ηm|2 = 1.

Nevertheless, for numerical computational reasons, we still
work in our algorithm using Eqs. (3) guarding the correct
symmetries. Using the aforementioned |DM

m 〉, the multiparticle
trial wave function reads

�M
i (r) =

nSD∑
m=1

ηi,m

∣∣DM
m

〉
, (8)

where nSD is the number of Slater determinants |DM
m 〉, and ηi,m

is the ith CI coefficient which is found along with the eigenen-
ergy using the variational method by solving the Schrödinger
equation

ĤM�M
i (r) = EM

i �M
i (r), (9)

where EM
i is the ith eigenenergy of the multiparticle state

�M
i (r), and ĤM is the CI Hamiltonian, which reads

ĤM
mn = δmn

(
EM(e)

m − EM(h)
m

) + 〈
DM

m

∣∣V̂ M
∣∣DM

n

〉
, (10)

where δmn is the Kronecker delta and EM(e)
m {EM(h)

m } stands for
sum of all single-particle electron (hole) eigenvalues corre-
sponding to eigenstates contained in |DM

n 〉 for complex M.
Furthermore, 〈DM

m |V̂ M |DM
n 〉 = ∑

i jkl V M
i j,kl for i, j ∈ Sm and

k, l ∈ Sn. The sets Sm and Sn contain indices of all single-
particle wave functions in SDs |DM

m 〉 and |DM
n 〉, respectively.

Furthermore, V M
i j,kl is defined by

V M
i j,kl ≡ (1 − δi j )(1 − δkl ) qiq j

e2

4πε0

×
∫∫ (

dr1dr2

εr (r1, r2)|r1 − r2|
)

× (ψ∗
i (r1)ψ∗

j (r2)ψk (r1)ψl (r2)

− ψ∗
i (r1)ψ∗

j (r2)ψl (r1)ψk (r2))

= (1 − δi j )(1 − δkl ) qiq j
(
JM

i j,kl − KM
i j,lk

)
, (11)
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where ε0 and εr (r1, r2) are the vacuum and spatially depen-
dent relative permittivity, respectively, and δi j and δkl are
the Kronecker deltas. Note that the terms in the first two
brackets in Eq. (11) ensure that each single-particle state in
SD occurs only once, thus preventing double counting. Fur-
thermore, qi, q j ∈ {−1, 1} marks the sign of the charge of the

quasiparticles in states with indices i and j, respectively; e is
the elementary charge. The parameters JM and KM in Eq. (11)
are direct and exchange Coulomb integrals.

Since the single-particle states are orthonormal, one finds
that in Eq. (10) there are only three possible kinds of matrix
elements in CI, i.e.,

ĤM
mn =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
EM(e)

m − EM(h)
m + 1

2

∑
i, j∈Sn

(
JM

i j,i j − KM
i j, ji

)
if m = n

1
2

∑
j∈Sn

(
JM

i j,k j − KM
i j, jk

)
if DM

m and DM
n differ by one single-particle state:

∣∣DM
m

〉 ∝ c†
i ck

∣∣DM
n

〉
1
2

(
JM

i j,kl − KM
i j,lk

)
if DM

m and DM
n differ by two single-particle states:

∣∣DM
m

〉 ∝ c†
i c†

j ckcl

∣∣DM
n

〉
, k < l.

(12)

C. Method of calculation of configuration interaction

The sixfold integral in Eq. (11) is evaluated using the
Green’s function method [29,62]. The integral in Eq. (11)
is divided into a solution of Poisson’s equation for one
quasiparticle a only, followed by a threefold integral for the
quasiparticle b in the electrostatic potential generated by par-
ticle a and resulting from the previous step. That procedure
thus makes the whole solution numerically more feasible and
is described by

∇ · [ε0 εr (r1) ∇Ûa jl (r1)] = − qae �∗
a j (r1)�al (r1),

V M
i j,kl =

∫
d3r2 Ûa jl (r2) (qbe)

× �∗
bi(r2)�bk (r2), (13)

where a, b ∈ {e, h} and we have assumed that the spatial vec-
tors r1 and r2 span the same space.

D. Radiative rate and lifetime

Following Stobbe et al. (see Ref. [52], Eq. (21) and Ap-
pendix C), the spontaneous-emission rate of a many-body
state |i〉 can be written as

�i(ω) = 2

h̄

∫∫
J∗

i (r) · Im G(r, r′; ω) · Ji(r′) d3r d3r′, (14)

where the interband transition current is

Ji(r) =
nSD∑

m=1

ηi,m

∑
(r,q)∈DM

m

J(rq)(r), (15)

J (rq)
α (r) = e

m0

∑
νv∈V

∑
νc∈C

χ∗
hr ,νv

(r) pα,νvνc χeq,νc (r), (16)

where α ∈ {x, y, z}. In a homogeneous background, Eq. (14)
factorizes into a material local density of states (LDOS) pref-
actor and a transition amplitude,

