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We study the genuine multipartite entanglement (GME) in a disordered system and its potential for detecting
the transition from the thermalized to the localized phase. We demonstrate that the quenched average GME
can approach its near-maximum value in the ergodic phase of a disordered quantum spin model. In contrast,
GME vanishes in the many-body localized (MBL) phase, both in equilibrium and in the long-time dynamical
regime, indicating a lack of multipartite entanglement in the localized regime. To establish this, we analyze
the disordered Heisenberg spin chain subjected to a random magnetic field along with the two- and three-body
Dzyaloshinskii-Moriya (DM) interactions. We show that the behavior of GME, in both the mid-spectrum of the
Hamiltonian and the dynamically evolved states from an initial Néel configuration, serves as a reliable indicator
of the critical disorder strength required for the ergodic-to-MBL transition. The identified transition point aligns
well with standard indicators such as the gap ratio and the correlation length. Moreover, we find that the presence
of DM interactions, particularly the three-body interaction, significantly enlarges the thermal phase and delays
the onset of localization with an extended correlation length. This shift in the transition point is consistently

reflected in both static and dynamical analyses, reinforcing GME as a robust probe for MBL transitions.

DOLI: 10.1103/w2hc-g5j1

I. INTRODUCTION

Quantum statistical mechanics posits that isolated, interact-
ing many-body systems generically thermalize under unitary
evolution, meaning that local observables reach thermal equi-
librium values described by the Gibbs ensemble, effectively
erasing memory of initial conditions. This behavior is en-
capsulated in the eigenstate thermalization hypothesis (ETH)
[1-3], which asserts that individual energy eigenstates exhibit
thermal properties, rendering the system ergodic. ETH ex-
plains how unitary evolution aligns with statistical mechanics,
as eigenstates in the bulk of the spectrum become locally
indistinguishable and featureless. These systems exhibit quan-
tum chaos and ergodicity [4], reflected in their energy-level
statistics [5—7] described by the Wigner—Dyson distribution
[8,9] in Gaussian random matrix ensembles such as Gaussian
orthogonal ensembles (GOE) for real matrices or Gaussian
unitary ensembles (GUE) for complex matrices. However,
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ETH can be violated in systems exhibiting integrability [10],
many-body scars [11,12], Stark localization [13], Floquet dy-
namics [14,15], or non-Hermitian effects [16,17], leading to
nonergodic behavior and preventing thermalization.

ETH breaking was first explored through disorder-induced
localization in noninteracting systems, known as Anderson lo-
calization [18]. In recent decades, its many-body counterpart,
many-body localization (MBL), emerged in interacting disor-
dered systems [19,20]. Extensive research has been devoted
to this exotic phenomenon across various systems, includ-
ing spinless fermions [19,21], spin chains [20,22], and the
Hubbard model [23-25] along with long-range interactions
[26-31], highlighting the apparent universality [32,33] and
emergent integrability in MBL, characterized by an extensive
set of local integrals of motion (I-bits) [34-36]. Despite these
efforts and several experimental works [37-44], a compre-
hensive understanding of the transition between the ergodic
and MBL phases remains elusive, with several theoretical
models proposed [45-50]. The key signatures of the MBL
phase include Poisson level statistics [7,51], correlation pat-
terns [52,53], and quantum order [54-59]. Such systems also
possess unique dynamical traits, depicted by the absence of
transport [60], long-time memory of the initial state(s) char-
acterized by imbalance [61-64], dynamical ergotropy [65],
slow growth of entanglement entropy [66—68] and magic [69]
following a disorder quench.
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The block entanglement entropy, which changes from a
volume law in the ergodic phase to an area law in the
MBL phase [54,70-76] turns out to be a key indicator
for determining the ergodic-to-MBL transition. Dynamically,
disorder-induced slow growth of entanglement also marks
the MBL transition [66—68]. However, studies of multipartite
entanglement, a natural faithful quantity for understanding
phenomena in many-body systems, remain limited (see re-
cent works considering multisite physical quantities such as
quantum Fisher information [77-80], entanglement spectra
[81,82], Schmidt gaps [83], and quantum mutual information
[84,85] although these quantities detect but cannot properly
quantify multipartite quantum correlations).

In this work, we address this gap by utilizing a com-
putable measure of genuine multipartite entanglement (GME)
for pure states, namely the generalized geometric measure
(GGM) [86-91], defined via the minimum distance from
nongenuinely multipartite entangled states [92], to analyze
a class of disordered many-body Hamiltonians. Specifically,
we investigate a spin-1/2 Heisenberg chain with a ran-
domly chosen magnetic field in the presence of multi-body
Dzyaloshinskii-Moriya (DM) interaction [93-96]. Originat-
ing from spin—orbit coupling, the DM interaction introduces
an antisymmetric exchange term between spins and has been
widely studied in systems such as the nearest-neighbor and
long-range transverse Ising models [97-99], the XY model
[100-102], and the gamma model [103], where it can in-
duce gapless chiral phases and enhance zz-correlations when
its strength surpasses anisotropy. Further, it has been found
in various solid-state systems, including Cu(C¢DsCOO), -
3D,0 and Yb4Ass, to name a few [104—108]. Moreover, the
DM interaction plays a compelling role in the context of
many-body localization, as it breaks time-reversal symmetry
and changes the spectral statistics from GOE to GUE while
preserving the system’s U (1) symmetry.

We explore the influence of two- and three-body DM in-
teractions in both the ergodic and the MBL regimes. Our
analysis reveals that three-body DM interactions have a more
significant impact in delaying the ergodic-to-MBL transition
than the two-body DM term (cf. [109,110]), thereby extending
the thermal phase. The three-body DM interaction consid-
ered here is conventionally known as the XZY — YZX-type
three-site interaction in quantum spin chains and has been
investigated in connection with chiral phases, asymmetric
quasiparticle spectra, magnetoelectric responses, and non-
trivial dynamical quantum phase transitions [111-113]. We
analyze the eigenstates of the disordered Hamiltonian and
find that the profile of quenched average genuine multipartite
entanglement, measured by GGM [92], successfully tracks
the ergodic-to-MBL transition, which is in good agreement
with conventional measures such as the spectral statistics and
the long-range correlator. In particular, the quenched average
GGM values and the most probable value of GGM are high in
the ergodic phase but drop significantly in the MBL phase.

By initializing the system in a Néel state and evolving it
under the same class of Hamiltonians, we demonstrate that
the trends of multipartite entanglement during the long-time
regime reveal a delayed ergodic-to-MBL transition in the
presence of DM interactions, marked by distinct changes in
the proposed scaling laws. These observations align well with

known indicators such as imbalance [62—-64]. Notably, high
multipartite entanglement is generated in both short and long
time periods of the ergodic phase, whereas the MBL phase
exhibits significantly reduced entanglement generation. This
comprehensive study highlights the impact of DM interactions
on localization phenomena and firmly establishes multipar-
tite entanglement as a reliable indicator for disorder-induced
phase transitions.

