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Phase-accumulating hyperfine strain sensing with rare-earth-ion phase memories
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Long-lived hyperfine coherences in rare-earth-ion doped (REID) crystals provide controlled phase evolution
windows for metrology. We use this resource to propose an experimental protocol for accessing strain shifts
of ground state hyperfine transitions in non-Kramers REID materials, a quantity that is difficult to access
directly with conventional spectroscopic methods. Starting from the crystal field Hamiltonian, we relate the
response to strain-dependent effective quadrupole and Zeeman tensors, including changes in electronic wave
functions, virtual electronic admixtures, and the bare nuclear quadrupole interaction. The protocol optically

prepares a selected hyperfine class, uses a phase-controlled rf 77 /2 pulse to create the sensing coherence, and
applies synchronized dynamical decoupling pulses during the phase evolution interval so that a coherent ac
strain drive accumulates phase rather than averaging away. The accumulated phase is then retrieved by Raman
heterodyne readout. The resulting framework provides a route to understanding strain-induced hyperfine shifts

in non-Kramers REID systems.

DOI: 10.1103/w1j9-vdyt

I. INTRODUCTION

Rare-earth-ion-doped (REID) crystals combine several
properties that are unusual in a solid-state system. The opti-
cally active 4 f electrons are shielded by filled outer electronic
shells, giving rise to narrow optical transitions and long-lived
hyperfine coherences, while the large inhomogeneous broad-
ening of the optical lines allows spectral class selection and
optical pumping [1,2]. These properties have made REID
crystals important platforms for optical quantum memories
and coherent light-matter interfaces. Optical excitations can
be transferred to long-lived ground state coherences, and those
spin-wave excitations can be protected by rf dynamical decou-
pling (DD) while preserving optical phase [3,4]. Depending
on the material and operating point, coherence or storage
times ranging from milliseconds to minutes or hours have
been demonstrated [5-9].

The same separation of optical and hyperfine energy scales
that makes these systems attractive for memories also cre-
ates an interesting spectroscopy problem. Strain changes the
local crystal field, producing optical line shifts and broad-
ening that can be measured by piezospectroscopy [10,11].
The corresponding response of a ground state hyperfine tran-
sition is much less direct. Optical line shifts do not by
themselves determine this response. For non-Kramers ions
such as Pr’* and Eu®", the hyperfine splitting is described
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by an effective spin Hamiltonian. Strain changes its param-
eters through the local electric field gradient and through
changes in electronic eigenstates and virtual admixtures;
the relative contributions depend on the ion and host. The
hyperfine response can be much smaller than the optical re-
sponse and can be difficult to isolate in a frequency domain
measurement.

This difficulty is particularly clear when comparing the
relevant energy scales. Hyperfine transitions lie in the MHz
range, while the strain-induced changes of interest may be at
the hertz level. Optical transitions, by contrast, can undergo
much larger strain-induced shifts and broadening. In an op-
tical hole-burning measurement, one must then track small
changes in the relative positions of hyperfine-related features
despite potentially larger optical shifts and broadening; a com-
mon optical shift alone does not preclude such a differential
measurement. An alternative approach would be to allow the
small frequency shift to accumulate a measurable phase over
a sufficiently long time, rather than attempting to resolve the
shift directly. This principle already has a close experimental
precedent: Macfarlane et al. used Raman heterodyne spin
echoes to resolve sub-hertz electric field-induced shifts of
rare-earth hyperfine transitions by converting the frequency
change into an accumulated spin phase [12].

This is closely related to the older idea of a phase memory.
Spin echoes were described in terms of phase memory well
before the modern language of quantum information [13], and
photon echoes in inhomogeneously broadened solids were
later developed as frequency-selective optical data memories
[14]. In both cases, a controlled field writes phase information
into a material coherence, the coherence retains and evolves
that phase, and a later field reads it. Quantum optical memo-
ries impose the stronger requirement that an unknown optical
state be stored and retrieved faithfully, but the same long-lived
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ensemble coherence can also be used more simply as a classi-
cal phase memory resource for metrology.

Here we use that resource to measure strain-induced shifts
of ground state hyperfine transitions. A selected spectral class
is first prepared by optical pumping, and a phase-controlled
rf /2 pulse writes a transverse coherence between two hy-
perfine states. During the interrogation interval, an oscillatory
strain field modulates the hyperfine transition frequency. For
an ac signal, the rf 7 pulses are synchronized to the strain
zero crossings, reversing the sign of the phase response when
the strain changes sign. Successive half cycles then contribute
with the same sign and the strain-induced phase accumulates
instead of averaging away. The same DD sequence suppresses
slow frequency noise and defines the narrowband response of
the sensor.

The accumulated spin phase is read optically by Raman
heterodyne detection. In a three-level system, an optical read
field together with the ground state coherence generates a
Raman sideband; interference between this sideband and the
optical carrier converts the spin phase into an optical beat
phase [15-17]. Raman heterodyne spectroscopy has been
used for nuclear and electron-spin resonance, multipulse spin
echoes, electric field shifts of rare-earth nuclear coherences,
and microwave-to-optical conversion [12,18-21]. We there-
fore treat the sensor as an rf-written, optically read phase
memory.

The manuscript addresses four questions: Which micro-
scopic tensors determine the hyperfine strain response; how
the strain-induced phase accumulates under synchronized
DD; how large a transverse coherence can be prepared; and
how precisely that phase can be read out. We then consider the
anisotropic conversion between applied stress and local strain
in low-symmetry crystals, electric-field and thermal systemat-
ics of piezo actuation, site symmetry and ZEFOZ operation,
and the reconstruction of effective strain tensors from phase
slopes measured on different hyperfine transitions.

II. HYPERFINE PHASE MEMORY PROTOCOL

We consider a generic three-level implementation. Two
long-lived hyperfine levels |g) and |s) form the sensing tran-
sition, while an optically excited state |e) provides optical
pumping and readout. A complete experimental cycle consists
of four operations.

First, narrowband optical pumping prepares a selected
spectral class with populations p, and p, and population dif-
ference

P =p;—ps. ey

Second, a resonant rf pulse of area & = 7 /2 and phase ¢,
rotates the population difference into a transverse coherence
and thereby writes the phase into the material. Third, the co-
herence evolves for a time 7 while strain shifts the hyperfine
transition. Refocusing or DD pulses produce a sign-changing
sensitivity function y(t) = %1, suppress slow magnetic and
frequency noise, and select the desired strain frequency. Fi-
nally, an optical read field on one leg of the A system converts
the ground state coherence into a Raman sideband on the other
leg. The sideband interferes with the transmitted read carrier,

or with a phase-related local oscillator, and the demodulated
beat gives ¢ry.

