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We investigate the robustness of topological phases in a Kitaev ladder composed of two coupled supercon-
ducting chains under the perturbing influence of a finite charge current. By introducing an effective Hamiltonian
depending on the quasiparticle momentum induced by the current, we show that the two-mode topological phase,
present in the isolated ladder, is fragile against a finite current flux. To characterize this behavior, we combine
bulk topological invariants with real-space diagnostics, including the edge-edge quantum conditional mutual
information /,,, which provides an entanglement-based signature of topological order. We further distinguish the
gapped class-D sectors from a current-induced gapless superconducting regime, which emerges when the upper
Bogoliubov—de Gennes (BdG) branch crosses zero at generic momenta and the standard gapped topological
invariant is no longer applicable. Our results provide an effective framework to describe how current injection
and measurement processes can affect topological protection in superconducting nanostructures.

DOL: 10.1103/w78h-24wx

I. INTRODUCTION

Topological superconductivity has attracted a steadily
growing interest in the last two decades, mainly due to
its potential applications in quantum technologies [1-4]. In
particular, one-dimensional p-wave superconductors host Ma-
jorana bound states (MBSs), zero-energy excitations localized
at the system edges, which obey non-Abelian statistics and
are regarded as key ingredients for fault-tolerant quantum
computation [5].

Among the simplest and most paradigmatic models sup-
porting topological superconductivity is the Kitaev chain [6].
Despite its minimal structure, this model captures the es-
sential physics of Majorana modes and provides a powerful
framework to investigate the robustness of topological phases
against perturbations, disorder, and geometrical extensions
[7-16]. In this context, ladder geometries, consisting of cou-
pled Kitaev chains, represent a natural generalization that
allows for the emergence of richer topological phases, includ-
ing multimode regimes characterized by more than a single
Majorana mode per edge [17-23].

In equilibrium conditions, topological phases of mean-field
Hamiltonians are naturally described by bulk topological in-
variants within the Altland-Zirnbauer tenfold classification
scheme [24]. The ten symmetry classes allow one to iden-
tify the appropriate topological invariant for a given bulk
Hamiltonian according to the system dimensionality and to
the simultaneous presence or absence of particle-hole, time-
reversal, and chiral symmetries. These invariants capture the
topology of the bulk band structure, provide the correspond-
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ing phase diagrams in the thermodynamic limit, and identify
the gap-closing points associated with topological phase
transitions.

Despite the rich literature on closed topological systems
hosting MBSs, a crucial issue concerns their stability under
realistic operating conditions. In most experimental setups,
the detection of Majorana modes relies on transport measure-
ments, such as tunneling spectroscopy [25-28] or Josephson
effects [29-32], which necessarily involve the injection of a
current into the system. This introduces genuine nonequilib-
rium perturbations that may affect the topological properties
of the system. Therefore, understanding how topological
phases respond to current-induced effects is of fundamental
importance, from both conceptual and application-oriented
perspectives.

In this context, several studies have investigated how cou-
pling to external reservoirs, dissipation, and nonequilibrium
conditions can modify the topology of superconducting sys-
tems and alter the bulk-edge correspondence [33,34]. These
observations also motivate the search for real-space quan-
tities capable of characterizing topological phases beyond
the standard momentum-space classification, especially in
finite-size systems or in the presence of measurement-induced
perturbations. Entanglement-based observables [35,36], such
as the edge-edge quantum conditional mutual information
[37-40], provide a particularly suitable framework to probe
the nonlocal correlations associated with topological edge
modes.

However, despite these efforts, a full nonequilibrium treat-
ment of current-driven topological superconductors remains
challenging. For this reason, an effective and physically
transparent strategy has been introduced for a single Ki-
taev chain [37], consisting in the incorporation of a finite
quasiparticle momentum ¢ in the hopping amplitudes. In this
framework, the hopping phase factor ¢ mimics the presence
of a charge current, shifts the band dispersion and, in the
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presence of p-wave superconducting correlations, induces
a finite momentum 2q of the Cooper pairs [37], paral-
lel to the current direction. This approach, analogous to
a Peierls substitution, captures the essential effects of cur-
rent flow within a static Hamiltonian description. Already in
Ref. [37] the single-chain spectrum was shown to develop
generic-momentum zero-energy crossings above the critical
quasiparticle momentum g. = arcsin(A /t), beyond which the
gapped Majorana phase is lost. The same band-overlap regime
was subsequently discussed in Ref. [41] as a gapless super-
conducting phase associated with a Lifshitz transition and
with the appearance of unpaired particle and hole pockets.
However, in a single Kitaev chain the topological invariant
is restricted to two values, limiting the richness of possible
phases and thus the impact of g.

In this work, we extend this effective description to a
Kitaev ladder [20] and investigate the interplay between
current-induced symmetry breaking and topological clas-
sification. In particular, we show that a finite g breaks
time-reversal symmetry and, consequently, chiral symmetry,
driving the system from the BDI class, characterized by
an integer (Z) invariant, to the D class, where the gapped
sectors are characterized by a Z, invariant. This symmetry
reduction has direct consequences in ladder systems, where
multimode topological phases are allowed in equilibrium. In
particular, the phase supporting two Majorana modes per edge
is suppressed by the current, providing a clear signature of
the reduced robustness of higher topological sectors under
measurement-induced perturbations.