The paper is organized as follows. In Sec. II, we describe
the model and the relevant quantifiers such as GGM in sub-
Sec. IT A, level statistics in Sec. I B1, and long-range classical
correlators in Sec. II B2. We then use the GGM to characterize
the MBL-to-ergodic transition and compare it with the tradi-
tional measures in Sec. III, which is further divided into the
study of the Heisenberg model without and with DM inter-
action in Secs. III A and III B, respectively. We also perform
finite-size scaling in Sec. IV. The dynamics of GGM is studied
in Sec. V, and we finally conclude in Sec. VL.

II. INTRODUCING MODEL AND
TRANSITION INDICATORS

We consider a spin-1/2 one-dimensional Heisenberg
model with two- and three-body Dzyaloshinskii-Moriya in-
teractions [93-95], subject to a random external magnetic
field along the z direction, which introduces disorder into the
system. The Hamiltonian reads as

N
H =13 8 Seer +D(SiSi, — SiSi)
k=1

2D/ (SiS5,1SL0 — SIS i) H RS (D

where S} = 0/2 (a = {x,y,z}) are the spin operators and
o are the Pauli matrices at site k with periodic boundary
conditions (S¢, y = §7). To eliminate energy dependence in
all figures of merit, we redefine the random magnetic field
as hy = Iy /J, sampled uniformly from the interval [—h, k]
and D = D/J and D' = D'/J, denoting the strengths of the
two-body and three-body DM interactions, respectively. The
U (1) symmetry present in the disordered Heisenberg chain is
preserved by the inclusion of both two- and three-body DM
interactions, as they conserve the total magnetization, S$* =
Zi\;l S,ﬁ, i.e., [H, %] = 0 even when D, D’ # 0. This allows
the Hamiltonian to be block-diagonalized into magnetization
sectors labeled by §¢ € {—N/2, —N/2+1,...,N/2}. In our
analysis, we restrict ourselves to the S° = 0 sector (and even
N), which has the largest Hilbert space among all S* blocks.
Without the DM interactions, i.e., D = D’ = 0, the model is
known as the disordered Heisenberg model and is known to
undergo a transition from the ergodic to the MBL phase [20]
with increasing disorder strength.

Let us briefly distinguish the two types of DM interactions
appearing in Eq. (1) (the second and third terms). The term
proportional to D is the conventional nearest-neighbor DM
interaction, D(Sy X Si+1)., describing a bilinear antisymmet-
ric exchange between two neighboring spins [93,94]. On the
other hand, the coupling constant D’ is conventionally referred
to as an XZY — YZX-type three-body interaction and can be
written as 2D’ )", S¢ +1(8k X Si42).. Throughout this work,
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TABLE 1. The table indicates the number of eigenstates n.
picked from the middle of the spectrum and ng is the number of
disorder realizations used to perform quenched averaging for a given
system size N. ny indicates the number of disorder realizations taken
in the case of dynamics while performing disorder averaging.

N 8 10 12 14 16 18 20
g 22 80 200 400 800 1000 1000
ng 10* 10* 5000 2000 500 100 100
ny 5000 3000 2000 1000 1000 300 -

we refer to this term as the three-body DM interaction, owing
to its antisymmetric DM-like structure. It couples the spins
at sites k and k 4 2 through the z component of the inter-
mediate spin and is therefore distinct from the conventional
DM interaction both in its multisite structure and in its ef-
fective interaction range. Moreover, such XZY — YZX-type
interactions are known to generate chiral phases, asymmetric
quasiparticle spectra, and nontrivial magnetoelectric and dy-
namical properties in quantum spin chains [111-113].

In this work, we focus on the effects of two- and three-body
DM interactions on the transition and utilize an information-
theoretic quantity for its detection, which also provides
information about the model’s suitability in quantum infor-
mation processing tasks.

Set the stage to identify the transition point. To characterize
the phases in this model, we choose a physical quantity of
interest and perform quenched averaging over different disor-
der realizations. In particular, the given quantity is computed
by averaging over both the eigenstates and the disorder re-
alizations. We consider the n, number of eigenstates in the
middle of the spectrum of the Hamiltonian to compute the
average of a quantity O as (0) = nl Z;f;l O(|¥;)), where
[¥;) belongs to the n, eigenstates with eigenvalue close to
Emia = (Emax + Emin)/2 [With Eaxminy corresponding to the
maximum(minimum) eigenvalue]. Subsequently, an averag-
ing over ng randomly chosen disorder realizations is carried
out to compute the quenched average quantity as (O). The
eigenstates are obtained via exact diagonalization [114] up to
N = 14, and the POLFED [115] technique is used for system
sizes N = 16, 18, and 20 (see Appendix A). We select the cor-
responding values of n, and ng by performing a convergence
check up to the desired accuracy for a given system size N (see
Table I), by computing the standard deviation of averaged val-
ues of ng/10 realizations. In the case of dynamics, a disorder
average over nj realizations is taken to compute the quenched

average dynamical quantity, O(t) = - ZR=1 O(¥r,(1))), of
R
time evolved states |,(?)), starting from the Néel state (see

Table I). The behavior of O(t) is used to distinguish between
the ergodic and the MBL phases.

A. Multipartite entanglement quantifier to reveal transition

Let us first introduce the information-theoretic mea-
sure used to characterize MBL in this work, in particular,
the genuine multipartite entanglement measure, which is a
distance-based measure in the state space [116].

entangled (GME) if it is not product across any bipartition.
Based on the Fubini—Study metric, the GME content of a pure
state can be quantified using the generalized geometric mea-
sure (GGM) [89,92,116,117]. It is defined as the minimum
distance from the set of all nongenuinely (nG) multipartite
entangled states, i.e.,

Q(I‘I’))=1—H|1X21>XI(XI\I’)I2, 2

where | x ) belongs to the set of nG entangled states. An equiv-
alent expression for the above can be given as

G(|9)) = 1 — max [Mi5lANB=0,JAUB|=N], (3)

in which the maximization is carried out over all bipartitions
A : B, and X1,.p denotes the largest Schmidt coefficient in the
corresponding bipartition and it is easy to verify that Af\:B is
an eigenvalue of the local density matrix. Although it is a
computable measure for moderate N in arbitrary dimensions,
but the computation of G(|W)) becomes numerically intensive
because of the exponential increase of the number of such
bipartitions with the system size N. Hence, this computational
complexity necessitates the use of approximations in calculat-
ing the GGM.

To mitigate this challenge, we simplify our approach by
restricting attention to Schmidt coefficients obtained from all
single-site reduced density matrices. With this simplification,
we define the geometric measure (GM), also a multipartite
entanglement measure, as

G =1— max [AsANB=0[AUB =N]. (4)
where the maximization is performed only over bipartitions
for which A consists of a single spin. To validate the effective-
ness of this approximation in the problem addressed here, we
compute both G and G, for all eigenstates of various system-
sizes. We find that for our Hamiltonian, |(G — G)| ~ e~V
(see Fig. 1), which decreases rapidly with increasing system
size, indicating that G is as effective as G in characterizing
multipartite entanglement for large system sizes. Therefore,
in the rest of this paper, we use G and G, interchangeably, as
there is no significant distinction (up to two decimal places)
between these two quantities to quantify the phases which
can help in studying the role of two- and three-body DM
interaction in altering the phases in Heisenberg spin chain.
Note that the computational resource for calculating GGM
(G1) of a generic eigenstate of a many-body Hamiltonian
does not grow significantly with system size as it depends
only on the single-site density matrices of the eigenstate.
Since G; depends only on the largest eigenvalues of the
single-site reduced density matrices, it also offers a potential
route for experimentally probing multipartite entanglement
without requiring full quantum-state tomography. A possible
implementation based on randomized measurements [118] is
discussed in Appendix C.