�M
i,μ(Ei ) = �cl(Ei ) f M

i,μ,

�cl(E ) = n(E ) e2E2

6πm0ε0 h̄2c3
,

Ei = h̄ωi, (17)

where μ denotes the detected polarization and n(E ) is the
dispersive refractive index. In Eq. (17), we define �cl(E )
for a single linear polarization. The total radiative rate for

transition i is obtained by summing over the two transverse
polarizations:

�M
i (E ) = �cl(E )

∑
μ∈{x,y}

f M
i,μ. (18)

Dipole approximation (DA). Approximating the extended
current J by a point dipole yields the standard DA oscillator
strength. At the envelope-function level (spinor indices νv ∈
V for the valence block and νc ∈ C for the conduction block),
we obtain

f M
i,μ,DA = 2

m0Ei

∣∣∣∣∣∣
nSD∑

m=1

ηi,m

∑
(r,q)∈DM

m

∑
νv∈V

∑
νc∈C

×
∫

d3r χ∗
hr ,νv

(r)
(
êμ · pνvνc

)
χeq,νc (r)

∣∣∣∣
2

, (19)

with pνvνc = 〈u�
νv

|p̂|u�
νc
〉 (Kane p form; r/p gauge equivalence

holds within the eight-band model).
Beyond-dipole approximation (BDA). Retaining the finite

emitter size corresponds to keeping the longitudinal projection
of the current in Eq. (14), yielding the BDA oscillator strength

f M
i,μ,BDA = 2m0

e2Ei

∣∣∣∣∣
nSD∑

m=1

ηi,m

∑
(r,q)∈DM

m

∫∫
d3r d3r′

× êμ ·
[
∇r∇r′

1

4π |r − r′|
]

· J(rq)(r′)

∣∣∣∣∣
2

. (20)

If the longitudinal projection is omitted, Eq. (20) reduces
to the dipole-approximation result, which is equivalent to
Eq. (19) upon using Eq. (16). All beyond-dipole effects enter
via the longitudinal projection acting on the extended current,
while the LDOS prefactor remains homogeneous (transverse
Im GT ). Note that Eq. (20) is written for a homogeneous
background permittivity. For spatially varying εr (r), we em-
ploy the equivalent Poisson formulation (22)–(23) which we
discuss in the following.

An equivalent Poisson form is obtained by introducing

ρ
(rq)
eff (r) = 1

iωrq
∇ · J(rq)(r), (21)

where ωrq ≡ ωi and solving

∇ · [ε0εr (r)∇	rq(r)] = − ρ
(rq)
eff (r), (22)
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yielding

f M
i,μ,BDA = 2m0

e2Ei

∣∣∣∣∣
∑

m,(r,q)

ηi,m

×
∫

d3r êμ · [−iωiε0εr (r)∇	rq(r)]

∣∣∣∣∣
2

. (23)

Note that in Eqs. (20) and (23), both the electron and hole
spinors enter only through the transition current J(rq) defined
in Eq. (16), i.e., they are treated on equal footing. Equa-
tions (22) and (23) are solved in this work for BDA, while
Eq. (19) is solved in case of DA. The radiative lifetime is then
computed from Eq. (18) as

τM
i = 1/�M

i (Ei ). (24)

III. RESULTS

A. Exciton in GaAs/AlGaAs QDs

In this work, we consider realistic GaAs/Al0.4Ga0.6As QD
defined using AFM nanohole scan in Fig. 1(a), being the
same as QD1 in Refs. [37,63]. In Fig. 1(b), 42 single-particle
energies of electrons and holes for QD defined in Fig. 1(a)
are given by blue and red balls, respectively. The computed
energies of holes are much more closely spaced than those of
electrons [29]. That is a consequence of the different effective
masses being 0.067 m0 and 0.51 m0 for electrons and heavy
holes in GaAs [64], respectively.

In Fig. 1(c), the evolution of the ground state exciton (X 0)
energy with symmetric CI basis (i.e. the same number of ψ (e)

and ψ (h)) is shown. The decrease of X 0 energy change with
nominal increase of CI basis size is observed (see Fig. 7(a) in
Appendix A). For CI basis of 36 ψ (e) and 36 ψ (h) that change
is less than 8 µeV and a value of X 0 energy of 1.5541 eV is
found. That value is larger by only 3 meV than the experimen-
tally observed value of X 0 = 1.551152 eV [63].

Furthermore, in Fig. 1(d) the CI basis convergence study
is given also for bright and dark X 0 fine-structure splitting
(FSS) by blue and red balls, respectively. Both quantities show
negligible dependence on CI basis size, maintaining values
of 7 ± 0.5 µeV and 6 ± 0.5 µeV for bright and dark FSS,
respectively. Note that the experimental value of bright FSS
was measured as 8.1 µeV [63]. Moreover, in Fig. 1(d) the
variation of the energy separation between bright and dark X 0

doublet (B-D) is shown by violet balls. That energy separation
increases with CI basis size, reaching a value of ≈68 µeV for
36 × 36 CI basis. At that point, the nominal change in B-D
splitting energy with CI basis increase is less than 0.05 µeV
[see also Fig. 7(b) in Appendix A]. Sadly, the calculated
value of B-D splitting does not reach the experimental value
of ≈100 µeV [63]. Nevertheless, taken together we can still
conclude that the k · p + CI calculations very well reproduce
the experimental results on exciton published elsewhere [63].