For an even number of refocusing pulses, or after correct-
ing their known parity, the retrieved phase in the convention
specified in Appendix B has the form

PR = Py + Pe + D¢ + o, )

where @, is the strain phase, ®. contains known phases
imposed by rf control, and ¢, is a fixed optical and elec-
tronic offset. A reference cycle with the actuator disabled, or
a differential measurement between opposite strain phases,
removes ®. + ¢p. Scanning ¢,, must then produce a line
of unit slope, while strain translates that line vertically by
®,. This write-retain-read test is an operational verification
that the device functions as a phase memory independently
of an absolute Raman sideband calibration. Figure 1 shows
the level structure for Pr3*:Y,SiO5 and relevant experimental
sequence.

Another option is to implement a full, optical input-output
type memory operation [3,9,22] with DD at zero B-field. A
comparison with such an optical memory operation would
give valuable insights because the two approaches make al-
most opposite tradeoffs. For an optical input-output memory,
the relevant comparison is the usual linear storage regime, in
which the input field is kept weak enough not to modify the
prepared medium. In an atomic frequency comb (AFC) mem-
ory, a strong input would redistribute the prepared population
and distort or wash out the comb, while in electromagneti-
cally induced transparency (EIT)- or Raman-type memories
it would invalidate the weak-probe approximation and lead to
nonlinear storage dynamics. We therefore restrict the compar-
ison to weak optical inputs, for which the stored spin wave
corresponds to a small Bloch sphere tilt [23]. An 1f /2
pulse, by contrast, can rotate the already prepared hyperfine
population difference close to the equator without requiring a
strong optical storage field. The advantage appears at readout:
An optimized memory can map a large fraction of the stored
excitation back into a well-defined optical output mode, and
high storage and retrieval efficiencies have been demonstrated
in rare-earth crystals [24]. In the direct rf-written scheme,
by contrast, a /2 pulse can rotate the prepared population
difference to the equator and therefore create the largest mean
hyperfine coherence available from that class. The optical
readout is then not a direct retrieval of the stored excitation but
a driven Raman conversion of the existing spin coherence into
a sideband. In the weak-read limit the sideband field is linear
in the read field and in pg, but increasing the read intensity
eventually brings saturation, power broadening, optical pump-
ing, reabsorption, and backaction. Thus, the rf-Raman scheme
gains coherence amplitude at the preparation step, whereas an
optical input-output memory has the cleaner and potentially
much more efficient optical retrieval (see Appendix E for a
quantitative comparison).

III. MICROSCOPIC ORIGIN OF THE HYPERFINE
STRAIN COUPLING

For a chosen transition, we describe the strain response by
a frequency slope G;. This section identifies the microscopic
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FIG. 1. Proposed strain measurement scheme. (a) Relevant Pr’*:Y,SiOs hyperfine levels and optical transitions near 605.977 nm. The
ground state transition |+1/2,) <> |£3/2,) is controlled by rf fields. An optical read field on [£1/2,) <> [43/2,) generates a coherent Raman
sideband on |£3/2,) <> |£3/2,). (b) Timing sequence. Before the sequence shown, optical pumping polarizes the addressed spectral class,
ideally into |+1/2,). A phase-controlled rf 7 /2 pulse with phase ¢,, creates the ground state coherence p . During the storage interval,
synchronized rf 7 pulses provide dynamical decoupling while the ac strain contributes the accumulated phase ®.. The final optical read field
generates the Raman sideband, whose beat phase yields the Raman heterodyne phase ¢ry.

object represented by that slope and distinguishes it from an
optical piezospectroscopic coefficient.

A. Crystal field strain Hamiltonian

Within a fixed electronic angular momentum multiplet, as
used for Pr3t, a convenient microscopic Hamiltonian is

H =Hpi + Hop + Al - J + Hy + He
3)

The crystal field is conventionally expanded in Stevens oper-
ators [25,26],

+gsupB -J — gounB - 1.

Hep =) BLOL. )
kq

Using €, = (€, €y, €225 €z, €xz, €xy), Without engineering-
shear factors of two, the linear strain perturbation may be

written
k k
Hs :ZEaVuv Vu = Z)’aqoq,
a kq

where yak 7= 8B’; /0€, are ion- and host-specific crystal field
strain parameters.

For the Pr** and Eu** systems considered here, the rele-
vant electronic crystal field states are singlets. Projecting the
electronic degrees of freedom to a selected singlet gives the
effective hyperfine Hamiltonian in frequency units [27-30].

H;
= BiM;j(e)l; + 1;0;; (€)1},
with repeated Cartesian indices summed. Standard second-
order expressions for the enhanced nuclear Zeeman tensor
M, the effective quadrupole tensor Q, and the electronic
susceptibility tensor A are collected in Appendix A. Strain
changes both the crystal field eigenvectors and the electronic
energy denominators entering these tensors. Consequently, it

&)

(6)

changes M and Q. Direct strain dependence of the bare nu-
clear quadrupole interaction or of hyperfine constants can be
included in the corresponding effective derivatives and does
not alter the phase protocol. For Eu**, whose ground state has
J = 0, intermultiplet electronic matrix elements must replace
the fixed-J notation in the microscopic reduction; the effective
form in Eq. (6) remains applicable (Appendix A). Neither case
is determined by an optical line shift coefficient alone.

B. Effective transition slope

Expanding the tensors about an operating point gives

0ij(€) =0 + Y KPVe,+ O(e?), )

Mij(€) = M + Y K¢, + O(€). ®)

Here Ki(jQ’“) = 00;/0€, and Ki(jM’“) = 0M;;/0€,, evaluated at
the operating point. Physically, these tensors describe how
a given strain component changes the effective quadrupole
and Zeeman couplings of the hyperfine manifold. At zero
magnetic field, define the sensing transition frequency as vy =

(E; — Eg)/h, where |g) and |s) are eigenstates of I - Q© - 1.
First-order perturbation theory gives
vy
G;.a(0) =
(0 d€,

€))

For a calibrated one-parameter strain pattern €, = §,¢, the
measured scalar coefficient is

Gi(0) =) £,G,a(0).