The ladder geometry also allows us to explore regimes
where additional symmetries emerge, leading to nontrivial
deviations from the D class. In particular, under a cur-
rent acting along the chains, with no additional flux or
superconducting phase gradient across the transverse di-
rection, we identify conditions under which the system
effectively decomposes into independent channels, preserving
higher topological sectors even in the presence of a finite
current.

To characterize the topological phases, we combine bulk
and real-space approaches. On the one hand, we first iden-
tify possible gapless regions from the bulk spectrum and
then determine the topology of the remaining gapped sectors
from the appropriate bulk invariant. On the other hand, we
employ real-space diagnostics, including the edge-edge quan-
tum conditional mutual information [39,40], which quantifies
the nonlocal correlations between the system edges and pro-
vides a robust entanglement-based signature of topological
order.

The paper is organized as follows. In Sec. II, we intro-
duce the model and discuss its symmetry properties and bulk
topological invariant. In Sec. III, we present the numerical
results, including the phase diagrams and the analysis of the
bulk-edge correspondence. In Sec. IV, we discuss the im-
plications of our findings. The distinction between gapped
and gapless superconducting regimes of the general ladder is
discussed in Appendix A. A gauge-equivalent representation
of the real-space Hamiltonian, which makes explicit the finite
momentum 2¢q acquired by the Cooper pairs, is presented
in Appendix B. The generalized exchange-symmetric limit
t; = 0 is discussed in Appendix C.

II. MODEL AND SYMMETRY ANALYSIS

The Kitaev ladder introduced in Refs. [20,42], consists of
two spinless p-wave superconducting chains coupled by both
interchain hopping #; and interchain pairing A terms, under
the perturbing influence of a finite charge current. Following
Ref. [37], the current is modeled by introducing a finite quasi-
particle momentum ¢ in the longitudinal hopping amplitudes.
The resulting real-space Hamiltonian reads

H= Z[_MC-;JCN — lequ-;’leJrl,l + Acjycjrry +Hel]
Jil

+ Y [=tict cjo+ Arcjacja + Hel. (1)
J

Here [ = 1, 2 labels the two chains, u is the chemical poten-
tial, ¢ the hopping amplitude, and A the longitudinal p-wave
pairing. Throughout this work we take #; and A; to be real.
This choice corresponds to a ladder without a transverse
magnetic flux or externally imposed superconducting phase
difference between the two legs. The phase factor ¢/ effec-
tively accounts for a finite quasiparticle momentum induced
by a charge current, shifting the band dispersion as k —
k — q [37]. An equivalent gauge representation, presented in
Appendix B, makes explicit that the Cooper pairs acquire a
finite momentum 2¢, thereby showing that both the intraleg
pairing A and the interleg pairing A contribute to the current-
carrying condensate.

When g = 0, the Hamiltonian satisfies particle-hole (P),
time-reversal (7), and chiral (C) symmetries. As a con-
sequence, the system belongs to the BDI class of the
Altland-Zirnbauer classification [24], characterized by an in-
teger (Z) topological invariant and allowing for multiple
Majorana modes per edge [20].

The situation changes when a finite current is introduced.
The phase g explicitly breaks time-reversal symmetry by
selecting a preferred propagation direction for quasiparti-
cles. Since chiral symmetry is defined as C = PT, the latter
symmetry is also broken. The system symmetry class is there-
fore reduced to class D, where only particle-hole symmetry
survives. Whenever the bulk spectrum remains gapped, the
corresponding topological classification is Z, and at most
a single protected Majorana mode per edge is expected. A
finite ¢, however, may also produce an indirect gap closing
at generic momentum, leading to a gapless superconduct-
ing phase for which the standard gapped tenfold invariant
is not defined. From the homotopy-theoretic viewpoint, the
above symmetry classification can be formulated in terms
of the classifying spaces associated with the corresponding
Clifford-extension problems. For a one-dimensional gapped
free-fermion Hamiltonian, the stable topological classification
is determined by my(R,_;), where z labels the real Alt-
landZirnbauer class and d = 1 is the spatial dimension [43].
In the absence of current, the ladder belongs to class BDI,
corresponding to

mo(R1—1) = mo(Ro) = Z, )

which accounts for the integer winding number and for
the possible presence of multiple Majorana modes at each
edge. When a finite current breaks time-reversal and chiral
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symmetries, the system is reduced to class D, for which
7o(Ry—1) = mo(Ry) = Z». (3)

For a gapped class-D spectrum, the Pfaffian invariant provides
an explicit realization of the two disconnected components of
the class-D space. More generally, topological charges can be
interpreted as homotopy classes of maps into the correspond-
ing classifying space [43,44].