B. Multiparticle complexes in GaAs/AlGaAs QDs

We now turn our attention to multiparticle complexes. For
complexes consisting of more than one electron or one hole,
the key numerical issue in CI implementation is related to
the combinatorial complexity of generating all available SDs

FIG. 1. The simulated structure of GaAs QD1 with 2 nm GaAs
wetting layer (WL) in Al0.4Ga0.6As is shown in (a) with marked
QD and WL dimensions [37,63]. (b) Single-particle energies of the
simulated QD for electrons (blue symbols) and holes (red symbols).
For each kind of quasiparticle, the energies of 42 states are shown in
(b). The doubling of states for each energy level in (b) corresponds
to the Kramers doublets of corresponding states. The black broken
and green dotted vertical lines in (b) correspond to the largest CI
bases used in this work for computations of M ∈ {X −, X +, XX } and
that for X 0, respectively. In (c), the ground state exciton energy (X 0)
is shown (by green balls) as a function of symmetric CI basis size.
The exciton energy reaches a value of X 0 = 1.5541 eV for a CI
basis of 36 ψ (e) and 36 ψ (h) (36 × 36 CI basis). For comparison,
the measured value of X 0 was 1.551152 eV [63]. (d) Evolution of
bright (FSS_B) and dark (FSS_D) FSS of X 0 in blue and red balls,
respectively, on symmetric CI basis size. That for the bright-dark
(B-D) splitting of X 0 is given in (d) by violet balls. We see that the
computed bright FSS value of 7 ± 0.5 µeV almost does not change
with size of CI basis while B-D splitting ceases to change appreciably
when reaching a value of 68 µeV. Note that a more detailed analysis
of convergence of energies of X 0 and B-D splitting in (c) and (d) is
given in Figs. 7(a) and 7(b) in Appendix A.

for a given number of single-particle CI basis states [29,65–
67]. Note that in the case when both the number of inter-
acting fermions as well as the number of CI basis states
are increased at the same time, the number of SDs grows
approximately exponentially when Stirling’s formula is em-
ployed [68]. However, the convergence of CI is studied in
this work by increasing the number of single-particle CI basis
states, leading to a polynomial growth [65,68] of the number
of SDs. To reduce the CI space, we employ here singles–
doubles CI (SDCI), i.e., we include all SDs that differ from
a reference occupation by at most one or two spin-orbital
substitutions (single and double excitations) [25,29,68,69].
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FIG. 2. (a), (b) Sketches of the type of Coulomb exchange considered in CI calculations for X −, X +, and XX. In (a) and (b), the red
triangles mark the electron-hole (Keh), blue boxes the electron-electron (Kee), and balls hole-hole (Khh) Coulomb exchange interaction. The
empty symbols in (a) and (b) for XX mark Keh of one of the final states of the recombination of XX, i.e., X 0. The dimmed colored lines and
symbols in (b) mark the exchange interactions omitted in the CI calculations in (d) (see text). (c), (d), Variations with respect to the number of
single-particle states in CI basis for the binding energies of X −, X +, and XX relative to X 0. In correspondence to (a) and (b), in (c) all Coulomb
direct and exchange integrals are considered, while in (d) Kee and Khh, and partly Keh are omitted. The meaning of the markers in (c) and (d) is
the following: (i) full balls represent symmetric CI basis, i.e., same number of ψ (e) and ψ (h); (ii) open squares represent the same but for SDCI
approximation; and (iii) open upward triangles give SDCI for asymmetric basis composed of twelve ψ (e) and varying number of ψ (h). Note
that there is a negligible energy offset <100 µeV between the calculations performed using aforementioned methods, seen as steps for the
overlapping CI bases [e.g., CI bases of 10 and 18 in (c) and (d)]. The red horizontal broken line denotes experimental binding energy of X +

[63], blue of X − [70], and green of XX [47]. Notice that calculations reach very close to experimental values of binding energies in (d), i.e.,
for calculation with Kee, Khh, and partly Keh omitted [dimmed colored arrows in (b)], corresponding to the situation due to weak confinement
effect; see also main text. Note that a more detailed analysis of convergence of binding energies of X +, X − and XX is given in Fig. 7(c) in
Appendix A.

Another possibility of reducing the number of SDs is to con-
sider an asymmetric CI basis, i.e., with different numbers of
ψ (e) and ψ (h). That is verified by the fact that the energy
densities of E (e) and E (h) are markedly different; see Fig. 1(b).
Note that in Fig. 1(b), all computed E (e) span 93 meV, while
the same number of E (h) spans only 16 meV. In Fig. 2, the
evolution of binding energies X −, X +, and XX with respect to
X 0 with the number of CI basis states is shown. Due to the
numerical complexity of the CI previously discussed, three
levels of approximations are used with an increase of the
CI basis size: (i) symmetric CI basis, i.e., same number of
ψ (e) and ψ (h); (ii) the same as for the previous point but for
SDCI approximation; and (iii) SDCI for the asymmetric CI
basis composed of 12 ψ (e) and variable number of ψ (h). In
all CI and SDCI calculations of the complexes in this work,
the direct Coulomb integrals (J) between all quasiparticles
are considered. However, two scenarios are discussed for the
Coulomb exchange interaction (K) as indicated in Figs. 2(a)
and 2(b). In Fig. 2(a), all Coulomb exchange is considered
between all quasiparticles, while in Fig. 2(b) the electron-
electron (Kee), hole-hole (Khh), and part of the electron-hole
(Keh) Coulomb exchange interactions are neglected [neglected
exchange interactions are marked by dimmed colored lines
and arrows in (b)].