B. Conventional transition detectors

We now briefly discuss two physical quantities that are
commonly used to probe the ergodic-to-MBL transition.
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FIG. 1. The difference between the exact GGM G and its single-
site approximation Gy, i.e., (G — G,) (ordinate) against the disorder
strength, & for increasing system sizes of the Heisenberg model, i.e.,
D = D’ = 0. It reveals that as the system size grows, the difference
vanishes. This trend suggests that (G,) serves as an accurate alterna-
tive for the genuine multiparty entanglement and can be used in place
of (G) in these systems. (Inset) Probability distribution P(G—G))
of the difference is plotted as a function of the difference G — G,
for a disorder strength h = 4.55, where the deviation (G — G,) is
maximum. Here, P(X) denotes the fraction of the total number of
states with X (|/;)) — X| <5 x 10~*. Large deviations of G from
G, are exponentially suppressed with large system size, resulting in
error bars <107 for N = 8 and <10~ for higher system sizes. All
axes are dimensionless.

1. Level statistics for benchmarking

A method, referred to as level statistics, has been exten-
sively utilized in the literature to identify ergodic and MBL
phases because of its distinct behavior in these two phases
of the disordered model. Since its inception, it has been es-
tablished that the energy level spacings of a nonintegrable
Hamiltonian typically follow a Wigner—Dyson distribution
[8,9], while those of an integrable Hamiltonian adhere to a
Poisson distribution [7,51]. One commonly used quantity to
characterize level statistics is the gap ratio, defined as

_ IIliIl(An, An—l )

_ , 5
" max(Ay,, A1) ©)

where A, = E,+1 — E, represents the spacing between two
consecutive energy levels, n and n + 1, with {E;} representing
the eigenenergies of the Hamiltonian. A quenched average
gap ratio, (r) = 0.5307 indicates that the system is ergodic
and falls within the Gaussian orthogonal ensemble (GOE),
corresponding to the Wigner—Dyson distribution. Conversely,
if {r) = 0.3863, the level statistics is Poissonian, signifying
that the system resides in an MBL phase. Moreover, for sys-
tems that break time-reversal symmetry, the spectral statistics
follow the Gaussian unitary ensemble (GUE), characterized

by (r) = 0.5996.

2. Long-range classical correlators

Another useful transition indicator is the average long-
range classical correlator, defined as

CE = CE(1W)) = (WISISHW) — (WISHW) (WIS ). (6)

where |i — j| = r and |¢) is a state in the middle of the energy
spectrum of the Hamiltonian. Pal and Huse argued that in the
ergodic phase, (1//|S§|w) ~ 0 because of the system being in
the S° = 0 sector, although a finite long-range correlation due
to the first term persists between distant spins [20]. In contrast,
in the MBL phase, (¢|S§|¢) acquires a finite value and the
long-range correlation decays exponentially with increasing
spin separation. These can be analyzed by the behavior of
(In |C?1), which has been shown to detect the transition from
the ergodic to the MBL phase [20].

As G probes the multipartite entanglement structure of the
eigen- (and dynamical) states of disordered quantum systems,
it is interesting to examine how (G) detects the transition point
in the presence of two- and three-body DM interactions in

comparison with (r) and (In |C#).

III. CHARACTERIZING PHASES WITH
DZYALOSHINSKII-MORIYA INTERACTION

To establish the GGM as a faithful quantity to indicate
the ergodic-to-MBL transition, we first study the well-studied
Heisenberg model, i.e., when D =D" =0 in Eq. (1), and
then carry out the investigation for D # 0 as well as D" # 0.
We then report the performance of GGM to differentiate the
phases in the presence of two- and three-body DM interac-
tions. In addition, we propose the distribution of the GGM
over the eigenstates of the Hamiltonian as an indicator that
can differentiate the two phases.

A. MBL and ergodic phases in Heisenberg model

A clear one-to-one correspondence between (G) and (r)
indicates that multisite entanglement effectively captures the

MBL transition [see Fig. 2(a) for (G) and Fig. 2(b) for (r)].
Specifically, for the Heisenberg spin chain model (D = D' =
0), the transition is observed near h* ~ 4.0 when the mea-
sure is taken to be (G), which is in good agreement with
previous results [20,72], indicating the MBL transition at
h* ~ 3.8. This transition point can be consistently verified by

the standard indicator (r), which takes the value (r) ~ 0.53
in the ergodic phase (h < h*) while it drops to (r) ~ 0.39 in
the MBL phase (& > h*). On the other hand, in the ergodic

regime (h < h*), (G) saturates to a finite value, approximately

(G) < 0.5, with this feature becoming more pronounced as
the system size increases. The value of (G) decreases for
moderate /& values and finally vanishes in the MBL phase, as
expected. As the GGM quantifies (along with the detection
[119] of) the genuine multipartite entanglement of pure states,
the average GGM (G) decreases gradually with increasing
disorder strength, signifying a crossover from the ergodic to
MBL regime. Significantly, the transition becomes sharper
with increasing system size, as presented in Fig. 2(a). This
result suggests that the MBL phase may be unsuitable for
building quantum devices that rely on high multipartite en-

tanglement to function effectively.
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FIG. 2. GGM as a detector of MBL in the disordered Heisenberg

model. (a) The quenched average GGM (G) (ordinate) and (b) the
average gap ratio (r) (ordinate) as functions of the disorder strength
h (abscissa). Both quantities are plotted for increasing system sizes
N, illustrating that (G) serves as an equally effective indicator as (r)
in identifying the ergodic-to-MBL transition in the Heisenberg model
(D = D’ = 0). The critical disorder strength is estimated to be i* ~
4.0 for GGM, while for the gap ratio, h* ~ 3.8 is obtained. All axes

are dimensionless.

Although the suppression of entanglement with increasing
disorder is expected, the GGM provides information beyond
the entanglement across a fixed bipartition. For example,
a state of the form |¢¥) = |¢); ® |®), » has G(|¥)) =0,
even when |w),
von-Neumann entropy can be nonvanishing. Therefore, a
vanishing GGM does not necessarily imply a completely
factorized state, but indicates the absence of genuine N-
partite entanglement. Interestingly, the average entanglement
between the nearest-neighbor sites is low in the ergodic phase,
and high in the MBL phase [76], in contrast to the average
GGM. Moreover, for the finite systems considered here, @
decreases progressively over a range of disorder strengths
rather than vanishing abruptly at a single value of &, thereby
revealing the gradual suppression of genuine multipartite cor-
relations across the ergodic-to-MBL crossover.