These observations can be made explicit by introducing
the Nambu spinor ¥ = (cx.1, cik’l, Cr.2s cikﬁz)T, which al-
lows the Hamiltonian to be written in Bogoliubov—de Gennes
(BdG) form in momentum space:

1
_ T
H=> Xk: W H (k)Wy, )
where

—e(q) Ay t —A

| A &(—q) Ay —t
H (k) = I A —er(q) A ) )

—A -4 —Ar &(—q)

with €;(q) = 2t cos(k — q) + p and Ap = 2iA sink.

It is straightforward to verify that, for ¢ = 0, the Hamilto-
nian fulfills the relations PH (k)P' = —H(—k), TH(k)T" =
H(—k),and CH(k)C" = —H (k),withP =1, ® 0. K, T =K,
and C = I, ® oy, where K denotes complex conjugation. For
q # 0, in presence of only P, the appropriate bulk topological
invariant is given by the Pfaffian of the antisymmetric Hamil-
tonian written in the Majorana basis:

U—]I®Ll ! (6)

The Z, invariant is then
v = sgn[Pf(iHy (0)v) Pf(iHy ())], (N

with Pf(iHy (0/7)) = (i £ 2t cos ¢)* + A2 — 12

Equation (7) is therefore used only after verifying that the
bulk spectrum is gapped. At finite ¢, the term proportional to
the identity in the BdG spectrum changes the occupation of
the quasiparticle bands and may drive the upper branch be-
low zero energy at generic momentum, producing the gapless
superconducting regime discussed for the current-carrying Ki-
taev chain in Refs. [37,41]. For the general ladder we identify
this regime through the condition

min E, (k) <0, ®)
ke[—m,7]

where E, (k) is the inner upper BdG branch given explic-
itly in Appendix A. For the finite-current phase diagrams
we therefore introduce the following phase label, which
supplements—rather than replaces—the gapped topological
invariant:

G, ming; E, (k) < O, 9
(1 —-v)/2, ming E; (k) > 0. ®)

Thus, A/ = 1 and 0 denote the topological and trivial gapped
class-D sectors, respectively, while G denotes the gapless
superconducting phase.

The condition minge(,r)E+(k) = 0 marks the onset of
the gapless superconducting regime through a zero-energy

|

crossing at generic momentum. This condition must be dis-
tinguished from the gap closings at the particle-hole-invariant
momenta k = 0, 7w, which determine the sign changes of the
Pfaffian Z, invariant.

Interestingly, the ladder may possess additional discrete
exchange symmetries whenever at least one of the three
couplings #, Ay, or A vanishes. In each of these special lim-
its, a suitable generalized bonding/antibonding transformation
block diagonalizes the BAG Hamiltonian into two symmetry
sectors. The explicit form of the transformation depends on
which coupling is set to zero.

When A =0, #; #0, and A # 0 the additional symme-
try corresponds to the ordinary exchange of the two legs
of the ladder, c;; <> cj2, which is described in momentum
space by the operator M = o, ® I». In this case one verifies
that [H (k), M] = 0, so that the Hamiltonian can be decom-
posed into bonding and antibonding sectors. This additional
symmetry has nontrivial consequences for the topological
classification, since it protects a two-mode topological phase
even in the presence of a finite current.

These become clear upon performing a unitary transfor-
mation to the bonding/antibonding basis, ¢; + = (¢;1 £ ¢j2)/
V2, which leads to the following representation:

—€, (q) Ay 0 A
s | Bk g (—q)  —A 0
H'(k) = 0 AL~ ) A | (10
A 0 A & (—q)

with €(q) = 2t cos(k — q) + p+ and py = p £1;.

For Ay =0, Eq. (10) becomes block diagonal, describ-
ing two completely decoupled Kitaev chains with effective
chemical potentials py. Therefore, despite the breaking of
time-reversal symmetry by the current, the ladder effectively
decomposes into two independent class-D systems. Each
channel is characterized, as long as it remains gapped, by
the same Z, invariant as the current-carrying Kitaev chain
studied in Ref. [37], evaluated at the shifted chemical po-
tential py. Thus, the ladder can host 0, 1, or 2 Majorana
modes per edge depending on whether none, one, or both
channels are topological. The onset of the gapless regime
can also be determined analytically in this decoupled limit:
the appearance of generic-momentum zero-energy Cross-
ings occurs at the critical momentum ¢, = arcsin(A/t),
as obtained in Refs. [37,41]. Accordingly, the topological
invariant introduced for the two decoupled channels can
be written as Q = O + Q_, with Q4 = sgn[sgn[(—p+ +
2t cos q)(—pu4 — 2t cosq)] + sgn(q — q.)]. For q < ¢q., the
relevant gap closings occur at the particle-hole-invariant mo-
menta k = 0, , whereas for ¢ > g, generic-momentum band
crossings appear and the system enters the gapless supercon-
ducting regime. In Appendix C we show that in the case with
t; = 0 and g # O the interleg pairing A; acts as a mass term
only at the particle-hole-invariant momenta k = 0, 7, prevent-
ing the topological gap closing there This does not exclude
zero-energy crossings at generic momenta: depending on the
remaining parameters, this limit is either a trivial gapped su-
perconductor or a gapless superconductor. Therefore, such a
limit does not support a nontrivial gapped topological phase
with Majorana edge states.
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FIG. 1. Panels (a) and (b) phase diagrams of the Kitaev ladder for A; = 0.5, evaluated at g = 0 and ¢ = 0.6, respectively. The diagrams are
constructed using the label AV, In panel (a), the labels 0, 1, and 2 denote the numbers of Majorana modes per edge in the gapped BDI phases.
In panel (b), 0 and 1 denote the trivial and topological gapped class-D sectors, respectively, whereas G identifies the gapless superconducting
region defined by the band-overlap criterion discussed in Sec. II and Appendix A. Panels (c)—(h) display the probability densities of the
lowest-energy BdG modes for representative points selected from the phase diagrams. The real-space calculations are performed on a ladder
composed of two chains, each of length L = 100. The corresponding BdG energies of the modes are reported in the insets.