In agreement with previous reports [29], in Figs. 2(c) and
2(d), without correlation X − is found to be binding while X +

and XX are antibinding. An increase in the size of the CI basis
and associated correlation causes X + and XX to also become
binding. The smallest increase in the binding energies of X −,
X +, and XX is reached in Figs. 2(c) and 2(d) for the SDCI with
the basis consisting of 12 ψ (e) and 36 ψ (h), which is called
the 12 × 36 SDCI basis in the following [71]. Although in
Fig. 2(c) binding energy of X + increases toward the experi-
mental value [63], that for X − reaches a magnitude somewhat
smaller than reported in the measurements [70]. However, the
calculations preserve at least the binding energy ordering of
X + and X −, i.e., the magnitude of the former (X +) being
smaller. Sadly, calculations for binding energy of XX miss
the experimental target by almost 2 meV. Note that a similar
disagreement with the experimental results as in Fig. 2(c) was
previously observed for smaller GaAs QDs [39].

The convergence toward the experiment for the 12 × 36
SDCI basis is considerably improved for all complexes in
Fig. 2(d), where Kee and Khh and partly Keh are neglected
[72]. The improvement is particularly striking for XX, the
binding energy of which almost doubles between Figs. 2(c)
and 2(d), reaching very close to the measured value. Similarly,
as for X 0 in Fig. 1, the convergences of the computed binding
energies of X −, X +, and XX relative to X 0 are shown in
more detail in Fig. 7(c). There we can see that |�E/�N |,
where �E marks the difference in binding energies for two
consecutive CI basis state sizes and N marks the number of
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FIG. 3. The evolution of the radiative lifetime of ground states of X, X +, X −, and XX as a function of the CI basis size when the overlap
integrals are evaluated considering (a) DA and (b) BDA [52]; see also main text. The meaning of markers in both panels is the same as that in
Figs. 2(c) and 2(d). The black (green) dotted horizontal line marks the measured values of exciton (biexciton) lifetimes from Ref. [77]. Note
that for both DA and BDA, the calculations of lifetime do not change appreciably for CI bases larger than 14 states. On the other hand, the
calculations using BDA reproduce the experiments considerably better than those for DA.

CI basis states, is <10 µeV for the 12 × 36 CI basis, i.e., two
orders of magnitude smaller than the absolute values of the
binding energies for all studies complexes. We note that in all
calculations for the 12 × 36 basis, the energy of the correlated
electron-hole exchange interaction Keh is 0.01 meV for trions
and 0.18 meV for biexciton confirming that correlated direct
Coulomb interaction J mainly causes the large binding energy
of complexes in Figs. 2(c) and 2(d) [29]. The difference be-
tween Figs. 2(c) and 2(d) is solely in the amount of correlated
Kee and Khh (and partly Keh, which, however, cannot account
for the difference [71]), which naturally also depends on the
complex M. Furthermore, note that by comparing the binding
energies in Figs. 2(c) and 2(d), it follows that the effect of
correlated Kee and Khh on X − and XX is antibinding, similar
to that for the direct Coulomb interaction Jee.

The suppression of exchange interactions Kee and Khh (and
partly Keh) in multiexcitonic complexes in GaAs/AlGaAs QDs
can be understood by considering the asymmetry between
direct and exchange Coulomb interactions, especially in large
systems exhibiting weak confinement effects [70,73]. For a
QD with a base diameter of 60 nm and a height of 8 nm,
as discussed in this work, the spatial extent of the electron
and hole wave functions becomes comparable to or exceeds
their correlation length. In such systems, the overlap of the
fermionic orbitals becomes very sensitive to the distance
between quasiparticles. Thus, even a rather small spatial sep-
aration due to direct Coulomb repulsion Jee or Jhh between
quasiparticles carrying the same charge in X −, X +, and XX
might lead to severe suppression of the exchange integrals Kee

and Khh, which generally scale as ∼1/r3 [74–76], where r
is the distance between quasiparticles. In contrast, the direct
Coulomb interaction Jee (or Jhh) reduces with r as ∼1/r and
remains substantial because it depends primarily on the charge
distribution and not on the overlap of the wave functions.

The aforementioned situation can naturally arise, e.g.,
under quasiresonant excitation conditions, where specific
many-body states are selectively populated. For example, con-
figurations with delocalized electron orbitals (due to their
lower effective mass) but strongly confined holes may exhibit

suppressed Kee and finite Khh. Similarly, the mixed-spinor
structure from spin-orbit coupling can suppress hole exchange
in specific symmetry-adapted configurations. A key feature in
the case of resonant excitation is the separation of charges,
which enhances the emission of particular complexes.