Let us provide an intuitive explanation for why GGM effec-
tively captures the MBL transition, as well as the saturation of
(G) to characteristic values in both the ergodic and the MBL
regimes. This behavior of (G) can be understood through the
lens of random matrix theory (RMT). In the ergodic phase, the
system’s Hamiltonian is expected to follow RMT predictions,
where the eigenstates resemble Haar-random pure states.
From the perspective of entanglement theory, Haar-random
multipartite states are known to exhibit high multipartite en-
tanglement on average with an increase in the number of
sites [120—-122]. Consequently, the eigenstates in the thermal
(ergodic) regime display a high average GGM, close to the
maximum value of <0.5. On the other hand, as the disorder
strength increases and the system enters the MBL phase,
multipartite entanglement gets strongly suppressed, leading to

.....

vanishing GGM. These findings reinforce the validity of (G)
as a robust and insightful marker of the MBL transition, and
the above argument suggests its potential universality across
disordered systems.

B. Extended ergodic phase in Heisenberg model with DM
interaction detectable via GGM

The nearest-neighbor DM interaction arises from spin—
orbit coupling, induces long-range correlation among distant
spins and manifests as an antisymmetric exchange interaction
between spins [93-95]. Such interactions have recently be-
come experimentally accessible in quantum simulators [123].
We explore here the impact of the DM interaction in modulat-
ing the transition from the ergodic to the many-body localized
phase in the Heisenberg chain.

Influence of two-body DM interactions on transition. The
inclusion of a two-body DM interaction alters the behavior
of both (G) and the gap ratio. Importantly, since the DM
interaction breaks time-reversal symmetry, as mentioned be-
fore, the spectral statistics exhibit behavior consistent with the
GUE class, instead of GOE. Hence, in the ergodic regime,
(r) approaches 0.6 as the system-size N increases, which is
characteristic of the GUE statistics, as shown in the inset
of Fig. 3(a) by the solid lines. The level statistics exhibit a
transition from the ergodic to the MBL phase as the disorder
strength increases, with (r) decreasing from 0.6 to 0.39. How-
ever, in the presence of DM interaction, the ergodic phase is
extended, requiring a higher disorder strength to induce the
transition to the MBL phase. Interestingly, the trends of (G)
also signal a delayed ergodic-to-MBL transition, as stronger
disorder is needed for the GGM to completely vanish in the
MBL phase. Specifically, we observe that for D = 0.5 (D' =
0), h* ~ 4.7 [see Fig. 3(a)]. Note that the location of the tran-
sition is dictated by the strength of the DM interaction, which
implies a greater delay in the transition with higher D values.
This observation suggests that the ergodic phase becomes
more robust under the influence of DM interactions [109,110].
In this regime, the enhanced correlations introduced by the
DM term necessitate a stronger disorder to localize the system
and induce the MBL phase.

Three-body DM interaction delays the transition sig-
nificantly. Instead of the two-body DM interaction, let us
incorporate three-body DM interactions, i.e., D = 0,D" # 0
in Eq. (1). Again, the DM interaction is responsible for further
postponement of the transition point, i.e., #*. In particular,
the transition to the MBL phase is further delayed compared
to the two-body interaction, with a critical disorder strength
of approximately h* ~ 7.7 [see Fig. 3(b)], obtained via (G)
which is also in good agreement with h* ~ 6.2, predicted
by (r). These values are calculated via analysis of finite-size
scaling in Sec. IV. This prolonged thermal phase can be at-
tributed to the next-nearest-neighbor (NNN) hopping induced
by the three-body DM interaction. Such hopping enhances
delocalization, thereby promoting ergodicity. However, strong
local perturbations, such as a disordered external magnetic
field, suppress this hopping mechanism, thereby facilitating
localization and leading to the MBL phase at sufficiently high
disorder strength. The next step is to investigate the distribu-
tion of GGM across the middle spectrum of eigenstates and
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FIG. 3. Delayed MBL with DM interactions. Average GGM (G) (ordinate) against disorder strength % (abscissa) for increasing system
sizes, considering both (a) two-body (D = 0.5, D" = 0) and (b) three-body (D = 0.0, D’ = 0.5) Dzyaloshinskii-Moriya (DM) interactions.
These plots exhibit a transition from the ergodic phase to the many-body localized one, similar to the transition identified using the gap ratio

(r) (shown in the insets of both figures). The critical disorder strength is estimated by the measure (G) to be #* ~ 4.7 for the two-body DM
interaction and h* ~ 7.7 for the three-body DM interaction, indicated by a solid vertical bar. It is evident that DM interactions can extend the
ergodic phase and delay the transition, which is substantial for three-body DM interactions. All axes are dimensionless.

how this distribution alters with the introduction of the DM
interaction.

Distribution of GGM as a transition marker. An impor-
tant question that arises is how multipartite correlations, such
as GGM ¢ of the eigenstates, are distributed across the er-
godic and MBL phases. We demonstrate that in the ergodic
phase, the distribution of G is sharply peaked near its max-
imum value, indicating that most eigenstates exhibit nearly
maximal multipartite entanglement. The frequency distribu-
tion of G is defined as P(G) = M, where |5,(9)| =

), GUY;)) € G —u, G+ ul}| is the cardinality of the
set of eigenstates with the GGM value G(|v;)) u-close to
G (u =5 x 1073 for Fig. 4). The observations in the ab-
sence of DM interactions can be listed as follows: (1a) In
the absence of DM interaction, P(G) corresponding to the
large G value (=0.4) dominates, while the distribution exhibits
an exponential decay as G deviates from its maximum. (1b)
System size also plays a significant role—as the system size
increases, the peak of the G distribution converges towards
a saturated value (20.4). (Ic) In the MBL phase, the peak
of the distribution shifts toward lower values of G(<0.05),
closer to zero, indicating that eigenstates in the MBL regime
possess significantly lower multipartite entanglement [see the
inset of Fig. 4(a)]. (2a) When two- and three-body DM in-
teractions are introduced, the ergodic phase is extended, and
the peak of the G distribution quickly shifts towards larger
values as the strength of the DM interaction increases [see
Fig. 4(b) for effect of three-body DM interaction]. In other
words, with the increase of D or D', the standard deviation
of P(G) decreases. (2b) Additionally, the frequency of states
with large G increases with the increasing DM interaction
strength, suggesting that DM interactions enhance long-range
correlations among spins. Consequently, the number of highly

entangled eigenstates grows with increasing DM interaction
strength.