III. NUMERICAL RESULTS

We now discuss the numerical results, focusing on the
interplay between current-induced symmetry breaking, topo-
logical classification, and bulk-edge correspondence. To
highlight the richness of the phase diagram, we consider an
extended range of parameters, which could in principle be
explored more broadly in cold-atom platforms than in con-
ventional condensed-matter realizations [45,46]. Indeed, in
cold-atom implementations, the effective p-wave pairing can
be engineered using synthetic interactions [47,48], while the
finite current considered here can be naturally realized in a
ring geometry threaded by a synthetic gauge flux [49], which
directly produces the Peierls phase entering our Hamiltonian.
Throughout the paper, all energies are expressed in units of
the longitudinal hopping, + = 1, and we fix A = 0.8. This
representative choice allows us to explore a broad topological
phase diagram while remaining consistent with the parameter
regime adopted in previous studies of Kitaev ladders and
related geometries [13,18,20]. Although this ratio is larger
than that typically encountered in conventional condensed-
matter systems, it is readily accessible in synthetic quantum
platforms, such as ultracold atoms, where hopping and pairing
strengths can be engineered independently.

Figure 1 summarizes the phase diagram of the Kitaev
ladder in the presence of finite interchain pairing A; = 0.5,
comparing the equilibrium case (¢ = 0) with the current-
carrying regime (¢ = 0.6). In the absence of current [panel
(a)], the system supports multiple gapped topological sectors,

including regions characterized by two MBSs per edge, one
MBS, and trivial phases, consistently with the underlying Z
classification.

When a finite current is introduced [Fig. 1(b)], the phase di-
agram, obtained from A/ introduced in Sec. I, is substantially
modified. The two-Majorana sector is completely suppressed,
leaving the N =1 phase as the only gapped topological
region, characterized by a single Majorana mode per edge.
The remaining part of the diagram is redistributed between a
gapped trivial region, N' = 0, and the gapless superconduct-
ing region G, neither of which supports protected Majorana
edge modes. A more systematic analysis of the evolution of
the phase diagram over a wider range of ¢, with particular em-
phasis on the emergence and extension of the gapless region,
is presented in Appendix A.

The bulk-edge correspondence is verified in panels (c)—(h),
where the probability densities of the lowest-energy
Bogoliubov—de Gennes (BdG) modes are shown for repre-
sentative points selected from the phase diagrams. In the
BDI regime [panel (a)], two localized edge modes are clearly
visible [panel (c)], while panel (e) corresponds to a single
MBS and panel (g) to a bulk state. In the current-carrying
regime, the two-mode configuration is lifted [panel (d)], and
only one localized edge mode survives [panel (f)], while the
trivial phase remains essentially unchanged [panel (h)]. These
results provide a direct real-space confirmation of the phase
diagrams.

Further insight is obtained in Fig. 2, where the four
BdG eigenvalues closest to zero energy are shown along the
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FIG. 2. Panels (a) and (b) show horizontal cuts of the phase diagrams along the red lines indicated in Figs. 1(a) and 1(b), respectively,
while panels (c) and (d) show the corresponding vertical cuts. In all panels, the four BdG eigenvalues closest to zero are plotted for a ladder
composed of two chains, each of length L = 100. The spectra are shown both in the absence of current, ¢ = 0, in panels (a) and (c), and in
the current-carrying regime, ¢ = 0.6, in panels (b) and (d). The interchain pairing is fixed to A; = 0.5 in all panels. The accumulation of
low-energy bulk levels in the portion of panel (b) crossing the G region is the finite-size counterpart of the gapless bulk spectrum.

horizontal and vertical cuts highlighted in Fig. 1. Panels (a)
and (b) correspond to horizontal cuts at ¢ = 0 and ¢ = 0.6,
respectively, while panels (c) and (d) show the corresponding
vertical cuts. At g = 0, the zero-energy plateaus reproduce
the BDI sectors with two, one, and zero MBSs. At ¢ = 0.6,
panel (b) reveals a qualitatively different spectral structure
when the cut enters the gapless region G. In the gapped trivial
sector, the lowest bulk excitations remain separated from zero
by a finite energy gap. By contrast, inside G a dense se-
quence of quasi-zero-energy states develops. These states are
the finite-size counterpart of the zero-energy bulk crossings
that emerge in the thermodynamic limit. More precisely, the
gapless condition is obtained from H (k)yr = 0, which admits
nontrivial solutions when det H (k) = O has real solutions for
k. The corresponding real momenta identify the bulk gapless
points. This behavior must be distinguished from the isolated
zero-energy level of the gapped topological sector, which cor-
responds to a genuine Majorana edge mode. The splitting of
the doubly degenerate zero-energy states at finite ¢ highlights
the reduced robustness of the two-mode phase under a finite
current, in agreement with previous studies driven on open
systems [42,50].