= (SILKPVL;ls) — (ellK P 1;1g).

(10)

At finite field there is an additional contribution from K™,
The scalar G; is therefore a projection of an effective hyperfine
strain tensor. A single measurement cannot determine one
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microscopic y,f 7: recovering those coefficients requires sev-
eral transitions, strain geometries, and a crystal field model.
The expressions above identify the strain coefficient to be
measured, but they do not fix its magnitude without a micro-
scopic strain model. For the estimates below, we therefore use
a simple scaling argument. If one virtual electronic energy de-
nominator A, dominates the pseudoquadrupole contribution,
the corresponding hyperfine splitting scales approximately as

A7

. 11
e Y

Vg ™~

A strain-induced change of the electronic level spacing then
gives

12)

Rare-earth optical strain and stress measurements give elec-
tronic frequency shift scales of order several to a few
tens of THz/strain; we take h~!|d A /d€| ~ 6—30 THz/strain
as a representative range [10,11]. Together with v ~
10—100 MHz and A.j/h ~ 1—10 THz, this gives the working
estimate |G,| ~ 10’ —10° Hz/strain. This estimate refers only
to the virtual-admixture contribution; direct strain dependence
of the bare quadrupole interaction and strain-induced changes
of the electronic matrix elements can modify both the mag-
nitude and sign of G;. For scale, a strain amplitude € = 10~8
together with |G| = 108 Hz/strain corresponds to a hyperfine
shift of only |8v;| = |Gse| = 1 Hz.

C. Experimental benchmark from hyperfine Stark spectroscopy

Macfarlane et al. provide a direct precedent for resolving
small hyperfine shifts through phase accumulation [12]. Their
Eu:YSO experiment used Stark-modulated quadrupole echoes
with Raman heterodyne detection. The measured coefficients
were 0.42 and 1.0 Hz cm/V for the 34.54- and 46.20-MHz
transitions, compared with an optical Stark coefficient of ap-
proximately 27 kHz cm/V.

These numbers also permit an order of magnitude compar-
ison with a fractional electronic energy scale estimate. If a
single virtual electronic denominator dominates, this estimate
reads

(hf) kg)pt)
kp '~ vg——. 13
£ Ak -

Using v, = 10—100MHz and A./h =1-10THz gives
kght) ~ 0.03—3Hzcm/V, bracketing the measured values.
The similar magnitude does not, however, imply the same un-
derlying mechanism: Macfarlane et al. attribute the Eu:YSO
nuclear Stark response mainly to the change in electric field
gradient acting on the bare quadrupole moment, with only a
small pseudoquadrupole contribution.

The experiment resolved a 0.6 Hz change through Stark-
induced echo modulation, not by locating a spectral line via
direct spectroscopy with sub-hertz precision. Its rf interpulse
delay was 10 ms and the echo traces were typically averaged
over 150 shots at 5 Hz. As a demonstrated frequency resolu-
tion, rather than a single-shot or per-root-Hertz sensitivity, this

corresponds conditionally to

0.6 Hz
|G|

e =6x107%-6x 10710 (14)

for |G| = 10”—10° Hz/strain. This is an experimental bench-
mark for phase-based frequency readout; the proposed strain
measurement still requires an independent strain calibration.

D. Finite-field and ZEFOZ operation

At a finite operating field, the eigenstates and the transition
slope must be evaluated from the complete effective Hamil-
tonian in Eq. (6). A zero-first-order-Zeeman (ZEFOZ) point
satisfies

Vpvs(Bz, € =0) =0, 15)
but this condition does not necessarily imply

vy

=0. 16
€, B, (16)

Magnetic field and strain differentiate different parameters
of the effective Hamiltonian. ZEFOZ operation can therefore
suppress first-order magnetic noise while retaining a finite
strain coefficient G; ,(Bz).

Strain can also move the magnetic sweet spot. Let Hp
be the Hessian of the transition frequency with respect to
magnetic field at B. To first order in strain, the displacement
that restores the ZEFOZ condition is

8Bz = —Hy' Y VG, u(Bz)ea, (17)

provided Hp is invertible in the relevant subspace. The phase
slope at fixed field and the strain-induced displacement of the
ZEFQOZ point are distinct observables.

IV. PHASE ACCUMULATION
AND DD FILTER FUNCTIONS

For one selected hyperfine transition, the strain-dependent
two-level Hamiltonian can be written
Hy(t) _ 1

- -5 [0 4+ 27 Gye () + Swy(t)]o. +

H.(1)
. (18)

Here o, = |g) (gl — |s)(s| and a)i,g) = 2mv,; dw, denotes un-
wanted frequency noise and H, contains the rf control.

In the toggling frame of ideal instantaneous 7 pulses, the
strain contribution is

H%(t) = —hrw G, y(t)e(t)o, 19)

where y(r) = +1 changes sign after each refocusing pulse.
Since H.%(¢) is proportional to o, at all times,

[H8(r), HO8(1)] = 0. (20)

The time ordering is therefore trivial, and the ground-state
coherence evolves as

T
pgs(T) = pgs(O)eXp[izﬂGs/O Y(t)é(t)dt] 21
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FIG. 2. Synchronization and phase accumulation. (a) The normalized ac strain (blue) and finite-width rf -pulse envelope (red), drawn
in the same waveform convention as the accompanying time-domain simulation. Here fpp denotes the m-pulse repetition rate, so the
locked condition is fpp = 2 fsyain; the lower row shows the slip produced by the 5% mismatch fpp = 2.1 fyin. The illustrated pulse duty
cycle is ; fpp = 0.08. During each pulse the sensing function is set to zero as a pulse-blanking approximation, rather than a full driven
Bloch-equation treatment. (b) Representative accumulated strain phase for Gyep = 60Hz and fi.in = 2kHz using the same finite-pulse
model. Synchronized DD produces nearly linear growth over the plotted 0—4 ms interval, whereas the detuned sequence gives a beat
and reduced net phase. The green trace and its 0-25 us inset instead show the small-phase coherent signal Cy(T )P, (T'), with contrast

Co(T) = exp[—(T /25 us)?], that shows the decay with T,* ~ 25 us.