Increment of long-range correlation in presence of DM
interaction. Let us now argue that the delay in the ergodic to
MBL transition in the presence of DM interactions may be at-
tributed to persistent LR correlations (In |[C#[) in the systems.
For all values of A, it decays with distance r, although the
decay rate varies with the disorder strength. In particular,

W5 (a)D=D'=00] [[F . .. 0
10-1] | (i)h=5.30 () (ii)h=5.30 ;)
. | —2
102 ‘,.~ ‘ 10
LY
102 10-4 /‘ y 1 I—llr4
P(g) T |'l T ¢ ,-'v T |J -t
10-3 0.0 0.2 g 0.4 / v 0.0 0.2 g 0.4
f’ y;' (b)N=18,D=0.0
RIOLESE (N (h=110
P —=— 0.0
A —e- 0.4
10-* el Y. 08 H
0.0 02 0.4 0.0 02 04
g g

FIG. 4. Distribution of GGM G(|v;)), P(G) (ordinate) vs G for
eigenvectors |¥;) in the middle of the spectrum with various real-
izations of uniformly distributed magnetic field #; € [—h, h] at each
site k. (a) For the Heisenberg model, i.e., D = D’ = 0, the GGM of
states tends to G 2 0.4 for a large number of states with increasing
system size N in the thermalized regime (shown for 2 = 1.1). [Inset
of (a)] In the localized region for & = 5.3, a larger number of states
have small GGM, G < 0.05, on increasing system size N. (b) GGM
of the ensemble in the thermalized regime increases with increasing
three-body DM interactions D', both in the previously (D = D' = 0)
thermalized and localized [inset of (b)] regions, thereby extending
the thermalized regime. All the axes are dimensionless.
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FIG. 5. Long-range correlations (In |C%|) (ordinate) against the
distance between the spins, r (abscissa). We plot the decay of long-
range correlation in the z direction with r for different disorder
strengths with two- and three-body DM interactions for different sys-
tem sizes. (a) For the two-body DM interaction (D = 0.5, D' = 0), in
the ergodic phase (In |C%|) saturates to a high fixed value, denoting
the presence of strong correlations arising from the DM term. On the
other hand, in the MBL phase, such correlation decays exponentially
as seen for & = 6.2. (b) Effect of the three-body DM interaction—a
similar trend is observed for D = 0, and D’ = 0.5, at higher disorder
strength h. For instance, corresponding to & = 6.2 in (a), similar
behavior emerges when i = 10. Therefore, a higher disorder 4 is
required for the transition from the ergodic to the MBL phase. All
the axes are dimensionless.

when D =D’ =0, the decay of (In|CZ%|) is slower for &
belonging to the deep ergodic phase, while its decay is rapid
in the MBL phase [20]. In the presence of DM interaction, we
find that even for moderate to large & values, the decay rate
is small and it gets larger only when the disorder strength is
strong enough (see Fig. 5). Further, the LR correlation value
itself of the Heisenberg model with nonvanishing DM interac-
tion becomes higher than in the case without DM interactions.
For example, at a fixed system size N = 12 and distance
r =06, (In|C%|) ~ —10.5 for h = 6.23 and (In |C%|) ~ —4.5
for h = 1.77 for D = 0.5, D’ = 0 [see Fig. 5(a)], while sim-
ilar (In|C%|) values (~ — 10.5 and ~ — 4.5) are obtained
for higher & (h = 10.0 and h = 2.41, respectively), when
D =0,D' = 0.5 [see Fig. 5(b)]. As a result, stronger disor-
der strength is needed to observe the onset of exponential
decay, indicating a delayed transition to the MBL phase. In
both the two-body and three-body DM interaction scenarios,
the long-range correlation decays exponentially at sufficiently
large disorder strength, which is a hallmark of the MBL phase.
These findings confirm that the DM interaction enhances the
correlations between spins and effectively extends the ergodic
phase, which is also responsible for high multipartite entan-
glement in the system.

IV. FINITE-SIZE SCALING ANALYSIS FOR TRANSITION

The divergence of the correlation length is a central
concept in the theory of critical phenomena and phase tran-
sitions. The transition from the ergodic to the many-body
localized phase is typically characterized by a power-law di-
vergence of the correlation length of classical correlators. In
such scenarios, the correlation length (of finite-size systems)

0.6 o N=12
0.41 ﬁ . o N=14
Iz o N=16
] ) o N=18
/\0'3 S 04 e N=20
[$) e 0 100
~0.24 8 sgn[h — h*]N/¢| -
8
0.11 (@] {o. (b)
—100 0
0.0 ocoawo 00 | | sgn[h — h*|N/¢ % @
0 200 —400 —200 0

sgn[h — h*]N/¢ sgn[h — h*]N/¢

FIG. 6. Finite-size scaling analysis of the averaged GGM and
level spacing (in insets) in the presence of (a) two- and (b) three-body
DM interactions. For five different system sizes, N = 12, 14, 16, 18,
and 20, (G) (ordinate) against sgn[h — h*]N/£ (abscissa). Interest-
ingly, we obtain the scaling exponent and critical disorder strength,
which are independent of system size. The resulting values and
the exponents obtained are reported in Table II. All the axes are
dimensionless.

diverges as
_ 1
=R

where v is the critical exponent. #* denotes the finite-size
estimate of the critical disorder strength. In this study, we fix
the value of 4* (independent of system size N) and perform
a finite-size scaling analysis to obtain scale-invariant observ-
ables X = X (N/&). This can be accomplished by minimizing
a cost function CX [22,32,33,72,124], to quantify the quality
of data collapse. The cost function is given by

3 )

Nigr—1
x _ 2imr 1 Xk — Xil

max{X;} — min{X;} L ®)
where N is the number of data points corresponding to
different values of disorder strength h, system size N, and
all X; values are sorted in nondecreasing order according to
the rescaled variable sgn[h — h*]N/&. An ideal data collapse
yields a cost function C¥ = 0. We perform finite-size scaling
analysis for both the average gap ratio (r) and the multipar-
tite entanglement measure @, for the random Heisenberg
model as well as for cases involving two- and three-body
DM interactions. In order to find out system-size-independent
criticality in the transition from the ergodic to the MBL phase,
we perform finite-size scaling in Fig. 6. The finite-size es-
timates of the critical disorder strength i* and the scaling
exponent v change with the introduction of two- and three-
body DM interactions; more precisely A* increases relative

to the Heisenberg model, as verified by both quantifiers, (r)
and @, as shown in Table II. On the other hand, #* is higher
in the case of a three-body DM interaction than in the case
of a two-body DM interaction, indicating an increase of the
ergodic region in the presence of a three-body DM interaction,
as shown in Table II.

We note that the critical disorder strengths obtained from
{r)y and (G;) do not coincide exactly, and the difference
becomes more pronounced in the presence of DM interac-
tions, particularly for the three-body term. This discrepancy

does not originate from the single-site approximation, since
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TABLE II. Finite-size estimates of the critical disorder strength

h* and critical exponent v from scaling analysis of (r) and (G) for
different interaction types. The A* obtained from GGM increases
with two- and three-body DM interactions, which is in good agree-
ment with the values from the gap ratio. This also establishes the
usefulness of GGM for the detection of ergodic to MBL phases.