We now turn to the case A; = 0, where the additional
exchange symmetry discussed in Sec. II becomes relevant.
Throughout Figs. 3-5 we deliberately restrict the analysis to
q < 0.6, to remain within the gapped regime and isolate the
effect of current-induced symmetry breaking on the Majo-
rana sectors. Indeed, for the parameters used there, t = 1 and

A = 0.8, the corresponding threshold is g, = arcsin(0.8) >~
0.927. Figures 3(a), 3(c), and 3(e) display the phase diagrams
obtained from the momentum-space invariant for increasing
values of the current flux ¢. In contrast with the A # 0 case,
regions supporting two Majorana modes persist even at finite
q, reflecting the effective decoupling of the system into two
independent channels.

The same structure is reproduced by the edgeedge quan-
tum conditional mutual information 7, [37-40], shown in
panels (b), (d), and (f). This quantity is defined as I, =
Sac + Spc — Sc — Sapc, where the different terms correspond
to the von Neumann entropies of suitable reduced density
matrices obtained by partitioning the system into left edge
A, right edge B, and bulk C. The last term Sjpc is the total
ground-state von Neumann entropy that vanishes whenever
the ground state is a pure state [39,40]. This specific com-
bination removes classical correlations and isolates genuine
quantum correlations between the two edges. As a conse-
quence, I, acts as a nonlocal topological order parameter,
taking quantized values proportional to the number of edge
modes. In particular it has been shown that I, = Eﬁi =1n2/2,
i.e., half of the maximal Bell-pair entanglement, at the ex-
act ground-state topological degeneracy point, for a Kitaev
chain with open boundary conditions hosting genuine MBSs
[39,40].

A clear agreement is observed between the momentum-
space invariant and the entanglement-based phase dia-
grams, establishing a direct correspondence between the two
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FIG. 3. Panels (a), (c), and (e): phase diagrams for the symmetry-protected limit A; = 0, constructed from the quantity Q = Q, + O_
introduced in Sec. I, for increasing values of the current flux g = 0, 0.3, and 0.6, respectively. Panels (b), (d), and (f): corresponding phase
diagrams obtained from the edge-edge quantum conditional mutual information ... The agreement between the two sets of panels highlights the
consistency between the momentum-space and real-space entanglement-based characterizations. The entanglement calculations are performed
on a ladder composed of two chains, each of length L = 50, with edge sizes fixed to Ly = Lg = 12 sites per chain.

descriptions. In particular, the different topological sec-
tors are unambiguously identified by distinct values of I,
confirming the validity of the entanglement estimator to in-
dicate topological phases of a ladder in presence of a current
flux g.

In Fig. 4, horizontal and vertical cuts of the entanglement
phase diagrams are shown. Panel (a) corresponds to a cut as
a function of w, while panel (b) is taken as a function of

t;. For g = 0, well-defined plateaus at I, /ES?] =2,1,0 are
2.00 -ooooooooooo-. ___________
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clearly visible, consistently identifying the three topological
sectors. However, for increasing values of ¢, these plateaus
become progressively less pronounced and deviate from the
ideal quantized values.

This behavior is not related to a modification of the
topological structure, but rather to finite-size effects. In-
deed, the entanglement calculations are performed on ladders
composed of two chains of L =50 sites, a size limited
by computational convenience. In this regime, the overlap

009 ——————— e ————
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[ ) @® g=03
%uo 1.6 ) o aos
< 14
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FIG. 4. Panel (a) shows a horizontal cut, while panel (b) shows a vertical cut of the phase diagrams obtained from the edge—edge quantum
conditional mutual information /., in Fig. 3. The cuts are taken at fixed #; = 0.7 in panel (a) and at fixed u = 1.2 in panel (b). The dashed lines
indicate the ideal quantized values corresponding to the different topological sectors. Deviations from these quantized plateaus become more
pronounced as the current flux ¢ increases, reflecting the growing relevance of finite-size effects.
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FIG. 5. Panel (a) shows the phase diagram of Fig. 3 for A} =0
and g = 0.6, together with the horizontal and vertical cuts used to
compute the spectra displayed in panels (b) and (c). Panel (b) shows
the spectrum as a function of w at fixed #; = 0.3, while panel
(c) shows the spectrum as a function of #; at fixed 4 = 0.7. In both
cases, the four BAG eigenvalues closest to zero energy are plotted for
a ladder composed of two chains, each of length L = 100. The agree-
ment between the gap closings and the phase boundaries confirms the
bulk-edge correspondence.

between edge states becomes non-negligible, leading to hy-
bridization effects that reduce the quantization of I,,.