C. Radiative lifetime of GaAs/AlGaAs QDs

We now discuss the calculations of radiative lifetime τM of
the complexes M discussed in the previous section. The evolu-
tion of τM with CI basis size for M ∈ {X 0, X +, X −, XX } is
shown in Figs. 3(a) and 3(b) for the case of DA and BDA,
respectively, see also Eqs. (19) and (23) in Sec. II D. The
multiparticle calculation for X +, X −, and XX in Fig. 3 are per-
formed with omitted exchange integrals Kee, Khh, and partly
Keh, similarly to Fig. 2(d) [72].

First, one can see in Fig. 3 that lifetime τM for all studied
complexes converges already for a rather small (<14) CI basis
size. Even the smallest CI basis of two electron and two hole
single-particle states provides a very good estimation of the
Coulomb correlated emission lifetime of complexes.

Second, in Fig. 3(b) we see that for the case of BDA the
lifetimes of X 0 and XX converge to values of τX = 0.279 ns
and τXX = 0.101 ns, while for just DA in Fig. 3(a), the cor-
responding values are 0.598 ns and 0.217 ns, respectively.
The reported experimental values of X 0 and XX lifetimes are
0.267 ns and 0.115 ns [77], respectively, and are marked by
black and green broken horizontal lines in Fig. 3. Clearly, the
computed results obtained for BDA are much closer to the
experimental values than those for DA.

The ratio of the computed lifetimes in Fig. 3(b) rela-
tive to Fig. 3(a) is ≈0.47 and is approximately similar for
all computed complexes. That lifetime reduction is con-
nected with the size of the QD body and is associated with
the weak confinement regime [52,78]. To confirm that, we
have studied the size dependence of X 0 lifetime for another
GaAs/Al0.4Ga0.6As QD and show the results in Fig. 8(b) in
Appendix B. We can clearly see from that figure that while
results for DA do not depend on QD size appreciably (except
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for the largest dots), the lifetime of X 0 computed using BDA
progressively reduces with QD size. For consistency reasons,
we discuss this in Fig. 8(a) of Appendix B as well as the
QD size dependence of FSS and the B-D splitting of X 0,
the latter showing considerable dependence on QD volume,
which might be one of the possible reasons for not completely
fitting the value of B-D between theory and experiment in
Fig. 1(d).

D. Electric field dependence of GaAs/AlGaAs QDs

To further test our previously discussed theory, we have
computed the evolution of properties of X 0, binding energies
of X +, X −, XX, and the lifetime of those in vertical electric
field; see Fig. 4. Our aim was to compare our computed results
with experiments discussed by Undeutsch et al. in Ref. [79].
In our calculations, the same GaAs/Al0.4Ga0.6As QD as that
in Fig. 1(a) was used (different from that studied in Ref. [79]),
but the vertically applied electric field with the same ori-
entation and magnitudes was considered as in Ref. [79]. In
the following, we specify the magnitude of the electric field
by providing the applied voltage Ud300 nm on a layer with a
thickness of d = 300 nm. The electric field magnitude is then
clearly specified as Ud300 nm/d , and consequently the voltage
scale is the same as that used in Ref. [79] to ease comparison.

In Fig. 4(a), the energy structure of X 0 in the vertical
electric field is shown. We see a clear Stark shift of X 0 energy
with maximum at 1.5548 eV occurring for the electric field
corresponding to applied voltage of Ud300 nm = 0.3 V related
to an electric field of 10 kV/cm. For the same value of Ud300 nm,
we observe in Fig. 4(a) the maximum B-D splitting of 69 µeV.
Similarly, for X 0 energy, the B-D splitting follows the Stark
curve and is reduced in magnitude for Ud300 nm = ±4 V to
30 − 40 µeV. The bright FSS first decreases with Ud300 nm > 0
to a negligible value of ≈0.36 µeV at Ud300 nm = 0.3 V, i.e.,
field of 10 kV/cm, similar to Refs. [80,81]. The crossing of
minimal value of bright FSS is associated in our calculation
with rotation of polarization axis of bright X 0. Further in-
crease of Ud300 nm from the bright FSS minimum to positive or
negative values results in increase of bright FSS magnitude.
On the other hand, dark FSS is affected by electric field far
less and has a mean value of 1.7 ± 0.5 µeV.