The accumulated strain phase is thus

T
o(T) = 271GS/ y(t)e(t)de, (22)
0

with y(¢) = 1. For a Fourier component €(¢) = Re[e,e '],
define

T
Y(w) = f y(r)e dr. (23)
0

Then
@, = 271G Rele, Y (w)]. 24)

The same Y (w) determines the response to coherent strain
and, through |Y (w)|?, the susceptibility to frequency noise
[31,32].

For free evolution, y(¢) = 1 and

. T
Yo(w) = Te T2 sinc (”7) (25)

where sincx = sinx/x. A Hahn echo suppresses quasistatic
shifts and responds near w ~ 7w /T. An equally spaced pulse
train gives a narrow passband near half the m-pulse rep-
etition rate. The same multipulse lock-in principle is well
established in ac spin sensing [33]. For a sinusoidal strain
€(t) = €g cos(wpt + ¢p) and an ideal square-wave sensitivity
synchronized to the sign of the strain, the large-cycle limit
gives
|CDDD,res| = 4|GS|60T- (26)
For scale, |Gep| = 1 Hz gives |®.| >~ 0.04 rad after T =
10 ms in this ideal matched limit. Resolving that phase re-

quires sufficient surviving coherence and readout precision.
Figure 2(b) instead uses |G,eg| = 60 Hz: Equation (26) gives

0.96 rad at T = 4 ms, reduced slightly to about 0.95 rad by
the finite-pulse model.

For strain that is effectively constant over the interrogation
time and no refocusing,

| Pfree| == 27 |GsleoT 27

DD therefore has two functions in this measurement: It pre-
serves the coherence and sets the temporal weighting with
which the strain contributes to the accumulated phase.

Real rf pulses introduce finite duration, detuning, ampli-
tude error, and spatial Rabi frequency inhomogeneity. We
therefore write the surviving ensemble coherence as

/ng(T) = Pgs(O)C(T, Ny )ei[QG(T)+¢C(T)]9 (28)

where C < 1 is the measured contrast after n, control pulses.
Phase-robust sequences such as KDD or appropriately phased
XY families are preferable when the initial transverse phase
is deliberately scanned, because an imperfect CPMG train
preferentially preserves one spin component [3,34].

Figure 2 shows why synchronization matters. When the
sign changes of y(¢) coincide with the zero crossings of the
strain, the product y(z)e (¢ ) keeps the same sign and successive
half cycles add constructively, giving an approximately linear
phase growth. If the DD frequency is slightly detuned, the
pulse train gradually slips in phase relative to the strain. The
contributions then cease to add with the same sign, producing
the beatlike response in Fig. 2(b); beyond the first maximum,
later parts of the evolution can partially cancel phase accumu-
lated earlier. A longer coherence time therefore does not by
itself imply a larger signal unless the DD sequence remains
phase matched to the strain. On the other hand, without DD,
the sinusoidal strain is integrated with y(z) = 1, so positive
and negative half cycles largely cancel and the accumulated
phase remains bounded rather than growing with time. In
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addition, inhomogeneous broadening suppresses the observ-
able ensemble coherence on the short 7;* scale. The 0-25 us
inset illustrates these two effects: The bare strain phase
is small and oscillatory, while the plotted coherent signal
Co(T)D o(T) rapidly disappears as the ensemble dephases.
The corresponding ensemble dynamics on the Bloch sphere
are shown in Supplemental Material, Videos 1 and 2, for
the synchronized and 5%-detuned DD sequences, respectively
[35]. The simulations use the same pulse timing as Fig. 2 and
show the individual pseudospins and collective Bloch vector
during the strain-induced phase evolution.

V. RAMAN HETERODYNE PHASE READOUT

Assume that the optical read field drives |g) <> |e) with
complex Rabi frequency €2, and detuning A,. To first order
in the ground state coherence, the optical coherence on the
other leg is

) —i<2,
Pes N Y
2(‘}/&3‘ + IAES)

where y,; and A, are the relevant optical decoherence rate
and sideband detuning. The generated polarization radiates at
, & wg,. Propagation, optical depth, mode overlap, inhomo-
geneous broadening, and phase matching can be collected into
a complex conversion coefficient K,

Ey = ’CErNeffpgs- (30)

Pgs- (29)

Equation (30) is a small-signal relation. For sensitivity esti-
mates it is safer to use the experimentally measured coherent
beat and define an equivalent detected sideband photon num-
ber Ng,: The photon number that a coherent sideband in the
analyzed temporal and spectral mode would have if separated
from the carrier. It can be inferred from the beat amplitude,
the carrier photon number, and the measured visibility even
when the sideband is not physically filtered from the carrier.

The sideband phase contains the optical read phase and
the spin phase. Beating it against the transmitted read carrier
cancels the common optical phase and gives

Pru = arg(pgs) + ¢k €19

where the fixed phase ¢« includes detuning, propagation, and
electronic demodulation. Optical readout also allows the mag-
netic field operating point or selected transition to be changed
without requiring a high-Q microwave detection resonator to
be retuned to every transition.

For a carrier or local oscillator containing Ny o detected
photons and a sideband containing Ny, the mean detected
photon number versus relative phase is

N(¢) = NLo + Ny + 2V/Ni 0Ny, cos @, (32)

where 0 < V < 1 accounts for mode overlap and coherence.
In the strong-LO limit, the beat amplitude and LO shot noise
both scale as 4/Npo; the LO therefore disappears from the
quantum-limited phase precision. The optical contribution is

3¢opt =

Kdet
V/Ny

The value kger = 1/2 is the ideal phase sensitive homodyne
limit, requiring an optical local oscillator matched to the

(33)
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FIG. 3. Single-shot strain sensitivity in the presence of coher-
ence decay. The gray dashed line shows the ideal limit without
coherence decay. The colored curves assume exponential coherence
decay, C(T') = exp(—T/T;), using representative zero-field coher-
ence times for Pr:YSO (7, = 0.50 ms) [38], Pr:LaWO (7, = 8.4
ms) [3], and Eu:YSO (7, = 15.5 ms) [39]. For Pr:LaWO, T, =
8.4 ms is the coherence-amplitude lifetime corresponding to the
measured 4.2 ms 1/e retrieval intensity decay under CPMG. Solid
curves use G, = 10% Hz/strain, while the shaded regions span G, =
107 —10° Hz/strain. We assume Ng,(0) = 10°, V = 1, and ideal ho-
modyne readout.

sideband frequency and measured quadrature. Conventional
carrier-sideband Raman heterodyne gives kger = 1 /ﬁ, in-
cluding the image-band penalty; electronic phase locking
alone does not remove that penalty [36]. Figure 3 uses the
ideal homodyne value. For conventional Raman heterodyne,
the optical noise-limited uncertainties increase by /2. Detec-
tion loss is included because Ny, is defined after detection.