To clarify this point, in Fig. 5 we compare the bulk phase
diagram at g = 0.6 with the corresponding real-space energy
spectrum, which can be computed for larger system sizes.
Panel (a) shows the phase diagram together with the cuts used
to extract the spectra, while panels (b) and (c) display the
BdG eigenvalues closest to zero for a ladder with L = 100
sites per chain. A clear agreement is observed between the
phase boundaries and the energy gap closures along the cuts,
confirming the validity of the bulk description.

IV. DISCUSSION AND RESULTS

In recent years, signatures compatible with MBSs have
been reported in several systems, including semiconduc-
tor nanowires with strong spin-orbit coupling proximitized
by conventional superconductors [51,52], planar Josephson
junctions [53,54], chains of magnetic adatoms [55], and
oxide-based superconducting nanostructures [30]. In all these
platforms, the experimental characterization of topological
phases is intrinsically based on transport measurements, im-
plying the injection of currents and the coupling of the system
to external probes. Understanding how these perturbations
modify the topological properties of multichannel isolated
superconducting systems therefore represents an important
issue for the interpretation of experimental observations.

From this perspective, the effective current-driven descrip-
tion adopted in the present work provides a simple framework
to investigate how measurement processes may influence
topological protection. In particular, our results show that

the current does not simply perturb the low-energy spectrum,
but can qualitatively modify the topological classification of
the system by breaking protecting symmetries. In addition,
sufficiently strong current-induced band tilting can close the
excitation gap indirectly, producing a gapless superconduct-
ing regime that must be separated from the gapped class-D
topological sectors. This effect becomes especially relevant in
ladder geometries and multichannel superconductors, where
higher topological sectors may exist in equilibrium and can
be selectively suppressed under current flow.

At the same time, the persistence of the two-mode phase
in the symmetry-protected regime with A; = 0 highlights
how additional discrete symmetries may stabilize topological
sectors even in nonequilibrium conditions. This suggests that
the interplay between current-induced symmetry breaking and
channel symmetries could represent an important ingredient
to design robust multichannel topological superconductors.

Although our analysis has been carried out for the minimal
two-leg Kitaev ladder, the underlying mechanism by which a
finite quasiparticle momentum modifies the symmetry class
and the corresponding topological classification is expected
to extend to more general coupled superconducting systems.
In particular, multileg ladders and multiband Kitaev mod-
els provide a natural framework to investigate the interplay
between current-induced symmetry breaking and the richer
topological structures that emerge beyond the conventional
tenfold Altland-Zirnbauer classification. In this respect, our
work may serve as a starting point for future investigations of
current-driven topological phase transitions in more complex
superconducting networks [43,44,56].

More generally, the agreement observed between the bulk
topological invariant, the entanglement-based estimator .,
and the low-energy BdG spectra further supports the use
of real-space diagnostics to characterize topological phases
under realistic conditions, where finite-size effects, coupling
to the environment, and measurement-induced perturbations
may invalidate the standard momentum-space description.
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APPENDIX A: GAPPED AND GAPLESS
SUPERCONDUCTING REGIMES
OF THE KITAEV LADDER

We now make explicit the criterion used in the main text
to distinguish the gapped class-D sectors from the current-
induced gapless superconducting phase for the general ladder
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with finite #; and A;. It is convenient to define
do(k) = —2tsinksing,
&E(k) = u + 2t coskcosgq,
8(k) = 2Asink, (A1)
together with
M(k) = 1}[6*(k) + AT] + AT (k).

The four eigenvalues of Eq. (5) can then be written compactly
as

(A2)

E, p(k) =do(k) + aRg(k), o, ==*1, (A3)

Ryp(k) = \J£200) + 82(0) + 12 + A2 + 28/M(0).  (Ad)

Since Ry(k) > R_(k) > 0, the four branches are ordered
as do(k) — Ry.(k) < do(k) — R_(k) < do(k) + R_(k) <
do(k) + Ry (k).

We therefore identify dy(k) £ R_(k) as the inner branches
and define the inner upper branch as

E. (k) = do(k) + R_(k).

In a gapped superconducting phase E (k) > O for all k (and,
by particle-hole symmetry, the corresponding lower branch
is negative). The onset of the gapless regime occurs when
E. (k) =0 at a generic momentum, while inside the gapless
phase E. (k) < O over a finite interval of momenta. Equiv-
alently, the current-induced tilt |dy(k)| exceeds R_(k) for
some k. This changes the many-body occupation: the upper
band becomes occupied for a finite set of momenta and the
particle-hole-related lower band becomes empty at the op-
posite momenta, as in the Lifshitz mechanism discussed in
Ref. [41].