Interaction type Quantity h* v
D=0.D =0 ﬂ 3.76 1.33
(G) 3.96 1.26
D=05D =0 ﬂ 4.03 1.08
(G) 4.69 1.44
D=0.D =05 ﬂ 6.22 1.06
(9 7.66 1.53

G, approaches G rapidly with increasing system size (see
Fig. 1). Rather, the two quantities probe different features
of the finite-size crossover: the gap ratio detects the change
in spectral statistics, while the GGM captures the suppres-
sion of genuine multipartite entanglement in the eigenstates.
The effective next-nearest-neighbor hopping generated by
the three-body DM interaction enhances delocalization and
broadens the crossover regime, thereby allowing the two in-
dicators to acquire distinct critical disorder strengths. The
values reported in Table II should therefore be regarded as
observable-dependent finite-size estimates of the critical dis-
order strengths.

V. CAPTURING ERGODIC TO MBL TRANSITION VIA
DYNAMICAL QUANTITY

The entire analysis performed in the previous sections is
based on the properties of the eigenstates and eigenspectrum
of the Hamiltonian. The multisite entanglement turns out to
be a beneficial quantity for determining the transition from
the ergodic to the MBL phase, apart from revealing the po-
tentiality in quantum information tasks in the latter phase. Let
us now assess whether the nature of multipartite entanglement
over time can also carry signatures of the phases.

To answer this, let us consider the evolution of an ini-
tially unentangled state under a Hamiltonian residing either
in the localized or in the ergodic phase. In the MBL phase,
the system typically preserves substantial memory of the ini-
tial configuration owing to the inhibited transport of energy
and other local observables. However, what distinguishes the
MBL phase from its noninteracting counterpart, namely the
Anderson localized phase, is the nontrivial manner in which
quantum information, for example, entanglement, disperses
across the system. A hallmark signature of this phenomenon
is the logarithmic growth of the half-chain von Neumann
entropy when a product state undergoes unitary dynamics
governed by an MBL Hamiltonian [62]. This slow, yet steady,
entanglement growth is widely recognized as a defining trait
of interacting disordered systems, where strong correlations
among numerous local degrees of freedom, such as spin
orientations, are crucial. Notably, this behavior is absent in
noninteracting settings, thereby serving as a key diagnostic of
many-body effects.

h
6
101
S 4
oY
-2
10 9

FIG. 7. Dynamics of genuine multipartite entanglement. Aver-
aged GGM G(r) (ordinate) of the time-evolved state, |y (r)), with
time r = J7 for a disordered Heisenberg spin chain with DM interac-
tions for different disorder strengths [Eq. (1)] with the initial state
being the Néel state, | (0)) = |1 414 ... t). (@) The two-body
DM interaction with D = 0.5 and (b) three-body nonvanishing DM
interaction with D’ = 0.5 and D = 0. Different curves correspond to
distinct disorder strength values 4, ranging from the ergodic regime
(h = 2.0) to many-body localized phases (2 = 6.5). The dashed lines
represent the polynomial growth of G(¢) in transient time. Here, the
system size N = 18 and all the axes are dimensionless.

At this point, it is important to emphasize that the half-
block entropy captures entanglement solely across a single
bipartition, thereby overlooking the genuinely multipartite
character of quantum correlations that may emerge during the
dynamics. To overcome this limitation and to gain a better
understanding, we investigate the evolution of multipartite
entanglement in terms of GGM, following the methodology
established in the preceding section.

We consider the Néel state, |y (0)) = |1 {14 ... 1)), as
the initial configuration and evolve it under a disordered inter-
acting Hamiltonian, yielding the time-evolved state, | (1)) =
e~ H1y(0)), where H is defined in Eq. (1) and 7 = J7 is the
dimensionless time scale. Interestingly, the temporal behavior
of GME averaged over multiple disorder realizations, indi-
cated as m, exhibits a signature that demarcates the MBL
phase from the ergodic one, in agreement with conventional
diagnostics such as the imbalance [62]. Note that ) only
contains averaging over the disorder realization, unlike in
the static case. To carry out this study for moderately large
system-sizes (N ~ 18), we employ the Chebyshev polyno-
mial expansion technique, which enables efficient simulation
of real-time dynamics in disordered quantum systems (see
Appendix B).

Initially, all disorder strengths exhibit a rapid rise of G(r)
[as seen in Figs. 7(a) and 7(b)] because of the initial spreading
of local wave packets. A characteristic peak around 0 < ¢ < 1
is observed, which is attributed to the spreading of excitations
up to the localization length and diminishes in magnitude
with increasing & (cf. Ref. [61,65,69]). At moderate times
t > 1, G(r) increases polynomially with time ¢, followed by
a saturating value. In the ergodic regime (e.g., & < 3), G(r)
reaches a high value close to 0.3, which is less than the
maximum value 0.5, indicating a moderately high multipartite
entanglement typical of thermalizing systems. It is important
to emphasize that, while the von Neumann entropy in a bipar-
tition may still exhibit logarithmic growth in the MBL regime
because of interaction-induced dephasing, the genuine multi-
partite entanglement does not exhibit a comparable increase.
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FIG. 8. Detection of transition point from the long-time regime. (a) and (b) G(10*) (vertical axis) with system size N (horizontal axis)
for two-body (D = 0.5, D’ = 0.0) and three-body (D = 0.0, D’ = 0.5) DM interactions, respectively. Each curve corresponds to a distinct
disorder strength ki, ranging from the ergodic regime (h = 2.0) to many-body localized phases (h = 6.5), as indicated in the legend. (c) Fitting
G(10%) ~ cN*, the exponent S (vertical axis) against & (horizontal axis) for three sets of D values. The transition point is given by disorder
strength /*, where G(10%) ~ N°, i.e., independent of system size. All the axes are dimensionless.

Instead, it remains largely bounded, suggesting that although
local entanglement spreads, global multipartite entanglement
remains constrained; a distinction that underscores the subtle
nature of information dynamics in the localized phases. As h
increases, both the peak height and the long-time value of G (r)
decrease, signaling the onset of localization. In the localized
phase (e.g., h > 4.0), the growth is substantially suppressed
and the long-time value of % attains a low value, after the
transient behavior.

The dynamics of multipartite entanglement shows that,
while the transient timescale # < 1 is similar across disor-
der strengths, the time required to reach a plateau becomes
much longer at strong disorder. The dynamical fluctuations of
the finite-size systems are suppressed by the quench averag-
ing over the realizations, with fluctuations being higher for
smaller system sizes. Since the saturation time also depends
on the system size, we use scaling of the multipartite entangle-
ment with system size at a fixed time to probe the finite-time
ergodic-to-MBL crossover. At times well beyond the initial
transient, i.e., t > 2 x 10 in our case, this scaling captures
the disorder dependence of the dynamics. We choose ¢ = 10%,
the largest time reached in our numerical calculations, to ex-
amine scaling with system size N. Since the dynamical regime
for the plateau in finite-size systems is sensitive to the disorder
strength, especially in the MBL regime, analysis at late times
allows the effects of disorder to become visible across the
system sizes considered.