The independent-spin projection floor of an rf-written co-
herent spin state is approximately

1

) ~ 34
SN = IO N G

Combining optical, spin-projection, and technical noise gives

2
1
Fdet + 802 (35)

8% ~
¢ P2C2Nyg

V2N

The first two terms are limiting contributions in an indepen-
dent spin, coherent sideband model; a detailed microscopic
readout model may correlate them. They become equal at

Cross ___ K(?etPZCZNeff (36)
sb - Vz .
For ideal homodyne readout with }V = 1 this is P2C* N /4;
for conventional Raman heterodyne it is P2C?Ng; /2. Reach-
ing that point can require a large coherent sideband; in many
experiments laser phase noise, vibration, rf phase drift, and
actuator noise will become relevant first.
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VI. STRAIN SENSITIVITY AND BENCHMARKS

From Egs. (24) and (35), the single-shot uncertainty of a
strain quadrature aligned with the filter response is
3¢
271G,Y (w)|

For a coherent ac strain field at the center of the DD filter
passband, corresponding here to fpp = 2 fyyrain, EQ- (26) gives

Se(w) = (37

3¢
1) = . 38
€DD 4G, |T (38)
If optical shot noise dominates,
Senp.on(T) = Kdet (39)
e 4V|G,ITC(T)/Np(0)’

Here Ny, (0) is the equivalent detected sideband photon num-
ber extrapolated to zero storage time for the same preparation
and read pulse. Equations (28) and (30) give

Nsp(T) = Ng(0)C*(T). (40)

Equation (39) is therefore equivalent to the previous ex-
pression written using the sideband photon number actually
detected at time 7. For ideal phase sensitive homodyne read-
out it reduces to 1/[8V|Gs|TC(T )/Ng(0)]. Thus, as in our
recent analysis of memory-assisted squeezed light velocime-
try [37], increasing the storage time improves the sensitivity
only while the coherence C(T") remains sufficiently large.

Figure 3 shows the resonant DD optical shot noise strain
floor as a function of storage time. For fixed G, and Ny, (0), the
sensitivity initially improves through phase accumulation and
then worsens once the loss of coherence outweighs the gain
in interrogation time. The gray dashed curve is the no-decay
limit. Solid curves use G, = 10% Hz/strain and the shaded
regions span 107 —10° Hz/strain for the three zero-field coher-
ence benchmarks above. The common value Ng,(0) = 10° is
an assumed, averaged detected sideband photon number. The
bands vary the assumed |G;|. Figure 3 uses exponential en-
velopes, C(T) = exp(—T/T>), with experimentally reported
zero-field coherence scales in three rare-earth systems. The
natural Pr:YSO value 7> >~ 0.50 ms is the established baseline
quoted in Ref. [38]. In Pr:Lay(WQy )3, Lovric et al. measured a
4.2-ms 1/e decay under CPMG, corresponding to an effective
T» lifetime of 7> = 8.4 ms [3]. For P'Eu3*:Y,Si0s, a zero-
field Raman echo measurement gave 7, = 15.5 & 2 ms [39].
These values are used only as experimentally relevant decay
constants; they were obtained with different control sequences
and do not define a common DD pulse number or sensing
frequency. In an actual ac-strain measurement, C(7') must be
characterized for the chosen pulse timing and sequence.

In conventional Raman heterodyne detection, the optical
read field propagates through the crystal, generates the Raman
sideband, and the transmitted carrier subsequently acts as
the local oscillator for that sideband. Its intensity therefore
cannot be increased independently of the interaction with the
ions. For the optional phase-sensitive homodyne measurement
considered in Fig. 3, a separate local oscillator can instead be
added after the crystal, which does not perturb the ensemble.

To characterize this regime, we use the resonant satu-
ration parameter s, = |2, 12/(T1T2) = I./I, where T'; is

the optical population decay rate and I'; the optical co-
herence decay rate. In a steady-state closed two-level
model, the excited-state population is p.. = s,/[2(1 + s,)],
while the power-broadened optical half-width becomes ypp, =
I'24/1 + s,. Increasing the read intensity therefore increases
both the excited-state population and the optical linewidth. In
the weak-read regime, the Raman sideband photon number
grows approximately linearly with s, for fixed read duration.
As s, approaches unity, power broadening, optical pumping,
population redistribution, reabsorption, and read-induced spin
evolution become increasingly important, so the small-signal
relation in Eq. (30) is no longer sufficient [20,40]. We there-
fore treat Ny, as a measured readout quantity rather than infer
it from the read carrier power.

VII. STRAIN CALIBRATION, SYSTEMATICS,
AND MATERIAL PLATFORMS

A. Anisotropic elastic transfer and spatial averaging

A phase measurement does not by itself determine a strain
coefficient: It measures the product of the hyperfine strain
slope and the strain actually sampled by the ions. Relating
that strain to an externally applied stress therefore requires
the elastic response of the crystal. We use o0;; = Cijrien
and €;; = Sjji011, where i, j, k, I € {x,y, z} denote Cartesian
components, C;jy; is the stiffness tensor, and § = C~!is the
corresponding compliance tensor. In a monoclinic host such
as YSO, these tensors must be transformed from the crys-
tallographic frame to the sample and actuator frame. The
conversion cannot in general be described by a single Young
modulus, and the boundary conditions imposed by the mount,
adhesive, electrodes, and free surfaces must also be included.

For the six independent strain components a €
{xx, vy, zz, yz, xz, xy} defined above, we write the local
response to an actuator voltage V,;(w) as

Ga(rs CO) = FaV(rv a))Vd(w)v (41)

where ',y is the position- and frequency-dependent voltage-
to-strain transfer function. It may be obtained from an
independent calibration or from an elastic model that has been
validated experimentally.

The spin ensemble experiences a spatially weighted aver-
age of this strain,

 [w®en)dr

T Jweddr (42)

where w(r) describes the spatial weighting set by the partici-
pating ion ensemble and the optical and rf fields.