In the decoupled limit #; = A} = 0, Egs. (A3)—(AS) re-
duce to the current-carrying Kitaev-chain spectrum. In the
parameter regime supporting the topological chain, the crit-
ical momentum reduces to g. = arcsin(A/t), precisely the
threshold obtained in Refs. [37,41]. For the coupled ladder,
by contrast, R_(k) depends explicitly on u, t;, and Ay, so the
boundary of the gapless region must in general be determined
from Eq. (A5) by minimizing over k.

Figure 6 provides a direct illustration of the distinc-
tion between the gapped topological sectors and the gapless
superconducting regime. Panel (a) shows the phase dia-
gram as a function of ¢ and #; for A} = 0.5 and pu = 0.3,
where the gapless region G is identified by the condition
minge(,r) E+(k) < 0. Panels (b)—(d) display the correspond-
ing BdG bands for three representative points of the phase
diagram. The transition between the two gapped sectors, N =
0 and AV = 1, is associated with a zero-energy gap closing
at the particle-hole-invariant momenta, as shown in panel (b).
Away from the transition, the gapped phase shown in panel (c)
exhibits a finite separation between the positive- and negative-
energy branches. By contrast, in the gapless region shown
in panel (d), the upper branch crosses below zero energy at
generic momentum. These spectra therefore make explicit that
the onset of the gapless superconducting regime originates
from a finite-k band overlap, which is distinct from the gap
closings at k = 0, r that control the Pfaffian Z, invariant.
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FIG. 6. Current-induced gapped and gapless regimes of the Ki-
taev ladder fort =1, A = 0.8, A; = 0.5, and © = 0.3. (a) Phase
diagram in the (g, t;) plane. The labels O and 1 denote the trivial and
topological gapped class-D sectors, respectively, whereas G denotes
the gapless superconducting region. The open red triangles mark the
onset of the gapless phase, determined from the condition det H (k) =
0 as the point where real-momentum solutions first appear. The black
symbols indicate the representative parameter points used in panels
(b)—(d). Panels (b)—(d) show the two inner BdG branches for the cor-
responding points: (b) g = 0.4, #; = 1.63, illustrating a gap closing
at the particle-hole-invariant momentum; (c) ¢ = 1.2, = 2.3, in the
gapped topological region; and (d) ¢ = 1.2, t; = 1, in the gapless
region, where the upper branch crosses zero at generic momenta and
becomes negative over a finite & interval. The dashed horizontal line
marks zero energy.

APPENDIX B: GAUGE-EQUIVALENT REPRESENTATION
OF THE CURRENT-CARRYING HAMILTONIAN

The real-space Hamiltonian introduced in Eq. (1) is written
in a gauge where the supercurrent is encoded through the
Peierls phases appearing in the longitudinal hopping,

H=— Z[te""c;,cﬁl,z + Acjcjy1, +Hel]
il
+ Z[—tlc';’lcj,g + Aqcjicjp +Hell —p ZC;ICJ'J'

J Jil
(BI)

An equivalent description is obtained by performing the local
gauge transformation

cji=e'dj, (B2)

which transfers the Peierls phase from the hopping amplitudes
to the pairing terms.
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Indeed, the hopping becomes purely real,

l‘eiqC;,[CH—l,l = td;/dj—&-l,lv (B3)
whereas the intraleg pairing transforms as
Acjicivry = Ae 1% G 1d g, (B4)
and the interleg pairing becomes
Arcjicia = Are™?1d; d; . (B5)

Both pairing channels therefore acquire a spatially varying
phase associated with a finite momentum of the Cooper pairs.
After extracting the site-dependent phase factor, the two pair-
ing amplitudes differ only by an overall constant phase,

Ae M) = (AemH)em24) (B6)

while

Aje 24 = Ao (B7)
This gauge-equivalent representation makes explicit that the
current is carried by Cooper pairs with total momentum 2gq.
Importantly, not only the intraleg pairing A, but also the inter-
leg pairing A, contributes to the current-carrying condensate.
Consequently, a finite supercurrent can be sustained even in
the limit A = 0, provided that A; # 0.

J

APPENDIX C: GENERALIZED EXCHANGE SYMMETRY
IN THE ¢, = 0 LIMIT

We now consider the additional symmetry-protected limit
obtained by setting #; =0 while keeping A; # 0. In this
regime, the two physical legs are coupled only through the
interleg pairing A;.

For #; = 0, the Bloch Hamiltonian commutes with a gen-
eralized leg-exchange operator. Up to an overall phase, we
choose the representation

My =0,Q I, (ChH
which satisfies
[H(k), My] =0, M =1L

Here, o acts in the leg subspace. The two eigenvalues of M,
are therefore p = +1, and the Hamiltonian can be decom-
posed into the corresponding symmetry sectors.