In the preceding section, we observed that the presence of
DM interactions shifts the localization transition to higher val-
ues of the disorder strength 4, thereby extending the ergodic
regime. We find that this trend persists in the dynamical study
of multipartite entanglement as well. To quantitatively char-
acterize the transition, we investigate the long-time behavior
of %

Scaling of GGM with system size at long-time. At suf-
ficiently long times ¢ = 10*, the multipartite entanglement,
quantified via the disorder-averaged GGM, G(10*), serves as a
sensitive probe for distinguishing between ergodic and many-

body localized regimes. In the ergodic phase, G(10*) exhibits
a growth with system size N, suggestive of a sub-volume-law
scaling and reflecting the delocalized nature of eigenstates. In
contrast, the MBL phase is characterized by a near saturation
and decline of G(10*) with increasing N, described as a sub-
area-law behavior. These scaling features are encapsulated by
the functional form as

G(10%) ~ ¢N*, )

where B defines the scaling exponent [see Figs. 8(a) and 8(b)
for behavior in two- and three-body DM interactions], and the
coefficient ¢ captures disorder-dependent offsets. We interpret
the transition point as the critical disorder strength #* at which
B — 0, signifying a loss of extensivity in multipartite entan-
glement, i.e., an archetypal signature of localization.

We study the variation of G(10*) with N for different
disorder strengths and interaction parameters [see Figs. 8(a)
and 8(b)]. The scaling behavior yields a monotonic decrease
in B as disorder & increases. This dependence is summa-
rized explicitly in Fig. 8(c), where the extracted 8 values
are plotted as a function of / for three different choices of
Dzyaloshinskii-Moriya interaction strengths (D, D’). Notably,
the presence of either two-body (D 5 0) or three-body (D" #
0) DM terms shifts the critical point #* to larger values, imply-
ing an enhancement of ergodic behavior because of competing
interaction-induced delocalization mechanisms.

In the ergodic phase, the value of 8 € (0, 1) indicates a
sub-volume-law scaling that suggests the injected entangle-
ment into the steady state survives for a longer duration.
Interestingly, deeper into the localized phase, we observe
the emergence of negative values of 8, which we term sub-
area-law (8 < 0), as shown in Fig. 8(c), corresponding to a
decreasing trend of G(10*) with N. This counterintuitive result
signals that entanglement becomes increasingly suppressed
with system size, a manifestation of the persistence of mem-
ory of the initial (product) state. Such negative scaling is most
pronounced in the absence of the three-body DM interaction,
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TABLE III. Finite-size estimates of the critical disorder strength
h* for the transition estimated from the scaling of long-time entangle-
ment [G(10*)] for various DM interaction configurations by setting
the scaling parameter 8 >~ 0.

D D h*
0 0 34
0.5 0 3.7
0.0 0.5 6.4

indicating a more robust localization. We interpret this phe-
nomenon as a strong signature of entanglement freezing in
the deep MBL regime, where the breakdown of thermalization
is so severe that even long-time dynamics fail to generate
extensive correlations.

Recent experimental advances increasingly indicate that
maintaining equilibrium across varying parameter regimes
poses considerable challenges, particularly in strongly in-
teracting quantum systems and the preparation of highly
excited states [50]. In contrast, studying the system’s out-
of-equilibrium evolution, especially under nearly unitary
conditions, has emerged as a more practical and insightful
approach [39,125] to probe the ergodic-to-MBL transition.
Within this paradigm, our analysis demonstrates that the dy-
namics of genuine multipartite entanglement offer a powerful
diagnostic of ergodicity breaking. Specifically, the long-time
value of % scales with system size as G(10%) ~ N  with the
system-size exponent  exhibiting sharp crossover behavior
near the many-body localization transition, thereby serving as
a sensitive and robust indicator of the underlying phase struc-
ture (see Table III). These findings reaffirm that multipartite
entanglement dynamics captures the essential physics of the
ergodic-to-MBL crossover, even in the absence of equilibrium
assumptions.

VI. CONCLUSIONS

Many-body localization (MBL) emerges from the interplay
between disorder and interactions in quantum many-body
systems, giving rise to emergent integrability. In this work,
we showed that multipartite entanglement, specifically the
generalized geometric measure (GGM), provides an
information-theoretic quantity, capable of detecting the
transition from the ergodic to the MBL regime, both in the
equilibrium and the dynamical framework. We explored such
a transition in disordered Heisenberg spin chains under a
disordered magnetic field along with the effects of two- and
three-body Dzyaloshinskii-Moriya (DM) interactions on the
ergodic-to-MBL transition. These asymmetric DM exchange
interactions introduce new dynamics that significantly affect
the localization properties of the system, indicating an
expansion of the ergodic regime with the increasing DM
interaction strength. While the measure generally involves
optimizations over several bipartitions, we showed that in our
considered model, it was sufficient to consider only the single-
site reduced states. This simplification made the GGM highly
accessible, even for larger system sizes, and suitable for ex-
perimental implementation using current quantum simulators,

both digital and analog alike. From an experimental perspec-
tive, the single-site approximation of GGM may be accessed
without reconstructing the complete many-body state. Since
it depends only on the largest eigenvalues of the single-site-
reduced density matrices, these quantities can, in principle,
be estimated using randomized local measurements and
classical-shadow techniques [118,126,127]. It is discussed in
Appendix C as a possible route for experimentally detecting
the multipartite entanglement employed in this work.

Empowered with such an accessible measure, we examined
the quenched average of GGM for states situated in the middle
of the spectrum, within an equilibrium framework. We found
that the corresponding scale-invariant disorder value robustly
indicates the transition point from ergodic to localized phases.
To validate this, we matched these values with standardized
measures of gap ratio and long-range correlators. The re-
sults exhibit strong agreement, reinforcing the effectiveness
of multipartite entanglement as a marker of the transition. A
notable and universal trend emerged from our study: in the
presence of Dzyaloshinskii-Moriya interactions, the transition
point shifts towards stronger disorder values, extending the
thermal regime. We explained such a shift as a consequence
of the injection of long-range correlations into the thermal
eigenstates because of the DM interaction. Such correlations
are typically seen in the presence of ergodic regimes, which
require stronger disorder values to induce localization in the
system.

We ventured into the nonequilibrium setting to study the
dynamical behavior of the multipartite entanglement while
starting with the Néel state. In the transient regime, the
average GGM increases polynomially with time. We inves-
tigated the behavior of the long-time average multipartite
entanglement as the system size is varied. We found that a
sub-area-law-like behavior occurs when the system is in the
localized phase, while in the ergodic phase, sub-volume-law
scaling is observed, consistent with delocalized and ther-
malizing dynamics. Notably, the disorder strength at which
this transition occurs in the dynamical regime closely aligns
with the critical point identified through equilibrium analysis.
These findings reinforce the utility of multipartite entangle-
ment as a dynamical indicator of ergodic—-MBL transitions.
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APPENDIX A: NUMERICAL DIAGONALIZATION

We use a recently developed polynomially filtered exact
diagonalization (POLFED) [115] to obtain the eigenstates
from the middle of the spectrum of the Hamiltonian (complex
in our case) up to system size N = 20. This approach is based
on transforming the Hamiltonian via a polynomial function,
such that the problem of finding the required spectrum of the
original Hamiltonian is transformed into that of finding the ex-
tremal eigenspectrum (via the Lanczos method [128,129]) of
the transformed Hamiltonian. Specifically, for a finite normal-
ized Hamiltonian (see Appendix B) H = sz‘i] ey (¥l
with eigenvalues ¢; € [—1, 1], to find n, eigenvectors |/;)
with eigenvalues close to o, the function f, (H) is used, such
that the set {¢;} close to o are the extremal (minimum and/or
maximum) eigenvalues of f, (H). Finally, to use the Lanczos
algorithm, only f, (H) |¥) is needed to be computed for arbi-
trary | W), without computing f, (H) explicitly.