If the strain varies across the ensemble, the accumulated
phase varies with position as well. This reduces the observed
contrast according to

[ w(r)e i ®0ddr
S w(r)d3r

An inhomogeneous stress field can therefore contribute both
a mean phase shift and additional dephasing, consistent
with mechanically induced inhomogeneous optical responses
observed in rare-earth ensembles [11]. Where a calibrated
hydrostatic or uniaxial pressure coefficient of an optical
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reference line is available, it can provide an additional cali-
bration of the mechanical transfer [10,11].

B. Electric field and thermal systematics

A voltage-driven actuator can expose the crystal to strain,
electric field, and heating simultaneously. The measured tran-
sition shift should therefore be fitted as

Svy =Y GO +k® E+kST +-.-, (44

a

with independently characterized transfer functions from
drive voltage. Voltage reversal alone is not decisive because
both piezo strain and electric field can be odd in voltage. Use-
ful null tests are: Compare the complex response on and off
a mechanical resonance; vary shielding or electrode-crystal
distance while preserving mechanical coupling; use a remote
or nonelectrical mechanical drive; calibrate the Stark response
in a geometry with negligible strain; and compare transitions
or site classes with different strain and electric field tensors.
Temperature and laser frequency references should be inter-
leaved with the phase measurement. The Eu:YSO Raman
heterodyne Stark experiment provides a direct precedent for
independently calibrating the electric field term [12].

C. Site symmetry and magnetically inequivalent subsites

Rare-earth ions in YSO occupy two crystallographic sites,
each with local C; symmetry [12,28,29]. Because C; has no
nontrivial local symmetry operation, no component of a linear
strain response is forbidden at an individual site. A particular
transition or strain pattern can nevertheless have a vanishing
projected coefficient. At a generic magnetic field orientation,
each crystallographic site can form two magnetically inequiv-
alent subsites related by the crystal twofold rotation R. Their
parameters obey

B' = RB, ¢ =ReRT, (45)

Q =RORT, M’ =RMR". (46)

These relations constrain the pair of transition slopes and
reduce the number of independent global-fit parameters. At
zero field, a symmetry-preserving strain pattern may leave the
two orientations degenerate, whereas a generic field or strain
can resolve them. An experiment must therefore state whether
crystallographic sites and magnetic subsites are spectrally re-
solved, separately fitted, or deliberately averaged.

VIII. FROM SCALAR PHASE SLOPES TO EFFECTIVE
AND MICROSCOPIC TENSORS

The first quantity to determine experimentally would be
the effective strain Hamiltonian of the hyperfine manifold. For
each calibrated strain channel a, collect transition frequencies
and slopes G;, over several transitions, orientations, and,
where useful, small magnetic fields. Numerically diagonaliz-
ing Eq. (6) for trial tensors gives the fit model

VB, e;9) = A (B, €;#) — A (B, €:9),  (47)

where A, and A, are eigenvalues of H,/h and # contains Q(O),
M@ and the effective derivatives K@% and K™-®_ The data

vector may include both transition frequencies and slopes
obtained from the phase measurements,

d={v, 0.}, x>’=d-m)"z7'd-m). (48)

The Jacobian J,; = dm,, /00 shows whether the measured
observables contain independent information about the fitted
parameters. If its columns are not linearly independent, some
parameter combinations cannot be distinguished from the
available data. At zero field, an isotropic part of K@% adds
only a state-independent constant and is not spectroscopically
visible; each strain channel therefore contributes at most five
independent traceless symmetric quadrupolelike parameters.
This parameter count is not a guarantee of full identifiability
from zero-field frequency shifts: An / = 5/2 manifold has
only three hyperfine doublets and two independent transi-
tion frequencies. At first order, changes that only rotate the
quadrupole principal axes are invisible to these frequencies.
Recovering such components requires additional observables
sensitive to the eigenstates or suitably oriented finite-field
data; the latter also introduce the derivatives KM@,

Only after the effective tensors are constrained should one
fit the microscopic yfq in Eq. (5). That second stage inver-
sion requires a crystal field model because 9,0 and o,M
depend on strain derivatives of both eigenvectors and energy
denominators. Separating these two steps avoids interpreting
a measured scalar G; as a single microscopic crystal field
coefficient.

IX. CONCLUSION

In this work, we propose measuring the strain response
of rare-earth ensembles through the phase accumulated by
a long-lived hyperfine coherence, and retrieving this phase
using Raman heterodyne detection. The system therefore
acts as a coherent phase memory, converting strain-induced
frequency shifts into an accumulated phase during storage
and reading it out optically. This coherence is also used in
spin-wave optical memories, ensuring compatibility with later
operation using optical or nonclassical inputs.

Characterizing the strain response of hyperfine levels in
rare-earth systems is challenging. The response is generally
anisotropic, with several strain components often present si-
multaneously, while synchronous electric field or thermal
shifts can mimic the desired signal. Rather than relying solely
on instantaneous spectral displacement, we propose measur-
ing the strain-induced phase over a controlled sensing interval.
Combined with transition selection and the filter function of
the DD sequence, this provides a means of constraining strain
coefficients that are otherwise difficult to access directly. Ra-
man heterodyne readout has already been demonstrated to
detect sub-hertz changes in rare-earth hyperfine transitions.
Extending this to strain requires calibration of the transfer
function from actuator voltage to strain and separation of
strain from synchronous parasitic shifts. Measurements over
different transitions and strain geometries can then constrain
the accessible effective strain coefficients.

The proposed method therefore provides a practical route
to characterizing strain couplings through coherent phase
measurements. Spin-based detection of strain and mechani-
cal motion has close precedents in diamond defect systems
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[41,42]; here the sensing degree of freedom is instead a rare-
earth hyperfine coherence. The same phase-sensitive approach
can be extended to narrowband strain spectroscopy, coher-
ent acoustic-mode detection, and rare-earth optomechanics
[43-45].
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APPENDIX A: HOW STRAIN ENTERS THE EFFECTIVE
HYPERFINE HAMILTONIAN

1. Physical picture

For the Pr’* and Eu®* systems considered here, the rele-
vant electronic crystal field level is an isolated non-Kramers
singlet. There is therefore no low-energy electronic doublet
for strain to split directly. In addition, for an isolated time-
reversal-symmetric singlet,

(01J10) =0, (A1)
so the magnetic hyperfine interaction and the electronic Zee-
man interaction have no first-order matrix element within that
singlet.