Starting from the Nambu basis

(e2))

W = (cr1, kayl, Cr,2s kayz)T, (C3)
we introduce the unitary transformation
1 0 1 0
L1o 1 o 1
Uex - ﬁ i 0 —i 0 ) (C4)
0 i 0 —i

which diagonalizes the exchange operator. In the transformed
basis W, = U, ¥y, the Hamiltonian becomes block diagonal:

—u —2tcos(k —q) —i(A; —2Asink) 0 0
=t | i(A; —2Asink) u~+ 2t cos(k + q) 0 0
Hk) = U H (k) Uex = 0 —u —2tcos(tk —q) i(Ay+2Asink) (€5
0 —i(A; +2Asink)  u+2fcos(k + q)
The two 2 x 2 blocks can be written compactly as
_( —m—2tcos(k —¢q) ip(A;+2pAsink) _
Hp (k) = (—i,o(A1 +2pAsink) p+2tcostk+q) )’ =+l (C6)

Here, p = +1 and p = —1 label the two eigenvalues of M,,.
It is useful to introduce

do(k) = =2t sink sing,
&E(k) = u + 2t cosk cosgq,

my(k) = —p(Ay +2psink). (C7)

The Hamiltonian of each sector can then be expressed as
H, (k) = do(k) oo — §(k) o + A, (k) oy, (&)
where o is the identity matrix and oy, , are Pauli matrices.

We can also rewrite Eq. (C6) in a real Majorana basis using
the unitary transformation

U_lll 9
w="7i =) (C9)

(

The transformed block is
HY (k) = Ui H, (k)Uy

_ <do(k) + A, (k) —&(k)

£ (k) do<k>—Ap<k>)' (10)

Therefore, the complete Hamiltonian is the direct sum of two

algebraically decoupled effective sectors,
HM (k) = HY (k) & H" (k). (C11)

The two sectors have the same normal-state dispersion, while
their effective pairing functions are shifted in opposite direc-

tions,
Air(k) = A £=2Assink. (C12)

The corresponding energy bands are

E, (k) = do(k) + A JE2(k) + A2(k), p, A ==£1, (C13)
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or, explicitly,

E, (k) = —2tsinksing

+ A\/(u + 2t cos k cos q)2 + (A +2pA sink)z.
(C14)

Because of the term dy (k) generated by g, the two eigenvalues
of a fixed sector are not, in general, symmetric around zero
at the same momentum. Nevertheless, the complete spectrum
satisfies the particle-hole relation

Epu(k) = —E_, (k). (C15)

Thus, a zero-energy state occurring in sector p at momen-
tum k is accompanied by its particle-hole partner in sector
—p at momentum —k. The particle-hole symmetry therefore
exchanges the two blocks, which should not be regarded as
two completely independent class-D superconductors. A band
crosses zero energy whenever

E, (k) =0. (C16)

For dy(k) # 0, this condition is equivalent to
4¢? sin® k sin® q = (u+2t cosk cos q)2+(A1+2pA sin k)z.
(C17)

Equation (C17) may admit solutions at generic momenta
k # 0, m, depending on the model parameters. Such solu-
tions occur in particle-hole-related pairs (p, k) and (—p, —k)
and signal the appearance of a gapless spectrum. However, a
generic pair of zero-energy crossings at =k does not by itself
represent a change of the one-dimensional Z, topological
invariant.

A topological phase transition in a one-dimensional class-
D BdG system requires the bulk gap to close at a particle-hole-
invariant momentum,

k. = —k, (mod 2m), (C18)
namely
k,=0,m. (C19)
At these momenta one has
do(ky) =0,  Aplk,) = Ay, (C20)
and the spectrum becomes
E,; (k) = A\/(M + 2t cos k, cos g)* + A2. (C21)
In particular,
E,;(0) = x\/ (u + 2t cos q)* + A2, (C22)

whereas
E, . (n) = x\/ (1 — 2t cos q)> + A2 (C23)
Consequently, the gap can close at k = 0 only if
A =0, wu=—-2tcosgq, (C24)
while it can close at k =  only if
A1 =0, wu=2tcosq. (C25)

For any finite interleg pairing, A; # 0, the energies at both
particle-hole-invariant momenta remain strictly different from
Zero:

[Epn (O] = A1l |Epa()] = [A4]. (C26)
Therefore, A; acts as a finite mass term at the particle-hole-
invariant momenta, removing the gap closings at k = 0 and
k = m. It does not, in general, prevent an indirect closing at
generic k. The t; = 0, A; # 0 regime does not support a non-
trivial gapped Z, topological phase. Depending on the other
parameters, the system is either a topologically trivial gapped
superconductor or a gapless superconductor characterized by
pairs of zero-energy crossings at generic opposite momenta.

As a consistency check, let us consider the additional limit
g = 0. In this case dy(k) = 0, and the spectrum becomes

Ep (k) = /\\/ (1 + 2t cosk)® + (Ay + 2pAsink)®. (C27)

The bulk gap can close only if both terms under the square
root simultaneously vanish, namely

w+2tcosk =0, A;+2pAsink=0. (C28)

Using sin? k + cos? k = 1, one obtains the transition line

2 AZ
'u__|__l:L

42 42 (€29

For the parameters adopted in Fig. 1(a) of the main text, = 1,
A =0.8,and A| = 0.5, Eq. (C29) gives the critical chemical

potential
A
c=2,/1— =~ 1.90,
H 4A2

which is in agreement with the phase boundary reported in
Fig. 1(a) of the main text. This provides an additional con-
sistency check of the analytical treatment presented in this
appendix.
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