In Fig. 4(b), the evolution of binding energies of X +, X −,
and XX relative to X 0 with Ud300 nm is shown. The binding
energy of XX reduces from its maximum, again attained at
Ud300 nm = 0.3 V with an increase toward both positive and
negative values of Ud300 nm. Crossings with X 0 [i.e., crossings
of zero in Fig. 4(b)] are obtained for −1.1 V and 1.8 V, the
former being close to the experimental value of ca. −1.5 V
in Ref. [79]. The dependence of X + and X − binding energies
on Ud300 nm is considerably asymmetric and different to that
of XX. For negative values of Ud300 nm, binding energy of
X − first increases up to 4.2 meV for Ud300 nm = −0.9 V and
then slowly decreases. On the other hand, for Ud300 nm > 0
the decrease in binding energy of X − is more rapid and is
similar to that for XX. For the binding energy of X +, a reversed
scenario is observed. For that, the increase of the binding
energy occurs for Ud300 nm > 0 with a maximum of 3.3 meV
attained at Ud300 nm = 1.2 V followed by further decrease of
binding energy. However, the rapid decrease of X + binding

FIG. 4. (a) Vertical electric field dependence of X 0 energy (open
squares, values on the right vertical axis), B-D splitting (full violet
balls), bright FSS (full blue balls), and dark FSS (full red balls) of
X 0. The values of the latter three parameters are on the left vertical
axis. (b) Evolution of the binding energy of X + (red), X − (blue),
and XX (green) relative to X 0 with vertically applied electric field
on QD in Fig. 1(a). The inset in (b) shows an enlarged part of the
data corresponding to the band crossings. The meaning of the axes
in the inset are the same as for the whole panel (b). (c) Radiative
lifetime of X 0, X +, X −, and XX computed using BDA. To facilitate
the comparison with Ref. [79], the electric field is given as a voltage
applied on a 300-nm-thick layer, hence the label of horizontal axis of
Ud300 nm. The data coloring in (c) is the same as in (b) except for X 0,
which is given in black. The curves in both panels are guides to the
eye. The gray-shaded areas in all panels correspond to voltages not
considered in Ref. [79]. The calculations of X 0 were performed with
the CI basis of 36 electron and 36 hole single-particle states while
that for X +, X −, and XX using SDCI with basis of 12 electron and
36 hole states and with omitted Kee, Khh, and partly Keh exchange
integrals; see Fig. 2(d).

energy occurs for Ud300 nm < 0. The rate of the decrease of
binding energy of X − for Ud300 nm > 0 (X + for Ud300 nm < 0)
is somewhat smaller than that of the binding energy of XX.
That leads to the crossing of X − and XX (X + and XX) at
Ud300 nm = 4 V (Ud300 nm = −4 V).

Furthermore, in Fig. 4(c) the computed dependence of the
radiative lifetime τ of X 0, X +, X −, and XX on Ud300 nm is
shown. For the calculation of τ , the BDA method of Eq. (23)
was used since it was shown in Fig. 3(b) that it provides results
more faithfully reproducing the experimental values for the
studied weakly confined GaAs/AlGaAs QD system. We see
in Fig. 4(c) that τX depends on Ud300 nm almost quadratically,
increasing for both Ud300 nm < 0 and Ud300 nm > 0. Similar
dependence on Ud300 nm around zero is seen also for X −, albeit
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FIG. 5. The ratio of XX and X 0 lifetimes, τX X /τX from
Fig. 4(c) is shown by green open squares. The photon indistinguisha-
bility P from Eq. (25) is given by full blue balls. Orange shaded area
marks the interval of τX X /τX measured in Fig. 2(d) of Ref. [79]. The
gray-shaded area corresponds to voltages not considered in Ref. [79].
The gray horizontal line marks τX X /τX = 1, i.e., the situation when
lifetimes of X and XX are the same. To facilitate the comparison
with Ref. [79], the electric field is given as a voltage applied on a
300-nm-thick layer, hence the label of the horizontal axis of Ud300 nm.

the values of τX− are ∼0.5 smaller. Contrary to that, τX+ and
τXX show considerably asymmetric though mutually similar
dependence on Ud300 nm. For Ud300 nm < 0, the values of τXX

and τX+ first slightly reduce to τ ≈ 0.1 ns and then increase
for further decreasing Ud300 nm up to τ ≈ 0.2 ns followed by a
rapid increase of τ , crossing the value of τX for Ud300 nm =
−2.4 V. On the other hand, for Ud300 nm > 0 τXX and τX+
rapidly increase, reaching maximal values of τXX = 2 ns and
τX+ = 1.25 ns at Ud300 nm = 1.9 V and Ud300 nm = 1.2 V, re-
spectively. A further increase of Ud300 nm leads to the reduction
of τXX and τX+ magnitudes toward the values of τX .

The unusual behavior of XX and X + lifetimes can be
explained by the different effective masses of electrons and
holes, the former being much smaller than the latter, as dis-
cussed earlier. Since electrons are light, they do not feel the
applied electric field that much as the holes which consist
for all values of Ud300 nm of >90% of heavy holes. Hence,
multiparticle complexes consisting of more than one hole,
like XX and X +, are influenced by Ud300 nm to a larger extent.
Conversely, in particular, for X − the influence by Ud300 nm is
rather timid.

The considerably smaller τXX than τX for Ud300 nm from
−2 V to 0 V was found advantageous in Ref. [79], increasing
the visibility of subsequently emitted photons by XX recom-
bination in Hong-Ou-Mandel interference measurements. The
indistinguishability of photons emitted in time domain is de-
fined as [79]

P = 1
τXX

τX + 1
. (25)

We show both τXX

τX and P as a function of Ud300 nm in Fig. 5.