The nuclear-spin levels nevertheless depend on the elec-
tronic structure through both the local electric field gradient
and virtual admixture of higher electronic states. The fol-
lowing compact derivation uses a fixed-J multiplet. Two
magnetic-hyperfine interactions generate the familiar pseu-
doquadrupole term, while one hyperfine and one electronic
Zeeman interaction generate the enhanced nuclear Zeeman
response. Strain changes the energies and wave functions of
the crystal field states and therefore changes these virtual
processes. We collect these virtual processes in the tensor A.

It is useful to include strain in the electronic problem from
the beginning. At fixed strain €, define

Hei(€) = Hpy + Hcr + He, (A2)

with

He(€)|n(e)) = E,(€)|n(e)). (A3)
Let Py = |0)(0] project onto the selected electronic singlet and
Qo = 1 — Py. We separate the remaining terms as

U= —guB-1+Hy, (A4)

W =AI-J+gupB-J. (AS)
The terms in U act directly on the nuclear spin. The terms in
W connect the selected singlet to other electronic crystal field
states. Since PhW Py = 0, their leading effect is second order.
A Lowdin or Schrieffer-Wolff projection at fixed strain gives
[46,47]

Heir = EgPy + POU Py

— PoW Qo OWPy +---. (A6)

QoH:1 Q0 — Eo

2. The tensors A, Q, and M

Expanding the second-order term gives the two contri-
butions relevant for the hyperfine transition. Two hyperfine
interactions produce the pseudoquadrupole term, while the
hyperfine-electronic Zeeman cross term produces the en-
hanced nuclear Zeeman term. The electronic Zeeman term
squared gives a quadratic Zeeman shift that is independent of
the nuclear spin and therefore does not change a transition
within the chosen hyperfine manifold.

In frequency units, the effective Hamiltonian relevant to the
transition is given by Eq. (6), with

Mij(e) = —g": N — ZA’i”’“ Eage, (A7)
b A7
0;(6) = O™ (€) — ZL Ay (). (A8)
and
A=Y (O} (n1,10) A0

10 En - EO

These are the standard fixed-J effective-spin expressions
[27,28]. For Eu** in its 7F, ground state, virtual magnetic-
hyperfine coupling involves excited multiplets such as 7Fi:
One must use the full electronic magnetic-hyperfine and
magnetic-moment operators, rather than A;J and g,upJ re-
stricted to J = 0 [12,29]. The effective tensors Q and M and
their strain derivatives still define the measured response; no
fixed-J numerical prediction for the Eu strain coefficient is
made here. Equation (A9) can be read directly in terms of
virtual transitions: Each excited crystal field state provides
one virtual path. The numerator says how strongly that state is
connected to the selected singlet, while the denominator gives
the energy cost of the virtual excitation.

Strain changes both pieces of this sum. It shifts the crystal
field energy spacings and it changes the crystal field wave
functions. Neglecting an explicit strain dependence of A; and
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g, for the moment,

2A

8. M;; = _$ i, (A10)
bare A%

0.Qij = 0.0;;  — 7 da\ij. (A11)

Any known direct strain dependence of the hyperfine constant
or other effective parameters can simply be added to these
derivatives.

To separate the two contributions to d,A;;, define

A = (01;[n) (nlJ;10), A, = E, — E. (A12)
Then
9,A" AW
_ 2 2
dahij = [ -~ s e |- (A13)
n£0 n n

The second term describes the strain-induced change of the
energy denominator. By the Hellmann-Feynman theorem,

0aAn = (n|Va|n) — (0]V4]0). (Al4)

The first term comes from strain-induced changes of the wave
functions and therefore of the angular momentum matrix ele-
ments. For a nondegenerate crystal-field level,

m|V|n
[Ban) =3 lm)

m#n

(A15)

and 9, A(”) follows by differentiating its bra and ket factors.
Thus, stram modifies the virtual admixture through changes
in both the level spacings and the matrix elements.

3. Connection to the measured hyperfine shift
At zero magnetic field the effective Hamiltonian reduces to

H
= 1:Qijl;

A small strain component €, therefore changes the hyperfine
Hamiltonian by

(A16)

H
8(7> = €,0;(3,0ij)I;. (A17)
Taking the difference of this expectation value between the
two sensing states gives the transition slope G;, in Eq. (9).
The virtual-admixture contribution follows the chain

€ — Hep — A — OM — vy

(A18)

A direct strain derivative of Q" provides an additional
path to v,. For the proposed experiment, the first useful
quantity is the measured transition slope Gj, instead of an
individual microscopic coefficient ycf . Recovering the micro-
scopic crystal field strain coefficients requires the crystal field
spectrum, matrix elements, and several independent transition
and strain measurements, as discussed in Sec. VIII.

This projection is specific to an isolated non-Kramers sin-
glet. For a Kramers ion, or any system with a low-energy
electronic doublet, strain can act directly inside that electronic
manifold and the low-energy projection must be redone. The
later phase accumulation and readout formalism is unchanged
once the corresponding transition strain coefficient is known.

APPENDIX B: RF WRITE PULSE PHASE

Throughout this Appendix, p; + ps = 1 refers to the nor-
malized population within the addressed two-level subensem-
ble. Population outside the selected pair is not represented in
the two-level density matrix and instead reduces the effective
participating ensemble size Negr. With P = p, — p; and 0, =
|g) (gl — Is)(s], the initial Bloch vector is ro = PZ. A rotation
by angle 0 about n = (cos ¢,,, — sin ¢,,, 0) gives

r = P[Zcosf + (rn x Z)sinO]. (B1)

Thus, r, = —Psin¢, sinf and r, = —P cos ¢,, sinf. Since
Pgs = (ry —1iry)/2, Eq. (E2) follows. For positive P and a 77 /2
write pulse, arg p,; = ¢, + 7 /2. The sensing Hamiltonian in
Sec. IV then adds +®, to this phase. A fixed quadrature
offset is included in ¢y; reversing a phase or state convention
requires reversing the corresponding calibrated sign consis-
tently.