For example, f,(H) = (H — o) can be used, which is a
polynomial function of A that has a high density of states
near o ~ (), i.e., near the middle of the spectrum. Therefore,
in this case, the Lanczos algorithm faces convergence issues
and is numerically unstable, as consecutive eigenvalues are
very close to each other, and a gap is needed for numerical
stability [128]. In the shift-invert approach, f,(H) = (H —
o)™, is taken, where [ is the identity matrix. Such a nonan-
alytic function produces a numerically stable eigenspectrum
of f,(H) (only when o ¢ {g;}) as {g;} close to o have a gap
inverse to the density of states near o. The idea of POLFED
is to expand the Dirac delta function §(x — o) in terms of
Chebyshev polynomials, i.e., §(x — o) = Z;io 7 T,(x), with
¢ = 2mn(-7) cos(pcos™! o) as the coefficients. This series is
truncated to a finite order K, which is to be chosen based on
the density of states of A near o such that the n, eigenvectors
have transformed eigenvalues in a single band. Therefore,

R 5
F W) = 5 3 e T, (A1)
p=0

is taken for a given K, and D is the normalization constant
to ensure fX(0) = 1, so that the maximum eigenvalue does
not exceed 1. We use each H as a (complex) sparse matrix
in the Armadillo C + + library [114,129] and the recursion
relation of Chebyshev polynomials to compute fX(H) | W) for
arbitrary vector |W). This multiplication is written as a func-
tion, which is fed to the Arnoldi method (as, at the time of this
work, Armadillo did not support complex sparse matrices for

the symmetric Lanczos method), by tweaking the “eigs_gen”
function of Armadillo.

Choice of K. As shown in Ref. [115], for a given Hamil-
tonian H, the order K can be chosen beforehand based on
the form of the density of states of H. The guiding prin-
ciple is that the lowest eigenvalue O, of ff (H) satisfies
Omin > 0.17, as this is the value of the next maximum of
fa’( (—1 < & < 1), the eigenvector corresponding to 6,;, can
be far away from o . For a given n,, 6, and the time required
for diagonalization decrease with increasing K, as the fX(H)
becomes sharper near o with increasing K. We keep K such
that 6, > 0.2, and obtain K = 60 to 100 for N = 16, and
K =240 to 300 for N = 18 for different values of disor-
der strength & € [0.5, 10.0] and DM interaction strengths D
and D'.

Once the n, eigenvalues {0;} and the corresponding
eigenvectors {|y;)} are obtained with min{6;} > 0.2, the
eigenvalues {E;} of the original H are computed as E; =
(¥;| H |¥;), which are used to compute the level spacing
ratios. The eigenvectors {|v;)} are then used to compute the
properties or observables of the system probed.

APPENDIX B: CHEBYSHEV POLYNOMIAL EXPANSION

The Chebyshev polynomial expansion provides a numer-
ically stable and efficient method for simulating the time
evolution of quantum states governed by a Hamiltonian
[130,131], specifically for large Hilbert-space dimension.
Given a quantum system described by a Hamiltonian H and
an initial state [¢(0)), the time-evolved state at time ¢ is
given by | (¢)) = e | (0)). Instead of diagonalizing the
Hamiltonian or using direct Taylor expansion, the Chebyshev
method expands the evolution operator in terms of Chebyshev
polynomials of the first kind, 7;,(x), which are defined over
the interval [—1, 1]. To use this expansion, the Hamiltonian
H must first be rescaled such that its spectrum lies within
[—1, 1]. This is done via a linear transformation H = #=2

a b
where a = @ and b = Emax‘;Enlin i

with Epin and Epax
denoting the minimum and maximum eigenvalues of H, re-
spectively. The series then approximates the time-evolution
operator

L
e M x TN ey (0T (HD, (B1)

n=0

where the coefficients ¢, (t) = 2™ (—j)1J, (at), J, denotes
the Bessel function of the first kind of order n and L — oo
is the exact representation of the unitary. The application
of Chebyshev polynomials to the state vector is performed
recursively using the relations |vy) = [¥(0)), |v;) = H|v),
and |V,41) = 2H|v,) — |va—1). The final evolved state is then
computed as | (7)) = e~ °-_ ¢, (t)|v,). The series is trun-
cated at finite L ~ max(30, 2at) (Appendix C of [31]), with
at least 30 terms for convergence checked with |c,(¢) |vL) | <
€n(=10719), where ¢, is the error of approximation, and can
be set either by machine-precision, or precision of Lanczos
method while normalizing the Hamiltonian. This method is
especially advantageous for large sparse Hamiltonians, as it
is stable and only requires successive applications of the
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Hamiltonian (or its rescaled form) to vectors, without the need
for full diagonalization.

APPENDIX C: EXPERIMENTAL ESTIMATION OF G,
USING RANDOMIZED MEASUREMENTS

The single-site approximation G; is determined by the
largest eigenvalue among the single-site reduced density
matrices,

Gi(¥) =1- m?X)\max(pi), (C1)
where
pi = Try(|W) (V]) (C2)

is the reduced density matrix of the ith spin. Consequently,
an experimental estimation of G, requires access only to the
single-site reduced states, rather than reconstruction of the
complete many-body quantum state.

We note that the estimation of extremal spectral properties,
particularly the largest eigenvalue of all possible subsys-
tems of a quantum state required to compute GGM, can be
efficiently approximated through the recently developed ran-

domized measurement toolbox [118]. This framework allows
for the construction of a so-called classical shadow p of the
true quantum state p by performing randomized local uni-
tary and projective measurements on a computational basis.
Crucially, the quality of this estimate can be quantified using
the operator norm, i.e., by computing a deviation between
the actual and estimated states as the probability that the
estimated classical shadow p is e-close to p is given by
P(|p — plloc < €) > 1 —k, where « is a failure probability
that decreases with the number of measurements and depends
on the dimension of the state p. Invoking Weyl’s inequality
[132], which bounds the deviation in eigenvalues by the oper-
ator norm difference, the estimated maximum eigenvalue A%
and the true maximum eigenvalue Apy, obey the inequality
[Amax — ASL | < ||/ — plloo- We may use this to obtain
P(|r%, — Aot | <€) >1—xk, (C3)

max

thereby asserting that the classical shadow framework can
provide a faithful estimation of the maximum eigenvalues
without requiring full quantum state tomography [133]. This
renders the approach particularly suitable for scalable entan-
glement diagnostics in many-body systems, where exact state
reconstruction can be expensive.
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