We compare our results of τXX

τX , which we find for the interval
of Ud300 nm from −2 V to 0 V between 0.3 and 0.45, with

measurements in Fig. 2(d) of Ref. [79] that are in the same
voltage range between 0.3 and 0.6 (marked by orange shaded
area in Fig. 5). Thus, surprisingly good agreement between
theory and experiment is found. However, we note that for
Ud300 nm in the range of 0 V to 1 V our results disagree with
those in Ref. [79] for the same interval. We attribute that
disagreement to the fact that we used for our calculations a
different QD than that which was measured in Ref. [79] noting
furthermore that in particular the emission properties of XX
states are sensitive to QD properties and external perturbations
[79,82–85].

Using Eq. (25), we recalculate τXX

τX to indistinguishability
P and show that by the full blue balls in Fig. 5. Clearly, the
drop in τXX with respect to τX in the interval of Ud300 nm

from −2 V to 0 V is associated with P ≈ 0.75, while for
the rest of Ud300 nm we find P ≈ 0.2 (except of the values of
Ud300 nm from 3 V to 4 V when the electrons and holes are
already considerably spatially separated by applied electric
field and the emission of both types of complexes is fainter).
Nevertheless, the calculations in this work confirm the large
tunability of τX and τXX as well as their ratio.

E. Role of preparation and detection of multiparticle
states in GaAs/AlGaAs QDs

To further study the role of the omission of the electron-
electron and hole-hole exchange integrals, we now turn our
attention to the k · p + CI calculation of the complexes of
interacting electrons which were experimentally studied in
Ref. [86]. There, with the help of nuclear spin relaxation
(NSR) measurements, it was found that the magnetic field
applied on very similar GaAs/AlGaAs QDs as in this work
caused a crossing of singlet and triplet states for the ground
state of the complex of four interacting electrons. It is impor-
tant to stress that the calculations in Ref. [86] were performed
exactly in the same fashion as here (including considering
AFM QD structure exactly corresponding to the QDs in that
paper, i.e., slightly different than here) and with the same k · p
and CI codes as in this work. We now repeat in Fig. 6 the cal-
culations [86] for the Coulomb energies of the four-electron
complex in vertical magnetic field. In particular, we focus
here on the results obtained without and with the inclusion
of the Coulomb exchange between electrons; see Figs. 6(a)
and 6(b), respectively. Clearly, for the calculation without
electron-electron Coulomb exchange [Fig. 6(a)] no singlet-
triplet crossing, observed in experiment [86], is found contrary
to the calculation with Coulomb exchange [Fig. 6(b)]. Hence,
the electron-electron Coulomb exchange interactions must not
be omitted in those CI calculations to faithfully reproduce the
NSR experiments. However, that is in contradiction to the
results presented in Figs. 2(b) and 2(d), where the omission
of the electron-electron Coulomb exchange integrals (which
have the largest magnitudes in Fig. 2(c), even larger than hole-
hole exchange) led to better agreement with PL experiments.

Since the multiparticle physics of the GaAs/AlGaAs QDs
as well as their states must be qualitatively the same for both
kinds of experiments, we conclude that it is the difference
between how the multiparticle states are initialized and de-
tected that necessitates a different theoretical treatment of
calculating states in those experiments.
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FIG. 6. Computed Coulomb interaction energies of the four elec-
tron states in GaAs QD as a function of the magnetic field applied
along vertical QD dimension [86]. The calculations in (a) [(b)] were
done without (with) considering the electron-electron Coulomb ex-
change interaction. The data in (b) show a crossing of the singlet and
triplet state for magnetic field around 2.5 T as previously measured
in Ref. [86]. On the contrary, data in (a) show only anticrossing of
singlet and triplet states. The four electron states in this figure were
computed by CI with CI basis of ten single-particle electron states.

IV. DISCUSSION

Finally, it is evident that the multiparticle calculations pre-
sented in this work, which involve omitting certain integrals
to match the experimental results, lack elegance. However,
even a fully self-consistent, correlated multiparticle solution
would likely not fully capture the experimental observations
in weakly confining QD systems. This is because, as demon-
strated earlier, the theoretical description of the results of
multiparticle complexes observed in experiments depends on
the specific conditions under which the system is prepared
and measured—concerning the former, whether the system is
pumped using resonant [79], above-band excitation [63], or
other methods (e.g., electric pumping [86]). With respect to
the latter, it is also important how the multiparticle states are
probed, if it is by measuring their radiative emission [63,79]
or interacting electrons and holes are studied via an interaction
with some other system, like, e.g., spins of atomic nuclei [86].
We note that our XX calculations are compared to experiments
in which XX was prepared by resonant two-photon excitation
[77,79], while the reference value from [47] originates from a
perspective article that compiles results obtained under differ-
ent excitation regimes.

In summary, this underscores the fact that a comprehensive
theoretical model describing the correlated multiparticle elec-
tronic structure of QDs would also need to properly account
for the entire experimental setup, including the nature and
effects of the excitation, followed by theory description of the
time evolution of the multiparticle states including their pos-
sible interaction with environment (e.g., phonons), and finally
taking into account the properties of the detection setup.