APPENDIX C: INSTANTANEOUS-PULSE FILTER
FUNCTION

For n, ideal instantaneous m pulses at times 0 < #; <

-<t, <T, define tp =0 and t, 41 =T. The toggling
function is constant between pulses and changes sign after
each pulse, giving

—1wt]+| _ e—lwtj

Z( y— (C1)

For CPMG timing 7; = (j — 1/2)T /n,. The expression above
is the ideal pulse result used to understand the passband an-
alytically. For a pulse of finite duration, the spin is rotating
while the pulse is applied and the exact sensitivity is given
by the appropriate control frame modulation function rather
than by a strict y(t) = £1 square wave [48]. The finite-width
calculation underlying Fig. 2 uses the common short-pulse ap-
proximation in which the sensing weight is set to zero during
the rf pulse. The phase response to a deterministic strain tone
depends on Y (w) itself, whereas Gaussian frequency noise
dephasing depends on a spectral integral of |Y (w)|>.

Y(w) =

APPENDIX D: RAMAN HETERODYNE AND HOMODYNE
PHASE SHOT NOISE

The proposed optical readout is naturally a carrier-
sideband heterodyne measurement. The Raman sideband
beats with the transmitted read field at the hyperfine fre-
quency, so the relative optical phase rotates during the
detection window. In the strong-carrier limit, averaging the
squared phase response over many beat cycles gives the phase
Fisher information

Fy ~ 2V Ny, (D1)
and therefore

1
V/2Ny

This is the conventional Raman heterodyne limit used when
the carrier itself acts as the local oscillator. Selecting one

S¢ru = (D2)

254103-10



PHASE-ACCUMULATING HYPERFINE STRAIN SENSING ...

PHYSICAL REVIEW B 114, 254103 (2026)

electronic demodulation quadrature does not remove the usual
heterodyne penalty.

For comparison, one may supply a separate phase sensitive
local oscillator at the sideband frequency. The relative optical
phase is then stationary. Near the quadrature point,

oN

% = 2V N oNgy.
For NLo > Ny, the photon shot noise is /N o, which gives
the ideal homodyne limit

(D3)

) ¢hom = (D4)

2VNo
The conditional curves in Fig. 3 use this ideal homodyne
value; conventional Raman heterodyne increases the optical
noise-limited uncertainties by +/2. Both expressions assume a
coherent sideband and shot noise-limited detection. Technical
amplitude and phase noise must be measured independently.

APPENDIX E: RF AND OPTICAL PREPARATION
OF THE SENSING COHERENCE

The Raman sideband is proportional to the mean ground
state coherence. Direct rf preparation can rotate the full opti-
cally prepared population difference into the transverse plane,
whereas an optically written coherent spin wave generally
corresponds to a much smaller Bloch sphere tilt [23], which
can then be read out relatively efficiently. The two schemes
therefore place the difficulty at different stages. A weak-
excitation optical memory creates only a small collective spin
tilt, but the memory control sequence can subsequently con-
vert the stored excitation back into the desired optical mode
with high efficiency. Direct rf preparation can instead create
an equatorial spin coherence, but Raman heterodyne does not
retrieve that coherence one-for-one as photons: The detected
sideband has to be generated by the optical read field, and its
strength is limited by the Raman conversion and by the onset
of read-induced nonlinearities.

Before the write pulse, let

po = 3(1+ Po), (ED)

where P is the population difference of the addressed hyper-
fine class. A resonant rf pulse of area 6 and phase ¢,, gives

P .
pus(0) = - sinf), (E2)

for the phase convention used in the main text. A /2 pulse
therefore produces | péﬁf)| = '%. Experimentally, scanning ¢,,
and verifying unit-slope transfer to the unwrapped Raman
heterodyne phase provides a direct check of the preparation
and readout chain.

For comparison, a phase-referenced coherent optical pulse
mapped onto the same collective mode can be represented by
a small tilt 6y, of the collective Bloch vector [23]. In the weak
excitation limit,

|P|

0™ 2 =~ Oupin, (E3)

and the number of stored excitations is

O
Mst = Nefr Sirﬁ(%) =

with N being the number of ions participating in the stor-
age process. Thus, even a small fractional excitation can
correspond to a large absolute optical signal in an ensem-
ble. For example, with N = 1019, tilts Ospin = 0.01, 0.03,
and 0.10 rad correspond to approximately 2.5 x 10°, 2.3 x
106, and 2.5 x 107 stored excitations, respectively. The cor-
responding minority-state populations are only 2.5 x 1073,
2.3 x 1074, and 2.5 x 1073. These numbers are illustrative;
whether a particular optical memory implementation remains
in its linear EIT or Raman regime must still be checked from
its optical depth and control field parameters.

If an effective fraction 5., of the stored excitation is re-
trieved and detected after storage, the detected photon number
is approximately Nget = NoutMst- 1aking noye = 0.03 as an il-
lustrative poststorage retrieval and detection efficiency gives
about 7.5 x 103, 6.8 x 10%, and 7.5 x 103 detected photons
for the three tilts above. The value 0.03 is only an illustrative
detected output fraction for this estimate; it is not meant as a
typical upper limit for optical memory retrieval, which can
be much larger in optimized rare-earth memories [24]. For
conventional Raman heterodyne, the corresponding photon
shot noise phase floors,

.02
Net Qspin

7 (E4)

1) ¢RH ~ (ES)

1
V2Naer”
are approximately 8.2, 2.7, and 0.82 mrad. Thus, a small
optical tilt can already provide a measurable phase signal even
when only a few percent of the stored excitation is detected.

Optical storage produces a relatively small spin excita-
tion that can nevertheless be retrieved efficiently, whereas rf
preparation creates a much larger spin coherence but relies
on a weaker, driven Raman conversion for readout. In the
perturbative Raman heterodyne regime, Ny, o< S, | 0gs |2, where

2 . .
= % ~ 1’— is the read field saturation parameter. Com-

bining this scﬁTing with the coherence amplitudes above gives
(xf)
Ny 1
(opt) = p2
N, sb 0

spin

(E6)

at the same read intensity, or equivalently

s ~ g2 5PV (E7)

spin®r

for the same sideband photon number.

For Opin = 0.03, Eq. (E7) gives a reduction of the required
read saturation parameter by roughly 10°. A readout that
would require s, ~ 1 for the small optical coherence would
therefore require only s, ~ 9 x 10~ after rf 77 /2 preparation.
At such values the excited state population and power broad-
ening are both negligible in the simple two-level estimate.
Beyond the experimental simplicity with respect to an optical
memory experiment, another advantage of RF preparation is
that a given sideband signal can be obtained at much lower
read intensity, keeping the readout in the perturbative regime.
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