We envisage that it may be insightful to test, experi-
mentally and theoretically, how different probing schemes
(e.g., above-band vs resonant PL, cathodoluminescence,
and nuclear-spin-related techniques) affect the observed
multiparticle complexes in the same GaAs/AlGaAs QD un-
der otherwise identical conditions. Moreover, systematic
size (volume) dependencies of the energetic structure and

radiative lifetimes, combined with correlated calculations,
should provide further insight.

V. CONCLUSIONS

We combined an eight-band k · p model coupled to contin-
uum elasticity with CI and a Poisson-based implementation
of nonlocal (BDA) radiative rates to predict polarization-
resolved oscillator strengths and lifetimes of X 0, X ±, and XX
in weakly confining GaAs/AlGaAs quantum dots. The BDA
calculation quantitatively matches independent lifetimes (e.g.,
τX ≈ 0.279 ns, τXX ≈ 0.101 ns) and reproduces electric-field
trends, including the τXX /τX controlled indistinguishability.
We quantified sensitivity to CI basis and to exchange; in
weak confinement, selectively omitting electron-electron and
hole-hole exchange for specific complexes can improve agree-
ment for PL observables, whereas other probes (e.g., nuclear
spin relaxation spin spectroscopy) require exchange to recover
level crossings. The workflow provides a reproducible route
that connects realistic many-body wave functions with non-
local light–matter coupling, and can be extended to include
preparation- and detection-specific kinetics (e.g., phonons,
pure dephasing) relevant for device operation.
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APPENDIX A

We show in Fig. 7 the convergence study of the energies of
X 0, bright-dark splitting, and the binding energies of X +, X −,
XX with respect to excitons.

APPENDIX B

We show in Fig. 8 the evolution of the QD electronic and
emission structure properties on QD volume. The calculations
are performed for a cone-shaped GaAs QD in Al0.4Ga0.6As
lattice [different QD than that in Fig. 1(a)], positioned on 2 nm
GaAs layer (WL). The change of QD volume is achieved by
fixing the QD aspect ratio (defined as height/diameter of QD)
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FIG. 7. We show the evolution of CI calculations for energies of
(a) X 0, (b) bright-dark splitting, and (c) X +, X −, XX binding with
respect to X 0 as a function of the CI basis size. The dependencies
are evaluated as an absolute value of the relative difference between
energies (E ) for consecutive CI basis state (N) as |�E/�N |. In each
panel, the left vertical axis is in logarithmic scale, hence an approxi-
mately linear decrease of |�E/�N | for CI bases larger than ∼10 in
all panels is a clear sign of exponential nature of the convergence.

to 0.25 and varying the basis diameter from 10 nm to 70 nm.
Using the aforementioned aspect ratio, the latter change leads
to the increase of QD height from 2.5 nm to 15 nm, respec-
tively. To summarize the effect of QD volume change, we
show the results in Fig. 8 as a function of the ground state
exciton X 0 energy.

In Fig. 8(a), we give the QD volume evolution of bright
and dark FSS as well as bright-dark energy splitting of X 0.
We see that while both bright and dark FSS do not depend
on QD size considerably, the bright-dark splitting seems more
sensitive to GaAs QD volume. That might be the reason for
the discrepancy of the computed B-D splitting in Fig. 1(c) and
measured value of 100 µeV [63].

In Fig. 8(b), we show the comparison of the evolution of
emission radiative lifetime of X 0 for calculations that em-
ployed DA and BDA [52]. We clearly see the difference
between DA and BDA approaches. Notably, apart from the
largest dots (smallest X 0 energy), DA does not seem to be

FIG. 8. Calculations of volume dependencies of the multiparti-
cle electronic and emission structure of cone shape GaAs QD in
Al0.4Ga0.6As lattice, positioned on 2 nm GaAs layer, similar (but not
the same) to that in Fig. 1(a). We show in (a) bright (blue balls) and
dark (red balls) X 0 FSS as well as bright-dark X 0 splitting (violet
balls); in (b) the radiative lifetime of X 0 utilizing DA (empty squares)
and BDA (full balls) method (see text) Note that the change of QD
volume is identified on horizontal axes by X 0 energy. The largest
X 0 energy (1.785 eV) corresponds to QD with basis diameter of
10 nm and height of 2.5 nm. On the other hand, the lowest X 0

energy (1.539 eV) corresponds to a dot with diameter of 70 nm and
height of 15 nm. The horizontal black dotted line in (b) correspond
to measured value of X 0 lifetime of 0.267 ns [77].

more sensitive to QD volume. On the contrary, BDA leads
to reduction of radiative lifetime with an increase of QD
volume up to QD with exciton energy of 1.5489 eV, upon
which a further increase of QD volume leads to increase of
radiative lifetime. The latter behavior is qualitatively simi-
lar to the calculations using the DA method. Noticeably, for
certain QD sizes (here for QDs emitting at ∼1.63 eV), the
DA and BDA approaches lead to similar emission lifetimes of
X 0. The aforementioned behavior was previously predicted in
Ref. [52], being a general feature of the BDA method which is
also reproduced in our calculations. The CI basis size for the
aforementioned calculations was 36 single-particle electron
and 36 single-particle hole states.
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